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ABSTRACT

This paper focuses on the study of the (A,D) problem that
has deserved a special attention in the last years because
of its implications in the design of interconnection networks.
It consists in maximizing the number of vertices of a graph
for given values of its (maximum) degree A and diameter D.

A basic method of constructing such dense graphs is the
compounding of graphs. It consists in joining together sev-
eral copies of a given graph according to the structure of
another one. The diameter of the resulting graph depends con
the choice of the edges connecting the copies.

After an overview of the more representative construc-
tions of compound graphs known to date, we present in this
paper some new ones. These proposals give rise to many of
the largest known dense graphs.

1. INTRODUCTION

For the sake of completeness, we shall first recall the
basic concepts used in this paper. Let G=(V,E) be a graph
with set of vertices V and set of edges E. The adyacency be-
tween two vertices x,yeV, that is the existence of the edge
xy (=yx) eE, will be represented by x~y (x and y are then
endvertices of the edge xy). The degree of z, 6(x), is the
number of vertices adjacent to it, and the degree of G, 44

or A, is defined as A =max &§(x). The graph G is (8-)regular
xeV
if all its vertices have the same degree (8). G is bipartite

si V=VIUV2 : VlﬂV2=¢ , and any edge xy € E has an endvertez ,
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say x, in Vl and the other one, y, in Vz. The distance d(x,y)
between two vertices x and y is the number of edges of a
shortest path joining them.

Similar concepts can be defined for a digraph G*= (X,A)
with set of vertices X and set of arcs (ordered pairs of ver
tices) A. When there exists the arc xy (#yx)cA, we say
that x is adjacent to y or, also, that y is adjacent from x
Then, the outdegree [indegree] of a vertex i 6+(x} [67(x)]
is the number of vertices adjacent from [to] x. Distances in
a.digraph are concerned with oriented paths, so, in general,
d(x,y) #d(y,x). Other concepts about digraphs will be defined
in Section 10.

The so-called (A,D) problem is related with the design
of Targe interconnection or telecommunication networks, and
it consists in finding the maximum order, i.e. number of ver
tices, n(A,D) of a graph G with dearee A and diameter D.
These three parameters are related themselves by the Moore
bound:

n(2,D0) < 2D+ 1
' (1)

n(a,D) < a(8-1)°- 2 , A>3
A - 2
For D>2 and A>3, this bound is only attained when D =2 and
A=3, 7 and, perhaps, 57. See, for instance, |3,Chp. 23].
The graphs whose order is "as close as possible" tg
n(A,D) will be called dense graphs. In other words, dense
graphs have large order for given diameter and degree.

2. BASIC COMPOUND GRAPHS

In |1,Th.1|, Bermond, Delorme and Quisquater propose a
construction based on a simple but very effective idea to ob-
tain large dense graphs. This construction, that results in
the so-called compound graphs, consists basically in con-
sidering several copies of a given graph Gl and join_them to
gether by additional edges according to the structure of
other graph G,. More precisely, given the graphs G, =(V1'Ei)’
i=1,2, with N =|Vi' vertices and diameter D;, their com-
pound graph G, [6,], on N =N,N, vertices, is obtained by re-
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placinag each vertex x EVZ by one copy of Gl' which we repre-
sent by Gf, and each edge xy e E2 by one edge that joins one
ver;ex of Gf with another one of G{. Thus we will be able to
construct G;[G,] in such a way that it has degree A if and |
only if A 24, and i
&—alsazsaﬂl*zd(x) (2)
xaVl

As it is pointed out in |2|, the diameter D of G, [65]
depends upon the way we join the copies of Gl (that is, on
the endvertices that are selected for the edges that join
the copies). But it is easy to see that it must verify

D < (D, +1)Dy +0D, (3)

Indeed, to go from a vertex of the copy G; to other one
in G{, we need to go through a maximum of 02 edges

"inter-copy" (maximum distance between x and y in GZ) and,
hence, through a maximum of DZ-FI copies. Then, as in the
worst case we need D1 steps to go through each copy, bound
(3) holds.

