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VERTEX PARTITION

G = (V,E) connected graph

Π = {S1, . . . , Sk} vertex partition:


Si 6= ∅

k⋃
i=1

Si = V
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STABLE PARTITION = (PROPER) COLORING

Π = {S1, . . . , Sk} vertex partition of G

Π stable partition: G[Si] is a coclique.
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STABLE PARTITION = (PROPER) COLORING

Π = {S1, . . . , Sk} vertex partition of G

Π stable partition: G[Si] is a coclique.

χ(W5) = 4 χ(P) = 3

• Stable k-partition = k-coloring
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DOMINATING PARTITION

Π = {S1, . . . , Sk} vertex partition of G

Π dominating : u ∈ Si → d(u, V − Si) = 1

• u ∈ Si is interior if d(u, V − Si) > 1.

• Π is dominant iff it has no interior vertices.
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DOMINATING PARTITION

• Every stable partition is dominating.

Π = {S1, . . . , Sk} vertex partition of G

Π dominating : u ∈ Si → d(u, V − Si) = 1

• u ∈ Si is interior if d(u, V − Si) > 1.

• Π is dominant iff it has no interior vertices.
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DOMINATING PARTITION

• Every stable partition is dominating.

• S minimum dominating → {S, V −S} dominating.

Π = {S1, . . . , Sk} vertex partition of G

Π dominating : u ∈ Si → d(u, V − Si) = 1

• u ∈ Si is interior if d(u, V − Si) > 1.

• Π is dominant iff it has no interior vertices.



5-1

LOCATING PARTITIONS: ML and NL

Π = {S1, . . . , Sk} vertex partition of G
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LOCATING PARTITIONS: ML and NL

Π = {S1, . . . , Sk} vertex partition of G

Π metric-locating:
u, v ∈ Si → d(u, Sj) 6= d(v, Sj) for some j
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LOCATING PARTITIONS: ML and NL

Π = {S1, . . . , Sk} vertex partition of G

Π metric-locating:
u, v ∈ Si → d(u, Sj) 6= d(v, Sj) for some j

Π neighbor-locating: u, v ∈ Si →
N(u) ∩ Sj 6= ∅, N(v) ∩ Sj = ∅ for some j 6= i

• Neighbor location → domination.

• Neighbor location → Metric location.

• u, v twins: u ∈ Si ⇒ v 6∈ Si
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PARAMETERS (general case)

• βp(G) :


?minimum ML partitions

?Chartrand et al. , 2000

? partition dimension
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PARAMETERS (general case)

• βp(G) :


?minimum ML partitions

?Chartrand et al. , 2000

? partition dimension

• ηp(G) :


?MLD = metric location + domination

?minimum MLD partitions

? partition MLD number

? βp ≤ ηp ≤ βp + 1

[βp = ηp iff G has a minimum ML-partition without interior vertices]

• λp(G) :


?minimum NL partitions

? partition NL number

? βp ≤ ηp ≤ λp
? diam(G) = 2⇒ ηp = λp
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PARAMETERS (stable case)

• χ
ML

(G) :


?minimum ML colorings

?Chartrand, Henning, Slater et al., 2002

?ML− chromatic number

? {ηp, χ} ≤ χML
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PARAMETERS (stable case)

• χ
ML

(G) :


?minimum ML colorings

?Chartrand, Henning, Slater et al., 2002

?ML− chromatic number

? {ηp, χ} ≤ χML

• χNL(G) :



?minimum NL colorings

?NL− chromatic number

? ηp ≤ {λp, χML} ≤ χNL

? ω ≤ χ ≤ χML ≤ χNL

? diam(G) = 2⇒ χML = χNL
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diam ≥ 3, n ≥ 10: ML 6⇒ NL

• n ≥ 3: χ
ML

(Pn) = 3
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diam ≥ 3, n ≥ 10: ML 6⇒ NL

• n ≥ 3: χ
ML

(Pn) = 3

2 2 2 21 1 13 33

• A minimum ML-partition of P10:



8

diam ≥ 3, n ≥ 10: ML 6⇒ NL

• n ≥ 3: χ
ML

(Pn) = 3

2 2 2 21 1 13 33

102 011 120 021 110 201 210 101 012 103

• A minimum ML-partition of P10:



8

diam ≥ 3, n ≥ 10: ML 6⇒ NL

• n ≥ 3: χ
ML

(Pn) = 3

2 2 2 21 1 13 33

102 011 120 021 110 201 210 101 012 103

• This partition is not NL.

