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Delzant theorem as a classification scheme

Some classification schemes are still possible when additional data is considered
(toric manifolds). Toric manifolds are a particular example of integrable system.

Theorem (Delzant)
Toric manifolds are classified by Delzant’s polytopes. More specifically, the
bijective correspondence between these two sets is given by the image of the

moment map: {toric manifolds} −→ {Delzant polytopes}
(M2n, ω,Tn, F ) −→ F (M)

Moment map for the T2-action on CP 2 given by (eiθ1 , eiθ2 ) · [z0 : z1 : z2] := [z0 : eiθ1 z1 : eiθ1 z2]
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Special submanifolds

Definition (Lagrangian submanifold)
Given a symplectic manifold (M,ω), a submanifold L ⊂M is called
Lagrangian if i∗(ω) = 0 with i : L ↪→M the inclusion. Lagrangian
submanifolds satisfy: TpSω = TpS

Examples:
A curve on an orientable surface.
A fiber of the moment map on a toric manifold.
The zero section of the cotangent bundle T ∗M .
The fibers of an integrable system.

Other important submanifolds are:
coisotropic when TpSω ⊂ TpS.
isotropic when TpS ⊂ TpSω.

Miranda (UPC) b-symplectic manifolds September 21, 2021 4 / 50



Integrability and dynamical systems

Importance of integrability of the associated system and dynamical properties of
its solutions such as stability.

Integrable system
A set of functions f1, . . . , fn on (M2n, ω) such that

f1, . . . , fn Poisson commute, i.e., {fi, fj} = 0,∀i, j.

df1 ∧ · · · ∧ dfn 6= 0.

The mapping F : M2n −→ Rn given by F = (f1, . . . , fn) is called moment map.
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Coupling two simple harmonic oscillators

Phase space: (T ∗(R2), ω = dx1 ∧ dy1 + dx2 ∧ dy2).
Total energy:

H = 1
2(y2

1 + y2
2) + 1

2(x2
1 + x2

2)
.
H = h is a sphere S3.

We have rotational symmetry on this sphere  the angular momentum is a
constant of motion, L = x1y2 − x2y1, XL = (−x2, x1,−y2, y1) and

XL(H) = {L,H} = 0.
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Classical integrable systems

The compact regular level sets of an integrable system F = (f1, . . . , fn)
on a symplectic manifold are tori (Liouville tori).

Theorem (Liouville-Mineur-Arnold)
Semilocally around a Liouville torus:

There exist coordinates (action-angle) (p1, . . . , pn, θ1, . . . , θn) with
values in Bn ×Tn such that ω =

∑n
i=1 dpi ∧ dθi.

The level sets of the coordinates p1, . . . , pn correspond to the
Liouville tori of F .

The problem of global existence of action-angle variables is related to
monodromy and the Chern class of the fibration given by the moment map.
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The Liouville-Mineur-Arnold theorem for symplectic
manifolds

Figure: Liouville tori

In action-angle coordinates (pi, θi) the fibers of F are the tori {pi = ci}
and the symplectic structure is simple (Darboux) ω =

∑n
i=1 dpi ∧ dθi.
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Semilocal and global toric actions

Definition (Hamiltonian action)
Let G be a compact Lie group acting symplectically on (M,ω).
The action is Hamiltonian if there exists an equivariant map µ : M → g∗

such that for each element X ∈ g,

− dµX = ιX#ω, (1)

with µX =< µ,X >.
The map µ is called the moment map.

Moment maps and reduction provide an effective tool to study symmetries
in geometrical models in mechanics.
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Torus actions in the proof

1 Topology of the foliation. The fibration in a neighbourhood of a
compact connected fiber is a trivial fibration by compact fibers

2 These compact fibers are tori: We recover a Tn-action tangent to the
leaves of the foliation This implies a process of uniformization of
periods.

Φ : Rr × (Tr ×Bs) → Tr ×Bs

((t1, . . . , tr),m) 7→ Φ(1)
t1 ◦ · · · ◦ Φ(r)

tr (m).
(2)

3 We prove that this action is symplectic (we use the fact that if Y is a
complete vector field of period 1 and ω is a symplectic form for which
L2
Y ω = 0, then LY ω = 0).

