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Decomposed spaces

@ Let (X,S) be a Hausdorff and paracompact topological
space of finite dimension with ordered relation.
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Decomposed spaces

@ Let (X,S) be a Hausdorff and paracompact topological
space of finite dimension with ordered relation.

@ A S-decomposition of X is
X = UiesSi,

where X; are locally closed smooth manifolds
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Smooth structures on stratified spaces
Structures theorems

Decomposed spaces

@ Let (X,S) be a Hausdorff and paracompact topological
space of finite dimension with ordered relation.

@ A S-decomposition of X is
X = UiesSi,

where X; are locally closed smooth manifolds
@ such that

SiNS#0+S;CSj«<=i<].
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Stratified spaces

A cone cL :=L x [0,00]/L x {0}.
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Stratified spaces

A cone cL :=L x [0,00]/L x {0}.
A decomposed space X is called a stratified space if for any x
in a stratum S
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Stratified spaces

A cone cL :=L x [0,00]/L x {0}.
A decomposed space X is called a stratified space if for any x

in a stratum S there exists an open neighborhood U(x) C X,
an open ball B(x) C S,

Hong Van Lé Smooth structures on stratified symplectic spaces



Stratified d thei th structs .
ratified spaces and their smooth structures S S

Smooth structures on stratified spaces
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Stratified spaces

A cone cL :=L x [0,00]/L x {0}.

A decomposed space X is called a stratified space if for any x
in a stratum S there exists an open neighborhood U(x) C X,
an open ball B(x) C S, a compact stratified space L, called the
link of x, and a stratified diffeomorphism ¢ : B x cL — U that
preserves the decomposition
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Stratified spaces

A cone cL :=L x [0,00]/L x {0}.

A decomposed space X is called a stratified space if for any x
in a stratum S there exists an open neighborhood U(x) C X,
an open ball B(x) C S, a compact stratified space L, called the
link of x, and a stratified diffeomorphism ¢ : B x cL — U that
preserves the decomposition

depthy S := sup{n| there exist pieces S = S° < S < ... < 3"}

depth X := supdepth S;.
ies
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Stratified spaces

A cone cL :=L x [0,00]/L x {0}.

A decomposed space X is called a stratified space if for any x
in a stratum S there exists an open neighborhood U(x) C X,
an open ball B(x) C S, a compact stratified space L, called the
link of x, and a stratified diffeomorphism ¢ : B x cL — U that
preserves the decomposition

depthy S := sup{n| there exist pieces S = S° < S < ... < 3"}
depth X := supdepth S;.
ies
X' is assumed to be connected.
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Examples of pseudomanifolds w.i.c.s.

@ Let M be a smooth manifold with boundary OM = L = UL;.
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Examples of pseudomanifolds w.i.c.s.

@ Let M be a smooth manifold with boundary OM = L = UL;.
M;:=MuUcL:=L x[0,1]/L x {0},
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Examples of pseudomanifolds w.i.c.s.

@ Let M be a smooth manifold with boundary OM = L = UL;.
M;:=MuUcL:=L x[0,1]/L x {0},
M, : M U cLj.
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Examples of pseudomanifolds w.i.c.s.

@ Let M be a smooth manifold with boundary OM = L = UL;.
M;:=MuUcL:=L x[0,1]/L x {0},
M2 M U| CL|

@ The quadric Qn = {z € C™*+| S"™1 22 — 0} with isolated
singularity at 0 is a pseudomanifold w.|.c.s..
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Examples of pseudomanifolds w.i.c.s.

@ Let M be a smooth manifold with boundary OM = L = UL;.
M;:=MuUcL:=L x[0,1]/L x {0},
M, : M U cL.

@ The quadric Qn = {z € C™*+| S"™1 22 — 0} with isolated
singularity at 0 is a pseudomanifold w.i.c.s..
Qm = cL, where L =V, 1 = SO(m +1)/SO(m — 1).
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Examples of pseudomanifolds w.i.c.s.

