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B A set D ⊂ V (G) of a graph G is a dominating set if every vertex u
not in D has at least a neighbor in D, i.e., N(u) ∩ D 6= ∅ .

B The domination number of G, denoted by γ(G), is the minimum
cardinality of a dominating set of G.

B A dominating set of cardinality γ(G) is called a γ-code.

γ(G) = 2 (red vertices form a γ-code).
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B A set S ⊂ V (G) of a graph G is a metric-locating set 2 if for every
pair v ,w ∈ V , d(x , v) 6= d(x ,w) , for some vertex x ∈ S.

B The metric dimension of G, denoted by β(G), is the minimum
cardinality of an ML-set of G.

B A locating set of cardinality β(G) is called a metric basis.

1 2 3

133 222 311

144 422

β(G) = 3 (S = {1,2,3} is a metric basis).

Note that vertices 222 and 422 are not dominated by S.

2ML-set for short.
I. M. Pelayo (U.P.C.) Locating-Dominating Partitions in Graphs 10 November 2016 3 / 20



B A set S ⊂ V (G) of a graph G is a metric-locating set 2 if for every
pair v ,w ∈ V , d(x , v) 6= d(x ,w) , for some vertex x ∈ S.

B The metric dimension of G, denoted by β(G), is the minimum
cardinality of an ML-set of G.

B A locating set of cardinality β(G) is called a metric basis.

1 2 3

133 222 311

144 422

β(G) = 3 (S = {1,2,3} is a metric basis).

Note that vertices 222 and 422 are not dominated by S.

2ML-set for short.
I. M. Pelayo (U.P.C.) Locating-Dominating Partitions in Graphs 10 November 2016 3 / 20



B A set S ⊂ V (G) of a graph G is a metric-locating set 2 if for every
pair v ,w ∈ V , d(x , v) 6= d(x ,w) , for some vertex x ∈ S.

B The metric dimension of G, denoted by β(G), is the minimum
cardinality of an ML-set of G.

B A locating set of cardinality β(G) is called a metric basis.

1 2 3

133 222 311

144 422

β(G) = 3 (S = {1,2,3} is a metric basis).

Note that vertices 222 and 422 are not dominated by S.

2ML-set for short.
I. M. Pelayo (U.P.C.) Locating-Dominating Partitions in Graphs 10 November 2016 3 / 20



B A set S ⊂ V (G) of a graph G is a metric-locating set 2 if for every
pair v ,w ∈ V , d(x , v) 6= d(x ,w) , for some vertex x ∈ S.

B The metric dimension of G, denoted by β(G), is the minimum
cardinality of an ML-set of G.

B A locating set of cardinality β(G) is called a metric basis.

1 2 3

133 222 311

144 422

β(G) = 3 (S = {1,2,3} is a metric basis).

Note that vertices 222 and 422 are not dominated by S.

2ML-set for short.
I. M. Pelayo (U.P.C.) Locating-Dominating Partitions in Graphs 10 November 2016 3 / 20



B A set S ⊂ V (G) of a graph G is a metric-locating set 2 if for every
pair v ,w ∈ V , d(x , v) 6= d(x ,w) , for some vertex x ∈ S.

B The metric dimension of G, denoted by β(G), is the minimum
cardinality of an ML-set of G.

B A locating set of cardinality β(G) is called a metric basis.

1 2 3

133 222 311

144 422

β(G) = 3 (S = {1,2,3} is a metric basis).

Note that vertices 222 and 422 are not dominated by S.

2ML-set for short.
I. M. Pelayo (U.P.C.) Locating-Dominating Partitions in Graphs 10 November 2016 3 / 20



B A set S ⊂ V (G) of a graph G is a metric-locating set 2 if for every
pair v ,w ∈ V , d(x , v) 6= d(x ,w) , for some vertex x ∈ S.

B The metric dimension of G, denoted by β(G), is the minimum
cardinality of an ML-set of G.

