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Delzant theorem as a classification scheme

Some classification schemes are still possible when additional data is considered
(toric manifolds). Toric manifolds are a particular example of integrable system.
-

Theorem (Delzant)

Toric manifolds are classified by Delzant's polytopes. More specifically, the
bijective correspondence between these two sets is given by the image of the
{toric manifolds} — {Delzant polytopes}
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Special submanifolds

Definition (Lagrangian submanifold)

Given a symplectic manifold (M, w), a submanifold L C M is called
Lagrangian ith 1 : L < M the inclusion. Lagrangian
submanifolds satisfy: 7),$% — 1},&;

. \ . Jb: W
Examples: S'AJMP)M%?M@ - % %%(M/ )

@ A fiber of the moment map on a toric manifold.
-

@ The zero section of the cotangent bundle 7% M.
@ The fibers of an integrable system.

Other important submanifolds are: — >
@ coisotropic when 7,5 C T,,S.
@ isotropic when 7,5 C 71,5%.
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Integrability and dynamical systems

X

sy e |\ = D% . }
Impor%La\Ance c;}Bintegrability%c;#c\he associated system and dynamical properties of
its solutions such as stability.

Integrable system

A set of functions f1,..., f, on (M?" w) such that DH"’ _Lh N (J(

oty

)

 fi,....fn Poisson commute, i.e/, {fi, f;} =0,Yi,j. _ 4#) d\ \%]
o dfi A--- Adfy #0. ——T 2N

The mapping F : M?" — R™ given by F' = (f1,..., f.) is called moment map.
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Coupling two simple harmonic oscillators

@ Phase space: (T*(R?),w = dzy A dy; + dza A dys).
@ Total energy:

1 1
H = 5(?/% +u3) + i(l'%JrfL'%)

@ H = his a sphere S3.

We have rotational symmetry on this sphere ~» the angular momentum is a
constant of motion, L = z1ys — xoy1, X1 = (—x2, %1, —Y2,y1) and

X (H)={L,H} =0,
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Classical i rable systems

The compact regular level sets of an integrable system F' =7f1,..., fn)
on a symplectic manifold are tori (Liouville tori).

Theorem (Liouv

Semilocally around a Liouville torus:
@ There exist coordinates (action-angle) (p1,...,pn,01,...,0,) with
values in B™ x T™) such that w = >_;" | dp; N db;.
@ | The level sets of the coordinates p1, ..., p, correspond to the
Liouville tori of F'. )

The problem of global existence of action-angle variables is related to
monodromy and the Chern class of the fibration given by the moment map.
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The Liouville-Mineur-Arnold theorem for symplectic
manifolds

Figure: Liouville tori

In action-angle coordinates (p;, 0;) the fibers of F' are the tori {p; = ¢;}
and the symplectic structure is simple (Darboux) w = >"7" | dp; A db;.
N\Nj
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Semilocal and global toric actions

Definition (Hamiltonian action)

Let G be a compact Lie group acting symplectically on (M, w).

The action is Hamiltonian if there exists an equivariant map p: M — g*

such that for each element X € g,
— dp = 1xpw,

with pX =< p, X >.
The map p is called the moment map.

(1)

Moment maps and reduction provide an effective tool to study symmetries

in geometrical models in mechanics.
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Torus actions in the proof

@ Topology of the foliation. The fibration in a neighbourhood of a
compact connected fiber is a trivial fibration by compact fibers
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Torus actions in the proof

@ Topology of the foliation. The fibration in a neighbourhood of a
compact connected fiber is a trivial fibration by compact fibers

@ These compact fibers are tori: We recover a T"-action tangent to the
leaves of the foliation This implies a process of uniformization of
periods.

¢ : R"x(T"xB*) — T'xB*
(1) (r) (2)
((tr,... tr),m) = dylo---0®’(m).
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Torus actions in the proof

@ Topology of the foliation. The fibration in a neighbourhood of a
compact connected fiber is a trivial fibration by compact fibers

@ These compact fibers are tori: We recover a T"-action tangent to the
leaves of the foliation This implies a process of uniformization of
periods.

¢ : R"x(T"xB*) — T'xB*
(1) (r) (2)
((tr,... tr),m) = dylo---0®’(m).

© We prove that this action is symplectic (we use the fact that if Y is a
complete vector field of period 1 and w is a symplectic form for which
L3w =0, then Lyw = 0).
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Torus actions in the proof

@ Topology of the foliation. The fibration in a neighbourhood of a
compact connected fiber is a trivial fibration by compact fibers

@ These compact fibers are tori: We recover a T"-action tangent to the
leaves of the foliation This implies a process of uniformization of
periods.

