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Topological classification of compact surfaces

Any connected closed surface is homeomorphic to:
© the sphere
@ the connected sum of g tori, for g > 1

© the connected sum of k real projective planes, for k > 1.

Classification with additional structures may depend on new invariants.
Example: Riemannian structure ~~ curvature is an invariant.
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The antisymmetric case

oriented surface «~ area form w antisymmetric.

It is a closed 2-form and w # 0 (symplectic structure).

Theorem (Moser)

Two area forms on a surface wy and wy |wo| = [w1] are equivalent.

Idea behind: Moser's path method

The linear path w; = (1 — t)wy + twy is a path of symplectic structures ~~
(Moser's trick) integration of the flow of X, satisfying ¢x,w; = —[ for

wo —wi =dp, (Xi(oy) = %) given by the path method yields the
diffeomorphism.
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Space for proofs
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Symplectic structures

@ A symplectic structure is a non-degenerate closed 2-form w.
@ Non-degeneracy gives a natural isomorphism between 7 (M) and T'(M).

@ For every f, there is a unique vector field Xy (Hamiltonian vector field),
Lx W = —df

) oH
1= 5
. O0H
P = 3

Figure: Sir William Rowan Hamilton, Jiirgen Moser and Hamilton's equations.

Hamilton's equations are the equations of the flow of a Hamiltonian vector field
in Darboux coordinates.
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The Symplectic/Contact mirror

Symplectic Contact
dim M = 2n dimM =2n+1
2-form w, non-degenerate dw = 0 1-form o, a A (da)™ £ 0
Hamiltonian tx, w = —dH Reeb a(R) =1, trda =0

txyoo=H
Ham.
txyda =—dH + R(H)a.
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Symplectic manifolds

@ Locally, any symplectic form w on a 2n-dimensional manifold can be
written as, w = >.7°, dx; A dy;, Darboux theorem.
@ Any orientable surface is a symplectic manifold.

e Cotangent bundles 7% (M) with symplectic form w = —d\ (A 'is a
Liouville one form).

o Classification problems for symplectic geometry in dimension > 2 are
HARD.

@ Moser's path method is still the most famous trick to construct
symplectomorphisms.
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Space for proofs
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Higher dimensions?

Some classification schemes are still possible when additional data is considered
(toric manifolds). Toric manifolds are a particular example of integrable system.

Theorem (Delzant)

Toric manifolds are classified by Delzant's polytopes. More specifically, the
bijective correspondence between these two sets is given by the image of the

moment map: {toric manifolds} — {Delzant polytopes}

(M2,0, T, F) —» F(M)
(=3.0) (0,0)
(0,-4)
Moment map for the T2-action on CP? given by (%91, e%92) . [z : 21 : 22] 1= [20 : €121 : €?P12y]
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Some remarkable (open) problems in Symplectic/Contact

@ Existence, obstructions and classification problems for Symplectic and
contact structures.

@ Periodic orbits of Reeb/Hamiltonian vector fields: Existence
(Weinstein conjecture) and abundance (for star-shaped hypersurfaces
of R?"/Arnold conjecture, Conley conjecture, the Hamiltonian-Seifert
conjecture).

o Let algebra be your friend: Count periodic orbits through the eyes of
algebraic topology (Floer and Contact Homology).
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Two guiding conjectures

Weinstein's conjecture

The Reeb vector field of a contact compact
manifold admits at least one periodic orbit.

| A

Arnold’s conjecture

Given a t-dependent Hamiltonian
Hy:Rx M*™ - R

2n

#{periodic orbits Xp,} > Z B
k=0

If H is autonomous, Arnold conjecture is a consequence of Morse
inequalities.
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Why periodic orbits?

On peut alors avec avantage prendre [les] solutions périodiques
comme premiére approximation, comme orbite intermédiaire
[...].Ce qui nous rend ces solutions périodiques si précieuses, c'est
qu’elles sont, pour ainsi dire, la seule bréche par oti nous
puissions essayer de pénetrer dans une place jusqu'ici reputée
inabordable.

H. Poincaré. Les méthodes nouvelles de la mécanique céleste
Gauthier-Villars et fils, Paris, 1892.
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Special submanifolds

Definition (Lagrangian submanifold)

Given a symplectic manifold (M, w), a submanifold L C M is called
Lagrangian if i*(w) = 0 with i : L < M the inclusion. Lagrangian
submanifolds satisfy: 7,5 = 1,5

Examples:
@ A curve on an orientable surface.
@ A fiber of the moment map on a toric manifold.
@ The zero section of the cotangent bundle 7% M.
@ The fibers of an integrable system.

Other important submanifolds are:
@ coisotropic when 7,5 C T,,S.
@ isotropic when 7,5 C 71,5%.
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Integrability and dynamical systems

Importance of integrability of a Hamiltonian system and dynamical properties of
its solutions such as stability.