3. BIPARTITE COMPOUND GRAPHS

In |4], Delorme propcses a construction to obtain bipar-
tite graphs that is similar to the preceding one. In it
Gy =(V1UU1,E1) is a bipartite graph and, as before, each ver
tex x e V, is replaced by a copy of Gl' G;. But, unlike the
case above, each edge xye E2 gives rise to two edges joining
the copies G] and GY. One of this edges has an endvertex in
VX and the one in U{, and vice versa for the other edge. Thus, given

1
A > al such that

A-Alsazsminflvlla-}:ﬁl(x), julla-zal(x)} (4)
erl stl
we can obtain a bipartite compound graph on N =N1N2 vertices
with degree A and diameter

D<Dy(Dy=1) + Dy + D, =Dy (Dy+1) (5)

The proof of this bound is based on the following fact: since
G; is bipartite, if its diameter is even [odd], the distance
between two vertices of different sets (U1 and Vl) [the same
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set] does not exceed D, - 1.
4. COMPOUND GRAPHS FF

The two constructions of compound graphs proposed by
the second author and Fibrega in |7| are closely related to
the preceding ones. They can both be unified in the folTlowing
way:

Like in Section 3, Gy =(V1L}U1,E1) is a bipartite graph
but the resulting compound graph is not. Moreover, each edge
of G2 produces four edges whose arrangement remind us of the
complete bipartite graph K2,2' So, if there exists the edge
Xy in GZ’ we join together the copies GT and G{ by choosing
the vertices a, a' EVT, b, b'zU?, c, ¢ eVy, d, d'e UY, and
then joining them as shown in Figure 1.

Figure 1

The vertices of the same set i and i', i e {a,b,c,d}, need
not be different. The choice of such vertices can be so done
that the resulting graph have degree A iff A >4, and

A-dy <28, <min{[V [a-26,(x), |Upla-z8,(x)}  (6)
erl erl

Its order is N =N1N2 and its diameter satisfies
D<€ Dl(Dz'fl) -1 (7)
The proof of this bound is analogous to that of (5).
5. COMPOUND GRAPHS BDQ,

In |1, Th.2|, the authors also propose a somewhat more
involved construction than the preceding ones. In it, copies
of two (usually different) graphs Gl==(V1,El) and Gi=(V',Ei)
are joined together according to the structure of a bipartite
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graph G2 =(V2LJV',E2). Like in the basic construction of Sec
tion 2, each edage xy sE2 is replaced by another one whose
endvertices are in G? and Giy, but with the additional con-
straint of choosing the vertices so that all of them are fi-
nally endvertices of one or more edges inter-copy. Then we
can build the compound graph (Gl,Gi)[Gz] so that it has de-
gree Ao iff A>A;, A >ai and

a-alsazsaﬂl-za(x) (8.a)
xevl

A-Bp<b)<ANg-I8(y) (8.b)
erl

where A, and Aé denote the maximum degree of the vertices in
Vo and Vé respectively.

The resultina graph has N =N1|V2| + Ny[Vs| vertices and, -
assuming Dlz Di, its diameter satisfies

D D
2 2] =,
D<D,+ [?T]Dl + k?i]ol (9)

(The proof of (9) can be found in [1]). If D, is odd and
01 zDi + 2, the reasoning of the above reference can be
slightly modified to improve the bound (9). The, we obtain

) D,
D<D,+ TDI+—2“01+1 (10)

6. COMPOUND GRAPHS DQA

In |6|, Delorme and Quisquater propose a construction
in which some ideas of the preceding sections converge. This
construction is similar to the one which produces the araphs
(Gl,Gi)[GZ], described in Section 5, since we use copies of
two different graphs joined together according to the struc-
ture of a bipartite (and complete in this case) graph, and
all the vertices are also at the end of some edge inter-copy.

Specifically, let Gy =B = (VgUlg, EB) and Gi=G=(VG,EG) be
two graphs, the first one bipartite with |Vg| =|Ug|, with
degree and diameter Ag, DB and Ag, DG respectively. Let
62==K]”n= (VUU, E) be the complete bipartite graph on 1+m
vertices (the parameters 1 and m will depend on the degree
of the resulting graph). Then each vertex xeV [ye U] is re-
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placed by a copy of B, Bx,[G, G%] in order to have copies
of B and m coptes of G. Like in Section 3, each edge xyeE
gives rise to two edges that join the copies B* and &Y. For
that, we choose the vertices ace UB’ be UB and c, c'e VG‘(not
necessarily different), and set up the edges ac and bc' as
shown in Figure 2. As we have already said, the choice of these
vertices must be done in such a way that, in the resulting
graph, all of them are endvertices of some edge inter-copy.

