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SUMMARY

@ QP-dominating sets, codes and parameters.
Q Ag{4,....,.n—4}

Q@ Trees

@ Cographs

@ Claw-free graphs
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QP DOMINATING CODES

> Aset D C V(G) of a graph G is a dominating set if every vertex of
V'\ D has a neighbour in D, i.e., foreach u € V' \ D, N(u) N D # 0.
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QP DOMINATING CODES

> Aset D C V(G) of a graph G is a dominating set if every vertex of
V'\ D has a neighbour in D, i.e., foreach u € V' \ D, N(u) N D # 0.

> The domination number of G, denoted by ~(G), is the minimum
cardinality of a dominating set of G.

> A dominating set of cardinality v(G) is called a v-code.

@ 7(P) = 3, since red vertices form a y-code.
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> A dominating set D C V(G) of a graph G is a perfect dominating
setif every vertex of V' \ D has exactly a neighbour in D, i.e., for
eachue V\D, |Nu)nD|=1.

> The perfect domination number, denoted by v,,(G), is the
minimum cardinality of a perfect dominating set of G.

> A perfect dominating set of cardinality v, (G) is called a ~, , -code.

@ 7,,(P) = 4, since red vertices form a , ,-code.
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QP DOMINATING CODES
> A dominating set D ¢ V(G) of a graph G is a k-quasiperfect

dominating set if every vertex of V' \ D has at most k neighbours in
D,i.e., foreachue V\D,1<|N(u)nD|=k.
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QP DOMINATING CODES

> A dominating set D ¢ V(G) of a graph G is a k-quasiperfect
dominating set if every vertex of V' \ D has at most k neighbours in
D,i.e., foreachue V\D,1<|N(u)nD|=k.

> The k-quasiperfect perfect domination number, denoted ~,, (G), is
the minimum cardinality of a k-quasiperfect dominating set of G.

> A, -codeis a k-QP dominating set of cardinality -,, (G).

@ Notice that n = 10, v, (P) = 7,,(P) = 4, 7,4(P) = v(P) = 3.
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QP DOMINATING CODES

Let G be a graph of order n and maximum degree A. Then,

n > ’711(6) > 712(6) = oo = 71A(G) = V(G)

Table: QP domination parameters of some basic graphs (n > 6).

G | P Cn Kn Kin—1 Kog W,
A(G) | 2 2 n—1 n—1 max{p,q} n—1
11(G) [31 (3115 1 ! 2 !
112(G)| 151 [5] 1 1 2 1
(G | 5] T3] 1 1 2 1
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G is a graph of order n > 3 and maximum degree A ¢ {4,...,n—4}.
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G is a graph of order n > 3 and maximum degree A ¢ {4,...,n—4}.

> <= G s either a path or a cycle.
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G is a graph of order n > 3 and maximum degree A ¢ {4,. ..

> <= G s either a path or a cycle.
> [B=n 1] 5, (@) = (@) = 1.
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G is a graph of order n > 3 and maximum degree A ¢ {4,...,n—4}.
> <= G s either a path or a cycle.
> [B=n 1] 5, (@) = (@) = 1.

= — 7,,(G) < n— 3 (unless Gis the bull graph).
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G is a graph of order n > 3 and maximum degree A ¢ {4,...,n—4}.
> <= G s either a path or a cycle.
> [B=n 1] 5, (@) = (@) = 1.

= — 7,,(G) < n— 3 (unless Gis the bull graph).

+ [E=n=2) = (@) = 2(6) -2

I. M. PELAYO (U.P.C.) Quasiperfect Dominating Codes in Graphs 30 JUNE 2014 717117



G is a graph of order n > 3 and maximum degree A ¢ {4,...,n—4}.
> <= G s either a path or a cycle.
> [B=n 1] 5, (@) = (@) = 1.

= — 7,,(G) < n— 3 (unless Gis the bull graph).
= [B=n—2)=1,(@) =1(@) =2.

= n>6and2 < k < n= there exists a graph G of order n s.t.
A(G)=n-2,7,,(G) = k.
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G is a graph of order n > 3 and maximum degree A ¢ {4,...,n—4}.
> <= G s either a path or a cycle.
> [B=n 1] 5, (@) = (@) = 1.

= — 7,,(G) < n— 3 (unless Gis the bull graph).
= [B=n-2]—,(0) = (&) =2

= n>6and2 < k < n= there exists a graph G of order n s.t.
A(G)=n-2,7,,(G) = k.

