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Abstract: In this paper, a method for obtaining large diameter 6 graphs by replacing some vertices of
a Moore bipartite diameter 6 graph with complete Kh graphs is proposed. These complete graphs are
joined to each other and to the remaining nonmodified graphs by means of new edges and by using a
special diameter 2 graph. The degree of the graph so constructed coincides with the original one. © 1999
John Wiley & Sons, Inc. Networks 34: 154–161, 1999

1. INTRODUCTION

A question of special interest in graph theory is the con-
struction of graphs with an order as large as possible for a
given degree and diameter or (D, D)-problem. This prob-
lem deserves much attention due to its implications in the
design of topologies for interconnection networks and other
questions such as the data alignment problem and the de-
scription of some cryptographic protocols.

The (D, D)-problem for undirected graphs has been
approached in different ways. It is possible to give bounds
on the order of the graphs for a given degree and diameter
(see [7]). As the theoretical bounds are difficult to attain,
most of the work dealt with the construction of graphs,
which for this given diameter and degree have a number of
vertices as close as possible to the theoretical bounds (see
[6] for a review).

Various techniques which depend on the way graphs are
generated and their parameters are calculated have been
developed. Many (D, D)-graphs correspond to Cayley
graphs [8, 9, 21, 14] and have been found by computer
search. However, the use of computers is only efficient
when the degree and the diameter are not too large. Com-
pounding is another technique that has proved useful and
consists of replacing one or more vertices of a given graph
with another graph or copies of a graph and rearranging the
edges suitably (see, for instance, [15, 16]). Compound
graphs and Cayley graphs make up many of the large (D,
D)-graphs described in the literature for a small diameter.

Other large graphs have been found as graph products or
special methods. For instance, a graph on an alphabet may
be constructed as follows: The vertices are labeled with
words of a given alphabet and a rule that relates two
different words provides the edges.

In this paper, compounding is used to construct new
families of large (D, D)-graphs that improve some knownCorrespondence to:J. Gómez
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results for diameter 6. The technique is a generalization of
a method used by Quisquater [20], based on the replacement
by a complete graph of a single vertex from a bipartite
Moore graph. In [10, 16], several authors modified the
technique in order to replace several vertices. This paper
presents a new technique for working out a general rule for
the replacement of a large number of vertices using a special
diameter 2 graph.

Section 2 is devoted to introduce some notation and
some known results concerning Moore bipartite graphs. In
the following section, a type of diameter 2 graph is defined.
In Section 4, we describe a general technique for the con-
struction of large diameter 6 graphs using the graphs intro-
duced in the previous section. Finally, in Section 5, new
large graphs are proposed.

2. NOTATION AND KNOWN RESULTS

A graph,G 5 (V, E), consists of a nonempty finite setV of
elements calledverticesand a setE of unordered pairs of
elements ofV called edges.The number of verticesN
5 N(G) 5 uVu is theorderof the graph. If {x, y} is an edge
of E, we say thatx andy (or y andx) areadjacentand this
is usually writtenx ; y. It is also said thatx andy are the
endverticesof the edge {x, y} or x andy areincidentto { x,
y}. The graphG is bipartite if V 5 V1 ø V2 andV1 ù V2

5 À and any edge {x, y} [ E has one endvertex inV1 and
the other inV2. Thedegreeof a vertexd( x) is the number
of vertices adjacent tox. The (maximum)degreeof G is D
5 maxx[Vd( x). A graph is regular of degreeD or D-regular
if the degree of all vertices isD. Thedistancebetween two
vertices x and y, d( x, y), is the number of edges of a
shortest path betweenx andy, and its maximum value over
all pairs of vertices,D 5 maxx,y[V d( x, y), is thediameter
of the graph. A (D, D)-graph is a graph with degreeD and
diameter, at most,D.

The order of a graph with degreeD (D . 2) and diameter
D is easily seen to be upper-bounded by

1 1 D 1 D~D 2 1! 1 · · ·1 D~D 2 1!D21

5
D~D 2 1!D 2 2

D 2 2
5 N~D, D!.