Figure 2

Then, we will be able to construct the compound graph
BAG so that it has degree A (and maximum possible order) iff
A>A A >aG and 1 and m are given by the following formulas

B’ s
a|vG[ - L8 (x)

stG
1= 5 (11.a)
m=a|vB|-za(x)=a]UB|—):<5(x) (1% b)
erB xaUB

For example, if B and G are regular graphs with respect
ive degrees Ag and Agewe have

T_{lvﬁlt«cs-::us)

2

Let now us check that the diameter D of the graph BAG
is bounded by

J .m=|val(a-a3)=luglta-a§) (12)

D < Dg + Dg + 1 (13)

As each vertex in a copy of B is adjacent to a vertex in a
copy of G, it suffices to show that the distance between the
generic vertices seB* and te GY does not exceed DB-FDG.
Since B is bipartite, vertex s is at distance sDB -1 of a
vertex veB* (in Figure 2 a or b) which, because
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Gz= I(1 m? is adjacent to a vertex we GY (e or e’ in this fig
ure) that is at distance sDG of vertex t.

7. COMPOUND GRAPHS BOVBI.

This new construction combines the main characteristics
of the compound graphs FF and DQA. Like in the previous sec-
tion, we use copies of two different graphs, G1 and Gi,
which now are both bipartite, joined together fo]lowing the
structure of a complete bipartite graph K],m= (VUU, E) in
such a way that all vertices are at the end of some edge
inter-copy. Moreover, each edge of K]‘m is replaced by four
edges arranged like in the compound graphs FF, see Fiaure 1.

Thus, let G1 =BO and Gi =B1, Bi =(V10UV11, Ei)’ be two
bipartite graphs on N; =2|V.4| =2[V;,| =2n, vertices, degree
A and diameter Di' Then we can construct the compound graph
BoVB, with the maximum possible order N=1N,+mN, and degree
A if and only if A >8gs A >4 and 1, m satisfy

A|V10| - I8(x)

xeV
1 — (14.a)
A|Vaa| = 268 (x)
00 erOO
m (14.b)

2

— -

Theorem 1 : The compound graph BOvB1 has diameter
D < DO4-DI.
Proof:

The proof of this result is similar to that of
the preceding section for the graphs DQ, and, as there, it
suffices to show that the distance between a vertex of a copy
of BO’ S E Véi, and another one of a copy of Bl’ te V{j, does
not exceed DO+ Dl- 1.

Since B0 is bipartite, s is at distance (DO-I of a ver
0 14 =u% +(DO-1) mod 2, that, by construction of
BOvBl, can be chosen to be adjacent to a vertex we V{j.,
j'=3- (Dl- 1) mod 2, which is at distance SDI-I (B1 is also

X
tex v e VO

bipartite) of vertex t.
Let now us see two particular cases in which a direct

217



construction can be made by joining together chies of B0
and By, that yield some of the largest known (A,D) graphs:

7.1 Using the same notation than before, let Bi' i=0,1, be
two regular bipartite graphs of degree ao =a1 on Ni =2|V10|=
=2|V,,| =2n; vertices; and assume that the vertices of V.,
are identified with the integers modulo n;- We now take ny
copies of By and n, copies of B, labelled with the integers
modulo n1 and o respectively, so that any yertex can be
identified by a vector (s,i:j,t), where s e VijE Z/nil be-
longs to the copy te Z/nsZ (i=1+1 mod 2) of the graph B,.
Then we join the copies of B, with those of B, increasing in
two unities the degree of all vertices, by setting up
the new adjacencies (see Figure 3):

(t,i,3,s)

(s,1,3t)m (15)

(.3 v3us)

(1 0]

=

ith 1 Als)

Figure 3

The graph Bovoal so constructed is regular of degree
A =A0-+2 (=ﬁ1+2), and has order N =n0N1 +n1N0 NON1 and diam-
eter D<Dg+ Dy (Theorem 1).

Note that, if we think of this construction as a par-
ticular case of the firstly described one, we have K1 m >

= Ky. y. according to the formulas (14.a) and (14,b) with
170
2'2 N, N
A= 0-+2 |Vi0| =N =— and I§(x) =4qn; =AUTT'
xs‘im

Since each vertex of a copy of B, is adjacent to two
vertices of a copy of Bg, there exist a minimum of two short
est paths between vertices belonging to copies of the same
graph. Hence, it seems possible to remove some edges without
increasing the diameter, In fact, it is not difficult to
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check that, from every set of four edaes placed between two
copies as shown in Figure 3, we can remove one of them obtain
ing a graph with diameter D<Dy+D;. In the following section
we will use this idea to obtain patterns of interconnection
which imply less path redundancy and, therefore, produce
denser graphs.