= — ’712(6) = V(G) S {23}
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G is a graph of order n > 3 and maximum degree A ¢ {4,...,n—4}.
> <= G s either a path or a cycle.
> [B=n 1] 5, (@) = (@) = 1.

= — 7,,(G) < n— 3 (unless Gis the bull graph).

+ [E=n=2) = (@) = 2(6) -2

= n>6and2 < k < n= there exists a graph G of order n s.t.
A(G)=n-2,7,,(G) = k.

= — ’712(6) = V(G) S {23}

= n>9and2 < k < n= there exists a graph G of order n and
(G) = 2 (resp. v(G) = 3) s.t. A(G) =n—3,7,,(G) =k.
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G has order n > 6 and maximum degree A = 3 = ’yﬁ(G) <n-3.

Sketch of proof:
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G has order n > 6 and maximum degree A = 3 = ’yﬁ(G) <n-3.

Sketch of proof:

> If Gis atree, then V(G) \ {/,m, k} is a v,,-set, where {/, m, k} are
three leaves. Assume thus that G contains an induced cycle C.
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> If Gis atree, then V(G) \ {/,m, k} is a v,,-set, where {/, m, k} are
three leaves. Assume thus that G contains an induced cycle C.
Two conditions:

(A) All vertices in C have degree 3.

(B) There are two non-adjacent vertices u, v € V(G) of degree 2 and
an induced path P joining them s.t. all internal vertices of P have
degree 3.
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Sketch of proof:

> If Gis atree, then V(G) \ {/,m, k} is a v,,-set, where {/, m, k} are
three leaves. Assume thus that G contains an induced cycle C.

Two conditions:

(A) All vertices in C have degree 3.
(B) There are two non-adjacent vertices u, v € V(G) of degree 2 and
an induced path P joining them s.t. all internal vertices of P have

degree 3.
> Lemma: (A) or (B) = v,,(G) < n-3.
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G has order n > 6 and maximum degree A = 3 = 711(6) <n-3.

Sketch of proof:

> If Gis atree, then V(G) \ {/,m, k} is a v,,-set, where {/, m, k} are
three leaves. Assume thus that G contains an induced cycle C.

Two conditions:

(A) All vertices in C have degree 3.

(B) There are two non-adjacent vertices u, v € V(G) of degree 2 and
an induced path P joining them s.t. all internal vertices of P have
degree 3.

> Lemma: (A) or (B) = v,,(G) < n-3.
Four cases:

(1) All vertices in C have degree 3.

(2) C contains exactly one vertex a with §(a) = 2.

(3) C contains exactly two adjacent vertices a, b with §(a) = d(b) = 2.
(4) C contains two non-adjacent vertices a, b with §(a) = §(b) = 2.
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Ag{4,...,n—4}

n>6=3Gst [A(G),7(G),7,,(G),n]=[n—-2,2,n,n]
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n>6=— 3 Gs.t. [A(G),v(G),7,,(G),n =[n—2,2,n,n]

Y11

> Sketch of proof:

w
Figure: G= P, oV K>
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n>6=3Gst [A(G),7(G),7,,(G),n]=[n—-2,2,n,n]

> Sketch of proof:

w
Figure: G= P, oV K>

> deg(u)=n-2
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n>6=3Gst [A(G),7(G),7,,(G),n]=[n—-2,2,n,n]

> Sketch of proof:

w
Figure: G= P, oV K>

> deg(u)=n-2
> {u,w} is a y-code.
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n>6=3Gst [A(G),7(G),7,,(G),n]=[n—-2,2,n,n]
> Sketch of proof:
u
v Vyp—92
w

Figure: G= P, oV K>

> deg(u)=n-2
> {u,w} is a y-code.
> The unique v, ,-set is the whole graph.
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n>6,2<k<n=3Gst [A(G),(G),7,,(G),n=[n—-22k,n|
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n>6,2<k<n— 3Gst [A(G),(G),,,(G),n = [n—2,2,k,n]

> Sketch of proof:

U

w

2,n — 1, n]
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T is a tree of order n > 4.
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TREES

T is a tree of order n > 4.

> Every v11 — code of T contains all its strong support vertices.
[Caro, Hansberg, Henning,DM,2012]
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TREES

T is a tree of order n > 4.