This value is called theMoore bound,and it is known that,
for D $ 2 andD $ 3, this bound is only attained ifD 5 2
andD 5 3, 7, and (perhaps) 57, (see [7]). In this context, it
is of great interest to find graphs which, for a given diameter
and degree, have a number of vertices as close as possible
to the Moore bound.

A way of modifying some known large bipartite graphs
in order to obtain new large graphs for some values of the
degree and the diameter was shown in [10]. In this paper,
this method is improved in order to obtain better results.

By counting arguments, it is easy to obtain the following
upper bound (see [7]) for the maximum order of a (D,
D)-bipartite graph:

b~D, D! 5 2
~D 2 1!D 2 1

D 2 2
, D . 2.

The bipartite graphs that reach this bound are calledbipar-
tite Moore graphs.They exist only forD 5 2 (complete
bipartite graphsKD,D) or D 5 3, 4, 6. For these values of
D, bipartite Moore graphs have been constructed whenD
2 1 5 q is a prime power (see [5, 7]). ForD 5 3 andD
5 q 1 1, the bipartite Moore graph,Pq, is the incident
graph of the projective planePG(2, q). The points of
PG(2, q) are the 1-dimensional vector subspaces of the
3-dimensional vector spaceK3 over a finite fieldK with q
elements. This fact enables us to define the so-called, graph
P9q as follows: The vertex set isPG(2, q) and the adjacency
rule is, for eacha, b [ P(2, q), a andb are adjacent if and
only if they are orthogonal. It is easy to see thatP9q is a
regular graph with orderN 5 q2 1 q 1 1, degreeD 5 q
1 1, and diameterD 5 2. Some of these graphs will be
used in this paper in order to expand some graphs. The
bipartite Moore graphs withD 5 6, Hq, are calledgener-
alized hexagons(see [3]). They are graphs whose vertices
are the points and some lines of a nondegenerate quadric
surface in the 6-dimensional projective spacePG(6, q),
with two vertices being adjacent, if and only if they corre-
spond to an incident point-line pair on the surface. They
have orderN 5 2[(q6 2 1)/(q 2 1)] and degreeD 5 q
1 1.

Here, we have some known results that will be used in
the next sections:

● If G 5 (V1 ø V2, E) is any bipartite graph of even (odd)
diameterD, the distance betweenx [ V1 and anyy [ V2

( y [ V1) is at mostD 2 1.
● If G is a (D, D)-bipartite Moore graph, for anyx, y

[ V(G) with d( x, y) 5 D, there existD disjoint paths
betweenx andy of lengthD.

● The girth of any bipartite Moore graph with diameterD is
g 5 2D.

The construction proposed in [10] consists of expanding the
bipartite Moore graphHq by replacing several vertices by
complete graphs and creating some new adjacencies. In it,
some verticesxijk (see Fig. 1) are replaced by copies of the
complete graphKh (h # D) whose vertex set is denoted by
Kijk. These replacements must verify some conditions. In
this paper, we will use the same notation for the replaced
vertices but our conditions are changed. To be more precise,
these conditions have become only one, which is simpler
and easier to verify. The next section discusses a type of
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graph with diameter 2 which will enable this condition to be
defined.

3. [l, l]-CLIQUES

Definition 1. A graph G5 (V, E) is an [ l , l] -clique if it
is possible to partition V intol partite sets V1, . . . , Vl,
whose induced graphs are cliques and such thatuV1u
# . . . #uVlu 5 l .

Observe that ifG̃ 5 (W̃, Ẽ) is an [l , l]-clique, thenuW̃u
# l .l, and it is also a [k, m]-clique, for eachk # l and for
somem $ l. Next, some examples of [l , l]-cliques are
given. Most of them will be used to construct new large
graphs in Section 5.

Example 1.

1. Every graph is a [2,l]-clique, but for the graphs without
edges.

2. The complete graphKh is a [h, 1]-clique and it is also a
[k, 2]-clique for everyk [ { h

2
, . . . , h 2 1}.

