LD-graphs and global location-domination in
bipartite graphs. *

C. Hernando, M. Mora, and I. M. Pelayo

Universitat Politecnica de Catalunya, Barcelona, Spain
carmen.hernando,merce.mora, ignacio.m.pelayo@upc.edu

Abstract. A dominating set S of a graph G is a locating-dominating-set, LD-set for
short, if every vertex v not in S is uniquely determined by the set of neighbors of
v belonging to S. Locating-dominating sets of minimum cardinality are called LD-
codes and the cardinality of an LD-code is the location-domination number, A\(G).
An LD-set S of a graph G is global if it is an LD-set for both G and its complement,
G. One of the main contributions of this work is the definition of the LD-graph, an
edge-labeled graph associated to an LD-set, that will be very helpful to deduce some
properties of location-domination in graphs. Concretely, we use LD-graphs to study
the relation between the location-domination number in a bipartite graph and its
complement.
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1 Introduction

In this work, G = (V, E) stands for a simple, finite graph. The open neigh-
borhood of a vertex v € V is Ng(v) = {u € V : wv € E} and the closed
neighborhood is Ng[v] = {u € V : uwv € E} U {v}. We write N(v) or Nv] if
the graph G is clear from the context. The complement of a graph G, denoted
by G, is the graph on the same vertices such that two vertices are adjacent in
G if and only if they are not adjacent in G.

A set D C V is a dominating set if for every vertex v € V\ D, N(v)ND # (.
The domination number of G, denoted by ~(G), is the minimum cardinality
of a dominating set of G. A dominating set is global if it is a dominating set
for both G and its complement graph, G. If D is a subset of V and v € V' \ D,
we say that v dominates D if D C N(v).

A dominating set S C V is a locating-dominating set, LD-set for short,
if for every two different vertices u,v € V'\' S, N(u) NS # N(v) N S. The
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location-domination number of G, denoted by A(G), is the minimum cardi-
nality of a locating-dominating set. A locating-dominating set of cardinality
A(G) is an LD-code [11]. LD-codes and the location-domination parameter
have been intensively studied during the last decade; see [1,2,5,6,7] A com-
plete and regularly updated list of papers on locating dominating codes can
be found in [9].

In the following section we introduce the LD-graph associated to an LD-set.
After that, we study the relation between LD-sets and the location-domination
number in a graph and its complement. Finally, we consider this parameter
for connected bipartite graphs. We omit proofs due to space limitations.

2 The LD-graph associated to an LD-set

We introduce in this section the so-called LD-graph, an edge-labeled graph
associated to an LD-set. This graph will allow us to deduce some properties
of LD-sets and the location-domination number of graphs.

Let S be an LD-set of a graph G of order n. Consider z ¢ V(G) and define
Ng(z) = 0. Let A denote the symmetric difference set operation. The LD-
graph associated to S, denoted by G°, is the edge-labeled graph defined as
follows:

i) V(G%) = (V\S)U{z}
i) B(GS) = {ay|e.y € V(G9)., |(Na(#) N1 8) & (Na(y) 1 9)| = 1)
iii) The label of edge zy € E(G®) is {(zy) = (Ng(z)NS) A (Ng(y)NS) € 8.
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Fig. 1. Left: a graph G. Right: the LD-graph G° associated to the LD-set S =
{1,2,3,4,5} .

Notice that two vertices of V'\ S are adjacent in G if their neighborhood
in S differ in exactly one vertex, the label of the edge, and z is adjacent to
vertices of V'\ S with exactly a neighbor in S. Therefore, we can represent the
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graph G with the vertices lying on |S|+1 levels, from bottom (level 0) to top
(level |S]), in such a way that vertices with exactly k neighbors in S are at level
k. There is at most one vertex at level |S| and, if it is so, this vertex is adjacent
to all vertices of .S. The vertices at level 1 are those with exactly one neighbor
in S and z is the unique vertex at level 0. An edge of G° has its endpoints at
consecutive levels. Moreover, if e = 2y € E(G®), with £(e) = u € S, and z is
at exactly one level higher than y, then N(z) NS = (N(y) N S) U{u}, ie., z
and y have the same neighborhood in S\ {u}. Therefore, the existence of an
edge in G° with label u € S means that S\ {u} is not an LD-set. Hence, if S
is an LD-code, then for every u € S there exists at least an edge in G° with
label u. See an example of an LD-graph in Figure 1.
The following proposition states some properties of the LD-graph.