7.2 If the sets of vertices of the graphs B satisfy

Vil =ng=2n:, i=0,1 (16)

iJ i

we can do a construction in which the degree increases only
in one unity. Indeed, according to (16) we can decompose each
Vij intoltwo disjoint subsets Vijk’ ke {0,1}, each of them con-
taining n; vertices labelled with the integers modulo n:. If we take
ni copies of B0 and né copies of B1 identified with the inte
gers modulo ni and n6 respectively, each vertex is now repre-
sented by the vector (s,i,j,k,t),seZ/niZ, te l/n%l,
i,j,ke{0,1}, and the compund graph is obtained by considering

the adjacency rule
(s,i,d.k,t) @ (t,7,Ksd58) (17)

as it is shown in Figure 4 (compare with Figure 1).

Figure 4

Thus, we obtain the graph Bovl-l regular of degree
ﬁ::AO-Fl (=al+1), on N=n;N, +n0N1 =NUN1/2 vertices and with
diameter D < DO+-Dl(according to the scheme of the general

construction, we have now taken Klﬂn= KNl NG).

7

For instance, we will show a path between the vertices
(x,0,j,k,y) and (s,1,1,m,t) (all operations are modulo 2):
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(x50,3,Ks¥) 5. 00 ey (,0,3+D5-1,1-(D;-1),y),
1 (¥,1,1-(Dy 1) ,§+0y-1,t) ,....,(s,1,1,m,t)

Note that we first use a maximum of Do-l steps to "choose"
the copy t of the destination vertex, then, with an addi-
tional step, we go to such a copy B% and, finally, a number
< Dl-l of steps are used to "choose" such a vertex s.

A disadvantage of the above construction is that, accord
ing to (16), By and B, must have order multiple of 4. To
overcome jt we can use a slightly modified construction in
which it is assumed that

Vel =g =lani s [ S0 ) 11 a odd > 1 (18)

ij i i

Then, we first consider (a—l)n% vertices in each Uij and,

with them, we make the described construction. Moreover, to
avoid increasing the diameter, every one of the remaining

2n0
in a cooy of Bl' N

vertices of each copy of B0 is joined to a similar vertex

For instance, if 7§-=5n%(N. multiple of 10), the edges

i
joining each set of four copies can be as in Figure 5. The
resulting graph, denoted by BOvZBI, has order

N =2niN0-+2n6N1 =2N0N1/5 and the same degree and diameter

than before.
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Obviously, the particular constructions described in
7.1 and 7.2 as well as the ones we are going to define in
the next section, admit a generalization in the sense that,
following the scheme of the construction studied at the be-
ginning of this section (or the ones corresponding to the
preceding sections):

a) The graphs By, and B, cannot be regular

b) The maximum degrees A, and 4, can be different (then,

'if we use, for instance, the construction of 7.2, the degree

of some vertices can be increased in more than one unity and,
therefore, the number of copies is larger).

0f course, all these graphs will be represented using
the same notation introduced for their corresponding "basie

configurations”.
8. COMPOUND GRAPHS B4IB,

We have already seen that, in the graphs obtained by
means of the particular construction in 7.1, there exists a
duplicity of shortest paths between many pairs of vertices.
For the same reason given there, this also holds for the
general construction of Section 7, or for the graphs DQA
described in Section 6, whenever some vertices in the copies
of a graph are adjacent to two or more vertices in the
copies of the other one. Moreover note that, in all these
graphs, at distance gD -1 of any vertex there is a number
of vertices which is of the order of N/2 (all of them belonging
to the copies of the graph which is different to that containing
the initial vertex). In order to overcome these difficulties
and thus to obtain larger graphs, we propose in this section
new constructions in which we try to avoid the presence of
redundant shortest paths. '

8.1 As in 7.1, let B, and B, be two bipartite graphs but
with diameters D0 even and D1 odd. Let now us consider three
sets of n1==N1]2 copies of B0 each and three sets of Ny =N0/2
copies of Bl‘ Recalling the notation used in 7,1, the vector

{Sisitsd s Ksit)

will denote the vertex (s,i,j,t) of the set k, ke Z/3Z. The
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copies of B, and B, are then joined according to the adjac-
ency conditions

(S,O,j,k,t)
(t,1,j,k,s)~{(s,0,0,k-1+2j,t) (19)
(s,0,1,k-1+2j,t)

as it is shwon in Figure 6.