3. Every graphG that contains a cliqueKl is an [l ,
l]-clique with l at most,N(G) 2 l 1 1.

4. The Petersen graphP is a [2, 5]-clique. A partition is
{{(0, i ), (1, i )}, i 5 0, 1, 2, 3, 4} (see Fig. 2).

5. The largest known graph for degree 6 and diameter 2 is
K4 p X8. It is constructed by means of joining four
copies ofX8 (see [4]). Figure 3 shows two copies of an
X8 graph. The second one shows a partition of it. So, it
is a [2, 4]-clique. Thus,K4 p X8 is a [2, 16]-clique.

6. The graphP9q has degreeD 5 q 1 1, diameterD 5 2,
and orderN 5 q2 1 q 1 1. Forq 5 9, 11, and 13, the
graphP9q is the largest known graph and, moreover, it is
a [3, l]-clique. In fact, according to Corollary 3 of
Theorem 4.3.6 of [19],P99 can be partitioned into 7P93.
Besides,P93 is a [3, 6]-clique for a partition with 1K3

and 5 K2 (see [17]). As a consequence,P99 is a [3,
42]-clique with 7 K3 and 35 K2. The same theorem
cannot be applied to the graphsP911 andP913. However,
a study by computer shows thatP911 is a [3, 55]-clique
(see [17]). The partition obtained has 32K3, 14 K2, and
9 K1. Another analogous study shows thatP913 is a [3,
72]-clique with 44K3, 23 K2, and 5K1 (see [17]).

7. Let l be a positive integer less than or equal toq2 1 q
1 1. Let us choose a partition intol parts of the vertex
set ofP9q so that

• Each part has, at most,l vertices.

• There exists a part withl vertices.

Fig. 1. The subgraph of Hq to be modified.

Fig. 2. Petersen graph.

Fig. 3. X8 and its partition.

156 GÓMEZ, PELAYO, AND BALBUENA



We construct a new family of graphs, denoted byP9ql from
a copy ofP9q, by adding new edges between nonadjacent
vertices of the same part so that in each part all the vertices
are then adjacent among themselves. So, any graphP9ql is
composed by the union ofl complete graphs. As a conse-
quence, the degree ofP9ql is, at most,q 1 l . Furthermore,
it is an [l , l]-clique for the previous partition.

4. Hq(Kh) GRAPHS

Let us consider the subgraph of the bipartite Moore graph of
degreeD 5 q 1 1, Hq 5 (V ø W, E) (see Fig. 1.) We
consider a vertexx [ V. According to this figure,

G~ x! 5 $ x0, x1, . . . , xq% , W,

G~ xi! 5 $ xi0, xi1, . . . , xiq21% ø $ x% , V,

; i [ $0, . . . , q 2 1%

G~ xij! 5 $ xij0, xij1, . . . , xijq21% ø $ xi% , W,

; j [ $0, . . . , q 2 2%

~1!

Hence, the subsetW9 of W that we callset of replaceable
verticeshas the following expression:

W9 5 ø
i50

q21

ø
j50

q22

G~ xij!\$ xi, xijq21%.

The set of incident edges to vertexxijk is denoted byEijk.
With the notationWij 5 G( xij )\{ xi, xijq21}, the set

{ Wij , i 5 1, 2, . . . ,q 2 1, j 5 1, 2, . . . ,q 2 2} is a
partition ofW9 that we callstandard partition.It consists of
q(q 2 1) parts withq 2 1 elements in each one.

Definition 2. Let q be a prime power and let h be an
integer so that1 # h # q 1 1. Let us denote Hq(Kh) any
graph obtained from Hq carrying out the following steps:

1. Let us choose a subset W˜ of W9.

2. Each vertex xijk [ W̃ is replaced by a complete graph
Kh, whose vertex set is denoted by Kijk 5 { yijk

1 , . . . ,
yijk

h } . The set of added vertices is called W˜ (Kh). Thus,

W̃~Kh!5 ø
xijk[W̃

Kijk.

3. The incident edges to each xijk [ W̃ are joined to the
vertices of Kijk so that each vertex yijk

l , l 5 1, 2, . . . ,
h is incident, at least, to one of them.