@ Let M be a smooth manifold with boundary OM = L = UL;.
M;:=MuUcL:=L x[0,1]/L x {0},
M2 M U| CL|

@ The quadric Qn = {z € C™*+| S"™1 22 — 0} with isolated
singularity at 0 is a pseudomanifold w.i.c.s..
Qm = cL, where L =V, 1 = SO(m +1)/SO(m — 1).

@ Any smooth manifold with k marked points is a
pseudomanifold w.i.c.s.
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e Stratified spaces and their smooth structures

@ Smooth structures on stratified spaces
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Smooth structures on stratified spaces
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Smooth structures on a pseudomanifold w.i.c.s.

A smooth structure on a pseudomanifold w.i.c.s. M is a choice
of a R-subalgebra C>(M) c C°(M) satisfying the following
three properties.

Hong Van Lé Smooth structures on stratified symplectic spaces



Stratified spaces and their smooth structures . o
Stratified spaces

Smooth structures on stratified spaces
Structures theorems

Smooth structures on a pseudomanifold w.i.c.s.

A smooth structure on a pseudomanifold w.i.c.s. M is a choice
of a R-subalgebra C>(M) c C°(M) satisfying the following
three properties.

1. C>°(M) is a germ-defined C>°-ring, i.e. it is the C>°-ring of alll
sections of a sheaf SC>(M) of continuous real-valued
functions.
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Smooth structures on a pseudomanifold w.i.c.s.

A smooth structure on a pseudomanifold w.i.c.s. M is a choice
of a R-subalgebra C>(M) c C°(M) satisfying the following
three properties.

1. C>°(M) is a germ-defined C>°-ring, i.e. it is the C>°-ring of alll
sections of a sheaf SC>(M) of continuous real-valued
functions.

2. COO(M)‘Mreg C COO(Mreg).
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Smooth structures on a pseudomanifold w.i.c.s.

A smooth structure on a pseudomanifold w.i.c.s. M is a choice
of a R-subalgebra C>(M) c C°(M) satisfying the following
three properties.

1. C>°(M) is a germ-defined C>°-ring, i.e. it is the C>°-ring of alll
sections of a sheaf SC>(M) of continuous real-valued
functions.

2. COO(M)‘Mreg C COO(Mreg).

3.J.(C(M™9)) C C=(M).
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Product smooth structures

@ Assume that L is a compact manifold, B C RX and
C*°(cL(1)) is a smooth structure on cL(1).
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Product smooth structures

@ Assume that L is a compact manifold, B C RX and
C>(cL(1)) is a smooth structure on cL(1). X := B x cL(1).
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Product smooth structures

@ Assume that L is a compact manifold, B C RX and
C>(cL(1)) is a smooth structure on cL(1). X := B x cL(1).

@ A product smooth structure C*°(X) is the germ-defined
C°-ring whose sheaf SC*°(X) is generated by
71(SC>(B)) and 73(SC>(cL(1))).
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Smooth structures on stratified spaces
Structures theorems

Product smooth structures

@ Assume that L is a compact manifold, B C RX and
C>(cL(1)) is a smooth structure on cL(1). X := B x cL(1).

@ A product smooth structure C*°(X) is the germ-defined
C°-ring whose sheaf SC*°(X) is generated by
71(SC>(B)) and 73(SC>(cL(1))).

Lemma

C°(X) satisfies the following properties:
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Product smooth structures

@ Assume that L is a compact manifold, B C RX and
C>(cL(1)) is a smooth structure on cL(1). X := B x cL(1).

@ A product smooth structure C*°(X) is the germ-defined
C°-ring whose sheaf SC*°(X) is generated by
71(SC>(B)) and 73(SC>(cL(1))).

Lemma

C°(X) satisfies the following properties:
- C(X)js € C*(S) for each stratum S C X.
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Product smooth structures

@ Assume that L is a compact manifold, B C RX and
C>(cL(1)) is a smooth structure on cL(1). X := B x cL(1).