,0,0,0,t (c,1,0,0,
k=0 a; 18:049,95 LN Lo AR08 8] k=0
(s,0,1,0,t) (e,1,1,0,s)

:0,0,2,t t.1.0.2.9)
k=2 B (—'ZlE = g
(s,0,1,2, (t:1l,1,2:8)

Figure 6

The resulting graph, which will be denoted by Bolel,
has degree A =A5+ 3 and order N =3n1N0+3n0N1 = 3NgN;-

Theorem 2: The compound graph BOZIB1 has diameter
D&DO+DI.

Proof:

The structure of the inter-copy interconnection

shown in Figure 6 has the automorphisms

(ssisdsk,t) —= (s,i,[i*k+1],,[k-1],t) (20)
(Sti’j'k’F) —_ (sniv[j+[2k]3+1]2'['k]3’t)
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-where [ ] means to operate modulo n—which only leave the or
bits respectively contituted by the left hand vertices (i=0)
and the right hand vertices (i=1). Therefore it suffices to
check the distances from the initial vertices (s,0,0,0,t)
and (t,1,0,0,s). The different paths to be considered are then

a.l) from

a.2)

(s,0,0,0,t)
(s,0,0,0,t)
b.1) (it.1:.050,Ls")
b.2) (&,1,0,05s)
we shall only analyse the cases

from
from
from

b) is analogous. According
tices, the paths of length

to (x,1,1,m,y)

to (x,0,1,m,y)

to (x,0,1,m,y)

to (x,1,1,m,y)

a), since the proof for the cases
to the possible destination ver-
GDO+ D1 are the followina:

(sDO-l) (1) (<Dl)
=aed (S30,050,) 5 snes (Y305 51 8) (85 1510050 ) 5 e e oo »(x,1,0,0,y)
(le-l)
5 islals aTe sl 150:¥)
(1) (<D)-1)
»(t,1,0,1,y) 5. »(x,1,0,1,y)
(‘Dl)
5 s i s%:151515y)
(1) (<0;-1)
s (Bl 0525y ) s ares J(%51,0,2,¥)
(<D;)
e »(x,1,1,2,y)
-a.2
(<Dg-1) (1) (<04-1) (1)
(65050505%) 55 -n {050,105 ) (£;15051%) 55s 50k ,(v,1,0,1,x),(x,0,0,0,y)
(1)
»(x,0,1,0,y)
(¢D;-1) (1)
{5151 505X) 500 o 5 (¥:515150,%)+(Xx505051,Y)
(1)
s(xsonlilny)
(1) (<D3-1) (1) (<Dg-1)
S E515045058) 555 s 5w ¥i1305058) 5 (5305052,¥) e eisen »(x,0,1,2,y)
(1 (<Dg1)
’(saoilazly)s--;--’(xtososzs.Y)

223



Note that in the cases a.l —both vertices are in copies
of different graphs— the paths are obtained as in the example
of 7.2 that is, we first choose the copy and then the vertex.
However, some of these vertices can be now at distance

DU+ Dl’ SO cases a.2 —both vertices in copies of the same
araph— must be also considered.
8.2 The next constructions that we are going to define are
similar to the preceding one. Therefore, we will limit our-
selves to give the main characteristics of their basic con-
figurations, as the initial graphs used, the inter-copy in-
terconnection structure, the order of the resulting graph
etc. In fact the proofs, based in the same ideas used till
now,are long and tedious but not difficult.

Considering the bipartite graphs B0 and B, with (any)
diameters D0 and D1 respectively, the compound graph 302231
is constructed by using the interconnection structure pic-
tured in Fiqure 7, and it has N =gN0Nl vertices, degree
A =4, + 2 (=Af-2) and diameter D Dy t D, .

0 By
Bo By
B, e,

Figure 7
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A construction derived of the preceding one (and hence
denoted in the same way) assumes Mg =84 +2. It consists in
identifying the vertices i and i', i=1,2,...,6,0f the copies
of B,, see Fiqure 7, and results in graphs with order
N =9N0N1/4, degree A =ao-+2 (=A1+4) and diameter D¢ Doi-Dl.

8.3 As in the graphs DQA, to make this construction we use
copies of a graph GO together with a bipartite graph BI‘
Moreover, the diameter of BI’ Dl’ must now be even. The in-
terconnection structure is shown in Figure 8.

G0 Bl
GO B1

B
G0 1

Figure 8

The resulting compound araph 602381 has N =3N0N1 ver-
tices, degree A =4, + 2 (=A1+2) and diameter Dg Dy + Dy + 1.
(as before, these parameters correspond to the so—called
"basic configuration").