Integrable system
A set of functions f1,..., fn, on (M?" w) such that

@ fi,..., fn Poisson commute, i.e., {f;, f;} =0, Vi, .
@ dfi A--- Adf, # 0 on an open dense set.

The mapping F : M?" — R™ given by F' = (f1,..., f.) is called moment map.
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Coupling two simple harmonic oscillators

@ Phase space: (T*(R?),w = dzy A dy; + dza A dys).
@ Total energy:

1 1
H = 5(?/% +u3) + i(l'%JrfL'%)

@ H = his a sphere S3.

We have rotational symmetry on this sphere ~» the angular momentum is a
constant of motion, L = z1ys — xoy1, X = (—x2, 21, —Y2,y1) and

X (H)={L,H} =0,
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Classical integrable systems

The compact regular level sets of an integrable system F' = (fi,..., fn)
on a symplectic manifold are tori (Liouville tori).

Theorem (Liouville-Mineur-Arnold)

Semilocally around a Liouville torus:

@ There exist coordinates (action-angle) (p1,...,pn,01,...,0,) with
values in B™ x T" such that w = >_"" | dp; A db;.
@ The level sets of the coordinates p1, . ..,p, correspond to the

Liouville tori of F'.
@ The flow of the Hamiltonian vector field on each Liouville torus is
linear.

The problem of global existence of action-angle variables is related to
monodromy and the Chern class of the fibration given by the moment map.
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RN

Figure: Liouville tori

@ In action-angle coordinates (p;,0;) the fibers of F' are the tori
{pi = ¢;} and the symplectic structure is simple (Darboux)
w = Z?:l dp; N db;.

@ This theorem can be reformulated as a cotangent lift (see next
problem session).
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Action coordinates and Liouville

It was an astronomer and mathematician (Henri Mineur) who gave an
explicit formula of action coordinates:

pi= | «
Vi
where ~; is a cycle of a Liouville torus and (w = da).
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Semilocal and global toric actions

Definition (Hamiltonian action)

Let G be a compact Lie group acting symplectically on (M, w).

The action is Hamiltonian if there exists an equivariant map p: M — g*

such that for each element X € g,
— dp = 1xpw,

with pX =< p, X >.
The map p is called the moment map.

(1)

Moment maps and reduction provide an effective tool to study symmetries

in geometrical models in mechanics.
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Torus actions in the proof

@ Topology of the foliation. The fibration in a neighbourhood of a
compact connected fiber is a trivial fibration by compact fibers
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Torus actions in the proof

@ Topology of the foliation. The fibration in a neighbourhood of a
compact connected fiber is a trivial fibration by compact fibers

@ These compact fibers are tori: We recover a T"-action tangent to the
leaves of the foliation This implies a process of uniformization of
periods.

¢ : R"x(T"xB*) — T'xB*
(1) (r) (2)
((tr,... tr),m) = dylo---0®’(m).

Miranda (UPC) b-symplectic manifolds September 7, 2021 19 / 42



Torus actions in the proof

@ Topology of the foliation. The fibration in a neighbourhood of a
compact connected fiber is a trivial fibration by compact fibers

@ These compact fibers are tori: We recover a T"-action tangent to the
leaves of the foliation This implies a process of uniformization of
periods.

¢ : R"x(T"xB*) — T'xB*
(1) (r) (2)
((tr,... tr),m) = dylo---0®’(m).

© We prove that this action is symplectic (we use the fact that if Y is a
complete vector field of period 1 and w is a symplectic form for which
L3w =0, then Lyw = 0).
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Torus actions in the proof

@ Topology of the foliation. The fibration in a neighbourhood of a
compact connected fiber is a trivial fibration by compact fibers

@ These compact fibers are tori: We recover a T"-action tangent to the
leaves of the foliation This implies a process of uniformization of
periods.

¢ : R"x(T"xB*) — T'xB*
(1) (r) (2)
((tr,... tr),m) = dylo---0®’(m).

© We prove that this action is symplectic (we use the fact that if Y is a
complete vector field of period 1 and w is a symplectic form for which
L3w =0, then Lyw = 0).

© As w is exact in a neighbourhood of the Liouville torus the action is
Hamiltonian.
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Torus actions in the proof

@ Topology of the foliation. The fibration in a neighbourhood of a
compact connected fiber is a trivial fibration by compact fibers

@ These compact fibers are tori: We recover a T"-action tangent to the
leaves of the foliation This implies a process of uniformization of

periods.
¢ : R"x(T"xB*) — T'xB* )
((t1,. . tp),m) q)gll)o---otl)g)(m).

© We prove that this action is symplectic (we use the fact that if Y is a
complete vector field of period 1 and w is a symplectic form for which
L3w =0, then Lyw = 0).