@ A product smooth structure C*°(X) is the germ-defined
C°-ring whose sheaf SC*°(X) is generated by
71(SC>(B)) and 73(SC>(cL(1))).

Lemma

C°(X) satisfies the following properties:

- C(X)js € C*(S) for each stratum S C X.
- j(CE (X)) € C(X).
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Product smooth structures

@ Assume that L is a compact manifold, B C RX and
C>(cL(1)) is a smooth structure on cL(1). X := B x cL(1).

@ A product smooth structure C*°(X) is the germ-defined
C°-ring whose sheaf SC*°(X) is generated by
71(SC>(B)) and 73(SC>(cL(1))).

C°(X) satisfies the following properties:
- C(X)js € C*(S) for each stratum S C X.
-j.(C(X"9)) € C(X).

- If f € C*°(X) is nowhere vanishing, then 1/f € C>(X).
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Smooth structures on stratified spaces

Definition

Assume that depth(L) = k — 1, C>°(L) be a smooth structure.
Let X :=cL(1). Let C*>°(X"9) be the product smooth structure
on X'9,
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Smooth structures on stratified spaces

Definition

Assume that depth(L) = k — 1, C>°(L) be a smooth structure.
Let X :=cL(1). Let C*>°(X"9) be the product smooth structure
on X"9.Then a smooth structure on X is a g.d. C*-ring with
1. COO(X)|Xreg C COO(Xreg).

2. jx(Cg(X™9)) C C>®(X).
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Smooth structures on stratified spaces

Definition

Assume that depth(L) = k — 1, C>°(L) be a smooth structure.
Let X :=cL(1). Let C*>°(X"9) be the product smooth structure
on X"9.Then a smooth structure on X is a g.d. C*-ring with
1. COO(X)|Xreg C COO(Xreg).

2. jx(Cg(X™9)) C C>®(X).

Definition

A smooth structure on a stratified space X is a choice of a g.d.
C®°-ring C*°(X) c CY(X) with

1. j(Cg°(X"9)) € C=(X).

2. ¥x € X there exists ¢x : U(X) — By x cL(1) which is a local
diffeomorphism of stratified spaces.
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Smooth structures on stratified spaces
Structures theorems

Examples of smooth structures

@ i: X — R"s.t. i(X) is locally closed.
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Smooth structures on stratified spaces
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Examples of smooth structures

@ i: X — R"s.t i(X)islocally closed.C>(X) := i*(C*(R")).
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Smooth structures on stratified spaces
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Examples of smooth structures

@ i: X — R"s.t i(X)islocally closed.C>(X) := i*(C*(R")).
@ M/G, where G C Diff(M) is compact.
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Smooth structures on stratified spaces
Structures theorems

Examples of smooth structures

@ i: X — R"s.t i(X)islocally closed.C>(X) := i*(C*(R")).
@ M/G, where G C Diff(M) is compact.
C>®(M/G) := C®(M)S.
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Smooth structures on stratified spaces
Structures theorems

Examples of smooth structures

@ i: X — R"s.t i(X)islocally closed.C>(X) := i*(C*(R")).

@ M/G, where G C Diff(M) is compact.
C>®(M/G) := C>®(M)C,

@ Resolvable smooth structure Assume that we have a
continuous projection M = X from a smooth manifold M
with corner to a stratified space X such that
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Smooth structures on stratified spaces
Structures theorems

Examples of smooth structures

@ i: X —R"s.t i(X)islocally closed.C>*(X) :=i*(C>(R")).
@ M/G, where G C Diff(M) is compact.
C>®(M/G) := C>®(M)C,

@ Resolvable smooth structure Assume that we have a
continuous projection M = X from a smooth manifold M
with corner to a stratified space X such that for each
stratum S; C X the triple (7=1(S;), i, S;) is a differentiable
fibration.