If a0-+2 =&1, the verti;es iand i', i=1,2,3, can be
identified thus obtaining N =EN0N1 vertices, degree A=4,+4
(=a1+2) and diameter D< DO+-DI+ 1. Furthermore, in this case
D, can take any value (i.e. it does not need to be even).

8.4 Let us consider the preceding construction when G, is

the trivial graph K,. Then the interconnection structure for
the basic configuracion (a1=2) is the one shown in Figure 9,
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Figure 9

In general, if the degree of B1 satisfies al +2=4a + B8,
0<B<3, it is possible to further increase the degree of

the vertices Ky up to 4a. Thus, the resulting graph KiZ38,
N
has N = 3(714-(1!\{1] =-,3_(_2_&§"'£ Nl vertices, degree A =4, % 2 and

diameter D < Dl+ 1. Note that, if B#0, the vertices K1 will
remain with a degree smaller than the vertices of the copies
of By. So, it would be interesting to modify the construction
in order to take more copies of B1 (increasing in B units
the degree of such vertices K,). Although there are many sol-
utions, we will only define those that produce larger dense
graphs than the ones previously known. In all cases it must
be assumed that D1 is even.

Let us see firstly a slight modification that permits
to obtain an improvement even in the case B=0. The added
structure is shown in Figure 10. Note that, in it, there are
also edges between the copies of Bl'

Assuming A, *+2 =4(a-1) +4, the resulting interconnec-
tion structure is the one obtained by identifyina, for every
k=0,1,2, the vertices K% of a-1 structures of Figure 9 and
1 structure of Figure 10. Thus we obtain a graph whose

ba +5
parameters are N=[3N1/2]+ 3(a-1)N, + 4N, = >—Np, 8=04,+2 =4a
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and Dg<D

By
0
Ky
By
1
é K)
2
3 B
k] 1
{
B

E'}'b-lr.‘_;“ =]

.Figure 10

When B =2, we can use the additional structure depicted
in Figure 11. So, assuming a1+2 =4(a=-1) +6 and as explained
above, we obtain an interconnection structure that gives rise to
compound graphs with parameters N =@3N;/ZJ+3(a- 1)N; + 6N, =
2029y, A=4,+2= 4a+2 and DD +1,

Finally, when z‘.\1+2=4a+3 (B=3), we can use the addi-
tional structure of Figure 12, from which we obtain graphs
whose parameters are N =[3N1/2]-'1- 3((1+1)N1 =6°‘2+9 Nl . 'A=A1+2=

4o+ 3 and DgD, +1.

1
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9. COMPOUND BIPARTITE GRAPHS BOEB1

In this section we use the same ideas than in the pre-
ceding one to obtain dense bipartite araphs.
9.1 As in 8.1, let us consider three sets of copies of each
of the bipartite graphs BO and Bl' Then, we will join together
these copies according to the interconnection structure
shown in Figure 13 (the vertices belonging to each of the
two sets of the resulting graph are denoted by A and B).

Assuming 5o =h0,, We obtain in this way compound bipar-
tite graphs, denoted by 302481, with N =3N0N1 vertices,
degree A =&0-+2 (=al+2) and diameter D < DO+ Dl+ 1

Figure 13

9.2 Other useful construction, in which the degree is in-
creased a minimum of 3 units, is the one derived from the
interconnection structure of Figure 14. The parameters of
the resulting bipartite graph, BOZSBI’ are N=5N0 1 A= 60443 (=a1+ 3)

and DsDO+Dl+1.

"9.3 Like in 8.4,we will now use copies of Kl,i.e. isolated

vertices. However the interconnection structure differs from
the preceding ones and, in fact, the diameter obtained is
not bounded by DO+ D1+ 1= Dl+ 1 but by D1-¥2.
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A - H
Bt

Figure 14

Let us take first five copies of a bipartite graph Bl
with diameter 01 even, and ten sets of Nl vertices each.Then
every group of 10 vertices, one from each set, is joined to
the copies of Bl as shown in Figure 15.a. Now we increase
ti11 4 the degree of such vertices by joining them to other
5 copies of Ea1 as in Figure 15.b. Ny
The bipartite graph so constructed has N=10—2—+ 10N, =

=15N1 vertices, degree A =max{4, r_\l+2} and diameter D < Dl+2.

