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Overview

I 60’s - 70’s – Influential papers from Hoffman and Singleton, and Elspas
leave to a particular interest in the degree-diameter problem.

I 80’s - 90’s – Intense activity at LRI Paris - Delorme, Bermond, Farhi, ..–
with connections to Belgium –Quisquater, Buset, ..– and UPC in
Barcelona –Gómez, Fiol, Yebra, FC ..– and also in New Zealand –Hafner,
Dinneen– and Germany –Sampels–. All this work lead to lasting
collaborations and results.

I January 1995 at UPC first online table of the problem

I At the turn of the century, new approaches emerged from US –Exoo– and
Oceania –Loz, Siran, Miller, Pineda-Villavicencio, Perez-Roses, ...– with
significant improvements.

I 2005 – Relevant milestones: review paper by Miller and Siran (2005) and
new web tables at combinatoricswiki.org.

I Past fifteen years, progress limited basically to a few hard-to-find small
order graphs.
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Moore graphs and the (∆,D) problem
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Moore bound and Moore graphs.

Hoffman and Singleton introduced the concept of Moore graphs, after Edward.Forrest
Moore, and proved that

The largest possible order of a graph with maximum de-
gree ∆ and diameter D, n(∆,D), is bounded by

n(∆,D) ≤ 1 + ∆ + ∆(∆− 1) + · · · + ∆(∆− 1)D−1{
=

∆(∆−1)D−2
∆−2 , if ∆ > 2

= 2D + 1, if ∆ = 2

This value is called the Moore bound, and a graph at-
taining it is known as Moore graph. H-S proved that for
D ≥ 2 and ∆ ≥ 3, this bound is only attained if D = 2
and ∆ = 3, 7, and (perhaps) 57).

I A. J. Hoffman and R. R. Singleton, "On Moore Graphs with Diameters Two and
Three," I.B.M. Jour., 4, pp. 497-504 (November 1960)..
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1964. First (∆,D) table ?.

Bernard Elspas, in his 1964 paper:
A Moore graph is regular of degree ∆ and it
may be visualized as a D-level tree with suit-
able interconnections between the tip nodes.
As might be expected, Moore graphs exist
only for certain values of (∆,D); they are,
in fact, quite rare.

In red, values remaining in the current table.
I Bernard Elspas. Topological constraints in interconnection-limited logic.

Proceedings of the Fifth Annual Symposium on Switching Circuit Theory and
Logical Design, I.E.E.E. Publication S-164 (1964), pp. 133-1471.
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70’s - 80’s tables. The beginnings.
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The first “complete” (∆,D) table from R. M. Storwick (December 1970)

I Robert M. Storwick, Improved Construction Techniques for (d, k) Graphs, IEEE Trans. on
Computers (1970) 1214?1216..
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The (∆,D) table from Bermond, Delorme and Quisquater (February 1982)

I J.-C. Bermond, C. Delorme and J.-J. Quisquater, Tables of large graphs with given degree and
diameter, Inform. Process. Lett. 15 (1982) 10-13
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Quisquater: connection Belgium - Paris - Barcelona
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1983-1986. Construction for ∆ = 3,D = 4, n = 38 (optimal)

I C. Von Conta, Torus and other networks as communication networks with up to some hundred
points, IEEE Transactions on Computers 32 (7) (1983) 657-666.

I I. Alegre, M.A. Fiol and J.L.A. Yebra, Some large graphs with given degree and diameter, J.
Graph Theory 10 (1986) 219 - 224.

I D. Buset, Maximal cubic graphs with diameter 4, Discrete Applied Mathematics 101 (1-3)
(2000) 53- 61.
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1983-1986. Construction for ∆ = 3,D = 5, n = 70

Connect seven identical clusters of 10 vertices according to Ai ,j ≡ Bi±2j ,j+1

I C. Von Conta, Torus and other networks as communication networks with up to some hundred
points, IEEE Transactions on Computers 32 (7) (1983) 657-666.

I I. Alegre, M.A. Fiol and J.L.A. Yebra, Some large graphs with given degree and diameter, J.
Graph Theory 10 (1986) 219?224.
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1985. Compound graphs from Gómez and Fiol

I J. Gomez, M.A. Fiol. Dense Compound Graphs. Ars Combinatoria, 20-A (1985), pp. 211-237
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1986. Gómez PhD. Workshop at Luminy, (Barcelona - Paris).

