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Universitat Politècnica de Catalunya

seara@ma2.upc.es

Typeset by LATEX and redblue c© 2002,
a document class designed by José Luis Ruiz.
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Abstract

Geometric separators are useful for fields in which discrimination and/or
classification is required. A finite set S of surfaces is a separator for colored
object sets in �d if the connected components in �d � S are monochro-
matic. As suggested by Houle, this notion can be extended to cases in
which strict separability is not possible. Megiddo and Houle solved the
linear separability decision problem for sets of points or circles in linear
time. Bhathacharya, Boissonnat et al., O’Rourke et al. and Fish studied
the circular separability problem. Edelsbrunner and Preparata studied the
problem of convex polygonal separators.

In this thesis several criteria on separability of geometrical object sets are
examined. We consider geometric separability problems for two or more
object sets in the plane, and we also study some problems in three dimen-
sional space. We study the wedge, strip, and double wedge separability
problems, giving optimal time algorithms for computing all feasible so-
lutions. We show that jumping from linear separability to separability
involving two lines, we pay a log n factor in the complexity of the algo-
rithms. As applications, we improve the computation of all the largest
circles separating two sets of segments by a log n factor; we generalize the
Edelsbrunner and Preparata algorithm for computing the minimum-edge
polygonal separator of two sets of points to two sets of segments or circles;
and we solve an open problem posed by Edelsbrunner and Preparata about
triangle separability. We study the constant-turn polygonal line separabil-
ity problem, maximizing the turn angle and minimizing the number of
edges.

We describe efficient algorithms for the following problems: 1) deciding
the separability with two wedges or strips; 2) finding a minimum cardi-
nality separator set of parallel lines or rays with common apex for k � 2
point sets as well as deciding the existence of specific separators: k � 1 par-
allel lines, k rays with common apex, k lines through a point, and two or
three lines; 3) minimizing the number of misclassified points when only
one strip or only one wedge is used and, computing the wedges with one
misclassified point. Finally, we extend some separability criteria to 3D and
we show algorithms solving these separability problems.
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Resumen

Los separadores geométricos son útiles en los campos en los que se que
necesita discriminar y/o separar objetos. Un conjunto finito S de superficies
es un separador de conjuntos de objetos en �d si las componentes conexas
de �d � S contienen objetos de un sólo conjunto. Houle sugiere que este
concepto se puede extender a aquellos casos en los que no es posible la
separabilidad estricta. Megiddo y Houle resolvieron el problema decisional
de la separabilidad lineal para conjuntos de puntos o cı́rculos en tiempo
lineal. Bhathacharya, Boissonnat et al., O’Rourke et al. y Fish estudiaron
el problema de la separabilidad circular. Edelsbrunner y Preparata estudiaron
la separabilidad con poligonales convexas.

En esta tesis se estudian criterios de separabilidad de objetos geométricos.
Consideramos la separabilidad geométrica de dos o más conjuntos de ob-
jectos en el plano, haciendo también una incursión en el espacio. Estu-
diamos la separabilidad por cuña, banda y doble cuña dando algoritmos
óptimos para calcular todas las soluciones factibles. Mostramos que al pasar
de la separabilidad lineal a la separabilidad con dos rectas, añadimos un fac-
tor logarı́tmico en la complejidad de los algoritmos. Como aplicaciones:
mejoramos el cálculo de los cı́rculos mayores que separan dos conjuntos de
segmentos con un factor logarı́tmico, generalizamos el algoritmo de Edels-
brunner y Preparata para calcular el mı́nimo separador poligonal de dos
conjuntos de puntos a dos conjuntos de segmentos o cı́rculos; y resolvemos
un problema abierto por Edelsbrunner y Preparata sobre la cota inferior en
la separabilidad por un triángulo. Estudiamos la separabilidad por poligo-
nales de giro constante con ángulo máximo y mı́nimo número de aristas.