> Every v11 — code of T contains all its strong support vertices.
[Caro, Hansberg, Henning,DM,2012]

> YT)=n/2 e v1(T)=n/2< T =T o K, for some tree T'.
[Caro, Hansberg, Henning,DM,2012]

> 711(7-) < 2’7(7-) —1.

Sketch of proof:

@ S: dominating set of T.

@ Tq,..., T,: the connected components of T — S such that at least
one of its vertices has two neighbors in S.
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TREES

T is a tree of order n > 4.
> Every v11 — code of T contains all its strong support vertices.
[Caro, Hansberg, Henning,DM,2012]
> v(T)=n/2< v1(T)=n/2< T =T © Ky, for some tree T'.
[Caro, Hansberg, Henning,DM,2012]

>0 y,(T) < 29(T) - 1.

Sketch of proof:
@ S: dominating set of T.

@ Tq,..., T,: the connected components of T — S such that at least
one of its vertices has two neighbors in S.

@ S"=SU(U_,V(T)))is a1-QP dominating set of T.
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TREES

T is a tree of order n > 4.

> Every v11 — code of T contains all its strong support vertices.
[Caro, Hansberg, Henning,DM,2012]

> y(T)=n/2 < v1(T)=n/2< T =T © K, for some tree T'.
[Caro, Hansberg, Henning,DM,2012]

>0 y,(T) < 29(T) - 1.

Sketch of proof:

@ S: dominating set of T.

@ Tq,..., T,: the connected components of T — S such that at least
one of its vertices has two neighbors in S.

@ S"=SU(U_,V(T)))is a1-QP dominating set of T.
@ S*is the smallest 1-QP dominating set of T containing S.
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TREES

T is a tree of order n > 4.

>

>

>D>

Every ~v11 — code of T contains all its strong support vertices.
[Caro, Hansberg, Henning,DM,2012]

v(T)=n/2 < y1(T)=n/2< T =T & K, for some tree T'.
[Caro, Hansberg, Henning,DM,2012]

734(T) < 29(T) — 1.

Sketch of proof:

S: dominating set of T.

T1, ..., T;: the connected components of T — S such that at least
one of its vertices has two neighbors in S.

S*=SU(U_,V(T;))is a1-QP dominating set of T.
S* is the smallest 1-QP dominating set of T containing S.
|S*| <2|8|—1.
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TREES

A caterpillar is a tree s.t. the removal of all its leaves gives rise to a path.
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TREES

A caterpillar is a tree s.t. the removal of all its leaves gives rise to a path.

> @ Let h, nbe integers such that 1 < hand 2h < n.
Then, there is a caterpillar T s.t. [v(G).711(G), |V(G)|] = [h, h, n].

© Let h, k,nbeintegers such that2 < h < k <2h — 1 and 2k < n.
Then, there is a caterpillar T s.t. [v(G),v11(G), |V(G)|] = [h, k. n].
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TREES

A caterpillar is a tree s.t. the removal of all its leaves gives rise to a path.

> @ Let h, nbe integers such that 1 < hand 2h < n.
Then, there is a caterpillar T s.t. [v(G).711(G), |V(G)|] = [h, h, n].

© Let h, k,nbeintegers such that2 < h < k <2h — 1 and 2k < n.
Then, there is a caterpillar T s.t. [v(G),v11(G), |V(G)|] = [h, k. n].

Sketch of proof:

o U U2 U3 Up—1 Up
||
n—2h+1)
e Uy vV Us Vg Uk—h  Vk—p Wk—h+1 Uk—h+2 Up—1  Up
‘ > ‘ > ‘ > ‘ > ; _____ ;
n—2k+1)
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TREES

* A caterpillaris a tree s.t. the removal of all its leaves gives rise to a path.

* A k-ary treeis a rooted tree such that each vertex has at most k children.

* A full k-ary tree is a k-ary tree such that all vertices that are not leaves have
exactly k children.
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TREES

* A caterpillaris a tree s.t. the removal of all its leaves gives rise to a path.

* A k-ary treeis a rooted tree such that each vertex has at most k children.

* A full k-ary tree is a k-ary tree such that all vertices that are not leaves have
exactly k children.

> If T is a caterpillar, then:

129(T) > 411(T) > 112(T) = +(T)]
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TREES

* A caterpillaris a tree s.t. the removal of all its leaves gives rise to a path.

* A k-ary treeis a rooted tree such that each vertex has at most k children.

