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1 Introduction

Let A be a commutative ring. We denote by a standard A-algebra a commutative graded
A-algebra U = @®p,>oU,, with Uy = A and such that U is generated as an A-algebra by
the elements of U;. Take z a (possibly infinite) set of generators of the A-module Uy. Let
V = A[t] be the polynomial ring with as many variables ¢ (of degree one) as x has elements
and let f : V — U be the graded free presentation of U induced by the z. For n > 2
we will call module of effective n-relations the A-module E(U),, = kerf,/V; - kerf,—1. The
minimum positive integer r > 1 such that the effective n-relations are zero for all n > r + 1
is known to be an invariant of U. It is called the relation type of U and is denoted by
rt(U). For an ideal I of A, we define E(I), = E(R(I)), and rt(I) = rt(R(I)), where
R(I) = ®n>0l™t™ C Alt] is the Rees algebra of I.

In this paper, we give two descriptions of the A-module of effective n-relations. In terms
of André-Quillen homology we have that E(U),, = H1(A,U, A),, (see 2.3). It turns out that
this module does not depend on the chosen z. In terms of Koszul homology we prove that
EWU), = Hi(z;U), (see 2.4). Using these characterizations, we show later some properties
on the module of effective n-relations and the relation type of a graded algebra. Meanwhile,
our line of disquisition approaches us to several earlier works on the subject (see [2], [5], [6],
[7], [9], [10], [13] and [14]).

Section 2 is devoted to state the above mentioned (co)homological characterizations of
the A-module of effective n-relations and compare them with some already known results.
In section 3, we give some applications. The interest is specially centered on the module
of n-relations of powers of an ideal and the module of n-relations of Veronese subrings. In
particular, one concludes that rt(U®) < rt(U%) but, in general, rt(U®)) # rt(U?), where
Ut = ®p>oU, is the irrelevant ideal of U and U ®) = @n>0Upp is the p-th Veronese subring
of U (see 3.12). Finally, in section 4 we characterize, in terms of a system of generators,
which ideals have module of effective n-relations zero. In particular, a new characterization

of sequences of linear type is obtained.
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2 Homological description of effective relations

Let U = @©p>0U, be a standard A-algebra. Put Uy = @,>0U, its irrelevant ideal. If
E = &,>1F, is a graded U-module and r > 1, we denote by F,.(E) the submodule of E
generated by the elements of degree at most . Put (possibly infinite)

s(F) =min{r > 1| E, =0foralln > r+41}.

Since (E/U4+E),, = E, /U1 E,_1, then the following three conditions are equivalent: F,(E) =
E,s(E/ULE) <r,and, B, =U1E,_1 for alln > r+ 1.

Given h : W — U, a surjective graded morphism of standard A-algebras, we are inter-
ested in the graded A-module E(h) = kerh/W, - kerh. The following is an elementary, but

useful lemma:

Lemma 2.1 Let f:V — U andg : W — V be two surjective graded morphisms of standard

A-algebras. Then, there exists a graded exact sequence of A-modules:

E(g) — E(fog) % E(f) — 0. (1)

In particular, s(E(f)) < s(E(f 0 9)) < max(s(E(f)),5(E(g))). Moreover, if V and W are
two symmetric algebras, then E(g), =0 and E(f o g)p = E(f)n for alln > 2.

Proof. Exact sequence (1) follows from the snake lemma applied to the commutative dia-

gram:

1 ®gn71
Wi ®kergn—1 — Wi®ker(fog)n-1—— Wikerfnoi— (

| | |

0o —— kergy, —— ker(fog), — kerf, — 0
In

Moreover, if W = S(W;) and V = S(V1), then kerg = F(kerg). »

Definition 2.2 Let U be a standard A-algebra and let « : S(Uy) — U be the graded
morphism of standard A-algebras induced by the identity on U;. Given n > 2, the module
of effective n-relations of U is defined to be E(U),, = keray,/U; - keray,—1. Put E(U) =
Gp>2E(U), = kera/S_ (Ur) - kera. Then, the relation type of U is defined to be rt(U) =
s(E(U)). Remark that if h : W — U is any symmetric presentation of U, that is, W is
a symmetric algebra and h is a surjective graded morphism of standard A-algebras, then
h can be factored into h = f o g, where g : S(W;) — S(U;) is the induced morphism by
hi : Wi — U and f = «. Thus, applying Lemma 2.1, E(U),, = E(h), for all n > 2
and s(E(U)) = s(E(h)). If I is an ideal of A, the module of effective n-relations of I is
E(I), = E(R(I))n and the relation type of I is rt(I) = rt(R(I)), where R(I) = @p>ol"t"
is the Rees algebra of I. An ideal with module of effective 2-relations zero is called syzygetic.

An ideal of relation type 1 is called of linear type (see, e.g., [8]).



Remark 2.3 In fact, sequence (1) is part of a long exact sequence of André-Quillen ho-
mology. Indeed, the Jacobi-Zariski sequence associated to the morphisms g : W — V and
f:V — U, with respect to the U-module A = U/U,, gives rise to

o> H(W,V,A) - Hi(W,U,A) — Hi(V,U,A) - Hi(W,V,A) — ...

