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DOMINATING SETS

B A set D ⊂ V (G) of a graph G is a dominating set if every vertex of
V \D has a neighbour in D, i.e., for each u ∈ V \D, N(u) ∩D 6= ∅.

B The domination number of G, denoted by γ(G), is the minimum
cardinality of a dominating set of G.

γ(P) = 3, since blue vertices form a minimum dominating set.
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LOCATING SETS

Let G = (V ,E) be a connected graph and v ,w ∈ V .

B A vertex x ∈ V resolves the pair {v ,w} if d(x , v) 6= d(x ,w)

x

v

w

B A set S ⊆ V is a locating set of G if every pair v ,w ∈ V are
resolved by some vertex x ∈ S.

B Let S = {u1, . . . ,uk} be a locating set. The ordered set:

[d(x ,u1), . . . ,d(x ,uk )]

is the vector of metric coordinates of x ∈ V with respect to S.
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LOCATING SETS

B Metric basis of G: locating set of minimum cardinality.

B Metric dimension of G, β(G): cardinality of a metric basis.

V.

w

vu

422321230241
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222231

131

303213122032

In this graph, {u, v ,w} is a metric basis.
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LOCATING DOMINATING SETS

B A set D of vertices in a graph G is a locating dominating set if it is
both locating and dominating.

B The metric-location-domination number η(G) is the minimum
cardinality of a locating dominating set of G.

=⇒ Let S1,S2 ⊆ V (G). If S1 is dominating and S2 is locating, then
S1 ∪ S2 is both locating and dominating. Hence,

max{γ(G), β(G)} ≤ η(G) ≤ γ(G) + β(G)
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LOCATING-DOMINATING SETS

B A set D of vertices in a graph G is a locating-dominating set, or
simply an LD-set, if for every two vertices u, v ∈ V (G) \ D,

∅ 6= N(u) ∩ D 6= N(v) ∩ D 6= ∅.

B The location-domination number λ(G) is the minimum cardinality
of an LD-set of G.

B A λ-code is an LD-set of cardinality λ(G).

=⇒ Every locating-dominating set is both locating and dominating.
Hence,

max{γ(G), β(G)} ≤ η(G) ≤ min{λ(G), γ(G) + β(G)}

and both bounds are tight.
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LOCATING-DOMINATING SETS

(1, 0, 0)

a1

(1, 1, 0)

a2

(1, 0, 1)

(1, 1, 1)

(0, 1, 1)(0, 1, 0) (0, 0, 1)

a3

In all cases, digit 0 means ”greater than 1”

λ(G) = 3, since {a1,a2,a3} is a λ-code.
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LOCATING-DOMINATING SETS
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 In this example:

max{γ(G), β(G)} = 3 ≤ η(G) = 3 ≤ min{λ(G), γ(G) + β(G)} = 4
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GLOBAL LOCATING DOMINATION

G = (V ,E) is a graph and G = (V ,E) is its complementary graph.

B A dominating set D ⊆ V of G is a global dominating set if it is also
a dominating set of G.

B An LD-set S of G is called global if it is a global dominating set.

⇒ An LD-set S is global iff no vertex u ∈ V satisfies S ⊆ NG(u).

⇒ A set S is a global LD-set of G iff it is a global LD-set of G.

B Equivalently, an LD-set S of G is called non-global if there exists a
vertex w ∈ V \ S such that S ⊆ N(w). The vertex w , which is
necessarily unique, is called the dominating vertex of S.

⇒ If S is a non-global LD-set of G, then S + w is an LD-set of G.
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GLOBAL LOCATING DOMINATION

⇒ If G contains a global λ-code, then λ(G) ≤ λ(G).

⇒ If every λ-code of G is non-global , then λ(G) ≤ λ(G) + 1.

=⇒ |λ(G)− λ(G)| ≤ 1
⇒ λ(G) ∈ {λ(G)− 1, λ(G), λ(G) + 1}

B G is of type I: λ(G)− 1 ≤ λ(G) ≤ λ(G)

B G is of type II: λ(G) = λ(G) + 1

I. M. PELAYO (U.P.C.) Global locating domination in bipartite graphs 1 JULY 2013 10 / 19



GLOBAL LOCATING DOMINATION

⇒ If G contains a global λ-code, then λ(G) ≤ λ(G).

⇒ If every λ-code of G is non-global , then λ(G) ≤ λ(G) + 1.