I José Gómez-Martí, Diámetro y Vulnerabilidad en Redes de Interconexión. PhD Thesis, UPC,
Barcelona 1986. Supervisor: M.A. FIol
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90’s tables. Progress.
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1987-1990 Intense work at Barcelona and Paris. Barbecue “Chez Yebra” Feb. 3rd, 1990

I The Degree-Diameter Problem, D.I. Ameter, Max Degree,
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1987-1990 Intense work at Barcelona and Paris. At the beach

I The Degree-Diameter Problem, D.I. Ameter, Max Degree,
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1987-1990 Intense work at Barcelona and Paris.

I The Degree-Diameter Problem, D.I. Ameter, Max Degree,
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1989. More compound graphs

I J. Gómez, M.A. Fiol and O. Serra, On large (∆, D)-graphs, Discrete Mathematics 114 (1993)
219-235.
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1991-1992. Vertex replacement by K3. ∆ = 4,D = 6, n = 740

I F. Comellas and J. Gómez, New large graphs with given degree and diameter, Graph Theory,
Combinatorics and Algorithms 1,2: Proc. 7th Quadrennial Int’l Conf. on the theory and Appl. of
Graphs, Kalamazoo (MI, USA) (1992), edited by Y. Alavi and A. Schwenk (1995) 221?233
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1992. Kalamazoo. 7th Quad. Int. Conf. Theory and Appl. of Graphs

I F. Comellas and J. Gómez, New large graphs with given degree and diameter, Proc. 7th
Quadrennial Int?l Conf. on the theory and Appl. of Graphs, Kalamazoo (MI, USA) (1992),
edited by Y. Alavi and A. Schwenk (1995) 221?233.
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1992. Kalamazoo. 7th Quad. Int. Conf. Theory and Appl. of Graphs

Do you recognize anyone in this photo??.
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1993. Dinnen and Hafner. Semidirect product. Random search

I M.J. Dinneen, P.R. Hafner, New results for the degree/diameter problem, Networks 24 (1994)
359?367.
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Paul Hafner (St John’s day 2001, Catalan celebration)

Francesc Comellas Sixty Years of the Degree-Diameter Problem.



Moore graphs and the (∆, D) problem 70’s - 80’s tables. The beginnings. 90’s tables. Progress. 2000’s tables. US, Australia, New Zealand with important updates. (∆,D) From 2010. Latest results.

1994. Semidirect product. Simulated anneling

The semidirect product of the cyclic groups Zm with Zn, when the multiplicative order
of a unit A of Zn divides m is defined by using the following multiplication rule:
for x , u ∈ Zn and y , v ∈ Zn the product is
[x , y ]× [u, v ] = [(x + u) mod m, (y ∗ Au + v) mod n].

Francesc Comellas Sixty Years of the Degree-Diameter Problem.



Moore graphs and the (∆, D) problem 70’s - 80’s tables. The beginnings. 90’s tables. Progress. 2000’s tables. US, Australia, New Zealand with important updates. (∆,D) From 2010. Latest results.

1995. First online (∆,D) table.

I http://maite71.upc.es/grup_de_grafs/table_g.html F. Comellas. UPC

Francesc Comellas Sixty Years of the Degree-Diameter Problem.



Moore graphs and the (∆, D) problem 70’s - 80’s tables. The beginnings. 90’s tables. Progress. 2000’s tables. US, Australia, New Zealand with important updates. (∆,D) From 2010. Latest results.

1997. M. Sampels. Genetic algorithm

I M. Sampels, (1997). Large networks with small diameter. WG 1997. Lect. Notes in Comput Sci.
1335 (1997) 288?302.
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Michael Sampels, IWACOIN 99
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2000’s tables. US, Australia, New
Zealand with important updates.
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1998. Geoff Exoo. Relevant contribution to the (∆,D) table.

I A family of graphs and the degree/diameter problem. J. Graph Theory 37
(2001), 118-124. Communicated May, 19-22, July, 1 1998
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2002-2005. Mirka Miller and Joseph Širáň survey.

I M. Miller, J. Širáň, Moore graphs and beyond: A survey of the degree/diameter
problem, Electron J Combin DS14 (2005), 1?61.

Francesc Comellas Sixty Years of the Degree-Diameter Problem.



Moore graphs and the (∆, D) problem 70’s - 80’s tables. The beginnings. 90’s tables. Progress. 2000’s tables. US, Australia, New Zealand with important updates. (∆,D) From 2010. Latest results.