4. Some new edges may be added between vertices of
W̃(Kh) so that the constructed graph has degreeD 5 q
1 1. The set of these additional edges is denoted by E˜

ijk.

Example 2. Consider a bipartite Moore graphH5 with
diameter 6, degree 6, and order 7812. The subset chosen is
W̃ 5 { x000}. This vertex is replaced by a complete graph
K6. The edges ofE000 are now incident to vertices ofK000

according to Figure 4.
The graph so constructed is not bipartite anymore. How-

ever, it is still 6-regular and its order is greater than the
original one (five vertices). This example, put forward by
Quisquater in [20], corresponds to a particular case of our
construction. This author showed that this graph still has
diameter 6.

Observe that anyHq(Kh) graph verifies the following
properties:

1. After making the first three steps, each vertex ofW̃(Kh)
has degree not greater thanq 1 1.

2. If h . 1, Hq(Kh) is not bipartite.

3. uW̃u # (D 2 1)(D 2 2)2 5 q z (q 2 1)2.

4. N(Hq(Kh)) 5 N(Hq) 1 uW̃u(h 2 1).

The next proposition provides an upper bound to the
diameter of anyHq(Kh) graph.

Proposition 1. The diameter of any Hq(Kh) graph is
bounded by 7.

Proof. After the replacement of the verticesxijk of Hq,
we observe the following:

i. A path of maximum length 6 inHq, without xijk verti-
ces, is unaltered inHq(Kh).

ii. The shortest path between any two vertices will increase
its length by at most two (the maximum number ofxijk

Fig. 4. An expansion of H5.
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vertices that might be contained in this path); see Figure
1 and remember thatg 5 2D.

iii. Because of condition 3, the maximum distance between
two vertices of typey 5 yijk

l andy9 5 yrst
0 is 7. In fact,

sinceHq is bipartite, the distance betweenxijk andxrst

has to be 0, 2, 4, or 6. If it is less than or equal to 4, then
by the previous observation, the distance betweeny and
y9 is at most 6. Otherwise, sinceHq containsD disjoint
paths of length 6 betweenxijk andxrst, at least a path of
the same length runs betweeny andy9 or betweeny and
a vertex ofKrst in Hq(Kh), yrst

m , which is adjacent to
vertexy9.

Thus, we have only to examine the following case: Let
two vertices be at distance 6 in such a way that at least one
of them is not of the formyijk

l . Then, asD disjoint paths of
length 6 run between these vertices, from condition (3) of
Definition 2 and Figure 1, it follows that there exists one
path among these vertices, which is unaffected by the
replacements. ■

To put forward more complicated expansions of theHq

graphs in an easy way than the ones presented by Quis-
quater in [20] and Comellas and Go´mez in [10], we need to
introduce the following definition:

Definition 3. The margin M of an Hq(Kh) graph is the
number of edges needed to add in step4 of its construction
to vertices of Kijk so that each vertex has degreeD 5 q
1 1.

Example 3. The vertexx000 is replaced by a copy ofK3 in
H3 (see Fig. 5). It is easy to see that it is necessary to add
two edges (drawn in broken line) so that each vertex has
degree 4. Thus,M 5 2 in this case.

Proposition 2. Given an Hq(Kh) graph, if h# D 5 q 1 1,
then

M 5 ~D 2 h!~h 2 1!. (2)

Proof. After making the first three steps in order to
construct theHq(Kh) graph, we have

hD 5 D 1 h~h 2 1! 1 M,

and the desired result is obtained by isolatingM from this
equation. ■

When a subsetW̃ of W9 is chosen, the standard partition
of W9 leads to a new partition that we callstandard parti-
tion of W̃:

W̃ 5 ø
i51

l

W̃i, (3)

wherel is the number of nonempty parts. Note thatl # q(q
2 1) and for eachi [ {1, 2, . . . , l}, uW̃iu # q 2 1.