=⇒ |λ(G)− λ(G)| ≤ 1
⇒ λ(G) ∈ {λ(G)− 1, λ(G), λ(G) + 1}

B G is of type I: λ(G)− 1 ≤ λ(G) ≤ λ(G)

B G is of type II: λ(G) = λ(G) + 1

I. M. PELAYO (U.P.C.) Global locating domination in bipartite graphs 1 JULY 2013 10 / 19



GLOBAL LOCATING DOMINATION

⇒ If G contains a global λ-code, then λ(G) ≤ λ(G).

⇒ If every λ-code of G is non-global , then λ(G) ≤ λ(G) + 1.

=⇒ |λ(G)− λ(G)| ≤ 1
⇒ λ(G) ∈ {λ(G)− 1, λ(G), λ(G) + 1}

B G is of type I: λ(G)− 1 ≤ λ(G) ≤ λ(G)

B G is of type II: λ(G) = λ(G) + 1

I. M. PELAYO (U.P.C.) Global locating domination in bipartite graphs 1 JULY 2013 10 / 19



GLOBAL LOCATING DOMINATION

⇒ If G contains a global λ-code, then λ(G) ≤ λ(G).

⇒ If every λ-code of G is non-global , then λ(G) ≤ λ(G) + 1.

=⇒ |λ(G)− λ(G)| ≤ 1

⇒ λ(G) ∈ {λ(G)− 1, λ(G), λ(G) + 1}

B G is of type I: λ(G)− 1 ≤ λ(G) ≤ λ(G)

B G is of type II: λ(G) = λ(G) + 1

I. M. PELAYO (U.P.C.) Global locating domination in bipartite graphs 1 JULY 2013 10 / 19



GLOBAL LOCATING DOMINATION

⇒ If G contains a global λ-code, then λ(G) ≤ λ(G).

⇒ If every λ-code of G is non-global , then λ(G) ≤ λ(G) + 1.

=⇒ |λ(G)− λ(G)| ≤ 1
⇒ λ(G) ∈ {λ(G)− 1, λ(G), λ(G) + 1}

B G is of type I: λ(G)− 1 ≤ λ(G) ≤ λ(G)

B G is of type II: λ(G) = λ(G) + 1

I. M. PELAYO (U.P.C.) Global locating domination in bipartite graphs 1 JULY 2013 10 / 19



GLOBAL LOCATING DOMINATION

⇒ If G contains a global λ-code, then λ(G) ≤ λ(G).

⇒ If every λ-code of G is non-global , then λ(G) ≤ λ(G) + 1.

=⇒ |λ(G)− λ(G)| ≤ 1
⇒ λ(G) ∈ {λ(G)− 1, λ(G), λ(G) + 1}

B G is of type I: λ(G)− 1 ≤ λ(G) ≤ λ(G)

B G is of type II: λ(G) = λ(G) + 1

I. M. PELAYO (U.P.C.) Global locating domination in bipartite graphs 1 JULY 2013 10 / 19



GLOBAL LOCATING DOMINATION

⇒ If G contains a global λ-code, then λ(G) ≤ λ(G).

⇒ If every λ-code of G is non-global , then λ(G) ≤ λ(G) + 1.

=⇒ |λ(G)− λ(G)| ≤ 1
⇒ λ(G) ∈ {λ(G)− 1, λ(G), λ(G) + 1}

B G is of type I: λ(G)− 1 ≤ λ(G) ≤ λ(G)

B G is of type II: λ(G) = λ(G) + 1

I. M. PELAYO (U.P.C.) Global locating domination in bipartite graphs 1 JULY 2013 10 / 19



SOLVING λ(G) ≤ λ(G) (TYPE I)

Let S be a non-global λ-code of a graph G = (V ,E).

Let w be the dominating vertex of S, i.e., s.t. S ⊆ NG(w).
Then,

⇒ ecc(w) ≤ 2.

⇒ G is connected.

⇒ rad(G) ≤ 2.

⇒ diam(G) ≤ 4.

⇒ ∆(G) ≥ λ(G).
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SOLVING λ(G) ≤ λ(G) (TYPE I)

=⇒ If G is a graph satisfying at least one the following
conditions, then λ(G) ≤ λ(G).

? G is disconnected.

? rad(G) ≥ 3.

? diam(G) ≥ 5.

? ∆(G) < λ(G).

Moreover, all conditions are tight.
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SOLVING λ(T ) ≤ λ(T )

=⇒ If T is a tree other than K2, then λ(T ) ≤ λ(T ).