4 As ω is exact in a neighbourhood of the Liouville torus the action is
Hamiltonian.

5 To construct action-angle coordinates we use Darboux-Carathéodory
theorem and the constructed Hamiltonian action of Tn to drag normal
forms from a neighbourhood of a point to a neighbourhood of a fiber.
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Toric symplectic manifolds

Theorem (Delzant)
Toric manifolds are classified by Delzant’s polytopes. The bijective
correspondence between these two sets is given by the image of the

moment map: {toric manifolds} −→ {Delzant polytopes}
(M2n, ω,Tn, F ) −→ F (M)

µ = h

R

CP2 µ

(t1, t2) · [z0 : z1 : z2] = [z0 : eit1z1 : eit2z2]
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Liouville-Mineur-Arnold via cotangent lifts

Cotangent lifts
Given a Lie group action ρ : G×M −→M, its cotangent lift to T ∗M is
Hamiltonian with moment map

µ : T ∗M → g∗, 〈µ(α), X〉 = 〈λ|α, X#
T∗M |α〉

with λ the Liouville one-form.

Example
For M = G = Tn and the action is translations of the torus on itself the moment
map is

µ : Tn ×Rn ∼= T ∗Tn → t∗ ∼= Rn : (θ, p) 7→ p.

In particular:

Cotangent model in the symplectic case
Semilocally around a Liouville torus, an integrable system is equivalent to the
moment map of the cotangent lift of the action by translations of Tn on itself.

Miranda (UPC) b-symplectic manifolds September 21, 2021 14 / 50



The solar system
‘‘We revolve around the Sun like any other planet.’’

1514, Nicolaus Copernicus.
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The solar system
Kepler: Planets spin in elliptical orbits.
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The n-body problem

The n-body problem describes the movement of n bodies under mutual
attraction.

Integrable for n = 2: The Hamiltonian function is

H(x1, x2, p1, p2) := Ekin − U = ‖p1‖2

2m1
+ ‖p2‖2

2m2
− U.

where U := Gm1m2
1

‖x2−x1‖ is the gravitational potential. Integrals:
1 Total linear momentum: The problem reduces to determining the

relative position r = x2 − x1.
2 Total angular momentum: makes the problem planar.
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Examples to keep in mind of b-Poisson manifolds

A Radko surface.

The product of (R, πR) a Radko compact surface with a compact
symplectic manifold (S, ω) is a b-Poisson manifold.
corank 1 Poisson manifold (N, π) and X Poisson vector field ⇒
(S1 ×N, f(θ) ∂∂θ ∧X + π) is a b-Poisson manifold if,

1 f vanishes linearly.
2 X is transverse to the symplectic leaves of N .

We then have as many copies of N as zeroes of f .
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Poisson Geometry of the critical hypersurface
This last example is semilocally the canonical picture of a b-Poisson structure .

1 The critical hypersurface Z has an induced regular Poisson structure of
corank 1.

2 There exists a Poisson vector field v transverse to the symplectic foliation
induced on Z (modular vector field).

3 (Guillemin-M. Pires) Z is a mapping torus with glueing diffeomorphism the
flow of v.
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Recall: Singular forms

A vector field v is a b-vector field if vp ∈ TpZ for all p ∈ Z. The
b-tangent bundle bTM is defined by

Γ(U, bTM) =
{

b-vector fields
on (U,U ∩ Z)

}

The b-cotangent bundle bT ∗M is (bTM)∗. Sections of Λp(bT ∗M)
are b-forms, bΩp(M).The standard differential extends to

d : bΩp(M)→ bΩp+1(M)

A b-symplectic form is a closed, nondegenerate, b-form of degree 2.
This dual point of view, allows to prove a b-Darboux theorem and
semilocal forms via an adaptation of Moser’s path method because
we can play the same tricks as in the symplectic case.
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Geometrical invariants

Theorem (Mazzeo-Melrose)
The b-cohomology groups of a compact M are computable by

bH∗(M) ∼= H∗(M)⊕H∗−1(Z).