Hong Van Lé Smooth structures on stratified symplectic spaces



Stratified spaces and their smooth structures . o
Stratified spaces

Smooth structures on stratified spaces
Structures theorems

Examples of smooth structures

@ i: X — R"s.t i(X)islocally closed.C>(X) := i*(C*(R")).
@ M/G, where G C Diff(M) is compact.
C>®(M/G) := C>®(M)C,

@ Resolvable smooth structure Assume that we have a
continuous projection M = X from a smooth manifold M
with corner to a stratified space X such that for each
stratum S; C X the triple (7=1(S;), i, S;) is a differentiable
fibration. Then C>(X) := {f € CO(N)|7*f € C>°(M)}is a
smooth structure.
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Smooth structures on stratified spaces
Structures theorems

Examples of smooth structures

@ i: X — R"s.t i(X)islocally closed.C>(X) := i*(C*(R")).
@ M/G, where G C Diff(M) is compact.
C>®(M/G) := C>®(M)C,

@ Resolvable smooth structure Assume that we have a
continuous projection M = X from a smooth manifold M
with corner to a stratified space X such that for each
stratum S; C X the triple (7=1(S;), i, S;) is a differentiable
fibration. Then C>(X) := {f € CO(N)|7*f € C>°(M)}is a
smooth structure.

@ Every pseudomanifold X with edges has a resolvable
smooth structure, which is locally smoothly contractible.
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Outline

e Stratified spaces and their smooth structures

@ Structures theorems
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Two structure theorems

For any locally finite open covering {U;} of M there exists a
smooth partition of unity subordinate to U; (i.e. there are
nonnegative smooth functions f; € C°°(X) with support in U;

satisfying > fi = 1).
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Two structure theorems

Lemma

For any locally finite open covering {U;} of M there exists a
smooth partition of unity subordinate to U; (i.e. there are
nonnegative smooth functions f; € C°°(X) with support in U;

satisfying > fi = 1).

Lemma

Any resolvable smooth structure on X obtained from a smooth
manifold M is not finitely generated , if there exists x € X such
that dim7—%(x) > 1, where 7 : M — X is the associated
projection.
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Germs of 1-forms

@ C°(X) is a local R-algebra with the unique maximal ideal
my consisting of functions vanishing at x. Set
TH(X) := my/m2.
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Germs of 1-forms

@ C°(X) is a local R-algebra with the unique maximal ideal
my consisting of functions vanishing at x. Set
TH(X) :=my/m2.

@ Using

0—>mx—>C§(’°i>R—>O
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Germs of 1-forms

@ C°(X) is a local R-algebra with the unique maximal ideal
my consisting of functions vanishing at x. Set
T (X) := my/m2.
@ Using
0—my — C° LRrR=>0
we define the K&hler derivation d : C°(X) — T X by:
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Germs of 1-forms

@ C°(X) is a local R-algebra with the unique maximal ideal
my consisting of functions vanishing at x. Set
T (X) := my/m2.

@ Using
0—my — C° LRrR=>0
we define the K&hler derivation d : C°(X) — T X by:
d(fe) = (fx = (f(x)) + mZ.
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Structures theorems

Germs of 1-forms

@ C°(X) is a local R-algebra with the unique maximal ideal
my consisting of functions vanishing at x. Set
T (X) = my/m2.

@ Using
0—my — C° LRrR=>0
we define the K&hler derivation d : C°(X) — T X by:
d(fe) = (fx = (f(x)) + mZ.

@ We call Q}(X) := C(X) ®r my/m2 the germs of 1-forms
at x.
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Derivation of a germ of k-forms

Set QK(X) 1= C(X) @ A¥(my/m2). Then §QK(X) is an
exterior algebra with the following wedge product

(f ®r dgs A -+~ Adge) A (F' @R dGka A -+ A dg) =
(f-f)®rdgs A--- Adg,

where f,f’ € C° and dg; € TyM.
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Smooth structures on stratified spaces
Structures theorems

Derivation of a germ of k-forms

Set QK(X) 1= C(X) @ A¥(my/m2). Then §QK(X) is an
exterior algebra with the following wedge product

(f ®r dgs A -+~ Adge) A (F' @R dGka A -+ A dg) =
(f-f)®rdgs A--- Adg,

where f,f’ € C° and dg; € TyM.