B A locating set of cardinality β(G) is called a metric basis.

1 2 3

133 222 311

144 422

β(G) = 3 (S = {1,2,3} is a metric basis).

Note that vertices 222 and 422 are not dominated by S.

2ML-set for short.
I. M. Pelayo (U.P.C.) Locating-Dominating Partitions in Graphs 10 November 2016 3 / 20



B A set S ⊂ V (G) of a graph G is a metric-locating set 2 if for every
pair v ,w ∈ V , d(x , v) 6= d(x ,w) , for some vertex x ∈ S.

B The metric dimension of G, denoted by β(G), is the minimum
cardinality of an ML-set of G.

B A locating set of cardinality β(G) is called a metric basis.

1 2 3

133 222 311

144 422

β(G) = 3 (S = {1,2,3} is a metric basis).

Note that vertices 222 and 422 are not dominated by S.

2ML-set for short.
I. M. Pelayo (U.P.C.) Locating-Dominating Partitions in Graphs 10 November 2016 3 / 20



B A set S ⊂ V is an metric-locating-dominating set 3 if it is both
dominating and locating.

B The MLD number η(G) is the minimum cardinality of an MLD-set.

B An MLD-set of cardinality η(G) is called an η-code.

1 2 3

1332 2221

1443 4221

4

η(G) = 4 (S = {1,2,3,4} is an η-code).
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B A set S ⊂ V is a neighbor-locating-dominating number 4 if for
every two vertices u, v ∈ V \ S,

∅ 6= N(u) ∩ S 6= N(v) ∩ S 6= ∅

B The NLD number λ(G) is the minimum cardinality of an NLD-set.

B An NLD-set of cardinality λ(G) is called a λ-code.

1 2 3

10001

10000 00010

45

λ(G) = 5 (S = {1,2,3,4,5} is a λ-code).

4NLD-set for short.
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γ ηβ λ

METRIC LOCATION
DOMINATION

METRIC LOCATION + DOMINATION

NEIGHBOR LOCATION + DOMINATION

max{γ, β} ≤ η ≤ min{γ + β, λ}
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B A partition Π = {S1, . . . ,Sk} of V dominates G if, for every
i ∈ {1, . . . , k}, for every vertex v ∈ Si and for some j ∈ {1, . . . , k},

d(v ,Sj) = 1
B The partition domination number γp(G) is the minimum cardinality

of a dominating partition of G.

B A dominating partition of cardinality γp(G) is called a γp-partition.

A AB

B B B B B

γp(G) = 2 (TRUE for every graph).
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B A partition Π = {S1, . . . ,Sk} is an ML-partition if, for every
i ∈ {1, . . . , k}, every pair u, v ∈ Si and some j ∈ {1, . . . , k},

d(u,Sj) 6= d(v ,Sj)
B The partition dimension βp(G) is the minimum cardinality of a

metric-locating partition of G.

τ(G) ≤ βp(G) ≤ β(G) + 1 (τ(G) is the twin number of G).

A

B C B C

A

A

101
012

011

201 210 022 102 120

B

βp(G) = τ(G) = 3 (Π = {A,B,C} is a βp-partition).

→ Π is not dominating (022 is an internal vertex of part A).
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B A partition Π = {S1, . . . ,Sk} of V is an MLD-partition of G if it
is both a dominating and a metric-locating partition of G.

B The partition metric-location-domination number ηp(G) is the
minimum cardinality of an MLD-partition of G.

βp(G) ≤ ηp(G) ≤ η(G) + 1

A

B C B C

A

D

0122
0111

2104 1022 1202

B
1013

2014 1220

ηp(G) = 4 ({A,B,C,D} is an ηp-partition).