Corollary (Classification of b-symplectic surfaces à la Moser)
Two b-symplectic forms ω0 and ω1 on an orientable compact surface are
b-symplectomorphic if and only if [ω0] = [ω1].

Indeed,

bH∗(M) ∼= H∗Π(M)
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b-integrable systems

Definition
b-integrable system A set of b-functionsa f1, . . . , fn on (M2n, ω) such that

f1, . . . , fn Poisson commute.

df1 ∧ · · · ∧ dfn 6= 0 as a section of Λn(bT ∗(M)) on a dense subset of M and
on a dense subset of Z

ac log |x| + g

Example
The symplectic form 1

hdh ∧ dθ defined on the interior of the upper hemisphere
H+ of S2 extends to a b-symplectic form ω on the double of H+ which is S2.
The triple (S2, ω, log|h|) is a b-integrable system.

Example
If (f1, . . . , fn) is an integrable system on M , then (log |h|, f1, . . . , fn) on
H+ ×M extends to a b-integrable on S2 ×M .
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Action-angle coordinates for b-integrable systems
The compact regular level sets of a b-integrable system are (Liouville) tori.

Theorem (Kiesenhofer-M.-Scott)
Around a Liouville torus there exist coordinates
(p1, . . . , pn, θ1, . . . , θn) : U → Bn ×Tn such that

ω|U = c

p1
dp1 ∧ dθ1 +

n∑
i=2

dpi ∧ dθi, (3)

and the level sets of the coordinates p1, . . . , pn correspond to the Liouville
tori of the system.

Reformulation
Integrable systems semilocally ! twisted cotangent lifta of a Tn action
by translations on itself to (T ∗Tn).

aWe replace the Liouville form by log |p1|dθ1 +
∑n

i=2 pidθi.
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Proof

1 Topology of the foliation. In a neighbourhood of a compact connected fiber
the b-integrable system F is diffeomorphic to the b-integrable system on
W := Tn ×Bn given by the projections p1, . . . , pn−1 and log |pn|.

2 Uniformization of periods: We want to define integrals whose
(b-)Hamiltonian vector fields induce a Tn action. Start with Rn-action:

Φ : Rn × (Tn ×Bn) → Tn ×Bn

((t1, . . . , tn),m) 7→ Φ(1)
t1 ◦ · · · ◦ Φ(n)

tn (m).

Uniformize to get a Tn action with fundamental vector fields Yi.
3 The vector fields Yi are Poisson vector fields (check LYiLYiω = 0).
4 The vector fields Yi are Hamiltonian with primitives σ1, . . . , σn ∈bC∞(W ).

In this step the properties of b-cohomology are essential.Use this action to
drag a local normal form (Darboux-Carathéodory) in a whole
neighbourhood.
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Towards a b-Delzant theorem: Surfaces and circle actions

Surfaces and circle actions
The only orientable compact surfaces admitting an effective action by
circles are S2 and T2 and the action is equivalent to the standard action by
rotations.

In the symplectic case the rotation on the T2 cannot be Hamiltonian (only
symplectic).

dθ1 ∧ dθ2( ∂

∂θ1
, ·) = dθ2.

In the b-symplectic case, the toric surfaces are either the sphere or the
torus.
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The S1-b-sphere

Example
(S2, ω = dh

h ∧ dθ), with coordinates h ∈ [−1, 1] and θ ∈ [0, 2π]. The
critical hypersurface Z is the equator, given by h = 0. For the S1-action
by rotations, the moment map is µ(h, θ) = log |h|.

µ = log |h|
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The S1-b-torus

Example
On (T2, ω = dθ1

sin θ1
∧ dθ2), with coordinates: θ1, θ2 ∈ [0, 2π]. The critical

hypersurface Z is the union of two disjoint circles, given by θ1 = 0 and
θ1 = π. Consider rotations in θ2 the moment map is µ : T2 −→ R2 is
given by µ(θ1, θ2) = log

∣∣∣1+cos(θ1)
sin(θ1)

∣∣∣ .