Describimos algoritmos eficientes para los siguientes problemas: 1) decidir
la separabilidad con dos cuñas o bandas; 2) calcular el mı́nimo número de
rectas paralelas o de rayos con vértice común que separan k � 2 conjuntos de
puntos ası́ como decidir la existencia de separadores especı́ficos: k � 1 rectas
paralelas, k rayos con vértice común, k rectas concurrentes, y dos o tres rec-
tas; 3) minimizar el número de puntos mal clasificados con una banda o una
cuña y calcular las cuñas con un único punto mal clasificado. Por último,
extendemos algunos criterios de separabilidad al espacio y obtenemos los
algoritmos que resuelven estos problemas.
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Resum

Els separadors geomètrics són útils en els camps on cal separar/discriminar
objectes. Un conjunt finit S de superfı́cies és un separador de conjunts d’ob-
jectes a �d si les components connexes de �d�S contenen objectes de només
un tipus determinat. Houle suggereix que aquest concepte es pot estendre
a casos on no és possible la separabilitat en sentit estricte. Megiddo i Houle
van resoldre en temps lineal el problema decisional de la separabilitat li-
neal per a conjunts de punts o cercles. Bhathacharya, Boissonnat et al.,
O’Rourke et al. i Fish van estudiar el problema de la separabilitat circu-
lar. Edelsbrunner i Preparata van estudiar la separabilitat amb poligonals
convexes.

En aquesta tesi s’estudien criteris de separabilitat d’objectes geomètrics.
Es considera la separabilitat geomètrica de dos o més conjunts d’objec-
tes del pla, i es fa alguna incursió a l’espai. S’estudia la separabilitat per
falca, banda i doble falca i es donen algorismes òptims per calcular totes
les solucions factibles. Es mostra que al passar de la separabilitat lineal a
la separabilitat amb dues rectes hi ha un cost logarı́tmic afegit a la com-
plexitat dels algorismes. Com a aplicacions, es millora el càlcul dels cercles
màxims que separen dos conjunts de segments amb un factor logarı́tmic; es
generalitza l’algorisme d’Edelsbrunner i Preparata per a calcular el mı́nim
separador poligonal de dos conjunts de punts a dos conjunts de segments o
cercles; i es resol un problema obert per Edelsbrunner i Preparata sobre la
fita inferior a la separabilitat per un triangle. S’estudia la separabilitat per
poligonals de gir constant amb angle màxim i nombre d’arestes mı́nim.

Es descriuen algorismes eficients per als problemes següents: 1) decidir la
separabilitat per dues falques o bandes; 2) calcular el mı́nim nombre de
rectes paral.leles o de raigs amb vèrtex comú que separen k � 2 conjunts
de punts, aixı́ com decidir l’existència de separadors especı́fics: k � 1 rectes
paral.leles, k raigs amb vèrtex comú, k rectes concurrents, i dos o tres rectes;
3) minimitzar el nombre de punts mal classificats amb una banda o una
falca i calcular les falques amb un únic punt mal classificat. Finalment,
s’estenen alguns criteris de separabilitat a l’espai i s’obtenen algorismes
que resolen aquests problemes.
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Introduction

1.1 What is Computational Geometry?

Once upon a time, around the 1970’s, Computational Geometry was born.
Some people in the community establish that the father was M. Shamos
with his Ph.D. thesis at Yale University in 1978 [71], others would say
that it really happened ten years earlier with the Ph.D. thesis of R. Forrest
at Cambridge University in 1968 [39]. History would answer that Compu-
tational Geometry started with the Greeks. Accepting all the possibilities,
the important observation is that actually computational geometry has be-
come a great area of research with a lot of papers and important workshops
and conferences around the world.

In a narrow sense computational geometry is concerned with computing
geometric properties of sets of geometric objects. In a broader sense compu-
tational geometry is concerned with the design and analysis of algorithms
for solving geometric problems. In a deeper sense it is the study of the
inherent computational complexity of geometric problems under various
models of computation.

1.1.1 Standard references

In the last twenty years a lot of text books on computational geometry have
appeared containing the basic ideas and algorithms and the starting points
to delve into the subject. Two copies of some of books are necessary, one for
the office and the other one to keep at home, since one never knows when
some basic idea appears as a part of the algorithm one is trying to find for
solving some problem one has in mind all the time. Among them, I would
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like to cite the book by Preparata and Shamos [66] which can be consid-
ered as an introductory book and has enough basic material. The book by
Edelsbrunner [32] contains many aspects of combinatorial geometry.