© As w is exact in a neighbourhood of the Liouville torus the action is
Hamiltonian.

© To construct action-angle coordinates we use Darboux-Carathéodory
theorem and the constructed Hamiltonian action of T™ to drag normal
forms from a neighbourhood of a point to a neighbourhood of a fiber.
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Perturbations of integrable systems

KAM theory ~~ "some” of the Liouville torus survive under perturbations
of the integrable system.
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Toric symplectic manifolds

Theorem (Delzant)

Toric manifolds are classified by Delzant's polytopes. The bijective
correspondence between these two sets is given by the image of the

toric manifolds} — {Delzant polytopes
moment map: {(MZ” W TP F)} . { F(M) }

— R

I

CP?

(t1,t2) - [20 @ 21 @ 2] = [20 : €12y : €2 29)]
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Applications to Quantization

Theorem (Guillemin-Sternberg, Hamilton)

The geometric quantization of a toric manifold is given by the Liouville tori over
the integral points of the Delzant polytope (Bohr-Sommerfeld leaves).

==

<l>=

In the example of the sphere Bohr-Sommerfeld leaves are given by integer values
of height (or, equivalently) leaves which divide out the manifold in integer areas.
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Singularities in physical examples

Harmonic oscillator Simple pendulum Spherical pendulum
k // \‘ // \\
m '
F.
Elliptic singularity Hyperbolic singularity =~ Focus-focus singularity
2 2 f=mzy J1=T1y2 — 2201
=X +
! Y (or [ =a® —y?) J2 = z1y1 + z2y2
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The solar system

‘‘We revolve around the Sun like any other planet.’’
1514, Nicolaus Copernicus.
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The solar system

Kepler: Planets spin in elliptical orbits.
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The n-body problem

The n-body problem describes the movement of n bodies under mutual
attraction.

P
\O @

Integrable for n = 2: The Hamiltonian function is

2 2
el leel?

H :: E y - U
(z1, 22, p1,p2) kin 2my | 2my

where U = Qmmmm is the gravitational potential. Integrals:

© Total linear momentum: The problem reduces to determining the
relative position r = zo — x7.

@ Total angular momentum: makes the problem planar.
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The restricted 3-body problem

@ Simplified version of the general 3-body problem. One of the bodies has
negligible mass.

@ The other two bodies move independently of it following Kepler's laws for
the 2-body problem.

Spacecraft

Figure: Circular 3-body problem
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Planar restricted 3-body problem

@ The time- dependent self—potential of the small body is
Ul(q,t) = ‘q q1| + 1o qz‘ with g1 = ¢1(t) the position of the planet
with mass 1 — p at time ¢ and g2 = ¢2(t) the position of the one with
mass /.

@ The Hamiltonian of the system is
H(q,p,t) =p*/2—Ulq,t), (q.p) € R*>x R? where p= g is the
momentum of the planet.

@ Consider the canonical change
(X,Y,Px,Py)— (r,a, P, =1y, P, =: G).

o Introduce McGehee coordinates (z, o, y, G), where
r= m%, xz € RT, can be then extended to infinity (z = 0).

@ The symplectic structure becomes a singular object
w= ——dx/\derda/\dG forx >0

@ The integrable 2-body problem for 1 = 0 is integrable with respect to
the singular w.
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Model of these systems

1
w = @dxl ANdyq + dei A dy;
i>2

Close to 1 = 0, the systems behave like,

and not like,
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Other examples

® Kustaanheimo-Stiefel regularization for n-body problem (useful for binary
collisions) ~~ folded-type symplectic structures with hyperbolic singularities

®
\
o O

N

OO0

@ two fixed-center problem via Appell’s transformation ~~ combination of
folded-type and b™-symplectic structures ~» Dirac structures.
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Symplectic surfaces with singularities (Radko’s surfaces)

We want to modify the volume form on S by making it “explode” when we get
close to a union of curves Z. We want this “blow up” process to be controlled.

Figure: A Radko surface and Olga Radko

What does “controlled” mean here? We want that the 2-form looks locally
w = Sdx A dy (for points in Z).
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Why singular?

@ Because some non-compact symplectic manifolds can be compactified
as compact singular symplectic manifolds.

© Because these singularities often appear as regularization
transformations in celestial mechanics.

© Because they model certain manifolds with boundary.

Q@ Why not?
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Geometries involved

(. N

Holom. Complex
Poisson

Symplectic
Kahler

Poisson

\Generalized Complex /
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Zooming in...