2003 Newcastle
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2006 PhD Eyal Loz

I Eyal Loz PhD.
http://www.math.auckland.ac.nz/∼eloz002/degreediameter/
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2006 PhD Eyal Loz Table

I E. Loz, e-mail Jul 3, 2006 and web page.
https://web.archive.org/web/20070103210426/http://www.math.auckland.ac.nz/∼eloz002/degreediameter/

I E. Loz, J. Širáň. New record graphs in the degree-diameter problem. Australas. J. Combin. 41
(2008), 63-80. (revised 3 Nov 2007)
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2007-2008 Eyal Loz, J. Širáň.Table

I E. Loz, J. Širáň. New record graphs in the degree-diameter problem. Australas. J. Combin. 41
(2008), 63?80. (revised 3 Nov 2007)
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2006-2010 D = 6 and ∆ = 12, 13, 14,D = 3

2006 Pineda-Villavicencio, Gómez, Miller, Pérez-Rosés. 2009 Gómez

New values from G. Exoo ( in current table 2023):
− May 12, 2006 (11,2)=104;

− January 28, 2008 (3,7)=196, (3,9)=600

− May 19, 2010 (4,4)=98, (6,3)=111

− May 21, 2010 (5,4)=212

I G. Pineda-Villavicencio, J. Gómez, M. Miller, and H. Pérez-Rosés, New largest graphs of
diameter 6, Electron Notes Discrete Math. 24 (2006) 153-160.

I J. Gómez, Some new large ∆, 3)-graphs, Networks 53 (2009) 1-5.

I Gómez, J. On large (∆, 6)-graphs, Networks 46 (2005), 82-87.

I Gómez, J., I. Pelayo and C. Balbuena, New large graphs with given degree and diameter six,
Networks 34 (1999) 154-161 1-5.
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2008 wiki E. Loz, H. Pérez-Rosés, G. Pineda-Villavicencio

I http://moorebound.indstate.edu/index.php/The_Degree/Diameter_Problem
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2011 Combinatorics Wiki E. Loz, H. Pérez-Rosés, G. Pineda-Villavicencio

I http://web.archive.org/web/20110725185954/
http://combinatoricswiki.org/wiki/The_Degree_Diameter_Problem_for_General_Graphs
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2009 PhD Guillermo Pineda-Villavicencio

I 2009 G. Pineda-Villavicencio, PhD. Topology of Interconnection Networks with Given Degree
and Diameter.
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(∆,D) From 2010. Latest results.
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2012-2013. Eduardo Canale (15, 2). Alexis Rodriguez (6, 9), (9, 5), (9, 8).

E. Canale
I just made an addition of 4 vertices, in a non-computer-generated way, to the graph
P′13, with diameter 2 and max degree 14 [P′13, quotient of the incidence graph of a of projective
plane by a polarity]
The resulting graph has max. degree 15, min. degree 13 and diameter 2
(15,2)=187

A. Rodriguez (M.Eng. thesis, sup. E. Canale).

Voltage graphs from a semidirect product.

(9,5)= 8268, (6,9) = 331387, (9,8) = 1697688

I E. Canale, e-mail Aug. 22, 2012
I Alexis Rodríguez. Tesis de Maestría. U. de la República, Montevideo, Uruguay.

Búsquedas masivas de grafos de gran orden con grado y diámetro acotados.
Orientador: Eduardo Canale. June 2013.
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2018. Jianxiang Cheng. ∆ = 3, D = 8, n = 360

The graph is derived from the symmetric graph on 144 vertices with diameter 7
and girth 8 by a complete pairing of its edges that has a large symmetric
group. Let G be the symmetric graph and ∼ the pairing relation on its edges.
The graph is constructed as follows:
The vertex set of the new graph H is V (G) ∪ E(G).
If v ∈ V (G), u ∈ V (G), then they are not connected in H.
If v ∈ V (G), u ∈ E(G), then they are connected in H iff v ∈ u in G .
If v ∈ E(G), u ∈ E(G), then they are connected in H iff v ∼ u by the pairing
relation.
The graph H is not a Cayley graph. It has 3 vertex orbits.

I e-mail, october 16th, 2018
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2021. Vlad Pelekhaty. ∆ = 13, D = 3, n = 856

I started with Jose Gomez’s Q8’d+ 851(13,3) graph and added a few (odd
number of) nodes before “regularizing‘ it by connecting the dangling degrees. I
managed to get 856(13,3) with my slow and clucky MATLAB

I e-mail, setember 2021
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2024. Some comments on reproducibility

I (7,5) = 2756, found by Hafner in 1994 as Z52 o2 Z53, can also be obtained as
Z52 oA Z53,A = 8, 12, 18

I (8,3) = 223, found by FC / Mitjana in 1994 as Z11 o9 Z23, (and in 1997 by
Sampels with A = 3) can also be obtained as Z11 oA Z23,A = 2, 8, 13

I (7,4) = 672, found by Sampels in 1997 as Z6 o3 9Z112, can also be obtained as
Z6 oA Z112,A = 23