In general, if a1+2=2a+8, a32, 8=0,1, we take 5(a-2)
additional copies of 81 in order to increase the degree of

the isolated vertices till 2a by means of any of the two
above structures. The resulting araph, which we denote by
gBl, has the following parameters:N = (10N1f2) +50.N1=
=5(a+ 1)N;, A=Ay +2 and Dle+2.
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Figure 15.a

Figure 15,b
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The new largest bipartite (A,D) graphs obtained with
these constructions are the following (for the notation, see|l|):

K 6ZaHs (0r Ky 4TzHg): N(8,9) > 281 232
Kg gZgHg: N(12,9) > 9 565 920

Kg gfqHqp: N(14,9) > 34 013 952

K10,10%4H13 (or Kg gZaHys): N(16,9) > 96 536 160
PsZgHg: N(8,10) > 1 453 032

sz4ng N(12,10) > 72 541 560
PgZaHy,:N(14,10) > 290 181 528
P11Z4H3:N(16,10) > 962 948 196

Py1ZgH 1:N(15,10) > 471 243 960

Py: N(6,5) > 520

QHg:  N(8,8) > 195 300

QH,: N(10,8) > 1 176 480

QHg: N(11,8) > 2 246 940

QHg: N(12,8) > 4 650 100

QHyp: N(14,8) > 14 172 480

Hy,d: N(15,8) > 14 978 080
QHy4: N(16,8) > 36 201 060

10 GRAPHS G <B AND B(G?%*)

Let us consider the graphs B =(VOLJV1,EB) bipartite and
G =(VG,E ) with parameters Ng, 4 B’ DB and NG, Ags DG respec-
tively. Assuming that m1nhv | > Ng» we can join together these
two graphs in the following way: for each vertex a EVG
select two vertices beV,, ceV, (not selected before) and
set up the new edges ab and ac, see Figure 16.

&
=
-

c «-‘ B

Figure 16

We obtain in this way a graph, denoted by G<B, with
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N=NG+NB vertices and degree asmax{aG+2, aB+1}. Note that,
in it, there may be vertices of B non—adjacent to some vertex
of G. To see that the diameter of G<B is Dslnax{Dg,DB}, let
us consider the vertices seG and te Vi' By construction, s
is adjacent to a vertex u evj. J =i-*(DB -1) mod 2, which is
at d1'stance£[)B -1 of t.

If B is such that [V,] =|V1[ =Ng/2 an Dg is even, we
can take two copies of it, G=8 =(V0LJV1,E0) and
Bl= (véuvlg El). Then, we make the above construction so that
the vertices whose degree is increased in two units are all

in Vg (or in V?), see Figure 17. In this case all vertices

Figure 17

of B1 are endvertices of an edge inter-copy and the resulting
graph, B(T,), has order N=2Ng, degree A+ 1<A<4p+2 and,
as we see next, diameter D= DB‘ g ’
Let us consider the vertices seB” and teB". It is
necessary to distinguish two cases:
a) If s gvg, it is adjacent to two vertices toe Vé
and tlg'Vi one of which, at least, is at distance
sDB-loof L

b) If s eVis it is at distance sDB-l of a vertex s,
that is adjacent to t.

This construction could be seen as a special kind of
product of the graphs B and KI,Z' We can also see it as a
compounding of B into the digraph T, (tournament of 2 ver-
tices) which justifies the notation B(Tz). This is the inter
pretation of Delorme and Quisquater in |6| for a similar
construction that produces dense bipartite graphs denoted by
B{G}, This lead us to the following generalization:

Let G*=(X,A) be a digraph on N*= |X| vertices, unilat-
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eraly connected (that is, for any x,ye X, d(x,y) <= or
d(y,x) <=) and such that its unilateral diameter is D*, i.e.
*=max min{d(x,y), d(y,x)} (21)
X,yeV
Then we construct the graph B(G*) in the following way: each

vertex xe X of G* is replaced by a copy of B, Bx, and each

arc xy € A by NB edges arranged as before, see Figure 17.

Thus, each arc from [to] x produces an increment of two [one]

units in the degree of all vertices of VS or V’l< [VS and V’{], ﬁl
Therefore, we can do the construction so that the graph :

B(G*), on NnN*NB vertices has degree

+
A=&B+max{6-{x)+2[a—é’<-l]} (22)

xeV

Theorem 3: The graph B(G*) has diameter D g DB+ D¥*+ 1

Proof:

Let us consider two generic vertices s e B* and
t e BY and assume that d(x,y) =d< D*. Thus, in B(G*) there
exist NB paths of length d whose sets of endvertices are V};
(i=0 or 1) and V%UV{. So we are in a similar situation :
than in the above case G*=T2 (in which we had d=1) and, %_
from here, the proof is the same that the one given there re-
placing paths of length 1 by paths of length d.