? If T is a tree, then the following statements are equivalent:
diam(T ) = 2.
T ∼= K1,n−1 (i.e., T is a star).
T is disconnected
λ(T ) = λ(T ) = n − 1.

? If T is a tree other than P4,, then the following statements are
equivalent:

diam(T ) = 3.
T ∼= K2(r , s) (i.e., T is a double star).
λ(T ) = λ(T )− 1 = n − 2.

? λ(Pn) = λ(Pn)− 1 if n ∈ {5k + 1,5k + 3}, otherwise λ(Pn) = λ(Pn).

? λ(Pn/2,n/2) = λ(Pn/2,n/2)− 1, n 6= 6, λ(P3,3) = λ(P3,3).
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SOLVING λ(T ) ≤ λ(T )

There are 48 trees of order at most 8, 23 of them s.t. λ(T ) = λ(T ).
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SOLVING λ(G) = λ(G) + 1 (TYPE II)

⇒ λ(K n) = n = λ(Kn) + 1.

⇒ Let G be a non-complete graph. If λ(G) = λ(G) + 1, then

? Every λ-code of G is non-global.

? rad(G) ≤ 2 and diam(G) ≤ 4.

? If T is a tree other than K2, then λ(T ) ≤ λ(T ).

What about other bipartite graphs?
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BIPARTITE GRAPHS OF TYPE II

⇒ If G ∼= K2(r , s), then λ(G) = λ(G)− 1.
⇒ If G ∼= Kr ,s, then λ(G) = λ(G).
⇒ If G ∼= C2k , then λ(G)− 1 ≤ λ(G) ≤ λ(G).

B An (r , s)-graph is a bipartite graph G = (V = U ∪W ,E) order
n = r + s such that 2 ≤ |U| = r ≤ |W | = s.

⇒ Let S be a λ-code of G. Then,

If S ∩ U 6= ∅ and S ∩W 6= ∅, then S is a global λ-code.
If S ∩W = ∅, then S = U.
If S ∩ U = ∅, then S = W .

⇒ If r < s and W is a λ-code of G, then λ(G) ≤ λ(G).

COROLLARY: If λ(G) = λ(G) + 1, then U is the unique λ-code of G.
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BIPARTITE GRAPHS OF TYPE II

G = (V = U ∪W ,E), n = r + s, with 1 ≤ |U| = r ≤ |W | = s.

⇒ If 1 ≤ r ≤ 3, then λ(G) ≤ λ(G), unless (r , s) ∈ {(3,6), (3,7)}.

(r, s) = (3, 6) (r, s) = (3, 7)

In both cases λ(G) = 4 = λ(G) + 1

⇒ 4 ≤ r ≤ s : If λ(G) = λ(G) + 1, then U is the unique λ-code of G.

Let G be a bipartite graph such that U is its unique λ-code.
⇒ s ≤ 2r − 1.
⇒ If U is non-global and 2r−1 + 2 ≤ s, then λ(G) = λ(G) + 1.

2r 2r + 1 2r−1 + 24 ≤ r 2r2r − 1

s
type I+type IItype I? type I
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BIPARTITE GRAPHS OF TYPE II

=⇒ THEOREM: If 2r + 1 ≤ s ≤ 2r − 1, then there exists a bipartite
(r , s)-graph Hr ,s such that λ(H r ,s) = λ(Hr ,s) + 1.

Sketch of proof:

Gr is the (r ,2r + 1)-graph such that U = {1, . . . , r},
W = {[1], [2], [3], [12], [13], [23], [24], [34], . . . , [2r ], [3r ], [12 . . . r ]}
and N(j) = {w ∈W : j ∈ w}.
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1 2 3 4 5

[25] [35]

[12345]
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G5G3

Prove that U is its unique LD-set, that it is non-global, and that
λ(Gr ) = λ(Gr ) + 1.

Hr ,s is any (r , s)-graph such that U = {1, . . . , r},
{[1], [2], [3], [12], [13], [23], [24], [34], . . . , [2r ], [3r ], [12 . . . r ]} ⊆W ,
N(j) = {w ∈W : j ∈ w} and U is an LD-set.

Prove that U is its unique LD-set, that it is non-global, and that
λ(H r ,s) = λ(Hr ,s) + 1.
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BIPARTITE GRAPHS OF TYPE II

CONJECTURE 1:

For every bipartite (r , r)-graph G, λ(G) ≤ λ(G).

CONJECTURE 2:

For every bipartite (r , s)-graph G, if r ≤ s ≤ 2r , then
λ(G) ≤ λ(G).
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