Proposition 1. Let S be an LD-set with exactly r vertices of a connected
graph G = (V, E) of order n. Let G?® be the LD-graph associated to S. Then:

i) V(G| =n—7r+1.
ii) G° is bipartite.
i) Incident edges of G° have different labels.
iv) Every cycle of G° contains an even number of edges labeled v, for all
ves.
v) Let p be a walk with no repeated edges in G°. If, for every v € S, p
contains an even number of edges labeled v, then p is a closed walk.
vi) If p = xxiy1 ... Tigp 1S a path satisfying that vertex x; lies at level j, for
any j € {i,i+1,...,i+ h}, then
(a) the labels of the edges of p are different;
(b) for all j € {i+1,i+2,...,i+ h}, N(z;) NS contains the vertex
Uxprps1), for any ke {i,i+1,...,5—1}.

3 Global location domination

This section is devoted to approach the relationship between A\(G) and \(G),
for any arbitrary graph G.

Notice that Ng(z) NS = S\ Ng(z) for any set S C V and any vertex
x € V\ S. A straightforward consequence of this fact are the following results.

Proposition 2 ([8]). If S C V is an LD-set of a graph G = (V, E), then S
is an LD-set of G if and only if S is a dominating set of G.

Proposition 3 ([7]). If S C V is an LD-set of a graph G = (V, E), then S

is an LD-set of G if and only if there is no vertex in V' \ S dominating S in
G.

Proposition 4 ([7]). If S CV is an LD-set of a graph G = (V, E) then there
is at most one verteru € V\'S dominating S, and in the case it exists, SU{u}
is an LD-set of G.
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Theorem 1 ([7]). For every graph G, I\(G) — A\(G)| < 1.

According to the preceding result, A\(G) € {AMG) — 1, A\(G),\(G) + 1}
for every graph G, all cases being feasible for some connected graph G. For
example, it is straightforward to check that the complete graph K, of or-
der n > 2 satisfies A\(K,) = A(K,) + 1; the star Kj,_1 of order n > 2
satisfies A\(K1n—1) = A(K1n-1), and the bi-star Ksy(r,s), r,s > 2, ob-
tained by joining the central vertices of two stars Kp, and K, satisfies
A Ka(r,s)) = M Kq(r,s)) + 1.

We intend to obtain either necessary or sufficient conditions for a graph G
to satisfy A(G) > A\(G), i.e., A(G) = A(G) + 1. After noticing that this fact is
closely related to the existence or not of sets that are simultaneously locating-
dominating sets in both G and its complement G, the following definition was
introduced in [8].

A set S of vertices of a graph G is a global LD-set if S is an LD-set for
both G and its complement G and it is a global LD-code if it is an LD-code
of G and an LD-set of G. Next results follow immediately from the definition

of global LD-set and global LD-code.

Proposition 5 ([8]). If G is a graph with a global LD-code, then \(G) <
AG).

Proposition 6 ([8]). Let S be an LD-set of a graph G. Then, S is a non-
global LD-set if and only if there exists a (unique) vertex uw € V '\ S such that
S C N(u).

In Table 1, the location-domination number of some families of graphs is
displayed, along with the location-domination number of their complement
graphs. Concretely, we consider the path P, of order n > 7; the cycle C), of
order n > 7; the wheel W), of order n > 8, obtained by joining a new vertex
to all vertices of a cycle of order n — 1; the complete graph K, of order n > 2;
the complete bipartite graph K, ,_, of order n > 4, with 2 <r <n —r and
stable sets of order r and n — r, respectively; the star K1 ,_1 of order n > 4,
obtained by joining a new vertex to n — 1 isolated vertices; and finally, the
bi-star Ko(r,n — r) of order n > 6 with 2 < r < n — r, obtained by joining
the central vertices of two stars Ky, and Kj ,_, respectively.

G Pn Cn Wn Kn Kl,n—l Kr,n—r KQ(T,?’L—T)
n n>7 n>27 n>8 n>2 n>4 2<r<n—-r 2<r<n-r
MO TZT 2] 122 n-1 n-1 n_2 n_2
AG) [2"57% f2”572] f2”5+11 n n—1 n—2 n—3

Table 1. The values of \(G) and A\(G) for some families of graphs.
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4 The bipartite case

In this section we study the relation between A(G) and A(G) in bipartite
connected graphs. Bipartite connected graphs of order at most 3 are the path
graphs P, Py and P, and for these graphs, A(P}) = A\(Py) =1; 1 = \(P%) <
A(Py) = 2; A(P3) = A(P3) = 2. In the sequel, G = (V, E) stands for a bipartite
connected graph of order n = r 4+ s > 4, such that V = U U W, being U,W
its stable sets and 1 < |U| =r < s = |W|.

Proposition 7. Let S be an LD-code of G. Then, A\(G) < X(G) if any of the
following conditions holds

i) SNU # 0 and SNW # 0;
ii)r <sand S=W.
i) 27 < s.