Note that the K&hler derivation d : C°(X) := Q2(X) — QL (X)
extends to the unique derivation d : QX(X) — QK+1(X)
satisfying the Leibniz property.
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Derivation of a germ of k-forms

Set QK(X) 1= C(X) @ A¥(my/m2). Then §QK(X) is an
exterior algebra with the following wedge product

(f ®r dgs A -+~ Adge) A (F' @R dGka A -+ A dg) =
(f-f)®rdgs A--- Adg,

where f,f’ € C° and dg; € TyM.

Note that the K&hler derivation d : C°(X) := Q2(X) — QL (X)
extends to the unique derivation d : QX(X) — QK+1(X)
satisfying the Leibniz property. Namely we set

df ®1) =1®df,
df@arg®p)=dfoa)Ag@f+(-1)*® @ aAd(g®f).
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Differential k-forms

@ Asection o : X — AKT*(X) is called a smooth differential
k-form, if ¥x € X there exists U(x) C X such that
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Smooth structures on stratified spaces
Structures theorems

Differential k-forms

@ Asection o : X — AKT*(X) is called a smooth differential
k-form, if ¥x € X there exists U(x) C X such that
a(X) =, fiodfi, A -+~ dfi for some fi .- i € C>(X).

io?‘
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Smooth structures on stratified spaces
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Differential k-forms

@ Asection o : X — AKT*(X) is called a smooth differential
k-form, if ¥x € X there exists U(x) C X such that
a(X) =, fiodfi, A -+~ dfi for some fi .- i € C>(X).
@ Q(X) := @ QX(X). We identify the germ at x of a
differential k-form ;. ; fi,dfi, A --- A dfi with element
Zioil'"ik f|o ® dfll VANEEIVA dflk € Q)IE(X).
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Smooth structures on stratified spaces
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Differential k-forms

@ Asection o : X — AKT*(X) is called a smooth differential
k-form, if ¥x € X there exists U(x) C X such that
a(x) = Zioil'”ik fi,dfi, A---dfi for somefi ,---  fi € C=(X).
@ Q(X) := @ QX(X). We identify the germ at x of a
differential k-form ;. ; fi,dfi, A --- A dfi with element
Y igisie fio @ dfig Ao A dfy € QE(X).
@ Thend : QX(X) — QK*1(X) extends to a map also denoted
by d mapping Q(X) to Q(X).
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Differential k-forms

@ Asection o : X — AKT*(X) is called a smooth differential
k-form, if ¥x € X there exists U(x) C X such that
a(x) = Zioil'”ik fi,dfi, A---dfi for somefi ,---  fi € C=(X).

@ Q(X) := @ QX(X). We identify the germ at x of a
differential k-form ;. ; fi,dfi, A --- A dfi with element
Y igisie fio @ dfig Ao A dfy € QE(X).

@ Thend : QX(X) — QK*1(X) extends to a map also denoted
by d mapping Q(X) to Q(X).

@ Leti*(Q(X)) be the restriction of Q(X) to X"9.
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Stratified spaces

Smooth structures on stratified spaces
Structures theorems

Differential k-forms

@ Asection o : X — AKT*(X) is called a smooth differential
k-form, if ¥x € X there exists U(x) C X such that
a(x) = Zioil'”ik fi,dfi, A---dfi for somefi ,---  fi € C=(X).
@ Q(X) := @ QX(X). We identify the germ at x of a
differential k-form ;. ; fi,dfi, A --- A dfi with element
Y igisie fio @ dfig Ao A dfy € QE(X).
@ Thend : QX(X) — QK*1(X) extends to a map also denoted
by d mapping Q(X) to Q(X).
@ Leti*(Q(X)) be the restriction of Q(X) to X"9.Then
keri* : Q(X) — Q(X"9) = 0.
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Outline

e Compatible smooth structures on symplectic stratified
spaces
@ Symplectic stratified spaces
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Symplectic stratified spaces

@ A stratified space X is called symplectic, if every stratum S;
is provided with a symplectic form w;.
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Symplectic stratified spaces

@ A stratified space X is called symplectic, if every stratum S;
is provided with a symplectic form wj. The collection {w;} is
called a stratified symplectic form or simply a symplectic
form.