¢ : R"x(T"xB*) — T'xB*
(1) (r) (2)
((tr,... tr),m) = dylo---0®’(m).

© We prove that this action is symplectic (we use the fact that if Y is a
complete vector field of period 1 and w is a symplectic form for which
L3w =0, then Lyw = 0).

© As w is exact in a neighbourhood of the Liouville torus the action is
Hamiltonian.
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Torus actions in the proof

@ Topology of the foliation. The fibration in a neighbourhood of a
compact connected fiber is a trivial fibration by compact fibers

@ These compact fibers are tori: We recover a T"-action tangent to the
leaves of the foliation This implies a process of uniformization of

periods.
¢ : R"x(T"xB*) — T'xB* )
((t1,. . tp),m) q)gll)o---otl)g)(m).

© We prove that this action is symplectic (we use the fact that if Y is a
complete vector field of period 1 and w is a symplectic form for which
L3w =0, then Lyw = 0).

© As w is exact in a neighbourhood of the Liouville torus the action is
Hamiltonian.

© To construct action-angle coordinates we use Darboux-Carathéodory
theorem and the constructed Hamiltonian action of T™ to drag normal
forms from a neighbourhood of a point to a neighbourhood of a fiber.
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Toric symplectic manifolds

Theorem (Delzant)

Toric manifolds are classified by Delzant's polytopes. The bijective
correspondence between these two sets is given by the image of the

toric manifolds} \ — [ { Delzant polytopes
moment map: {(MZ” W TP F)} . { F(M) )

— R 7m¢0m biaw ~yp

I

CP?

(t1,t2) - [20 : 21 : z2) = [20 : etz ”222]
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Liouville-Mineur-Arnold via cotangent lifts

Cotangent lifts
Given a Lie group action p: G x M — M, its cotangent lift to T*M is
Hamiltonian with moment map

p:T*M — g%, (u(a),X) = (A avX#*A,i|a>

with \ the Liouville one-form.

Example

| A\

For M = G = T™ and the action is translations of the torus on itself the moment
map is

p: T x R =T*T" - t* = R": (6,p) — p.

N

In particular:

Cotangent model in the symplectic case

Semilocally around a Liouville torus, an integrable system is equivalent to the
moment map of the cotangent lift of the action by translations of T" on itself.
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The solar system

‘‘We revolve around the Sun like any other planet.’’
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The solar system

Kepler: Planets spin in elliptical orbits.
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The n-body problem

The n-body problem describes the movement of n bodies under mutual
attraction. ~

P
\O @

Integrable for n = 2: The Hamiltonian functi

lpall” | llp2ll®
+

H = Egin —U =
(z1, 22, p1,p2) kin 2my | 2my

where U= lemQW is the gravitational potential. Integrals:

\\0 Total linear momentum: The problem reduces to determining the
remmg — x1.
AN
Q@ Total angular mo tum: makes the problem planar.
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Examples to keep in mind of b-Poisson manifolds

@ A Radko surface.

@ The product of (R, 7r) a Radko compact surface with a compact
symplectic manifold (S,w) is a b-Poisson manifold.

@ corank 1 Poisson manifold (N, 7) and X Poisson vector field =
(ST x N, f(0)2% A X + ) is a b-Poisson manifold if,

© f vanishes linearly.
@ X is transverse to the symplectic leaves of N.

We then have as many copies of N as zeroes of f.

Miranda (UPC) b-symplectic manifolds September 21, 2021
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Poisson Geometry of the critical hypersurface

This last example is semilocally the canonical picture of a b-Poisson structure .

@ The critical hypersurface Z has an induced regular Poisson structure of
corank 1.

@ There exists a Poisson vector field v transverse to the symplectic foliation
induced on Z (modular vector field).

© (Guillemin-M. Pires) Z is a mapping torus with glueing diffeomorphism the
flow of w.
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Recall: Singular forms

@ A vector field v is a b-vector field if v, € T,,Z for all p € Z. The
b-tangent bundle *T'M is defined by

N b-vector fields
LU, 'TM) = { on (U,UNZ) }

@ The b-cotangent bundle *T*M is (*TM)*. Sections of AP(*T* M)
are b-forms, QP (M ).Thggt,,and,ard ,cii,ff,e[efnjcjfa_’lwg)icends to

d : °QP(M) — *QPT(M) 1

@ A b-symplectic form is a closed, nondegenerate, b-form of degree 2.

@ This dual point of view, allows to prove a b-Darboux theorem and
semilocal forms via an adaptation of Moser’s path method because
we can play the same tricks as in the symplectic case.