ηp(G) ≤ βp(G) + 1
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B A partition Π = {S1, . . . ,Sk} is an NLD-partition of G if for
every i ∈ {1, . . . , k}, every pair u, v ∈ Si and some j ∈ {1, . . . , k},

d(u,Sj) = 1 and d(v ,Sj) > 1
B The partition neighbor-location-domination number λp(G) is the

minimum cardinality of an NLD-partition of G.

βp(G) ≤ ηp(G) ≤ λp(G) ≤ λ(G) + 1
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D
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λp(G) = 4 , ({A,B,C,D} is a λp-partition).

βp(P10) = 2, ηp(P10) = 3, λp(P10) = 4
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γ ≤ η γp=2

βp + 1

≤

βp ≤ ηp ≤ λp≤ ≤ ≤

β + 1 ≤ η + 1 ≤ λ + 1≤

γ + β + 1
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γp = 2

B S γ-code⇒ {S,V \ S} γp-partition.

βp ≤ β + 1

B S = {v1, . . . , vk} ML-set⇒ {{v1}, . . . {vk},V \ S} ML-partition.

ηp ≤ βp + 1
B Π = {S1, . . . ,Sk} ML-partition.

B 1 ≤ i ≤ k : Bi = {w ∈ Si : N(w) ⊆ Si} (internal vertices of Si ).

B 1 ≤ i ≤ k : Ci = {w ∈ Bi : d(w ,V \ S) is even}.
B D = C1 ∪ . . . ∪ Ck .

B Π′ = {S1, . . . ,Sk ,D} MLD-partition.
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βp = n: Kn.

ηp = n⇔ λp = n: Kn, K1,n−1.

βp = n − 1: K1,n−1, Kn−2 ∨ K2, K1 ∨ (K1 + Kn−2).

ηp = n − 1⇔ λp = n − 1: Kn−2 ∨ K2, K1 ∨ (K1 + Kn−2).

βp = n − 2: {Hi}15
i=1.

B Discrete Math., 308 (2008), 5026–5031. (wrong result: 22 families)

ηp = n − 2⇔ λp = n − 2: {Hi}17
i=1.
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Kn−4 Kn−4Kn−4Kn−4 Kn−4Kn−4 Kn−4Kn−4Kn−4 Kn−4

Kn−3Kn−3 Kn−3Kn−3Kn−3

Kn−3 Kn−3Kn−3Kn−2 Kn−2

H4
∼= Kn−3 ∨K3H2

∼= Kn−2 ∨K2H1
∼= K2,n−2

e1

H7
∼= H6 − e1

e2

H9
∼= H8 − e2

H5
∼= (Kn−3 +K1) ∨K2

H6
∼= (Kn−3 +K1) ∨K2 H8

∼= (Kn−3 +K2) ∨K1

H11
∼= Kn−4 ∨ C4 H12

∼= Kn−4 ∨ P4 H13
∼= Kn−4 ∨ 2K2 H15

∼= H14 − e3H14
∼= (Kn−4 +K1) ∨ P3 − e′

H10
∼= (Kn−3 +K2) ∨K1

H3
∼= Kn−3 ∨ (K2 +K1)

e3

e′

Kn−3 Kn−3
e

H16
∼= K1 ∨ (Kn−3 +K2) H17

∼= H16 − e
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B A partition Π = {S1, . . . ,Sk} is a coloring partition 5 of G, if
for every i ∈ {1, . . . , k}, Si is an independent set.

γp 7−→ γ i
p = χ chromatic number

βp 7−→ β i
p≤ =

ηp 7−→ ηi
p = χML ML-chromatic number≤ ≤

λp 7−→ λi
p = χNL NL-chromatic number

B If G is a graph of order n ≥ 3 and diameter d ≥ 2, then

n ≤ k · [dk−1 − (d − 1)k−1] , where k ∈ {ηp, χML}.

n ≤ k · [2k−1 − 1] , where k ∈ {λp, χNL}.

5also called stable partition or proper coloring.
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n = 13 + 3 = 16
m = 29
D = 5
δ = 1
∆ = 9
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