Using Hy(A,A/I,M) = I/I? @ M and Hy(A,A/I, M) = 0 for any ideal I of A and any
A/I-module M, we get (1) (see [1]).

On the other hand, the Jacobi-Zariski sequence associated to the morphisms A — S(Uy)
and a : S(Uy) — U, with respect to the U-module A, is

e. Hl(A,S(Ul),A) i ]{1(14,[]7 A) i H1(S(U1),U,A) — HQ(A,S(Ul),A) — ..

Using H1(A,S(U1),A) = 0 and Hy(A,S(U1),A) = Ho(A,U, A), we get the graded iso-
morphism of A-modules Hi(A,U,A) = H(S(U1),U,A) = kera/S_(Uy) - kera. Thus,
H(A,UA)y, = E(U), is the module of effective n-relations of U. In particular, rt(U) =
s(H1(A,U, A)).

There is also a description of the module of effective n-relations in terms of Koszul
(co)homology. Let f : V — U be a surjective graded morphism of standard A-algebras.
For each p > 1, consider the map V, ® U — U sending = ® y to fp(x)y and let K(f,p)
be the Koszul complex associated to this U-linear form (see 1.6.1 of [3]). Since it is an
homogeneous form of degree zero, K(f,p) is a complex of graded U-modules having differ-
entials homogeneous morphisms of degree zero. Concretely, K(f,p) = ®n>0K(f,p), where
K(f,p),, is the following subcomplex (U,, = 0 for n < 0):

where O, ((z1 A ... A2y) @Y) =20 (1) oy AL AT A AT, @ fo(xi)y, for all 2; €V,
and y € U,—gp. In particular, for every ¢ > 0, Hy(K(f,p)) is a graded A-module with

Theorem 2.4 Let f : V — U and g : W — V be two surjective graded morphisms of
standard A-algebras. Let o : S(Uy) — U be the canonical morphism and suppose W is a
symmetric algebra. Given (n > 2,p=1) or (n >2p+ 1,p > 2), there are isomorphisms of

A-modules

ker(f o g)n keroy,

T W, ker(fog)up  S,(U1) - keran_p

In particular, the module of effective n-relations of U is E(U), = Hi(K(f,1),) and the
relation type of U is rt(U) = s(H1(K(f, 1))).

Proof. Put h = fog. Since n —p > p, then W,,_,, - kerg, C W), - kerg,—, C W), - kerh,,_p,.

Applying the snake lemma to the commutative diagram of exact rows



9p @ hn—p
kerg, @ Wi—p @ Wp @ kerhpn—py — W@ Wi,y Vo®@Un—p — 0

l i L

0O —— kerhy, —_— W, _— Un — 0

we get the exact sequence of A-modules
0= (9p ® hn—p)(Z21(1w,p),,) — Z1(f,p),, — kerhn /W), - kerh,_p, — 0,

where Z1 (1w, p),,, Z1(f, p),, stand for the n-th component of the 1-cycles module of K(1w, p),
K(f,p). If Zi(lw,p),, = Bi(lw,p),, (the n-th component of the 1-boundaries module of
K(lw,p)), then (gp ® hpn—p)(Z1(1w, p),,) = Bi(f,p),, Thus, the first isomorphism is demon-
strated provided we prove Hy (K (1w, p)), = 0 for a symmetric algebra W (see next lemma).
In particular, if we take V = U and f = 1y, then h = f o g = g and one of the possible
choices of h is the canonical morphism «. Hence, applying twice the first equality to a and

to any h: W — U arising from a symmetric algebra W, we have

keroy, kerh,,

Hy(K(1 = - '
I(IC( U7p)n) Sp(Ul) . keran_p Wp . kerhn_p '

Lemma 2.5 Let M be an A-module and W = S(M) the symmetric algebra of M. Then,
for(n>1,p=1) or (n>2p+1,p>2), H(K(lw,p))n =0.

Proof. Put T(M) the tensorial algebra of M and ¢ = n — p. Applying the snake lemma to

the commutative diagram of exact rows

T,(M)®Ty(M) =—— T,(M) — 0
v x L e
0 —— kerw —_— Wy @ Wy e Whn — 0
w

we get the exact sequence 0 — kerv — kere — kerw — 0. Thus, Z;(lw,p), = kerw =

v(kere) is the A-module generated by the elements

(1 2p12p) @ (Y1y2 - Yg) — (T1- - Tp—191) @ (Tpy2 -~ Yq)

where z;,y; € M and 1 - - -z, stands for the product in W = S(M). Clearly, if (n > 1,
p = 1), then Zi(1w,p), = Bi(lw,p),. Suppose (n > 2p+1, p > 2), i.e.,, ¢ > p. Then,
Hi(K(1w,p),) = 0 follows from the equality:

(xl"'mp) ® (yl"‘yq) - (xl"‘mpflyl) & ($py2"'yq) =
® (Y1 Yg) — (Y2 Ypt1) ® (T1 - Tpy1Ypt2 -+ Yq) +
(Y2 Yp+1) @ (T1 - Tp_ 11 TpYpr2 -+ Yg) — (T1 Tp—1Y1) @ (TpY2 - - - Yg)-1