Miranda (UPC) b-symplectic manifolds September 21, 2021 21 / 50



Space for notes

Miranda (UPC) b-symplectic manifolds September 21, 2021 22 / 50



Geometrical invariants

Theorem (Mazzeo-Melrose)
The b-cohomology groups of a compact M are computable by

YH*(M) = H*(M)® HY(2).

(Gn)lereyn =TT By, 2004

Corollary (Classification of b-symplectic surfaces a la Moser)

Two b-symplectic forms wgy and wi on an orientable compact surface are
b-symplectomorphic if and only if [wy] = [wi].

Indeed,

bH*(M) = H}j (M)
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b-integrable systems

Definition

b-integrable system A set of b-functions? w) such that

@ f1,...,fn Poisson commute.

@ dfi A--- Adf, # 0 as a section of A"(bT*(M)) on a dense subset of M and

on a dense subset of Z ]q
b- qﬂmﬁm X 5 4[ N er%od% fww/

“cloglz| +g

Example
The symplectic form 1dh A df defined on the interior of the upper hemisphere

H, of S? extends to-a-b-sympléctic form w on the double of H which is S2.
The triple (5%, w, log|h)) is a b-integrable system.

If (f1,-..,fn) is an integrable system on M, then (log |hl, f1,..., f») on
H, x M extends to a b-integrable on S? x M.
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Action-angle coordinates for b-integrable systems

The compact regular level sets of a b-integrable system are (Liouville) tori.

Theorem (Kiesenhofer-M.-Scott)

Around a Liouville torus there exist coordinates
(p1y--sDPny01,...,0,) : U — B™ x T" such that

- 1 n "””*]
“‘QWL o _C;?dpl Adoy+ 3 dpi A db, | 3)
,} wi@ \@ig i=2

and the level sets of the coordinates pr, ..., py correspond to the Liouville
tori of the system.

Reformulation

| A

Integrable systems semilocally «~ twisted cotangent lift? of a T™ action
by translations on itself to (T*T").

*We replace the Liouville form by log [p:[d6: + >, pidf;.

v
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@ Topology of the foliation. In a neighbourhood of a compact connected fiber
the b-integrable system F' is diffeomorphic to the b-integrable system on
W :=T"™ x B™ given by the projections p1,...,p,—1 and log|pn|.
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@ Topology of the foliation. In a neighbourhood of a compact connected fiber
the b-integrable system F' is diffeomorphic to the b-integrable system on
W :=T"™ x B™ given by the projections p1,...,p,—1 and log|pn|.

@ Uniformization of periods: We want to define integrals whose
(b-)Hamiltonian vector fields induce a T™ action. Start with R"-action:

® : R"x(T"xB") — T"xB"
((trye o stn)ym) = ® om0 d™ (m).

Uniformize to get a T" action with fundamental vector fields Y;.
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@ Topology of the foliation. In a neighbourhood of a compact connected fiber
the b-integrable system F' is diffeomorphic to the b-integrable system on
W :=T"™ x B™ given by the projections p1,...,p,—1 and log|pn|.

@ Uniformization of periods: We want to define integrals whose
(b-)Hamiltonian vector fields induce a T™ action. Start with R"-action:

® : R"x(T"xB") — T"xB"
((trye o stn)ym) = ® om0 d™ (m).

Uniformize to get a T" action with fundamental vector fields Y;.

© The vector fields Y; are Poisson vector fields (check Ly, Ly,w = 0).
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@ Topology of the foliation. In a neighbourhood of a compact connected fiber
the b-integrable system F' is diffeomorphic to the b-integrable system on
W :=T"™ x B™ given by the projections p1,...,p,—1 and log|pn|.

@ Uniformization of periods: We want to define integrals whose
(b-)Hamiltonian vector fields induce a T™ action. Start with R"-action:

® : R"x(T"xB") — T"xB"
((trye o stn)ym) = ® om0 d™ (m).
Uniformize to get a T" action with fundamental vector fields Y;.
© The vector fields Y; are Poisson vector fields (check Ly, Ly,w = 0).

@ The vector fields Y; are Hamiltonian with primitives oy, ..., 0, €*C>(W).
In this step the properties of b-cohomology are essential.Use this action to
drag a local normal form (Darboux-Carathéodory) in a whole
neighbourhood.
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Towards a b-Delzant theorem: Surfaces and circle actions

Surfaces and circle actions

The only orientable compact surfaces admitting an effective action by
circles are/S? and T? and the action is equivalent to the standard action by
rotations.

In the symplectic case the rotation on the T? cannot be Hamiltonian (only
symplectic).

