
limit superior and limit inferior

Ideas/Defs

Let:

• E ⊂ R
• p ∈ E′ ( i.e. ∀δ > 0 , N ′

δ (p) ∩ E 6= ∅ )

• f : E → R be a function.

Define functions s, i : (0,∞)→ R by

s (δ) = sup
{
f (x) : x ∈ N ′

δ (p) ∩ E
}

which is an increasing function of δ

i (δ) = inf
{
f (x) : x ∈ N ′

δ (p) ∩ E
}

which is an decreasing function of δ .

Now define (and examine)

lim sup
x→p

f (x) notation= lim
x→p

f (x) def= lim
δ→0+

s (δ) = lim
δ→0+

sup
x∈N ′δ(p)∩E

f (x) Thm 2.1.9= inf
δ>0

sup
x∈N ′δ(p)∩E

f (x) ∈ R̂

lim inf
x→p

f (x) notation= lim
x→p

f (x) def= lim
δ→0+

i (δ) = lim
δ→0+

inf
x∈N ′δ(p)∩E

f (x) Thm 2.1.9= sup
δ>0

inf
x∈N ′δ(p)∩E

f (x) ∈ R̂ .

Claim 1. limx→p f (x) ≤ limx→p f (x)

Claim 2. If f is bounded on N ′
δ (p) ∩ E for some δ > 0, then limx→p f (x) , limx→p f (x) ∈ R .

Claim 3. Let limx→p f (x) ∈ R.

lim
x→p

f (x) ≤ β ⇐⇒ ∀ε > 0 ∃δ > 0 ∀x ∈ N ′
δ (p) ∩ E , f (x) < β + ε

Claim 4. Let limx→p f (x) ∈ R.

lim
x→p

f (x) ≥ β ⇐⇒ ∀ε > 0 ∀δ > 0 ∃x ∈ N ′
δ (p) ∩ E , β − ε < f (x)

Claim 5. Let limx→p f (x) ∈ R.

lim
x→p

f (x) ≥ α ⇐⇒ ∀ε > 0 ∃δ > 0 ∀x ∈ N ′
δ (p) ∩ E , α− ε < f (x)

Claim 6. Let limx→p f (x) ∈ R.

lim
x→p

f (x) ≤ α ⇐⇒ ∀ε > 0 ∀δ > 0 ∃x ∈ N ′
δ (p) ∩ E , f (x) < α+ ε

Claim 7. limx→p f (x) = − limx→p (−f) (x)

Claim 8. limx→p f (x) exists in the extended sense (i.e. in R̂) ⇐⇒ limx→p f (x) = limx→p f (x).

In this case, limx→p f (x) = limx→p f (x) = limx→p f (x).
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Corollary. Let limx→p f (x) ∈ R. Then limx→p f (x) = β if and only if

∀ε > 0 ∃δ > 0 ∀x ∈ N ′
δ (p) ∩ E , f (x) < β + ε (3)

and

∀ε > 0 ∀δ > 0 ∃x ∈ N ′
δ (p) ∩ E , β − ε < f (x) (4)

Corollary. Let limx→p f (x) ∈ R. Then limx→p f (x) = α if and only if

∀ε > 0 ∃δ > 0 ∀x ∈ N ′
δ (p) ∩ E , α− ε < f (x) (5)

and

∀ε > 0 ∀δ > 0 ∃x ∈ N ′
δ (p) ∩ E , f (x) < α+ ε (6)

Claim 9. There exists a sequence {bk}∞k=1 s.t.

(1) bk ∈ E \ {p} ∀k ∈ N
(2) limk→∞ bk = p

(3) limk→∞ f (bk) = limx→p f (x) .

Also, there exists a sequence {ak}∞k=1 s.t.

(1) ak ∈ E \ {p} ∀k ∈ N
(2) limk→∞ ak = p

(3) limk→∞ f (ak) = limx→p f (x) .

Claim 10. Let {xk}∞k=1 be a sequence s.t.

(1) xk ∈ E \ {p} ∀k ∈ N
(2) limk→∞ xk = p

(3) limk→∞ f (xk) exists in the extended sense.

Then

lim
x→p

f (x)
(2)

≤ lim
k→∞

f (xk)
(1)

≤ lim
x→p

f (x) .

Claim 11.

lim
x→p

f (x) = sup
{

lim
k→∞

f (xk) : xk ∈ E \ {p} , lim
k→∞

xk = p , lim
k→∞

f (xk) exists in R̂

}
lim
x→p

f (x) = inf
{

lim
k→∞

f (xk) : xk ∈ E \ {p} , lim
k→∞

xk = p , lim
k→∞

f (xk) exists in R̂

}
Claim 12.

lim
x→p

f (x) + lim
x→p

g (x)
(2)

≤ lim
x→p

(f + g) (x)
(Claim 1)
≤ lim

x→p
(f + g) (x)

(1)

≤ lim
x→p

f (x) + lim
x→p

g (x)

even more ....

lim
x→p

f (x) + lim
x→p

g (x)
(2)

≤ lim
x→p

(f + g) (x)
(4)

≤ lim
x→p

f (x) + lim
x→p

g (x)
(3)

≤ lim
x→p

(f + g) (x)
(1)

≤ lim
x→p

f (x) + lim
x→p

g (x)
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