• A minimum ML-partition of P10:
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diam ≥ 3, n ≥ 10: ML 6⇒ NL

• n ≥ 3: χ
ML

(Pn) = 3

2 2 2 21 1 13 33

102 011 120 021 110 201 210 101 012 103

• This partition is not NL.

• n ≥ 10 ⇒ χ
NL
≥ 4

2 2 2 41 1 13 33

1022 0112 1202 0212 01212012 10121102 2102 1220

• A minimum ML-partition of P10:

• χ
NL

(P10) = 4:
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NL-colorings: χNL vs α

• G has no false twins: χNL(G) + α(G) ≤ n+ 1
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Ω maximum independent set,
h = n− α(G), V \ Ω = {v1, . . . , vh}
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NL-colorings: χNL vs α

• G has no false twins: χNL(G) + α(G) ≤ n+ 1

v1 vh

Ω

Ω maximum independent set,
h = n− α(G), V \ Ω = {v1, . . . , vh}
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NL-colorings: χNL vs α

• G has no false twins: χNL(G) + α(G) ≤ n+ 1

v1 vh

Ω

Ω maximum independent set,
h = n− α(G), V \ Ω = {v1, . . . , vh}

Π = {{v1}, . . . , {vh},Ω} is an NL coloring
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NL-COLORINGS: LARGE VALUES

• χNL(Kn) = χNL(Kn) = n
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NL-COLORINGS: LARGE VALUES

• χNL(Kn) = χNL(Kn) = n

• χNL(G) = n ⇐⇒ G complete multipartite.

• χNL(G ∨H) = χNL(G) + χNL(H)

• χML(G) = n− 1: Chartrand et al., 2003

• χNL(G) = n− 1: Open Problem

• T 6= P4 ⇒ χNL(T ) 6= n− 1
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NL-COLORINGS: SOME BOUNDS ON THE ORDER

Π = {S1, . . . , Sk} NL k-coloring s.t. |S1| ≤ . . . ≤ |Sk|.
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NL-COLORINGS: SOME BOUNDS ON THE ORDER

• n ≤ k · |Sk| ≤ k · (2k−1 − 1)

Π = {S1, . . . , Sk} NL k-coloring s.t. |S1| ≤ . . . ≤ |Sk|.
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NL-COLORINGS: SOME BOUNDS ON THE ORDER

• n ≤ k · |Sk| ≤ k · (2k−1 − 1)

• n ≤ k · |Sk| ≤ k ·
∆∑
j=1

(
k − 1

j

)
Π = {S1, . . . , Sk} NL k-coloring s.t. |S1| ≤ . . . ≤ |Sk|.

• ∆ ≤ 2: n ≤ k[
(
k−1

1

)
+
(
k−1

2

)
] = 1

2(k3−k2)

• Tree: n ≤ 1
2(k3 + k2 − 2k − 4)

• Unicyclic: n ≤ 1
2(k3 + k2 − 2k)
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χNL = k ⇒ n ≤ k · (2k−1 − 1) [tightness]
For every k ≥ 3, let Gk = (V,E) is the graph such that:

• V =
k⋃

i=1

Vi, where

(1) Vi ⊂ {0, 1, 2}k, for every i ∈ {1, . . . , k}.
(2) x = x1 . . . xk ∈ Vi if and only if xi = 0 and, for some

j ∈ {1, . . . , k}, xj = 1.

• xy ∈ E if and only if i 6= j, xj = 1 and yi = 1.
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χNL = k ⇒ n ≤ k · (2k−1 − 1) [tightness]
For every k ≥ 3, let Gk = (V,E) is the graph such that:

• V =
k⋃

i=1

Vi, where

(1) Vi ⊂ {0, 1, 2}k, for every i ∈ {1, . . . , k}.
(2) x = x1 . . . xk ∈ Vi if and only if xi = 0 and, for some

j ∈ {1, . . . , k}, xj = 1.