Remark 2.6 Let f: S(F) — S(M) be the induced morphism on the symmetric algebras
by an epimorphism 7 : F — M of A-modules. Then, the last three nonzero terms of

K(f.p)piqy ¢ = p =1, define the sequence:

01

A (S,(F)) ©4S,_,(M) B S,(F)©48,(M) %S, ,,(M) -0, 2)

p+q

with (a1 ap) Ay 4p) @ 2) = (1 4p) @ fwr---ap)z — (21 2p) @ flyr---yp)2
and O ((w1---mp) ®@t) = fx1---2p)t, 73y, € F, 2 €8S, (M) and t € S (M).
On the other hand, Micali and Roby defined (in [10]) the sequence of A-modules

A

T4, (F) = S,(F)®4S,(M) £ S

p+q (M) —0, (3)

p+q

With M21®. . .Qpyq) = (T1-+ 2p) O f (Tps1 - Tpyg) = (X1 Tp-1Tps1) O f (XpTpi2 - - Tpig)
and p = 01. By a similar argument to that one of the end of Lemma 2.5, one can prove
that Imds is always contained in ImA and that if ¢ > p, then both modules are equal. Thus,
the exactness of (2) (settled by Theorem 2.4 either for ¢ > p = 1 or either for ¢ > p > 2)
assures the exactness of (3). Nevertheless, if ¢ = p > 2, then (2) might not be exact (see

proof of Lemma 3.8) while (3) is always exact (see [10]).

Corollary 2.7 Let U be a standard A-algebra and let x be a (possibly infinite) set of forms
of degree one generating U,.. If Hy(z; U) denotes the first Koszul homology group associated
to z, then E(U)y, = Hi(z;U),, for alln > 2. In particular, rt(U) = s(Hy(z; U)).

Proof. Take in Theorem 2.4, f : S(F) — U induced by a free presentation F — U
associated to z. Then, IC(f,1) = K(z;U) is the usual Koszul complex associated to the

elements z. g

Remark 2.8 Using duality between Koszul homology and cohomology (see 1.6.10 of [3])
we recover Schenzel’s result rt(U) = s(H?'(z;U)) +d, when z = 21, ..., x4 has d elements
(see [13]).

Remark 2.9 Let I be an ideal of A and R(I) = @,>0l"t" its Rees algebra. Take f = 1,
the identity on R(I), in Theorem 2.4. Then,

Zuf,), = Ker (1P © 1" — 1) = Torf (4/17, 1"°7),

which is known to be isomorphic to Z; N ["PF/I"PZ;, where 0 — Z; — F — IP — 0 is
a presentation of I? with F free (see, e.g., 2.5 of [8]). Moreover, via the same isomorphism

Bi(f,p), =Im (Ag‘(lp) QI P g In—p) _ gy,

Thus, by Theorem 2.4, we have

kerau, LN ITPE
S,(I) -keran_p,  I""2B; ’

H1<f7p)n =

which reproves an earlier result of Kiihl (see 1.2 of [9]).



3 Some applications
The purpose of this section is to give some applications of Lemma 2.1 and Theorem 2.4.

Example 3.1 CYCLIC STANDARD ALGEBRAS Let U be a cyclic standard A-algebra gener-
ated by a degree one form x € U;y. Put f: At] — U with f(¢) = x in Theorem 2.4. Then,
EU), = Hi(K(f,1),)) =(0:2)NU,—1 and rt(U) = min{r > 1| (0: 2™) = (0: z")}.

Example 3.2 CHANGE OF BASE RING Let U be a standard A-algebra and let ¢ : A —
B be a homomorphism of rings. Take f : V — U any surjective graded morphism of
standard A-algebras in Theorem 2.4. It induces f ® 1 : V®4 B — U ®4 B. Since
K(f®1,p), = K(f,p), ®a B, one can deduce rt(U @4 B) < rt(U). If ¢ is flat, then
Hi(K(f ®1,p),) = Hi(K(f,p),) ®4a B. In particular, rt(U) = sup{rt(Up) | p € Spec(A4)}.
If ¢ is faithfully flat, then rt(U ®4 B) = rt(U). In particular, via the Nagata morphism
A — Alt]y = B, m a maximal ideal of A, one can always suppose, when calculating the

relation type of U, that A is a local ring of maximal m and residual field A/m = k infinite.

Let I be an ideal of A and G(I) = @,>0I"/I""! its associated graded ring. Since
G(I)=R(I)®a A/I, then (by 3.2) rt(G(I)) < rt(R(I)) = rt(I). In [14], Valla showed that
if rt(G(I)) = 1, then rt(I) = 1 too. Next proposition is a generalization of that result.

Proposition 3.3 If I is an ideal, there exists E(I)p+1 — E(I)n, — E(G(I))n — 0, ezact
sequence of A-modules, for all n > 2. In particular, if rt(I) < oo, then rt(G(1)) = rt(I).