In the b-symplectic case,
torus.
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The S'-b-sphere

Example

with coordinates h € [—1,1] and 6 € [0,27]. The
ace Z is the equator, given by h = 0. For the S'-action

by rotations, the moment map is u(h,0) = log |h|.

N

p = log Al
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The S'-b-torus

2)) with coordinates: 61,6, € [0, 27]. The critical
union of two disjoint circles, given by 6; = 0 and

#, = w. Consider rotations in 65 the moment map is p : T2 — R2 s
1+cos(61)
Sin(el) .

given by u(61,02) = log

v
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Consider the topological space
"R = (Z xR)/{(a,(—1)%x0) ~ (a+1,(—~1)%0)}. and the local charts
{zfc|{a}xR,gja}a€Z where Z(a,x) =z and §, : ((a — 1,0), (a,0)) = R,

—exp ((=1)%%/w(a)) in ((a —1,0),(a —1,(—1)*"1x0))
Jo = 0 at (a -1, (71)(1—100)
exp ((~1)%/w(a)) i ((a (~1)*1o0), (a,0))

the function w : Z — R+ associates some weights to the connected components
of the critical hypersurface and is determined by the modular periods of each

component.

wt(—1) wt(1) wt(3)

VAN FAN VAN !

N/ N/ N/ i

wt(—2) wt(0) wt(2)
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b-surfaces and their moment map

A toric b-surface is defined by a smooth map f : S — °R or
f: 8 — 'S! (a posteriori the moment map). Q%W(th%j O;é
/) n

ek

my m3 ms
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Classification of toric b-surfaces

Theorem (Guillemin, M., Pires, Scott)

A toric b-symplectic surface is equivariantly b-symplectomorphic to either
(S2,7) or (T?,Z), where Z is a collection of latitude circles.

The action is the standard rotation, and the b-symplectic form is
determined by the modular periods of the critical curves and the
regularized Liouville volume.

The weights w(a) of the codomain of the moment map are given by de
modular periods of the connected components of the critical hypersurface.
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b-toric actions

An action of T™ on a b-symplectic manifold (M,w) is a Hamiltonian
action if:

e for each X € t, the b-one-form ¢y #w is exact ( i.e., has a primitive
Hx € *C®(M) = {cilog|f| + g})-
e for any X,Y € t, we have w(X# Y#) = 0.
The action is toric if it is effective and the dimension of the torus is half
the dimension of M.

b-moment map w such that

< p(p), X >= Hx(p),

but we have to allow u(p) to take values of +00, so we need to extend the
pairing to accommodate that as we did in the case of circle actions.
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Existence of b-moment maps

Theorem (Guillemin, M., Pires, Scott)

Let (M, Z,w,T™) be a b-symplectic manifold with an effective
Hamiltonian toric action. For an appropriately-chosen t* or °t* /(a), there
is a moment map p: M — °t* or pu: M — t*/{(a).

Example

~,

4

1

Figure: The moment map p surjects onto °t*/(2).
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From local to global....

We can reconstruct the b-Delzant polytope from the Delzant polytope on a
mapping torus via symplectic cutting in a neighbourhood of the critical
hypersurface.

This information can be recovered by doing reduction in stages: Hamiltonian
reduction of an action of ']I‘%71 and the classification of toric b-surfaces.
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The semilocal model

Fix °t* with wt(1) = c.

For any Delzant polytope A C t7, with corresponding symplectic toric
manifold (Xa,wa, pa), the semilocal model of the b-symplectic
manifold as

dt
Mlm:XAXSIXR wlm:wA—kc?AdH

where 6 and t are the coordinates on S' and R respectively. The S! x T
action on My, given by (p,g) - (z,0,t) = (g - x,0 + p,t) has moment map
,Uflm(xv 07 t) = (t7 :U'A(x))
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A b-Delzant theorem

Theorem (Guillemin,M.,Pires, Scott)

The maps that send a b-symplectic toric manifold to the image of its moment map

{(M, Z,w,p: M — )} — {b-Delzant polytopes in °t*} (4)
and
{(M, Z,w, i : M — bt /(N))} — {b-Delzant polytopes in °t*/(N)}  (5)
are bijections. )

Toric b-mapifolds can be of two types:

(with X a toric symplectic manifold of dimension (2n — 2))

S? x X and manifolds obtained via symplectic cutting (for instance,
P2FHnCP2, with m,n > 1).

e | Pt Bibp e

September 21, 2021 38 / 50
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A b-Delzant theorem

S—
‘,u = log hm

"
_—

1
.

