LIMIT SUPERIOR AND LIMIT INFERIOR

Ideas/Defs
Let:
e LCR
epcEF (ie.V6>0,Ns(p)NE#D)
e f: E — R be a function.
Define functions s,i: (0,00) — R by
s(6) = sup{f(z):z € N;s(p)NE} which is an increasing function of §
i(6) = inf{f(z):2z€ N;(p)NE} which is an decreasing function of ¢ .

Now define (and examine)

limsup f (z) "2 Tim f (z) © im s(6) = lm  sup flz) " inf sup  f(x) €
z—p =P §—07F §—=0% ze N} (p)nE 0>0 e N} (p)NE
liminf £ () "2 lim f (z) ©F im i(0) = lim  inf (z) "2 sup inf f(z) €

T—p z—p d—0+ d—0t 2eNg(p)NE §>0 zENg(p)NE

=)
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Claim 1. lim,_ f(z) <lim,_, f (z)

====z—p

Claim 2. If f is bounded on Nj (p) N E for some ¢ > 0, then lim, ., f (z) , lim,—, f (z) €R.

Claim 3. Let Rx_)p f(z) eR.

Iimf(z)<B <+= Ve>0 36>0 VzeNj(ppnE , f(z)<B+e
T—p

Claim 4. Let Ez_m f(z) eR.

Iimf(z)>B <+= Ve>0 V¥5>0 JxeNj(p)nE , B—-c<f(z)
T—p

Claim 5. Let lim,_, f(z) € R.

———I—p

limf(z)>a <= Ve>0 3I6>0 VreNs(p)NE , a—ec<f(z)

r—p

Claim 6. Let lim,  f(z) € R.

= —p

limf(z)<a <= Ve>0 V6>0 dxeNs(p)NE , f(r)<a+e

Tr—p

Claim 7. lim,  f(z) = —lim,—, (—f) (z)

—_———T %p

Claim 8. lim,_,, f (z) exists in the extended sense (i.e. in R) < lim, ., f (z) = limg ., f (2).

In this case, lim, ,, f (z) = limy—, f (z) = lim, ., f ().



Corollary. Let lim,_,, f (z) € R. Then lim,_,, f (z) = 3 if and only if

Ve>0 36>0 VzeNs(p)NE , f(x)<B+e
and
Ve>0 V¥§>0 JzeNs(p)NE , B-e<f(z)

Corollary. Let lim, ,, f (z) € R. Then lim,_, f (z) = « if and only if

r—p

Ve>0 36>0 VeeNsj(p)NE , a—c< f()
and
Ve>0 V6>0 JzeNs(p)NnE , f(z)<a+te

Claim 9. There exists a sequence {by},—; s.t.
(1) by € E\{p} VkeN
(2) limg—oo be = p
(3) limy—oo f (b) = limg—y f (2) -
Also, there exists a sequence {ag}p; s.t.
(1) ar € E\{p} VkeN
(2) limg_ooar =p
(3) limy—oo f (ax) = lim,_,, f ().
Claim 10. Let {zy};-, be a sequence s.t.
(1) zp € E\ {p} VkeN

(2) limp ooz = p

(3) limg— oo f (z1) exists in the extended sense.

Then
. @ ny
lim f(r) < lim f () < Fmf(s)
T—p —00 T—p
Claim 11.
lim f (z) = sup {klim f(xg) :xp € E\{p} , klim Tp=p, klim f(x) exists in }A%}
T—p —00 —00 —00
lim f (z) = inf {klim f(zg): zp € EN\{p} , klim Tp=p, klirn f(xg) exists in ﬁ}
T—p —0o0 —00 —00
Claim 12.
. ) 2 (Claim 1) ___ (¢) — _
lim f (z) + limg(z) < lm (f+g)(x) < lim (f +¢)(z) < lm f(z) + lim g (z)
T—p z—p z—p =P r—=p =P
even more ....

lim f(2) + lmg(e) < lim(f+9)(@) < lmf() + Tmg) < Tm(f+g)() < mf() + g

T—p Tx—p r—p T—p T—p T—p T—p