Proof. If 1g, 1g, denote the identity on R(I), G(I), respectively, then for each n > 1,
there is an exact sequence of complexes K(1%,1),. ., — K(1r,1),, — K(1g, 1), — 0. Since
the 0-th component of the first morphism is injective and Ho(K(1%,1),,,) = 0, we have
enough to deduce the exact sequence E(I)y4+1 — E(I)y, — E(G(I))n — 0. In particular, if

rt(I) < oo, one can proceed by decreasing induction. g

Remark 3.4 If rt(/) = oo, then 3.3 might be false as Example 4.4 of [11] shows. Note that,
as a consequence of next proposition, we will see that for the irrelevant ideal of a standard

algebra hypothesis rt(I) < oo can be removed.

Proposition 3.5 Let U be a standard A-algebra and let Uy = ©p~oU, denote its irrelevant
ideal. Take f : W — U a surjective graded morphism of standard A-algebras with W
a symmetric algebra. Given (n > 2,p = 1) or (n > 3,p > 2), the module of effective
n-relations of UY is

ker f,

EUY), = —_—.
+ qg?p Wy, - ker fy—p

In particular, E(UY), = 0 if, and only if, tt(UY) < n—1. Forp =1, rt(U) = rt(Uy).

Moreover, Uy is a syzygetic ideal if, and only if, U is a symmetric algebra.



Proof. Let g : SY(U,®4U) — R(UY) be induced by the natural epimorphism of A-
modules U, ®4 U — UY. Tt is not hard to see K(g,1),, = ©i>0K(1v,p),py ;- Moreover, if
(n>2,p=1), then np+¢ > 2 and if (n > 3,p > 2), then np +1i > 2p + 1. Therefore, by
Theorem 2.4,

ker frp+i ker f,
E n=Hi( Hq.(K(1 et —J
(U ) 1 @ 1 U,p np+z @ Wp kerf(n Dpti @ Wp kerfq »

i>0

In particular, E(UY), D E(U})n41. Thus, E(UY), = 0 is equivalent to rt(U}) < n — 1.
Forp=1andn > 2, E(Uy), = ®i>oker fryi/Wh-kerfr_14i = ®i>0E(U)pti = Bg>nE(U),g-
In particular, rt(U) = s(E(U)) = s(E(U;)) = rt(Uy). Moreover, E(UL )2 = @¢>2E(U), =
E(U). Thus, Uy be syzygetic is equivalent to U be a symmetric algebra. g

Now, let us focus our attention into the relation type of Veronese subrings. Let U
be a standard A-algebra. Recall that the p-th Veronese subring of U is defined to be
the standard A-algebra U®) = ®n>0Upp. Clearly, if f : V — U is a (surjective) graded
morphism of standard A-algebras, then it induces f® : V(® — U® another (surjective)

graded morphism of standard A-algebras.

Lemma 3.6 Let f : V — U be a surjective graded morphism of standard A-algebras. Then,
forallp>1, s(E(f®)) <1+ [(s(E(f)) —1)/p] ( [a] is the integer part of a).

Proof. Write s(E(f))—1 =pa+bwith 0 <b < p. So [(s(E(f))—1)/p] = a. Take n > 2+a.
Then (n—1)p > pa+p > s(E(f)). Thus, kerfyy = Vi -kerfpp1 =... =V, kerf,_1), and
hence s(E(f®)) <1+ a. g

Lemma 3.7 Let U be a standard A-algebra and let f : V. — U be a symmetric presentation
of U. If (n>2,p=1) or (n>3,p > 2), then the module of effective n-relations of U®) is

ker fr,pp

Py —_ ~Inp
BU Vi - ker fn_1yp

Proof. Take g : S(V},) — U® induced by fp : Vp = U, in degree one. We have K(g,1),, =
K(f,p)p, Moreover, if (n > 2,p = 1), then np > 2, and if (n > 3,p > 2), then np >
2p + 1. Thus, by Theorem 2.4, E(UW), = H{(K(g, 1),) = Hl(lC(f,p)np) = (kerfnp)/(Vp

ket f,—1)p)- 1

Lemma 3.8 Let M be an A-module and S(M) its symmetric algebra. Then, for allp > 1,
rt(S(M)P)) < 2. Moreover, if p > 2 and M is finitely generated, then rt(S(M)(p)) =1 if
and only if, M is locally cyclic.

Proof. By Lemma 3.7, E(S(M)®),, = 0 for all n > 3. Thus, rt(S(M)®) < 2. Suppose
p > 2 and (A,m,k) is local (see 3.2). If M is cyclic, then S(M)P = S(S,(M)) and
rt(S(M )(p )) = 1. Conversely, suppose M finitely generated, but not cyclic. Take z,y
part of a basis of M ® k and zP,y?, 2P~y in S,(M) ® k. Then, z = 2 @ y? — Py ®



zyP~t € Z1(f ® 1k, 1),. Moreover, looking at the components of an element in a k-basis of
Bi(f ® 1k, 1),, one sees that z ¢ Bi(f ® 1, 1),. Thus, H1(K(f ® 14,1),) # 0, hence (by
3.2) Hy(K(f,1),) # 0 and rt(S(M)®)) = 2.

Remark 3.9 Let I be an ideal of linear type finitely generated, but not locally principal.
Then, by Lemma 3.8, rt(I?) = 2 for all p > 2, which reproves 2.6 of [7].

