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basic concepts

Graphs:
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SO = O = O

01000 0 1
10100 10
MaPs)=|0 1 0 1 0 Ma(Cs)=1| 0 1
0010 1 00
00010 10
01011
10101
MaWs)=]10 1 0 1 1
10101
11110

1) For n > 4 if the graph is Wn, and for n 2 3, in the remaining cases:
K2 (V.B): [Vim Bl (=), ) = me 1) B =1
Pnz(V,E): [Vi=mn, |[E|l=n—-1, §(P,) =1, A(P,) =2
Cn=V,E): [V|=n, |[E|=n, §(Cp) =2, A(Cy) =2
W,=WV,E): [V]=n, |E|=2-n—2, 6(W,)=3, A(W,)=n—1

1.2

m Solution of 1. and 2.

1 4 1 2 3 4 5 6
4 4 4 1 1 1
9 5 5 5 2 2 2
5
6 6 6 3 3 3
3 6
m Solution of 3. and 4.
1 2 3 1 2 3 4 5 6 7
7 7 7 7 7 7 1
2
7 3
4
4 5 6 5
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1.5

f ({a,d,e,f},{ad,de,ef,fa})

e d

({a,b,e,d}, {ab,be,ed,da})

e d

f ({a,b,e, f},{ab,be,ef, fa})

1.6

1.7

G A={14,15,25,35}; M, =

_ -0 O O
_ o O o O

G—4: A={12,13,23}; Mu(G —4) =

_ o O o O

S = = O
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01100
10110
G—45: A={12,13,23,24,34}; MA(G-45=| 1 1 0 1 0 |[;
01100
00000

ne

®

G+25: A={12,13,23,24,25,34,45}; Ma(G + 25) =

SO R =k O
== O
O = O = =
_ O R = O
O = O = O

1.8
w G°=(V.E): |[V|=n; |E| = (}) —m.
mG—v=(V,E): [V|=n-1; |E| =m— d(u).

mG—-e=(V,E): |V|=n; |E|=m—1.

1.10
1) K3UP; ) E = {ab,ac,bc, 12,23}
a
b p
3
2) P3 X Kg

(1, a) (2, a) (3, a)

» ©) 2, c) (3, ©)

1.11 Order ‘V1|“/é|, dGleQ(ulqu) = dG1 (Ul) + dGQ(Ug) and size |V1||E2| + |V2||E1|
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1.13

@

(V; {ab, be})

1.14 21; 22! = 2097152.

1.15

1)

2) Tt does not exist.

3)

4) Tt does not exist.

5)

X

b o C
(V,{ab})
b. &
(V,{ca})
b c
(V,{ca,ab})
b c

(V,{ab,be, ca})



Answers

6) It does not exist.

1.20

1.21

1.23

1.25

Alex and Leo greeted 4 people each.

G3 =2 Gy

Gs = Gg

G~

Gs = Gy = Gyo
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a d
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Walks, connectivity and distance

2.1 G;: Path of length 9: 12345107968. There are no paths of length 11 because GG; has
order 10. Cycles: 123451;12381051; 1681079451; 1234971086 1.

Go: 12345106789. There are no paths of length 11 because G2 has order 11. Cycles:
123451;510611945;2345109872;512349116105.

2.4 1) {a,b,dye, f,9,5,5}) U{e, hY)- 2) (a,b,d, e, g9, h,5,m}) U{e, £k} U
2.9

m (G;. Cut vertices: 4. Bridges: none.
m (5. Cut vertices: 3,6. Bridges: 36.

m (3. Cut vertices: none. Bridges: none.

211 n=10

v a b d e g i j
214 1) d(ayv) 0 2 1 1 1 3 3 3
db,v) 2 0 1 2 1 1 1
v a b d e g h j m
2) dav) 0 1 2 2 2 2 1 3
dbyv) 1.0 1 1 1 1 1 2

215 1)1.2) D(Gy) =2, D(G2) = 4. 3) 2. 4) [n/2]. 5) 2. 6) n— 1.

216 1) G = W5 and u a vertex of degree 3. 2) G = Wy, u the vertex of degree 6. 3)
G = ([4],{12,13,14,23}), u = 4.

2.17 1) a) Gy: e(v) =2, 1 < v <10; (G) = 2; all the vertex are central, hence, the center is
Gi. Ga: e(l) =e(11) = 4; e(v) = 3, if 2 < v < 10; r(G) = 3; v central vertex if 2 < v < 10.
The center is ths subgraph induced {v : 2 < v < 10}, that is, G — {1,11}. b) G: e(4) = 2,

e(v) = 3, v # 4; r(G) = 2; the only central vertex is 4. The center is the subgraph induced by
vertex 4 (the trivial graph). 2) Cg. 3) Ps.

Eulerian and Hamiltonian graphs

3.1 Only the graph G4 is Fulerian

3.2 All of them, except the first one.
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33 1)5;2)4.
3.4 r and s even.
3.5 If the two components are complete, 4; otherwise, 3.

3.7

3.8 2) 27 n2nL: Q, is n-regular. 3) n even.
3.9 Only G; and G5 are Hamiltonian graphs.

3.12 Two.

Trees

4.3 n = 18; order of Ty: 36; size of To: 35.

45 43,3,3,2,1,1,1,1,1,1,1.
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4.6

4.12

1) n; 1.

2) r2r=Y [r/2].

4.13
1% 1\/
*/ ,
-— -

4.14 Two.
4-16 (1’ 17 1) 5); (1’ 17 2) 27 27 1); (3’ 37 17 2’ 4’ 4) 27 57 5).

417 1)

4.18 The paths of order 3.

4.19
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1) Star graphs.

2) “Bistar” graphs: two adjacent vertices u, v of degree at least 2, and the remaining vertices
are leaves hanging from u or from v.

Review exercises

Al
01 100 110 0 0 0 O
1 01 10 101 1000
110 1 114, 0110110
01 101 0001101
00110 0000011

A.9 4 connected components. 7,14,2,4,6,8,10,12,3,9,15,5.

A.19 Yes; no.

A22 K,iP,.

A23 k-1

A24 3321111
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A.30 The paths of order n > 4.
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