Miranda (UPC) b-symplectic manifolds September 7, 2021 32 /42



b-Poisson close to symplectic

b-Poisson

Holom. Complex

Symplectic Poisson

Kihler

Poisson

\Generalized Complex /
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Zooming out...to gain perspective
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Poisson, 1809

200 ANALYSE.

MEMOIRE

Sur la Variation des Constantes arbitraires dans les questions
: de Mécanigque,

Lu a Ilnstitat le 16 Octobre 180g;

Par M. Porsson - vowssos. oo,

ANALYSE. “281
constante a ni la constante 4; dans d'autres cas elle ne contiendra
aucune constante arbitraire, et se réduira & une constante déterminde;’
mais, afin de rappeler l'origine de cette quantité, qui représente une
certaine combinaison des différences partielles des valeurs de a et 4,
nous ferons usage de cette notation (6, a), pour fa désigner; de ma-
niére que nous aurons généralement ‘

db da da db db da da db db da
rRir ey SR re e A e R T e T
da . db

—— gy = (b, a).

Figure: Poisson bracket
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Singular symplectic manifolds as Poisson manifolds

The local models

1
7de1 ANdyi + Z dx; A dyj;
1 i>2

w =
X

are formally not a smooth form but their dual defines a smooth Poisson
structure! as their dual

0 0 20 0
m=x o A
= 0x1 " Oy1 Jrizzzaxi : dy;

is well-defined. The structure II is a bivector field which satisfies the

integrability equation [IL,II] = 0. The Poisson bracket associated to II is
given by the equation

{f. g} :=11(df,dg)
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Poisson structures as brackets

A Poisson bracket on a manifold is given by R-bilinear operation

{n}: C®(M) — C®(M)
(f.9) — {f.g}

which satisfies:
Q@ Anti-symmetry, {f,g} = —{g, f} for any f,g € C*°(M)
Q Leibnitz rule, {f,g-h}=g-{f,ht+{f, g} R
© Jacobi identity, {f,{g,h}} + {9, {h, f}} +{h,{f,9}} =0
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Space for proofs
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Poisson structures as bivector fields

Poisson structures

A Poisson structure is a bivector field IT with [II, II] = 0.

The Poisson manifold is locally a product of a symplectic manifold with a Poisson
manifold with vanishing Poisson structure at the point (Weinstein's splitting

theorem).
(Pn,H,p> ~ (Aifzkvwapl) X (POrL_2k77H07p2)

This defines a symplectic foliation.

September 7, 2021 38/
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b-Poisson structures

Let (M?>",1I) be an (oriented) Poisson manifold such that the map
p € M — (II(p))™ € A**(TM)

is transverse to the zero section, then Z = {p € M|(II(p))" =0} is a
hypersurface called the critical hypersurface and we say that II is a b-Poisson
structure on (M, 7).

Other singularities

It is possible to generalize this definition (M.-Planas-Scott) to consider more
general Poisson structures.

Symplectic foliation of a b-Poisson manifold

The symplectic foliation has dense symplectic leaves and codimension 2
symplectic leaves whose union is Z.

v

T
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Examples

@ A Radko surface.

@ The product of (R, ) a Radko compact surface with a compact
symplectic manifold (S,w) is a b-Poisson manifold.

@ corank 1 Poisson manifold (N, 7) and X Poisson vector field =
(ST % N, f(0)% A X + ) is a b-Poisson manifold if,

@ f vanishes linearly.
@ X is transverse to the symplectic leaves of N.

We then have as many copies of N as zeroes of f.
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Another example (exercise in the list)

The cubic polynomial g(x) = z(x — 1)(x — t), 0 < t < 1, defines a Poisson
structure on R? given by

0 N 0

Ox 0Oy’

which extends smoothly to a b-symplectic structure on RP? with critical set Z
given by the real elliptic curve y? = g(x).

™= (g(z) —v*)

The critical set has two connected components: Dy, containing {(0,0), (¢,0)}

and with trivial normal bundle, and Dy, containing {(1,0), (00,0)} and with
nontrivial normal bundle.
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b-symplectic forms on b-Poisson
manifolds. The geometry of the
critical set. More degenerate forms
b"-symplectic forms and 0™
contact forms. Desingularization of
b™-forms.

The path method for b™-symplectic
structures. Local normal form
(b™-Darboux theorem) and
extension theorems. b™-Structures
to the test: Examples in Fluid
Dynamics and Celestial Mechanics.
Application: Finding periodic orbits
for trajectories of a satellite in the
restricted three body problem.

@ Exercise session.

Miranda (UPC)

b-symplectic manifolds

Plan for the remaining lectures

@ Melrose language of b-forms.

Some classical problems for
b™-symplectic and b™-contact
manifolds: The (singular)
Weinstein conjecture. Connection
to escape orbits in Celestial
Mechanics.

More symmetries: Toric actions,
action-angle coordinates and
Integrable systems on
b"-symplectic manifolds.
Applications: KAM.

Exercise session

Open problems: Floer homology of
Singular Symplectic Manifolds.
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