• xy ∈ E if and only if i 6= j, xj = 1 and yi = 1.

• Gk is a graph s.t. n = k · (2k−1 − 1),
m = Mk = k · (k − 1) · 22k−5 and χNL(Gk) = k.

• Let G be s.t. n = k · (2k−1 − 1) and χ
NL

(G) = k.
Then, G is a subgraph of Gk and
k · (k − 1) · 2k−3 = mk ≤ m ≤Mk = k · (k − 1) · 22k−5
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χNL = 3 ⇒ n ≤ 3 · (23−1 − 1) = 9 [tightness]

1

1

1

2

2

2

3

3

3
n = 9, m = 6, c = 4

K3 + 3K2
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χNL = 3 ⇒ n ≤ 3 · (23−1 − 1) = 9 [tightness]

1

11

2

2

2

3

3

3
1

1

1

2

2

2

3

3

3
n = 9, m = 12, c = 0 n = 9, m = 6, c = 4

G3 K3 + 3K2
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NL-COLORINGS: PATHS AND CYCLES

• 3 ≤ n ≤ 9: χNL(Pn) = 3
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• 3 ≤ n ≤ 9: χNL(Pn) = 3

• 3 ≤ n ≤ 9: χNL(Cn) =

{
3, n odd

4, n even
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NL-COLORINGS: PATHS AND CYCLES

• 3 ≤ n ≤ 9: χNL(Pn) = 3

• 3 ≤ n ≤ 9: χNL(Cn) =

{
3, n odd

4, n even

n ≥ 10, ρ(x) = x
(
x
2

)
:

• ρ(k − 1) < n ≤ ρ(k):

χNL(Pn) = χNL(Cn) = k
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NL-COLORINGS: TREES

T , tree of order n and χNL(T ) = k
• n = n1 + n2 + n3, where T has:

n1 leaves,

n2 vertices of degree 2,

n3 vertices of degree at least 3.
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NL-COLORINGS: TREES

T , tree of order n and χNL(T ) = k
• n = n1 + n2 + n3, where T has:

n1 leaves,

n2 vertices of degree 2,

n3 vertices of degree at least 3.

• n1 ≤ k
(
k−1

1

)
= k(k − 1) = k2 − k

• n2 ≤ k
(
k−1

2

)
= k(k−1)(k−2)

2 = k3−3k2+2k
2
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NL-COLORINGS: TREES

T , tree of order n and χNL(T ) = k
• n = n1 + n2 + n3, where T has:
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n2 vertices of degree 2,
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(
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)
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(
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NL-COLORINGS: TREES

T , tree of order n and χNL(T ) = k
• n = n1 + n2 + n3, where T has:

n1 leaves,

n2 vertices of degree 2,

n3 vertices of degree at least 3.

• n1 ≤ k
(
k−1

1

)
= k(k − 1) = k2 − k

• n2 ≤ k
(
k−1

2

)
= k(k−1)(k−2)

2 = k3−3k2+2k
2

• n ≤ 1
2(k3 + k2 − 2k − 4) [tight, for k ≥ 6]

• n3 ≤ n1 − 2 ≤ k2 − k − 2
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NL-COLORINGS: TREES

• Tree T of order n = 28 = 4 · (24−1 − 1) s.t. χ
NL

(T ) = 4:
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NL-COLORINGS: TREES

• Tree T of order n = 28 = 4 · (24−1 − 1) s.t. χ
NL

(T ) = 4:
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NL-COLORINGS: SPLIT GRAPHS

G = (U ∪W,E) split graph, G[W ] = Ks, s = α(G).
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NL-COLORINGS: SPLIT GRAPHS

G = (U ∪W,E) split graph, G[W ] = Ks, s = α(G).

• S ⊆ U : P (S) = {w ∈W : N(w) = S}

• ρ(G) = max
S⊆U
{|S|+ |P (S)|}

• Λ = {S ⊂ U : |S| = |U | − 1, P (S) 6= ∅}

• χNL=


ρ(G), if Λ = ∅

max{ρ(G), |U |+ 1}, if Λ 6= ∅
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