µ
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bR
Consider the topological space
bR ∼= (Z× R)/{(a, (−1)a∞) ∼ (a+ 1, (−1)a∞)}. and the local charts
{x̂
∣∣
{a}×R, ŷa}a∈Z where x̂(a, x) = x and ŷa : ((a− 1, 0), (a, 0))→ R,

ŷa =

 − exp ((−1)ax̂/w(a)) in ((a− 1, 0), (a− 1, (−1)a−1∞))
0 at (a− 1, (−1)a−1∞)

exp ((−1)ax̂/w(a)) in ((a, (−1)a−1∞), (a, 0))
.

the function w : Z→ R>0 associates some weights to the connected components
of the critical hypersurface and is determined by the modular periods of each
component.
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b-surfaces and their moment map

A toric b-surface is defined by a smooth map f : S −→ bR or
f : S −→ bS1 (a posteriori the moment map).
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Classification of toric b-surfaces

Theorem (Guillemin, M., Pires, Scott)

A toric b-symplectic surface is equivariantly b-symplectomorphic to either
(S2, Z) or (T2, Z), where Z is a collection of latitude circles.

The action is the standard rotation, and the b-symplectic form is
determined by the modular periods of the critical curves and the
regularized Liouville volume.

The weights w(a) of the codomain of the moment map are given by de
modular periods of the connected components of the critical hypersurface.
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b-toric actions

Definition
An action of Tn on a b-symplectic manifold (M,ω) is a Hamiltonian
action if:

for each X ∈ t, the b-one-form ιX#ω is exact ( i.e., has a primitive
HX ∈ bC∞(M) = {ci log |f |+ g}).
for any X,Y ∈ t, we have ω(X#, Y #) = 0.

The action is toric if it is effective and the dimension of the torus is half
the dimension of M .

b-moment map µ such that

< µ(p), X >= HX(p),

but we have to allow µ(p) to take values of ±∞, so we need to extend the
pairing to accommodate that as we did in the case of circle actions.
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Existence of b-moment maps

Theorem (Guillemin, M., Pires, Scott)
Let (M,Z, ω,Tn) be a b-symplectic manifold with an effective
Hamiltonian toric action. For an appropriately-chosen bt∗ or bt∗/〈a〉, there
is a moment map µ : M → bt∗ or µ : M → bt∗/〈a〉.

Example
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Figure: The moment map µ surjects onto bt∗/〈2〉.
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Space for notes
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From local to global....

We can reconstruct the b-Delzant polytope from the Delzant polytope on a
mapping torus via symplectic cutting in a neighbourhood of the critical
hypersurface.

This information can be recovered by doing reduction in stages: Hamiltonian
reduction of an action of Tn−1

Z and the classification of toric b-surfaces.
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The semilocal model

Fix bt∗ with wt(1) = c.
For any Delzant polytope ∆ ⊆ t∗Z with corresponding symplectic toric
manifold (X∆, ω∆, µ∆), the semilocal model of the b-symplectic
manifold as

Mlm = X∆ × S1 × R ωlm = ω∆ + c
dt

t
∧ dθ

where θ and t are the coordinates on S1 and R respectively. The S1 × TZ
action on Mlm given by (ρ, g) · (x, θ, t) = (g · x, θ + ρ, t) has moment map
µlm(x, θ, t) = (t, µ∆(x)).
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Space for notes
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A b-Delzant theorem

Theorem (Guillemin,M.,Pires, Scott)
The maps that send a b-symplectic toric manifold to the image of its moment map

{(M,Z, ω, µ : M → bt∗)} → {b-Delzant polytopes in bt∗} (4)

and

{(M,Z, ω, µ : M → bt∗/〈N〉)} → {b-Delzant polytopes in bt∗/〈N〉} (5)

are bijections.

Toric b-manifolds can be of two types:

1 bT2 ×X (with X a toric symplectic manifold of dimension (2n− 2))
2 bS2 ×X and manifolds obtained via symplectic cutting (for instance,
mCP 2#nCP 2, with m,n ≥ 1).
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A b-Delzant theorem

µ = log |h|
µ

Guillemin-M.-Pires-Scott
There is a one-to-one correspondence between b-toric manifolds and b-Delzant
polytopes. Toric b-manifolds are either:

bT2 ×X (X a toric symplectic manifold of dimension (2n− 2)).

obtained from bS2 ×X via symplectic cutting.
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Space for notes
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Classical vs. Quantum: Another love story.