Guillemin-M .-Pires-Scott

There is a one-to-one correspondence between b-toric manifolds and b-Delzant
polytopes. Toric b-manifolds are either:

@ 'T? x X (X a toric symplectic manifold of dimension (2n — 2)).

@ obtained from ”S? x X via symplectic cutting.
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Classical vs. Quantum: Another love sto

@ Classical systems @ Quantum System
@ Observables C*° (M) @ Operators in H (Hilbert)
© Bracket {f, g} © Commutator [A, B];, = &% (AB — BA)

V) - ABGy- B
S“'“ “dw,

T T G - et <
L ;L‘lwcm'vvr..k [
kaé

u_.k e )‘“""’),W 0‘1‘4“(0 M‘(kl?lk)-g (M £
<_:l"ﬂ,,\w T }/ug (et waE
ol :

(logr-nrog Pple- v\).
W

anT

'y rb-:__wr

“At this point we notice that this equation is i
beautifully simplified if we assume that "l still don't understand quantum theory."
space-time has 92 dimensions.”
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Geometric Quantization in a nutshell

@ (M?*" w) symplectic manifold with integral [w].
@ (L, V) a complex line bundle with a connection V such that
curv(V) = —iw (prequantum line bundle).
@ A real polarization P is a Lagrangian foliation. Integrable systems provide

natural examples of real polarizations.

Flat sections equation: Vxs = 0, VX tangent to P.

Definition

A Bohr-Sommerfeld leaf is a leaf of a polarization admitting global flat sections.

Example: Take M = S' x R with w = dt A df, P =< % >, IL the trivial bundle
with connection 1-form © = tdf ~» Vxo = X(0) —i < ©, X > o ~~Flat
sections: o(,0) = a(t).e"” ~~ Bohr-Sommerfeld leaves are given by the condition
t =2nk,k € Z.

Liouville-Mineur-Arnold «~ this example is the canonical one.
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Quantization via action-angle coordinates

Theorem (Guillemin-Sternberg)

If the polarization is a regular fibration with compact leaves over a simply
connected base B, then the Bohr-Sommerfeld set is given by,

BS={pe M, (fi(p),..., [n(p)) € Z"}where f1,..., f, are global action
coordinates on B.

For toric manifolds the base B is the image of the moment map.

Quantization

“Quantize” these systems counting Bohr-Sommerfeld leaves. For integrable
systems Bohr-Sommerfeld leaves are just “integral” Liouville tori.
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b-Bohr-Sommerfeld leaves

Example

Consider on the toric b-sphere: Bohr-Sommerfeld leaves near a connected
component of Z in the local model wa + c% A df correspond to
clog(|h|) = —n thus h = e~/ or h = —e~"/¢.

N

Flat sections are given by s(h,8) = f(h)e*co2(P)? with f analytically flat
for |h| = e="/¢ and c is the weight of the connected component of Z.
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b-Bohr-Sommerfeld leaves

Theorem (Mir-M.-Weitsman, 2021)

Let (M, Z,w) be a 2n-dimensional b-toric symplectic manifold, and

w: M — B its moment map with B simply connected. Then there exists
a globally defined system of action coordinates f1,..., f, on B; and, for
any p,q € B in the Bohr-Sommerfeld set, we can assume that

filp) =--- = fu(p) =0 and f1(q), ..., fu(q) are integers.
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Definition of formal quantization

Assume M is non-compact but ¢ proper:

Let Z € t* be the weight lattice of T and « a regular value of the
moment map.

If T acts freely the reduced space M, = ¢~'(a)/T is a prequantizable
symplectic manifold and [@, R] = 0 asserts that Q(M ), = Q(M,,) where
Q(M), is the a-weight space of Q(M). We define the formal
quantization of M as Q(M) = @, Q(M,)

Theorem (Braverman-Paradan)

Q(M) = ind(9)
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Formal quantization of b-symplectic manifolds

A b-symplectic manifold is prequantizable if:

e M\ Z is prequantizable

@ The cohomology classes given under the Mazzeo-Melrose
isomorphism applied to |w] are integral.

Theorem (Guillemin-M.-Weitsman)

® Q(M) exists.
e Q(M) is finite-dimensional.

Idea of proof

QM) = Q(M4) P Q(M-)

and an e-neighborhood of Z does not contribute to quantization.
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Formal quantization of b-symplectic manifolds

QM) =P Q(M//aT)a,

where the sum is taken over all weights o of T
also

Theorem (Braverman, Loizides, Song)

Formal geometric quantization of b-symplectic manifolds is the index of an
operator.
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Theorem (Mir-M.-Weitsman, 2021)

For b-toric symplectic manifolds Formal geometric quantization=
Geometric Quantization.
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