Theorem 3.10 Let U be a standard A-algebra. Then, 1t(U®) < max(1+[(rt(U)—1)/p],2)
for all p > 1. Moroever, if U is finitely generated and p > 2, then rt(U(p)) =1 if, and only
if, Up is locally generated by a d-sequence of length 1.

Proof. Let a : S(U1) — U be the canonical morphism. Put g : S(S,(U1)) — S(Ul)(p)
and f = aP). Then, by Lemma 2.1, rt(U®) < max(s(E(f)),s(E(g))) and, by Lemmas
3.6 and 3.8, we prove the inequality. Suppose p > 2 and U finitely generated. By 3.2, one
can suppose that (A, m, k) is a local ring of infinite residual field k. If U, is generated by
a d-sequence of length 1, then (by 3.1) rt(U®) = 1. Conversely, suppose rt(U®) = 1.
Take V. = U ®k, so VP = UP) @ k and rt(V®) < rt(UP) = 1. Therefore, V) is
a polynomial ring of Krull dimension I = pu(V,) = dimV® = dimV (since V) C V is
an integral extension). Take W C V a graded Noether normalization (it exists since k is
infinite, see 1.5.17 of [3]). Thus, dimW = dimV = [ and so (Hi;_l) = u(Wp) < u(V,) =1,
which forces | = 1. Hence, u(Up) = u(Vp) =1, U, = Ax is cyclic and, by 3.1 again, = is a

d-sequence.

Remark 3.11 The inequality of 3.10 was firstly proved by Backelin and Froberg for finitely
generated k-algebras (see [2]). Recently, Johnston and Katz showed a very similar statement
to that of 3.10, but for U = R(I) the Rees algebra of an ideal I (see [7]). Since g(n» =
R(I)"P @ A/T = R(IP) ® A/I, then (by 3.2) rt(G(I)P)) < rt(I?). In particular, for I = U,
the irrelevant ideal of a standard algebra U, G(I) = U and rt(U®) < rt(U?). Thus,
Johnston-Katz’s result implies Backelin-Froberg’s result and the inequality of 3.10, when
U is a Noetherian ring. Nevertheless, the whole Theorem 3.10 can not be deduced directly

from earlier results since, in general, rt(U®)) # rt(U%) as next example shows.

Example 3.12 Put U = k[z,y, z]/J with J = (23y, 293, 2%, 2%y?23). Then, 1t(U) = 7,
rt(U?) = 2 and rt(U2) = 3 (remark that max(1 + [(rt(U) — 1)/2],2) = 4). Indeed, since
EU), = kera,,/U; - kera,,—1, a : S(U;) — U the canonical morphism, then E(U), = 0
for all n > 2, n # 4,7 and E(U)4 = k®3 and E(U); = k. Thus, 1t(U) = s(E(U)) = 7.
Since kerag C Fjy(kera), then, by Lemma 3.7, E(U®),, = kerag,/S,(U1) - kerag(,,—1) = 0
for all n > 3. Thus, rt(U®) < 2. Moreover, rt(U?)) = 2 since U, is not locally cyclic (see
Theorem 3.10). Besides, using Proposition 3.5, E(U?)4 = @g>s (kerag /Sy (U )keray—2) = 0,
so rt(U2) < 3. But, since kerar # Sy(Uy) - keras, E(U?)3 = @g>6(keray/S,(Ur)keray—2) #
0. Hence, 1t(U%) = 3.



4 Conditions on the generators

In this section we characterize, in terms of a system of generators, which ideals have module
of effective n-relations zero. Our work here is inspired in previous results by Costa, see
[5] and [6]. Concretely, in [6], it was defined a sequence of linear type as a sequence of
elements 1, ...,z such that the ideals (z1,...,z;) are of linear type for ¢ = 1,...,d. As
a consequence of the main result of this section (see 4.7), we get a new characterization
of sequences of linear type involving annihilator ideals (see 4.9). For an ideal I generated
by d elements x1,...,24, we will denote by I;, . ; the ideal generated by the x;, where
Jj & {i1,...,is}. For an A-module M, we will denote by A4(M) the set of alternating d x d
matrices with coefficients in M.

Lemma 4.1 Let I be generated by d elements x1,...,xq and take n > 2. Then, E(I), =0

if, and only if, for all (ay,...,aq) € (I" )% with ayzx1 + ... + agrqg = 0, there exists
(bij) € Aa(I"2) such that

ai 0 b172 . bl,d X1
a2 *b172 0 . bz,d )
Qaq _bl,d —bgyd . 0 Xd

Proof. By Corollary 2.7, E(I),, = Hy(xt; R(I))n, where K(zt; R(I)),, is the n-th component

of the Koszul complex associated to the elements z1t,...,z4t in R(I) = ®p>0l"t". That
d
is, -+ — (In_Z)EB(2> i (In_l)@d A I" — 0, with 82(1)1,2, ey bl,d7 b273, Ceey bd—l,d) =
al 0 b1,2 - b17d X1
az *b1,2 0 e 627,1 i)
(CLl?"'?ad) defined by . = . . . . . ) and 81(@1,...,ad) =
ad —bl,d —bzyd ce 0 Td

ai1xry+ -+ agxq. 1

Lemma 4.2 Let I be generated by d elements x1,...,xq and take n > 2. If E(I), = 0,
then LI"™' oo = "2 oL,