I (7,6) = 11988. found by Loz in 2006 as a voltage graph Z36 o2 Z333, with
quocient B(0,3) and voltages [(18,108)|(14,61)(34,195)(23,14)]. Can also be
obtained (FC) as a Cayley graph associated to Z36 oA Z333, with A = 5, 56, 59

I (8,4) = 1100. found by Loz in 2006 as a voltage graph Z20 o2 Z55, with
quocient B(0,4) and voltages [(4, 27)(12, 11)(9,9)(19,11)]. Can also be
obtained (FC) as a Cayley graph associated to Z20 oA Z55, with
A = 3, 8, 38, 47, 48

I (9,4) = 1550. found by Loz in 2006 as a voltage graph Z10 o4 Z155, with
quocient B(1,4) and voltages [(5,0)(1,7)(4,52)(6,136)(1,72)]. Can also be
obtained (FC) as a Cayley graph associated to Z10 oA Z155, with A = 39

I (9,5) = 8268. found by Alexis Rodriguez in 2012 as a voltage graph
Z52 o2 Z159, with quocient B(1,4) and voltages
[(14,41)(47,112)(37,82)(10,113)(26,147)]. Can also be obtained (FC) as a
Cayley graph associated to Z52 oA Z159, with A = 41, 50, 71
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2024. New values (FC, 2024)

(7, 6) = 12264. Cayley graph with 12264 vertices and 65318 edges. Semidirect

product Z24 oA Z511, with A = 90, 125, 139, 153, 167, 202, 335, 468, ...
(former result with 11988 vertices found by Loz in 2006)

(8, 5) = 5115. Many instances. Cayley graphs with 5115 vertices and 20460 edges.

Z15 oA Z196, with A = 20, 49, 69, 71, 113, 152, 169, 196, 235, 236, 267, 289, 317, 324, ...
(former result with 5060 vertices found by Loz in 2006)

(10, 4) = 2331. Several instances. Cayley graphs with 2331 vertices and 11655

edges. Semidirect prod. Z9 oA Z259, with A = 44, 81, 123, 256, ...
(former result with 2286 vertices found by Loz in 2006)

(10, 5) = 13203. Cayley graph with 13203 vertices and 66015 edges. Semidirect

product Z81 oA Z163, with A = 22, 24, 34, 36, 51, ...
(former result with 13140 vertices found by Loz in 2006)
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Possible improvements on this table

Find other new families of Cayley graphs. The work from Marcel Abas (2017),
suggests a computer search by considering semidirect products Z2M oA ZN

Make “clever“ computer searches: Select only values of M,N,A that provide the
largest number of solutions for AN ≡ 1 and a large group center.

Add a few vertices to known graphs and connect them by computer search -like what
was done for entry (13,2) -

Study related problems, e.g. the generalized Moore graph problem: Find the smallest
transmission σ =

∑
u,w∈V d(u,w) of a graph with order n and maximum degree ∆.

A “competition” on this order/degree problem and can be found at
https://research.nii.ac.jp/graphgolf/problem.html

Contributions from Cerf, Stanton, McKay, M. Sampels, et al.:
I V.G. Cerf, D.D. Cowan, R.C. Mullin, R.G. Stanton. A lower bound on the average shortest path

length in regular graphs. Networks 4 (1974), pp 335–342.
I M. Sampels. Vertex-symmetric generalized Moore graphs. Discrete Appl. Math. 138 (2004), pp

195–202.
I B.D. McKay, R.G. Stanton, R. G. The Current Status of the Generalised Moore Graph

Problem." In Combinatorial Mathematics VI: Proceedings of the Sixth Australia Conference on
Combinatorial Mathematics, Armidale, Australia, August 1978. New York: Springer-Verlag, pp.
21-31, 1979.

I Sloane, N. J. A. Sequences A005007/M0199 and A088933 in "The On-Line Encyclopedia of
Integer Sequences."
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Moore graphs and the (∆, D) problem 70’s - 80’s tables. The beginnings. 90’s tables. Progress. 2000’s tables. US, Australia, New Zealand with important updates. (∆,D) From 2010. Latest results.

2023. (∆,D) table.
With links to details, figures and adjacency lists for many (small order) graphs.

I http://comellas.eu an alias for
I https://web.mat.upc.edu/francesc.comellas/old-files/delta-d/taula_delta_d.html
I http://combinatoricswiki.org/wiki/The_Degree_Diameter_Problem_for_General_Graphs
I https://shorturl.at/itVY8 https://rb.gy/e72c1m tables from 1996 to 2017)
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