* A full k-ary tree is a k-ary tree such that all vertices that are not leaves have
exactly k children.

> If T is a caterpillar, then:

129(T) > 411(T) > 112(T) = +(T)]

o> If T is full k-ary tree, then:

n—L4T)=v11(T) ==Y k=1(T) > 11.4(T) = Y1 k+1(T) =(T)
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COGRAPHS

G is a cograph, i.e., a P4-free graph.
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COGRAPHS
G is a cograph, i.e., a P4-free graph.
> diam(G) < 2.
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COGRAPHS
G is a cograph, i.e., a P4-free graph.

> diam(G) < 2.
> 7,,(G) = 7(G) [Chellali,Haynes,Hedetniemi,DAM,2013]
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COGRAPHS
G is a cograph, i.e., a P4-free graph.
> diam(G) < 2.

> 7,,(G) = 7(G) [Chellali,Haynes,Hedetniemi,DAM,2013]
> 7;(G) € {1,2,n}
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COGRAPHS

G is a cograph, i.e., a P4-free graph.
> diam(G) < 2.
> 7,,(G) = 7(G) [Chellali,Haynes,Hedetniemi,DAM,2013]
> 744(G) € {1,2,n}
> v,,(G) =2 <+= Gis asin Figure.

Figure: H=H;V H>, N(;(U1) = V(H1) + Uo, N(;(Ug) = V(Hg) =+ Uy.
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CLAW-FREE GRAPHS

G is a claw-free graph, i.e., a Kj 3-free graph.
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CLAW-FREE GRAPHS

G is a claw-free graph, i.e., a Kj 3-free graph.
> 7,,(G) = i(G) = 7(G) [Allan,Laskar,DM,1978]
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CLAW-FREE GRAPHS

G is a claw-free graph, i.e., a Kj 3-free graph.
> 7,,(G) = i(G) = 7(G) [Allan,Laskar,DM,1978]

> Let h, k,nbe integers suchthat2 < h < kand h < 7.
Then, there exists a claw-free graph G s.t.

[v(G),711(G), [V(G)[] = [h, k, n]

if at least one of the following conditions holds:
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CLAW-FREE GRAPHS

G is a claw-free graph, i.e., a Kj 3-free graph.
> 7,,(G) = i(G) = 7(G) [Allan,Laskar,DM,1978]

> Let h, k,nbe integers suchthat2 < h < kand h < 7.
Then, there exists a claw-free graph G s.t.

[v(G),111(G), [ V(G)I] = [h. k, n]
if at least one of the following conditions holds:

(1) 4<n<7:3h+k <2nor[hk,n]e{[26,6],[3,3,6]} (converse true).
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CLAW-FREE GRAPHS

G is a claw-free graph, i.e., a Kj 3-free graph.
> 7,,(G) = i(G) = 7(G) [Allan,Laskar,DM,1978]

> Let h, k,nbe integers suchthat2 < h < kand h < 7.
Then, there exists a claw-free graph G s.t.

[v(G),111(G), [ V(G)I] = [h. k, n]
if at least one of the following conditions holds:
(1) 4<n<7:3h+k <2nor[hk,n]e{[26,6],[3,3,6]} (converse true).

(2) h+k<n,
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CLAW-FREE GRAPHS

G is a claw-free graph, i.e., a Kj 3-free graph.
> 7,,(G) = i(G) = 7(G) [Allan,Laskar,DM,1978]

> Let h, k,nbe integers suchthat2 < h < kand h < 7.
Then, there exists a claw-free graph G s.t.

[v(G),711(G), IV(G)]] = [h, k, n]
if at least one of the following conditions holds:
(1) 4<n<7:3h+k <2nor[hk,n]e{[26,6],[3,3,6]} (converse true).
(2) h+k<n.

(3) 3h+k+1<2n
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CLAW-FREE GRAPHS

G is a claw-free graph, i.e., a Kj 3-free graph.
> 7,,(G) = i(G) = 7(G) [Allan,Laskar,DM,1978]

> Let h, k,nbe integers suchthat2 < h < kand h < 7.
Then, there exists a claw-free graph G s.t.

[v(G),711(G), IV(G)]] = [h, k, n]
if at least one of the following conditions holds:
(1) 4<n<7:3h+k <2nor[hk,n]e{[26,6],[3,3,6]} (converse true).
(2) h+k<n.
(3) 3h+k+1<2n

> Open Problem: 3 < h < k,2n < 3h+ k.