Proof. If a € [LI" ! : a7, then ax? = agxe + -+ + agxq, a; € "L, In particular, (by 4.1)

CL$?71 0 b1,2 N b17d X1
—a2 *bl,z 0 A b27d €2 9 1 9
= . . ) . |, by €14 Thus axy™ € LI .y
—agq —bi,a —baa ... 0 T4

Remark 4.3 If d = 1, then the necessary condition of Lemma 4.2 becomes 0 : 27 = 0 :

277 which is known to be sufficient to assure E(I), = 0 (see Example 3.1).

Lemma 4.4 Let I be generated by d elements x1,...,xq (d > 2) andn > 2. If E(I), =0,
then

4 a2z T2
(0 : 131) N In71 = Zaiaxi ‘ a; € ]7L727561 = (bi,j) for (bi,j) S Ad71(1?72)

1=2



In particular, if d = 2 and E(I), = 0, then (0 : 21) N "1 = 25((0 : 21) N I""2) and
(0:z12) NI 2 =(0:2)NI"2+(0:22)NI" 2,

a 0 b172 ‘e bl,d X1
0 —b1,2 0 e bgﬂd )

Proof. If a € (0 : 1) N I"~!, then (by 4.1) | = ) } ' ) } for
0 —de —bgyd .. 0 Td

some (b@j) S Ad([n_z). Thus, a = b172l‘2 + -+ de:Ed and

b1,2 0 b2,3 bgyd
b1,3 —b273 0 bg,d
Z1 . = . . . =
b1,d —bza —bza ... 0
0 C2,3 N C2.d T2 0 €23 . €2.d T2
—C2,3 0 cee C3,d T3 —€2,3 0 PR €3,d I3
= + 21
—C2,d  —C3,d ... 0 xTq —e2qd —€3d ... 0 T4

with Cij € I{l_2, €ij € I" 3 and bz"j =¢ij t 21645 (if n =2, I3 = 0). Put

az b1,2 0 €23 ... eaqd T2
as b1,3 —€23 0 e €3,d xrs3
aq bi,a —e2q —e€sq ... O T4
az 0 C2.3 cee C2.d X2
as —C2,3 0 .o C3,d T3
Then z; . = ) . . i ) and a = agxo+- - -+agry. Conversely,
ad —C2,d —C3,d e 0 Xq
a2 0 bz,g . bzyd i)
as —62,3 0 e bgyd T3

if a = asxy + -+ + aqry, a; € In72, with z; . =

ad —b2g —bza ... O Zq
bij € If_Q, then clearly ax; = 0. In particular, for d = 2, we have that (0 : 1) N I""! =
22((0: 1) N I"2). Moreover, if a € (0 : z122) N I1™2, then axy € (0: z1) NI™! and hence
axy = x2b for some b € (0: 1) NI"2. Thus, a = b+ (a —b) where b € (0: 21) N I"2 and
(a—0b) € (0:m)NI"2. 4

Proposition 4.5 Let I be generated by x1,x2 and n > 2. Then, E(I), = 0 if, and only if,

the following two conditions hold
(i) xol™ ' 2} = aol™ 2 2,
(i3) (0:x9) NI L =21((0: 29) N I"2).

Proof. By Lemmas 4.2 and 4.4, E(I), = 0 implies conditions (i) and (i¢i). Conversely,
suppose () and (77) are fulfilled and let us prove E(I),, = 0 via Lemma 4.1. Take (a1,a2) €
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(I""1)®? with a2 + agws = 0. Since "1 = A:L‘Tf_l + 29I ay = bl:r’f_l + boxy with
b1 € A and by € I"2 Then, 0 = ayz1 + asrs = bz} + (az + baxy)w and by € w1 :
oh =l 2 x?_l (by (4)). So blxrf_l = coT, c2 € "2, and a1 = (by + c2)x2. Therefore,
0 = a121 + asxs = (az + box1 + cox1)w2. So, by (i4), (az + baxy + coxy) € (0: z2) NIV =
21((0 : 22) N I""2). We thus have ag + bewy + cox1 = c121 with ¢; € I""2 and cjz2 = 0.

That is, ag = (¢1 — b — c2)x1 and a1 = (by + c2)xa = (ba + c3 — ¢1)x2. 3

Remark 4.6 If A is a domain and I = (z1,x2), Costa showed (in Theorem 2 of [5]) that
O L E(I), = 0 if, and only if, 2ol 1 : 2 = 250" 2 : 277! for all n, 2 < n < m. Later, he
improved his own result (see Theorem 4 of [6]) by avoiding the hypotesis A is a domain, but
supposing the weaker condition I = (z7) is of linear type and adding a condition similar to
(7i) of Proposition 4.5. However, for an ideal I = (x1,z2), be of linear type does not imply
I = (x2) or Iy = (x1) be of linear type (see Example 3.3 of [12] where I = (x1, z2) of linear
type is constructed with 0 : 22 # 0 : 2 for all 2 € I). Thus, Proposition 4.5 generalizes
Costa’s Theorem 2 of [5] and Theorem 4 of [6].