@ Examples . - S2 x S2 = D*uD? UD? U {pt}.
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Symplectic stratified spaces

@ A stratified space X is called symplectic, if every stratum S;
is provided with a symplectic form wj. The collection {w;} is
called a stratified symplectic form or simply a symplectic
form.

@ Examples . - S? x S2 = D*UD? U D? U {pt}.

- Any contact 3-manifold (M3, «) is a concave boundary of
some symplectic manifold (M4, w). Attaching a symplectic
cone cM3(1)

o([z,1]) = %tzda(z) + tdt A a(2),
to (M4, w) we get a conical symplectic pseudomanifold.
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Outline

e Compatible smooth structures on symplectic stratified
spaces

@ Compatible smooth structures
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Smooth structures on stratified symplectic spaces

Let (X,w) be a symplectic stratified space and C>°(X) be a
smooth structure on X.
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Smooth structures on stratified symplectic spaces

Let (X,w) be a symplectic stratified space and C>°(X) be a
smooth structure on X.

1. A smooth structure C*°(X) is said to be weakly symplectic, if
there is a smooth 2-form & € Q?(X) such that the restriction of
Q to each stratum S; coincides with wj. In this case we also say
that w is compatible with C>°(X), and C>°(X) is compatible with
Ww.
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Smooth structures on stratified symplectic spaces

Let (X,w) be a symplectic stratified space and C>°(X) be a
smooth structure on X.

1. A smooth structure C*°(X) is said to be weakly symplectic, if
there is a smooth 2-form & € Q?(X) such that the restriction of
Q to each stratum S; coincides with wj. In this case we also say
that w is compatible with C>°(X), and C>°(X) is compatible with
Ww.

2. A smooth structure C>°(X) is called Poisson, if there is a
Poisson structure {, },, on C>°(X) such that

({f.9}u)is; = {fisi» 9is, Jw; for any stratum S; C X.
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Example of compatible smooth structures |

We assume that a compact Lie group G acts on a symplectic
manifold (M, w) with proper moment map J : M — g*. Let

Z = J71(0). The quotient space My = Z /G is called a
symplectic reduction of M.
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Example of compatible smooth structures |

We assume that a compact Lie group G acts on a symplectic
manifold (M, w) with proper moment map J : M — g*. Let

Z = J71(0). The quotient space My = Z /G is called a
symplectic reduction of M. C>(Mg)can := C=(M)¢/IC, where
IS is the ideal of G-invariant functions vanishing on Z.
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Example of compatible smooth structures |

We assume that a compact Lie group G acts on a symplectic
manifold (M, w) with proper moment map J : M — g*. Let

Z = J71(0). The quotient space My = Z /G is called a
symplectic reduction of M. C*®(Mg)can := C>(M)€/I¢, where
IS is the ideal of G-invariant functions vanishing on Z.

C°(Mp)can is a weakly symplectic and Poisson smooth
structure. Moreover it is locally smoothly contractible.
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Example of compatible smooth structures Il

- For x € g let x = x5 + X, be the Jordan decomposition of x,
where x, # 0 is a nilpotent element, Xs is a semisimple and
[Xs7 Xn] = O
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Example of compatible smooth structures Il

- For x € g let x = x5 + X, be the Jordan decomposition of x,
where x, # 0 is a nilpotent element, Xs is a semisimple and
[Xs,Xn] = 0. Assume that x,, is a minimal nilpotent element in

Z4(xs). Then G(x) is a stratified symplectic space of depth 1.
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Example of compatible smooth structures Il