As we said above, to construct anHq(Kh) graph, each
vertexxijk [ W̃ is replaced by a complete graphKh. Then,
the edges ofEijk are joined to the vertices ofKijk so that
each vertex ofKijk is adjacent, at least, to some not-replaced
vertex of Hq. Finally, some new edges are added, joining
vertices of the copiesKijk in such a way that each new
vertex has degree less than or equal toD 5 q 1 1. Observe
that this last new setẼijk of added edges has, at most,M
elements.

As a consequence of Proposition 1, the diameter of any
Hq(Kh) graph is 6 or 7. As a matter of fact, it is easy to
check that there are many of them with diameter 7. How-
ever, not all of them have this diameter (remember the
construction proposed by Quisquater). To present a family

Fig. 6. A path of length 6 between y and z in Hq(K4).

Fig. 5. Margin of H3(K3) is 2.
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of large Hq(Kh) graphs with diameter 6, a new graph is
required. This is denoted byG̃ 5 (W̃, Ẽ), where W̃ is
presented in (3) andẼ is defined as follows:

~ xijk, xrst! [ Ẽ7 ' a, g [ $1, 2, . . . ,h%u

~ yijk
a , yrst

g ! [ Ẽijk ù Ẽrst. (4)

The graph so constructed has degree not greater thanM.
Additionally, the parameters of the standard partition ofW̃
verify that

l 5 max
i51,2,. . .,l

uW̃iu

l # q~q 2 1!

l # q 2 1.

Theorem 1. If the graph G̃5 (W̃, Ẽ) has diameter2 and
it is an [ l , l] -clique for the standard partition of W˜ , then
Hq(Kh) is a graph of (maximum) degreeD 5 q 1 1,
diameter D5 6, and order N(Hq(Kh)) 5 N(Hq) 1 uW̃u
z (h 2 1)

Proof. According to Proposition 1, it is sufficient to
consider the three following cases:

i. Let us consider two vertices inHq, say y and z, at
distance 5 joined by the path:y, xijk, xij , xijr , t, z. Since
xijk and xijr belong to the same part of the standard
partition of W̃, they are adjacent inG. Therefore, ac-
cording to (4), there exista, g [ {1, 2, . . . , h} so that
verticesyijk

a and yijr
b are adjacent inHq(Kh). Thus, a

path of length at most, 6 betweeny andz in Hq(Kh) is
y, yijk

b , yijk
a , yijr

g , yijr
d , t, z. See Figure 6, where this is

illustrated forh 5 4.

ii. Let us consider these two vertices,y 5 yijk
b and z, in

Hq(Kh), wherexijk andz are at distance 5 inHq and the
shortest path between them is:xijk, xij , xi, xis, xisr, z.
Sincexijk is at distance less than or equal to 2 ofxisr in
G, there exista, g [ {1, 2, . . . , h} such that the
vertices yijk

a and yisr
g are, at most, at distance 3 in

Hq(Kh). See Figure 7, where this is shown forh 5 4.
So, a path of length at most 6 betweeny 5 yijk

b andz is
yijk

b , yijk
a , p, q, yisr

g , yisr
d , z.

iii. Let us consider these two vertices,yijk
a andyrst

b , with i
Þ r . Sincexijk andxrst are at distance, at most, 2 inG̃,
by using the same reasoning as in the previous case, we
find that the distance betweenyijk

a andyrst
b is, at most, 5.

Fig. 7. A path of length 6 between y and z.

Fig. 8. A path of length 5 between yijk
a and yrst

b .
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(Fig. 8 shows the path forh 5 4.) ■

5. NEW LARGE GRAPHS OF DIAMETER 6

Theorem 1 gives a method to construct someHq(Kh) graphs
of diameter 6. To be more precise, we take a copy of a graph
Hq and we choose a completeKh graph where

h # q 1 1. (5)

Next, we take a [l , l]-clique G̃ 5 (W̃, Ẽ) with diameter
D 5 2 and degreeDG̃, where

l # q~q 2 1! (6)

l # q 2 1 (7)

DG̃ # ~q 1 1 2 h!~h 2 1!. (8)

In the following subsections, some of the examples of [l ,
l]-clique with diameterD 5 2 are used in order to obtain
new large graphs of diameter 6.