Theorem 4.7 Let I be generated by d elements x1,...,xq (d > 3) and take n > 2. Then
E(I), =0 if, and only if, all the following conditions hold

(i) GI"'a? = LI2 2™ foralli=1,....d,

d—1
@) | (> waly ) g |01 =3 (Laly 2 s zg) N 1772
1<i<j<d—1 i1
al 0 ce bl,d—l 1 d—1
(7i1) If : = : : : with Z a;x; =0 and b; j € 1572, then
ag—1 ba—11 ... 0 Td—1 =1
al 0 . Cil,d—1 Cl,d X1
= : B : : : for some (c; ;) € Ag(I"~2).
ad—1 —Cl,d—1 --- 0 Cd—1,d Td—1
0 —C1,d e —Cd—1,d 0 Tq

Proof. By Lemmas 4.2 and 4.1, E(I), = 0 clearly implies conditions (i) and (iii). Let
us prove (ii) provided E(I), = 0. Take a € Y% u; ((Ii,dfg_Q D xq) ﬂj'"*z)7 S0 a =
aT1 + -+ ag_1xq—1 with a; € I""2 and

ai 0 b172 [N b1,d_1 X1
az b2,1 0 . bz,dfl i)
Td - )
ad—1 bi-1,1 bi—12 ... 0 Td—1

bij € Ig_Q. Therefore, a € I" ! and azy = Zﬁ;d bijxiz; € (Zlgz’<j§d—1 xi:cjlg_2>.

Conversely, take a € ((Zl§i<j§d71 w2 md) N I"~!. So there exist b;; € I} ™2 such
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that axy = x1c1 + - - - + x4_1¢q—1, where

c1 0 bi,2 coo b 1
C2 b2,1 0 e b2,d71 i)
Cd—1 ba—1,1 ba—12 ... 0 L1
Since E(I),, = 0, then (by Lemma 4.1)
—C1 0 0 e 0 €1,d 0 f1,2 e f17d_1 0
) 0 0 0 €2.d —f1,2 0 oo f2a-1 O
: = : S : : + : : . : :
—Cd—1 O O - 0 ed_l,d *fl,d—l 7f2’d_1 - O 0
a —61’(1 —62,d - —ed_lyd 0 0 0 - 0 0
0 gi,2 PN g1,d—1 0 I1
—4g1,2 0 - g2,d—1 0 D)
toa | | |
—91,d-1 —9g2,d-1 --- 0 0 Tag—1
0 0 cee 0 0 Xd

where ¢; g € "2, fij € IZ;_2 and g; ; € I"3. Put

h1 —e1,d 0 gi,2 cee gld—1 1
ha —ea.d —01,2 0 cee g2,d-1 T2
ha—1 —ed—1,d —g1,d-1 —9g2,d-1 --- 0 Tq—1
h1 —€1,d X1
Then, z1h1 + - + x4-1hg—1 = a and z4 : = x4 : — za(gi;) : =
ha—1 —€d—1,d Td—1
C1 T1 X1
. . d—1 —2 _
+(fi.j) : = (bi,j+fij) : . Thus, a € > 777 x; ((Ii,dfg cxg) NI 2)-

Cd—1 Td—1 Td—1

Now, suppose that (i), (i7) and (¢ii) hold and let us prove E(I), = 0 by using Lemma
4.1. Take (a1, ...,aq) € (1" 1)®? such that ajz1 + ---agzg = 0. Fix i € {1,...,d}. Since
a; € I"1 = Aa:?_l +I;I" 2, then a; = bifc?_l + 32 bjzj with b; € A and b; € I 2. Since
0= Zd a;T; = bzl‘? + Z#i(aj + bjl’i)l'j, then b; € Iilnfl : m;‘ = [iIn72 : .1’?_1 (by (2))

j=1
Thus bix?*l = >4 CiTj, ¢ € I"2? and a; = Z#i(bj +¢j)z; € ;1" 2. Hence, we can
al 0 b1,2 ce bl,d T1
) as b2 1 0 oo bag T2 9 .. . .
write ) = ] o ] ) where b; ; € I""“. For i,5 # d, © # j, put
ad bd71 bd,g ce 0 xd

b@j =€ j —|—xdh,~7j with €;j € Ig_z and hi,j € I"=3. For i 75 d, put Cid = bi,d + Zj;ﬁi,d hidxj‘
Then,

al 0 e 0 Ci,d X1 0 e €1,d—1 0 I
= +
ad—1 0 e 0 Cd—1,d Td—1 €d—1,d - 0 0 Td—1
aq bai ... bada— 0 Tq 0 . 0 0 Tq