- For x € g let x = x5 + X, be the Jordan decomposition of x,
where x, # 0 is a nilpotent element, Xs is a semisimple and
[Xs,Xn] = 0. Assume that x,, is a minimal nilpotent element in
Z4(xs)- Then G(x) is a stratified symplectic space of depth 1.
The embedding G(x) — g provides G(x) with a natural finitely

generated C>°-ring

C*(G(x)) = {f € COG(x))|f = figy; for some f € C=(g)}.
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Example of compatible smooth structures Il

- For x € g let x = x5 + X, be the Jordan decomposition of x,
where x, # 0 is a nilpotent element, Xs is a semisimple and
[Xs,Xn] = 0. Assume that x,, is a minimal nilpotent element in
Z4(xs)- Then G(x) is a stratified symplectic space of depth 1.
The embedding G(x) — g provides G(x) with a natural finitely

generated C>°-ring

C*(G(x)) = {f € COG(x))|f = figy; for some f € C=(g)}.

- G(x) possesses an algebraic resolution of the singularity at

(Xs,0) € G(x) C g.
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Example of compatible smooth structures Il

- For x € g let x = x5 + X, be the Jordan decomposition of x,
where x, # 0 is a nilpotent element, Xs is a semisimple and
[Xs,Xn] = 0. Assume that x,, is a minimal nilpotent element in
Z4(xs)- Then G(x) is a stratified symplectic space of depth 1.
The embedding G(x) — g provides G(x) with a natural finitely

generated C>°-ring

C*(G(x)) = {f € COG(x))|f = figy; for some f € C=(g)}.

- G(x) possesses an algebraic resolution of the singularity at

(Xs,0) € G(x) C g. If xs = 0 the resolvable smooth structure is
weakly symplectic and Poisson.
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Brylinski-Poisson homology
Existence of Hamiltonian flow

Properties of compatible smooth structures on stratified symplectic. Leftschetz decomposition

Outline

e Properties of compatible smooth structures on stratified
symplectic spaces
@ Brylinski-Poisson homology
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Brylinski-Poisson homology
Existence of Hamiltonian flow

Properties of compatible smooth structures on stratified symplectic. Leftschetz decomposition

Symplectic homology

Assume that C>°(M) is Poisson.

o — O+l KR Q"(M) — ...
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Existence of Hamiltonian flow

Properties of compatible smooth structures on stratified symplectic. Leftschetz decomposition

Symplectic homology

Assume that C>°(M) is Poisson.
o — Q" % on(M) — ...
® 3(fodfy A+ difn) == S (—1)+2{fo, fi fudfy A -AdfiA- - Ady
+ Y 1cicjen fod {fi, fitw AdfL A AdR A Adf A AdE,.
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Brylinski-Poisson homology
Existence of Hamiltonian flow

Properties of compatible smooth structures on stratified symplectic. Leftschetz decomposition

Symplectic homology

Assume that C>°(M) is Poisson.
o — Q" % on(M) — ...
® 3(fodfy A+ difn) == S (—1)+2{fo, fi fudfy A -AdfiA- - Ady
+ Y cicien fod {fi Yo Adfs Ao Ad A= A A--- A dEy.
@ 52=0.
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Brylinski-Poisson homology
Existence of Hamiltonian flow

Properties of compatible smooth structures on stratified symplectic
P P yme Leftschetz decomposition

Brylinski-Poisson homology of compatible Poisson

smooth structures

Theorem

Suppose (X,w) is a stratified symplectic space provided with a
Poisson smooth structure C°°(M) which is compatible with
symplectic from w.
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Properties of compatible smooth structures on stratified symplectic
P P yme Leftschetz decomposition

Brylinski-Poisson homology of compatible Poisson

smooth structures

Theorem

Suppose (X,w) is a stratified symplectic space provided with a
Poisson smooth structure C°°(M) which is compatible with
symplectic from w. Then the symplectic homology of the
complex (2(X), d) is isomorphic to the deRahm cohomology
with inverse grading : He (Q(X),8) = H™%(Q,d).
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Existence of Hamiltonian flow

Properties of compatible smooth structures on stratified symplectic
P P yme Leftschetz decomposition