1 Classical systems
2 Observables C∞(M)
3 Bracket {f, g}

1 Quantum System
2 Operators in H (Hilbert)
3 Commutator [A,B]h = 2πi

h (AB −BA)
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Geometric Quantization in a nutshell

(M2n, ω) symplectic manifold with integral [ω].

(L,∇) a complex line bundle with a connection ∇ such that
curv(∇) = −iω (prequantum line bundle).

A real polarization P is a Lagrangian foliation. Integrable systems provide
natural examples of real polarizations.

Flat sections equation: ∇Xs = 0, ∀X tangent to P.

Definition
A Bohr-Sommerfeld leaf is a leaf of a polarization admitting global flat sections.

Example: Take M = S1 × R with ω = dt ∧ dθ, P =< ∂
∂θ >, L the trivial bundle

with connection 1-form Θ = tdθ  ∇Xσ = X(σ)− i < Θ, X > σ  Flat
sections: σ(t, θ) = a(t).eitθ  Bohr-Sommerfeld leaves are given by the condition
t = 2πk, k ∈ Z.
Liouville-Mineur-Arnold ! this example is the canonical one.
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Quantization via action-angle coordinates

Theorem (Guillemin-Sternberg)
If the polarization is a regular fibration with compact leaves over a simply
connected base B, then the Bohr-Sommerfeld set is given by,
BS = {p ∈M, (f1(p), . . . , fn(p)) ∈ Zn}where f1, . . . , fn are global action
coordinates on B.

For toric manifolds the base B is the image of the moment map.

Quantization
“Quantize” these systems counting Bohr-Sommerfeld leaves. For integrable
systems Bohr-Sommerfeld leaves are just “integral” Liouville tori.
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b-Bohr-Sommerfeld leaves

Example
Consider on the toric b-sphere: Bohr-Sommerfeld leaves near a connected
component of Z in the local model ω∆ + cdtt ∧ dθ correspond to
c log(|h|) = −n thus h = e−n/c or h = −e−n/c.

Flat sections are given by s(h, θ) = f(h)eic log(|h|)θ with f analytically flat
for |h| = e−n/c and c is the weight of the connected component of Z.
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b-Bohr-Sommerfeld leaves

Theorem (Mir-M.-Weitsman, 2021)
Let (M,Z, ω) be a 2n-dimensional b-toric symplectic manifold, and
µ : M → B its moment map with B simply connected. Then there exists
a globally defined system of action coordinates f1, . . . , fn on B; and, for
any p, q ∈ B in the Bohr-Sommerfeld set, we can assume that
f1(p) = · · · = fn(p) = 0 and f1(q), . . . , fn(q) are integers.
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Definition of formal quantization

Assume M is non-compact but φ proper:
Let ZT ∈ t∗ be the weight lattice of T and α a regular value of the
moment map.
If T acts freely the reduced space Mα = φ−1(α)/T is a prequantizable
symplectic manifold and [Q,R] = 0 asserts that Q(M)α = Q(Mα) where
Q(M)α is the α-weight space of Q(M). We define the formal
quantization of M as Q(M) =

⊕
αQ(Mα)

Theorem (Braverman-Paradan)
Q(M) = ind(∂)
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Formal quantization of b-symplectic manifolds

A b-symplectic manifold is prequantizable if:

M \ Z is prequantizable
The cohomology classes given under the Mazzeo-Melrose
isomorphism applied to [ω] are integral.

Theorem (Guillemin-M.-Weitsman)
Q(M) exists.
Q(M) is finite-dimensional.

Idea of proof
Q(M) = Q(M+)

⊕
Q(M−)

and an ε-neighborhood of Z does not contribute to quantization.
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Formal quantization of b-symplectic manifolds

Q(M) =
⊕
α

Q(M//αT )α,

where the sum is taken over all weights α of T.
also

Theorem (Braverman, Loizides, Song)
Formal geometric quantization of b-symplectic manifolds is the index of an
operator.
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A happy end

Theorem (Mir-M.-Weitsman, 2021)
For b-toric symplectic manifolds Formal geometric quantization=
Geometric Quantization.
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