5.1. Large Graphs from g-Graphs

All the largest known graphs with diameter 2 are called in
this paperg-graphs.Five of them are used in this subsection
in order to obtain new large graphs. To be more precise, we
use the graphs Petersen,K4pX8, P99, P911, andP913, which
correspond to the ones already mentioned in Examples 1.4,
1.5, and 1.6, to obtain five new large graphs (see Table I).

5.2. Large Graphs from d-Graphs

From the family presented in Example 1.7, which we call
d-graphs,three new large graphs are obtained (see Table II).

The d-graphs used are constructed as follows:
GraphH9(K6) is constructed using a graphP9175. This is

done by means of a partition ofP917 in l 5 72 parts (see
[17]). It consists of 50C5, 8 K1,3, 1 K3, 9 K2, and 4K1.
Observe that to obtain complete graphs from them it is
enough to increase their degree by, at most, two units. So,
P9175 has degree 20 which coincides with the margin in this
case.

GraphH11(K8) is constructed using a graphP9236. This
is done by means of a partition ofP923 in l 5 110 parts. It
consists of 107 sets with order 5 each and 3 sets containing
2 K3 each (see [17]). Observe that to obtain complete
graphs from them it is enough to increase their degree by, at
most, four units. So,P9236 has degree 28 which coincides
again with the margin in this case.

GraphH13(K9) is constructed using a graphP9327. The
last one is made by means of a partition ofP932 in l 5 151
parts. It consists of 151 sets with 7 arbitrary vertices. In this
case, to obtain 151 complete graphsK7, the degree of each
vertex is increased by, at most, 6 units. So,P9327 has degree
39 which is less than the margin in this case.

Table III shows the best values obtained in this work for
degree less than or equal to 14 that improve previous values
(see [23]).

The method put forward in this paper enables one to
improve many values for diameter 6 and degreeD greater
than 14, by means of the corresponding family of [l ,
l]-cliques. For instance, usingd-graphs for degreeD 5 q
1 1 (with q a prime power), this method gives graphs on
order about

N 5 N~Hq! 1
D5

26 .
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160 GÓMEZ, PELAYO, AND BALBUENA



1990, T.L. Kunii and D. May (Editors), Los Press, 1990, pp.
161–179.

[2] R. Bar-Yehuda and T. Etzion, Connections between two
cycles. A new design of dense processor interconnection
networks, Discr Appl Math 37/38 (1992), 29–43.

[3] C.T. Benson, Minimal regular graphs of girth eight and
twelve, Can J Math 18 (1966), 1091–1094.

[4] J.-C. Bermond, C. Delorme, and G. Fahri, Large graphs
with given degree and diameter. III, Proc Coll Cambridge
1981, Ann Discr Math 13 (1982), 23–32.

[5] J.-C. Bermond, C. Delorme, and G. Fahri, Large graphs
with given degree and diameter. II, J Comb Theory B 36
(1984), 32–48.

[6] J.-C. Bermond, C. Delorme, and J.J. Quisquater, Strategies
for interconnection networks: Some methods from graph
theory, J Parallel Distrib Comp 3 (1986), 433–449.

[7] N. Biggs, Algebraic graph theory, Cambridge University
Press, Cambridge, 1974.

[8] L. Campbell, Dense group networks, Discr Appl Math
37/38 (1992), 65–71.

[9] L. Campbell, G.E. Carlsson, M.J. Dinneen, V. Faber, M.R.
Fellows, M.A. Langston, J.W. Moore, A.P. Mullhaupt, and
H.B. Sexton, Small diameter symmetric networks from lin-
ear groups, IEEE Trans Comput 41 (1992), 218–220.

[10] F. Comellas and J. Go´mez, “New large graphs with given
degree and diameter,” Graph theory, combinatorics, and
applications: Proc Seventh Quadrennial International Con-
ference on the Theory Applications of Graphs, Vol. 1, 1995,
pp. 221–233.

[11] C. Delorme, Grands graphes de degre´ et diamètre donne´s,
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