Since Y% 1 a;a; = 0, then 24(X] (bai+cia)ri) = — sz;d TiTjei € Y1<icj<d—1 Ty
and, by hypothesis (i7), (bg1 + c1a)x1 + - (bad—1 + Cd—1,d)Td—1 = fiz1 + -+ + fa—124-1

f 0 gi2 ... g1d—1 1
fo g2,1 0 cee o g2,d-1 T2 _
where f; € I"2 and z4 ) = ) ) ‘ ) . , 9ij € 1) 2,
fa—1 gd—1,1 Ggd—1,2 .- 0 Td—1
Therefore,
ag = bagiri+---+bai-1re-1 = (fi —cra)ri+ -+ (fa—1 — ca-1,d)Ta—1
adg—1 = €4-11%1+ -+ eqd—1,d-2Td—2 + C4—1,dTd =
(eg—1,1 + ga—1,1)x1 + -+ + (€d—1,d—2 + Ga—1,d—2)Ta—2 + (ca—1,d — fa-1)Za
ay = €122+ -+ €1,4-1Td—1 + C1,dTd =
(e1,2+9g1,2)z2 + -+ (e1,d—1 + 91,d—1)Ta—1 + (c1,a — f1)xa.

ai 0 12 ...  Cld-1 b1.a Z1

a2 62,1 0 e 52,(171 bgyd i)
We thus can write : = : : : : : , with b; ¢4 €

ad—1 Cd—1,1 Cd—1,2 --- 0 Bd—l,d Td—1
aq —bi,a  —b2a ... —ba-1,4 0 Td
0 61,2 e él,d—l X1
n—2 . n—2 . o €21 0 ... C2aa T2
I"=%, but ¢; ; € I}~ *. Applying hypothesis (4i7) to ,
Cd-1,1 Cd—1,2 --- 0 Td—1

we finish. g
Corollary 4.8 INDUCTION THEOREM Let I be generated by d elements x1,...,xq (d > 3)

and take n > 2. Suppose that E(1g), = 0. Then E(I), = 0 if, and only if, the following

two conditions hold

(i) LIVt :alh = LIn2 x?fl foralli=1,....,d,

d—1
@) | (> mgly ) g | 01 =3 (Ll zg) N 1772)).
1<i<j<d—1 i=1

Proof. By lemma 4.1, E(I;), = 0 assures that condition (7i7) of Theorem 4.7 is fulfilled. g

Corollary 4.9 Let x = x1,...,xq be d elements of A. Then, x is a sequence of linear type

if, and only if, the following two conditions hold for all n > 2

(Z) (.%1, . ,i'\i, . ,Iljk)(l'l, A 7xk)n71 . q:f = (:Cl,. . .,./fi, A ,.%'k)(fljl, . 7$k)n72 : .’13?_1 fO?”
dl1<i<k<d,

(13) Foralll <i<j<k<d,

( Z x,-acj(xl,...,:rk,l)"_Q) DTk ﬂ(l‘l,...,xk)n_l =
1<i<j<k—1
k—1
Z X; (((1‘1, I T [ € PO 7xk71)n—2 D xg) N (;L'l, cen ,xk)n_z) ,
i=1
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(understanding 3= <;<j<p—1(...) =0 for k <2 and SENL) =0 fork=1).

Remark 4.10 With the hypothesis E(1;), = 0 of Corollary 4.8, it is not hard to prove
that E(I), = 0 if, and only if, the following two conditions hold

(i) II" ol = I0n=2 2l t,

(i) If (ay,...,aq-1) € (I )2 with ayz; + ... 4+ ag_124-1 = 0, then there exists
(b1,. .. ba—1) € (I"2)2@=D and (cy,...,c4-1) € (I} 1B such that byzy + ...+
bg—1x4—1 =0and a; = x4b; +¢; foralli=1,...,d — 1.

In fact, this is the expected generalization of Costa’s Induction Theorem (see 4 of [6]).

Corollary 4.11 Let I be generated by x1,x2,x3 and take n > 2. Then, E(I), = 0 if, and
only if, the following three conditions hold

(i) LI 2l = LI"2 a7t for alli = 1,2, 3,
(’LZ) (.%'1.%‘2]:?_2 : .7}3) NIt = T (($2[§L_2 : $3) N Iniz) + 22 ((1‘1[:?_2 : .%'3) N In72>,
(iid) (0: 1) NI""Y = {agws + agws | a; € "2, agwy = bas, azzy = —bas forb € 177}

Moreover, if (0 : z122) NI~ = (0: 21) NI 24(0 : 22) NIZ 2 (for instance, if E(I3), = 0)

then condition (iii) can be skipped.

Proof. Suppose E(I), = 0. Then, Lemma 4.2 assures (i), Lemma 4.4 assures (iii) and

Theorem 4.7 assures (ii). Conversely, suppose (i), (i¢) and (ii) hold and let us prove

E(I), = 0 by proving (iii) of Theorem 4.7. So take ( “ ) = < 0 8 > < o ) with
a2 C T2

a171 + agze = 0 and b,c € I3~2 Since (b + c)x12a = 0, then (b4 )z € (0: z1) NI
and, by hypothesis (iii), (b+c)zy = exs + fos with e, f € "2 and ex; = g3, fr1 = —gT2

ai 0 e—c —f T
for some g € I7"2 Thus, [ ax | =| c—e 0 g z2 |. Analogously, one could

0 f —g 0
prove that (0: zyze) N IF2 = (0:21) N IF2 + (0 : ) N I~2 implies (iii) of 4.7. g

x3
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