I. M. PELAYO (U.P.C.) Quasiperfect Dominating Codes in Graphs 30 JUNE 2014 15717






CLAW-FREE GRAPHS

(2) Let h,k,nbe integers suchthat2 < h< k <nand h+ k < n.

Then, there exists a claw-free graph G s.1.

[v(G), 111(G), IV(G)[] = [h, k, n]
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CLAW-FREE GRAPHS

(2) Let h,k,nbe integers suchthat2 < h< k <nand h+ k < n.
Then, there exists a claw-free graph G s.1.

[v(G), 111(G), IV(G)[] = [h, k, n]
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CLAW-FREE GRAPHS

(2) Let h,k,nbe integers suchthat2 < h< k <nand h+ k < n.

Then, there exists a claw-free graph G s.1.

[v(G), 111(G), IV(G)[] = [h, k, n]

2<h<k2<r
@ {vqi,...,vy_1,U} is a~y-code of G.
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CLAW-FREE GRAPHS

(2) Let h,k,nbe integers suchthat2 < h< k <nand h+ k < n.

Then, there exists a claw-free graph G s.1.

[v(G), 111(G), IV(G)[] = [h, k, n]

2<h<k2<r
@ {vqi,...,vy_1,U} is a~y-code of G.
@ Kj is ayq1-code of G.
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CLAW-FREE GRAPHS

(2) Let h,k,nbe integers suchthat2 < h< k <nand h+ k < n.

Then, there exists a claw-free graph G s.1.

[v(G), 111(G), IV(G)[] = [h, k, n]

2<h<k2<r
@ {vqi,...,vy_1,U} is a~y-code of G.
@ K is a vq1-code of G.
en=h+k+r—2>h+k.
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CLAW-FREE GRAPHS

(3) Let h, k, nbe integers suchthat2 < h< kand3h+ k+ 1 < 2n.
Then, there exists a claw-free graph G s.t.

[v(G), 711(G), IV(G)[] = [h, k, n]
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CLAW-FREE GRAPHS

(3) Let h, k, nbe integers suchthat2 < h< kand3h+ k+ 1 < 2n.
Then, there exists a claw-free graph G s.t.

[v(G), 711(G), IV(G)[] = [h, k, n]

U /\\“1
PR R
(41 :r‘v21 K
O—K r

wr. S Wy

Vh—s

1<t,0<s max{2,s} <h r=2h—s+t
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CLAW-FREE GRAPHS

(3) Let h, k, nbe integers suchthat2 < h< kand3h+ k+ 1 < 2n.
Then, there exists a claw-free graph G s.t.

[v(G), 711(G), IV(G)[] = [h, k, n]

(TR} /\\“1
e
Uy :;'21 K
O—K r

wr. S Wy

Vh—s

1<t 0<s, max{.2777;9}§h7 r=2h—s+t
° {21'/“27"'7“37 V17"'7Vh—s} or {U1a~~-7U37Y1aV2>~~~th—s} isa
~-code of G.
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CLAW-FREE GRAPHS

(3) Let h, k, nbe integers suchthat2 < h< kand3h+ k+ 1 < 2n.
Then, there exists a claw-free graph G s.t.

[v(G), 711(G), IV(G)[] = [h, k, n]

U R /\\“1
e
ur iz K
O—K r

wr. S Wy

Vh—s

1<t 0<s, 1nax{”2777;9>}§h77“:2h—s+t
@ {z1,Up,... .U, Vi,...,Vh_stOr{uq,...,Us, Y1, Vo,...,Vh_s}iS @A
~-code of G.
e V(G)\{uy,...,us} is a~y1-code of G.
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CLAW-FREE GRAPHS

(3) Let h, k, nbe integers suchthat2 < h< kand3h+ k+ 1 < 2n.
Then, there exists a claw-free graph G s.t.

[v(G), 711(G), IV(G)[] = [h, k, n]

U R /\\“1
e
ur iz K
O—K r

wr. Wy

Vh—s

1<t 0<s, max{ls}g hyr=2h—s+t
o {21-/U2-/~~-7Us-/V17---th—s}Or{U1a~~-7U37}/1aV2>~~-th—s} isa
~-code of G.
@ V(G)\{uy,...,us} is a~i1-code of G.
@ n=r+h=3h—s+t=3v(G)—n+v11(G)+t=2n>3h+k+1.
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