Corollary 1. If A\(G) = MN(G) + 1, then r < s < 2" — 1. Moreover, if r < s
then U is the unique LD-code of G, and if r = s we may assume that U is a
non-global LD-code of G.

Proposition 8. If 1 <r <2, then A(G) < \(G).

Notice that bipartite connected graphs G of order at least 4 such that

A(G) <2 are Py, P5 and Cjy. These graphs satisfy A\(G) < A(G).
Next, we approach the case A(G) = A(G) + 1, when A\(G) > 3, using LD-
graphs. We may assume that » > 3 by Proposition 8. First we give some

properties of LD-graphs for bipartite graphs satisfying the preceding equality.

Lemma 1. If \(G) = \(G) + 1 and U is an LD-code of G, then GY contains
at least two edges with label u, for all u € U.

In the study of LD-sets of a connected bipartite graph, a family of graphs
is particularly useful, the cactus graphs. A block of a graph is a maximal
connected subgraph with no cut vertices. A connected graph G is a cactus
if all its blocks are cycles or edges. Cactus are also characterized as those
connected graphs with no edge shared by two different cycles. The following
lemma gives some properties relating parameters of bipartite graphs having
cactus as connected components.

Lemma 2. Let H be a bipartite graph of order at least 4 such that all its con-
nected components are cactus having cc(H) connected components and cy(H)
cycles. Let ex(H) = |E(H)| —4 cy(H). Then H satisfies:

i) [V(H)| = |E(H)| — cy(H) + cc(H).
i) ex(H) >0 and |V(H)| = 3|E(H)| + Lex(H) + cc(H).
wi) [V(H)| > 3| E(H)| + 1.
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w) |[V(H)| = 3|E(H)| + 1 if and only if H is connected and all blocks are
cycles of order 4.

Lemma 3. Let \(G) = MG) + 1 and assume that U is an LD-code of G.
Consider a subgraph H of GY induced by a set of edges containing exactly two
edges with label u, for each uw € U. Then, all the connected components of H
are cactus.

Proposition 9. If r > 3 and A\(G) = \(G) + 1, then 3 < s < 2" —1.

Lemma 4. If \(G) = \(G) +1 and U is an LD-code of G, let z be the vertex
of GY introduced in the definition of this graph and let H be a subgraph of GY
with exactly two edges with label u, for each w € U. Then:

i) If H has at least two connected components, then s > 32—T +1.
i) If z is an isolated vertex in GU, then s > 32—7’ + 1.
i) z is an non-isolated vertex in GU if and only if there is at least a vertex
in V\U of degree 1 in G.
i) If G has no vertex of degree 1 in W, then s > %7” +1.

Proposition 10. There are no bipartite graphs G satisfying \(G) = A(G) +1
if3<s<¥ 41
Proposition 11. For every pair (r,s), r,s € N, such that 3 < r and % +1<

s < 2" —1, there exists a bipartite graph G(r,s) such that A(G) = A\(G) + 1.

Graphs satisfying the conditions of Proposition 11 can be constructed
from the LD-graph described in Figure 2 associated to the LD-code U =

_ |3
{1,2,...,r} when s = {7’“%—1—‘.

level 7 oo
level r —1
level 1 — 2 -+

GY — 2z, r even GY — 2z, r odd

Fig. 2. The labeled graph GV — z, for G = G(r, {37’ + 1—‘) and U ={1,...,r}.

For s > [ + 1], we can add up to 2" — 1 — r vertices to the set W of the

graph G(r, [32—" + 1—‘) taking into account that the neighborhoods in U of the
vertices of W must be different and non-empty.

Proposition 12. Let G be a bipartite connected graph with V(G) = U U W,
[Ul=r, [W|=s,3<r<s.
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i) Ifr <s< 3 +1= AG)—\G) € {0,1} and there are ezamples of both
cases.
@)If 2 +1<s<2—1= MNG)— ANG) € {~1,0,1} there are graphs
satisfying all cases.
i) If 2" —1 < s = MN(G) — \(G) € {0,1} and there are examples of both cases.

Examples of graphs satisfying the different cases of Proposition 12 are the
following. For every 7,5, 3 < r < s, complete bipartite graphs K, s, satisfy

AMErs) =ANKps)=r+s—2

and bistars Ko(r — 1, s — 1) satisfy

r+s—2=AKars)) > ANKa(r,s)) =r+s—3.

By Proposition 9, we know that the equality A\(G) — A\(G) = —1 is possible
only in the case that 32—” +1 < s < 2" —1 and by Proposition 11 we know

examples for any s satisfying 3—27" +1<s<2"— 1.
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