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DOMINATING SETS AND LOCATING SETS

G = (V ,E) is a simple finite connected graph.

B A set D of vertices in G is a dominating set if, for every
u ∈ V (G) \ D:

N(u) ∩ D 6= ∅

B The domination number of G, denoted by γ(G), is the minimum
cardinality of a dominating set of G.

B A set D = {x1, . . . , xk} is a locating set if, for every pair
u, v ∈ V (G),

(d(u, x1), . . . ,d(u, xk )) 6= (d(v , x1), . . . ,d(v , xk )).

B The metric dimension (also called the location number) β(G) is
the minimum cardinality of a locating set of G.
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LOCATING DOMINATING SETS

B A set D of vertices in a graph G is a locating dominating set if it is
both locating and dominating.

B The metric-location-domination number η(G) is the minimum
cardinality of a locating dominating set of G.

=⇒ Let S1,S2 ⊆ V (G). If S1 is dominating and S2 is locating, then
S1 ∪ S2 is both locating and dominating. Hence,

max{γ(G), β(G)} ≤ η(G) ≤ γ(G) + β(G)

=⇒ Given three positive integers a,b, c verifying that
max{a,b} ≤ c ≤ a + b, there always exists a graph G such that

γ(G) = a, β(G) = b and η(G) = c,
except for the case 1 = b < a < c = a + 1.
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LOCATING DOMINATING SETS
 

 

 

 

a 13

12 

13 31 b 

21 

η(G) = 2, since {a,b} is a minimum locating dominating set
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In this example: max{γ(G), β(G)} = 3 ≤ η(G) = 4 ≤ γ(G) + β(G) = 5
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LOCATING-DOMINATING SETS

B A set D of vertices in a graph G is a locating-dominating set if for
every two vertices u, v ∈ V (G) \ D,

∅ 6= N[u] ∩ D 6= N[v ] ∩ D 6= ∅.

B The location-domination number λ(G) is the minimum cardinality
of a locating-dominating set of G.

=⇒ Every locating-dominating set is both locating and dominating.
Hence,

max{γ(G), β(G)} ≤ η(G) ≤ min{λ(G), γ(G) + β(G)}
and both bounds are tigh.

=⇒ Realization theorem? Not yet.
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LOCATING-DOMINATING SETS

(1, 0, 0)

a1

(1, 1, 0)

a2

(1, 0, 1)

(1, 1, 1)

(0, 1, 1)(0, 1, 0) (0, 0, 1)

a3

In all cases, digit 0 means ”greater than 1”

λ(G) = 3, since {a1,a2,a3} is a minimum locating-dominating set
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 In this example:

max{γ(G), β(G)} = 3 ≤ η(G) = 3 ≤ min{λ(G), γ(G) + β(G)} = 4
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BASIC FAMILIES

G γ β η λ

Pn, n > 3 dn
3e 1 dn

3e d2n
5 e

Cn, n > 6 dn
3e 2 dn

3e d2n
5 e

Kn, n > 1 1 n − 1 n − 1 n − 1
K1,n−1, n > 2 1 n − 2 n − 1 n − 1

Kr ,n−r , n − r ≥ r > 1 2 n − 2 n − 2 n − 2
W1,n−1, n > 7 1 b2n

5 c d2n−2
5 e d

2n−2
5 e

Domination parameters of some basic families
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EXTREME VALUES

G is a graph of order n, diameter D ≥ 2, location number β,
metric-location-domination number η and location-domination number λ.

• β + D ≤ n ≤
(⌊

2D
3

⌋
+ 1
)β

+ β
∑dD/3e

i=1 (2i − 1)β−1

• If G 6= K1,n−1, then η + d2D
3 e ≤ n ≤ η + η · 3η−1

• λ+ b3D+1
5 c ≤ n ≤ λ+ 2λ − 1

∗ In all cases, both bounds are tight.
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SOLVING η = λ

• η(G) = 1⇔ λ(G) = 1⇔ G = P2

• λ(G) = 2⇒ η(G) = 2. [converse false]

n = 3 n = 4 n = 5

There are 16 graphs s.t. λ = 2 (notice that λ = 2⇒ n ≤ 5)
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SOLVING η = λ

There are 51 graphs satisfying η = 2

u u u

v

v

v

B η = 2⇒ n ≤ 8
B If {u, v} is an η-set, then d(u, v) ≤ 2.
B Every graph verifying β ≤ 2 can be embedded into the strong grid.
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SOLVING η = λ

• η(G) = n − 1⇔ λ(G) = n − 1

• λ(G) = n − 1⇔ G = Kn or G = K1,n−1

• λ(G) = n − 2⇐⇒ η(G) = n − 2

• λ(G) = n − 2⇔ G ∈ F1 ∪ · · · ∪ F7, where
F1 = {Kr ,s : 2 ≤ r ≤ s},
F2 = {Kr + K s : 2 ≤ r ≤ s}, etc.

• η(G) = n − 3⇒ λ(G) = n − 3 [converse false]

• If D = 2, then λ(G) = η(G) [for D ≥ 3, false]
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SOLVING η = λ
 

 

 

 

a 13

12 

13 31 b 

21 

n = 6, D = 3, n − 4 = 2 = η(G) < λ(G) = 3 = n − 3
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CARTESIAN PRODUCT

• η(Km�Kn) = λ(Km�Kn), since diam(Km�Kn) = 2.

• β(Km�Kn) ≤ η(Km�Kn) ≤ β(Km�Kn) + 1.

• For m,n ≥ 2, a dominating set S resolves Kn�Km iff
1 there is at most one empty row and at most one empty column;
2 there is at most one lonely vertex.

=⇒ If 2m − 1 < n, then λ(Km�Kn) = η(Km�Kn) = β(Km�Kn) = n − 1

=⇒ If m ≤ n ≤ 2m − 1, then

λ(Kn�Km) =

{
b2

3(n + m − 1)c+ 1 if n + m = 3k + 2
b2

3(n + m − 1)c otherwise
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