Two interesting particular cases of this construction,
which produce the largest known (A,D) graphs, are obtained
by taking G*=T,, Tg, the tournaments shown in Figure 18 (of
course, the choice of them is not unique). The interconnec-
tion structure of the graph B(T4) is shown in Figure 19.

(a) {b)

Figure 18
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11 LARGEST KNOWN DENSE GRAPHS

In this section we give the table of largest (4,D) araphs
known to date (July 1985) for 3g<A<16 and 2<D<10. Those
marked with stars are compound graphs (the (10,4) one is the
quotient graph by a polarity of a compound graph, see [6]).
In particular, the graphs obtained by the new constructions
proposed in this paper are indicated with two stars. Note
that for A 36 and D>4 almost all densest graphs are today
obtained by compounding techniques.

Circled values are optimal. For example "Pet" is the
Petersen's graph (Moore (3,2) graph) and "HS" is the Hoffman-
Singleton's graph (Moore (7,2) graph). For further refer-
ences about the notation used in the table see [1]| and [6].
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2 3 4 5 6 ) 8 9 10
A
Pet c."r - YFA | " YPA Hyr | * YFA CR CR
3 5
8 10 128 180 286 462 708
. XJ.C P.l‘.'r‘ CS.CIQ E.l !:r R = CR CR
40 95 364 ™ 856 1 872 3 708 7 100
X% | * TFA Qr B',d H,r H,ldr cr | * apg | * BDQ
5 ; @ 66 174 532 2 734 2 988 7 800 11 340 30 240
- - - -
2 K ox, €y, Petem(32) (=1 Her B Ape n‘M‘ 8,A(24) ndvza‘
3”2 105 320 820 7 817 12 285 21 B40 65 520 185 640
- - - - -h
. 8s & | (151em(32) cr By, < g hpe B A, B A(24) 0 %, 8,
122 480 1 550 10 546 35 154 78 120 281 232 1 218 672
. - Rl e -
. ) 7 ES'F‘ Q.Jr “:]QS E.’t I:tIJHS KSI:‘BS 32:335 Qszzﬂs
57 200 807 2 652 39 223 66 402 175 770 749 952 3 656 016
- - -
7 prgd Qg | ™ oty |* us]cm[ Hyr [ * 8, Apt B AR, B hss | ** Q,7,H,
72 585 1 248 5 150 74 906 215 688 588 240 2 941 200 15 686 400
[ . - - - - -
i B'g Q' gd ma("'z) ) xl::‘q.‘, Hyr gyApe B Ax, aa.'ms 972237
91 650 1 755 B 400 132 B89 486 817 1 348 164 7 489 BDO 47 059 200
. . .-. - - - - - .
- P4 Q'gd [ ™ o Ty xlzjqa u.,,('rql Hgﬂ.p: sgﬁ\xs us:ass agﬂq 8
94 715 3 200 12 285 156 864 863 590 | 2 790 060 | 16 8s2 0so 120 969 030
-e -w L2 ] -e e
o | 2'gd 2'g™g %1%3% .y K I3y | "%, 6520 Polyy 25%,8y
133 780 4 680 1B BEO 354 323 | 1527 890 | 4 782 960 | 36 270 780 326 835 600
) - w -
3 P @ Q ad i le'r‘l Q'E-P'? n!t'r‘i - n“npt 3“:\:., pgzlnq nglnu
136 84S 6 560 33 345 531 440 | 2 657 340 | 9 920 736 | 72 s41 se0 s81 071 680
" ] 0 v - Ll -
e P'a Qgd | T QT | Q' Ry L X EEy S ST PlqByy 9y 58y,
183 310 8 200 42 105 BD4 481 4 783 212 18 &01 380 145 090 764 1 556 138 304
. " e Ly - L il -
s | Tt | R, Q3 (T [*2y0Cy | ™ By (7Y 8 yfpc B, 3h%g 1ihy TLLI
186 1215 11 M2 55062 | 1417248 | 6837 978 | 28 960 848 | 282 740 976 | 2 355 482 308
» - -l E 2 - T
g | ¥t (80,)" | ** 9y, (Tg) iyl 817! *1538a Xgfqfy Pt 23%% 3
197 1 &800 14 640 132 49€ 1 771 S&0 11 664 786 54 3101 590 4B1 474 098 5 743 901 520
Table of largest known (A,D) graphs (July 1985).
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