Brylinski-Poisson homology of compatible Poisson

smooth structures

Theorem

Suppose (X,w) is a stratified symplectic space provided with a
Poisson smooth structure C°°(M) which is compatible with
symplectic from w. Then the symplectic homology of the
complex (2(X), d) is isomorphic to the deRahm cohomology
with inverse grading : Hx (2(X),§) = H™K(Q,d). It is equal to
the singular conomology H™ (X, R), if the smooth structure is
locally contractible.
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Outline

e Properties of compatible smooth structures on stratified
symplectic spaces

@ Existence of Hamiltonian flow
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Existence of Hamiltonian flow

Properties of compatible smooth structures on stratified symplectic. Leftschetz decomposition

Existence of Hamiltonian flow |

Let (X, w) be a stratified symplectic space and C*(X) a
Poisson smooth structure on X.

Hong Van Lé Smooth structures on stratified symplectic spaces
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Existence of Hamiltonian flow

Properties of compatible smooth structures on stratified symplectic
P P ymp Leftschetz decomposition

Existence of Hamiltonian flow |

Let (X, w) be a stratified symplectic space and C*(X) a
Poisson smooth structure on X.
Lemma

For any H € C>°(X) the associated Hamiltonian vector field Xy
defined on X by setting

Xu(f) :={H,f}, forany f € C>(X)

is a smooth Zariski vector field on X.
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Existence of Hamiltonian flow
Leftschetz decomposition

Properties of compatible smooth structures on stratified symplectic.

Existence of Hamiltonian flow |

Let (X, w) be a stratified symplectic space and C*(X) a
Poisson smooth structure on X.

Lemma

For any H € C>°(X) the associated Hamiltonian vector field Xy
defined on X by setting

Xu(f) :={H,f}, forany f € C>(X)

is a smooth Zariski vector field on X.If x is a point in a stratum
S, then Xy (x) € T«S.
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Existence of Hamiltonian flow

Properties of compatible smooth structures on stratified symplectic
P P yme Leftschetz decomposition

Existence of Hamiltonian flow Il

Theorem

Given a Hamiltonian function H € C*°(X) and a point x € X
there exists a uniqgue smooth curve ~ : (—¢,¢) — X such that
forany f € C>°(X) we have

d
SH0O(0) = {H, 1},

The decomposition of X into strata of equal dimension can be
defined by the Poisson algebra of smooth functions.
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Existence of Hamiltonian flow

Properties of compatible smooth structures on stratified symplectic "
P p ymp Leftschetz decomposition

Outline

e Properties of compatible smooth structures on stratified
symplectic spaces

@ Leftschetz decomposition
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Existence of Hamiltonian flow

Properties of compatible smooth structures on stratified symplectic "
P p ymp Leftschetz decomposition

Leftschetz decomposition of (X))

Let L be the wedge multiplication by w.
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Brylinski-Poisson homology
Existence of Hamiltonian flow

Properties of compatible smooth structures on stratified symplectic "
P p ymp Leftschetz decomposition

Leftschetz decomposition of (X))

Let L be the wedge multiplication by w.

Pok(X2) := {a € Q"*(X2")| L**1w = 0}.
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Brylinski-Poisson homology
Existence of Hamiltonian flow
Leftschetz decomposition

Properties of compatible smooth structures on stratified symplectic.

Leftschetz decomposition of (X))

Let L be the wedge multiplication by w.

Pok(X2) := {a € Q"*(X2")| L**1w = 0}.

We have the following decomposition for k > 0

Q" K(X2") = Pn_i(X*") @ L(Pn_k—2(X*") & - --

QMH(X2N) = L(Pok (X*") & LT (Pri—2(X*") @ - -
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THANK YOU!

H.V.LE, P. SOMBERG AND J. VANZURA, Smooth structures on
pseudomanifolds with isolated conical singularities,

arXiv:1006.5707.
H. V. LE P. SOMBERG AND J. VANZURA, Poisson smooth

structures on stratified symplectic spaces, arXiv:1011.0462.
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