Nice books appearing recently include the text by M. de Berg and al. [14]
and the text by Boissonnat and Yvinec [19], both of which are written
in a very understandable way letting the reader catch quickly the ideas
developed in algorithms and theorems. For a wider overview of the differ-
ent areas included in computational geometry and a bibliography of many
papers in the subject, one can consult one of the two handbooks of com-
putational geometry: see Goodman and O’Rourke [43] or Sack and Ur-
rutia [70]. These are quite helpful when one tries to see what is known
about some aspect of computational geometry, with recent results and the
corresponding papers.

There are more specific books that develop some particular areas. For ex-
ample, the text by Mulmuley [58] focuses on randomized algorithms. The
books by Pach [63] and by Pach and Agarwal [64] summarize some of the
most recent developments in discrete and computational geometry, with
special emphasis on those questions where the intersection between the
two disciplines is strongest. The book by Sharir and Agarwal [72] focuses
in similar direction.

A nice and simple introduction (recommended for beginners) about com-
putational geometry is the paper with the same title by Toussaint [80], in
which he draws a comparison between classical constructive geometry ver-
sus modern computational geometry. Also the text by O’Rourke [60] is a
nice introductory book. In [79] Toussaint deals with the relation between
computational geometry and computer vision.

Two special surveys about the actual impact of computational geometry and
the new directions of research have been written in 1996 by different work-
ing groups. The first one [74], Strategic directions in Computational Geometry,
outlines the evolution of computational geometry, discusses strategic re-
search directions with emphasis on methodological issues, and proposes
a framework for interaction between computational geometry and related
applied fields. The second survey [20], Application challenges to computational
geometry (also known as the CG impact task force report), assesses the opportu-
nities and challenges this presents for the field of computational geometry
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in the years ahead. The intention is to engage the community in a discus-
sion on the future of computational geometry.

1.2 Geometric separability

Computational geometry deals with many different problems, most com-
ing from practical problems in the real world. The problems are now clas-
sified as well-defined topics, including: point location, range searching,
Voronoi diagrams, arrangements, Delaunay triangulations, geometric date
structures, convex hulls, binary space partitions, robot motion planing, vis-
ibility graphs, etc. We are interested in some geometrical problems which
are concerned with the two related concepts: Shattering and Separability.
The separability of geometrical objects can be considered under very dif-
ferent aspects. We outline here some of them, citing some representative
papers.

Given a collection F of convex sets, an element A � F and a sub-collection
S of F, we say that a line L separates A from S if A is contained in one of the
closed half planes defined by L and every set in S is contained in the other
closed half plane. For any positive integer k, let N � N�k� be the minimum
integer such that in any family of N disjoint convex plane sets, there is one
that can be separated from a subfamily of F with at least k sets. Bounds
for N�k� have been studied by Czyzowicz et al. [22, 23] for different special
cases of convex sets.

A practical problem is separating an object from its cast. In casting the
following two problems can be addressed: (1) Given a cast for an object
and a direction d, can the cast be partitioned into two parts such that
the parts can be removed in directions d and �d, respectively, without
colliding with the object or the other cast part? (2) How can one find a
direction d such that the above cast partitioning can be done? Necessary
and sufficient conditions for both problems are given by Ahn et al. [2],
along with algorithms to decide them for polyhedral objects.

Separability is also related to the problem of moving sets of objects (e.g.,
line segments, polygons, and polyhedra) without allowing collision be-
tween the objects. One class of such problems considers the separability of
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sets of objects under different kinds of motions and various definitions of
separation. Toussaint [82] surveys this area of research in a tutorial fashion,
presenting new results, and providing a list of open problems and sugges-
tions for further research.

A related problem is separating two simple polygons by a single transla-
tion; i.e., given two disjoint simple polygons, determine if one of them
can be moved by a single translation to a position sufficiently far from the
other one and compute all such motions. Toussaint [81] solves this prob-
lem, improving previous results. Toussaint and ElGindy [83] studied a
particular case that corresponds to two simple polygons monotonic in two
given directions, showing a linear-time algorithm to determine whether
the polygons are separable with a single translation in at least one of the
directions perpendicular to the given ones. The translational motion plan-
ning of a convex polyhedron B in 3-space amidst k convex polyhedral ob-
stacles with pairwise disjoint interiors is studied by Aronov and Sharir [7];
they give combinatorial complexity bounds on the free configuration space
(space of all the collision-free placements) of B and also derive an efficient
randomized algorithm that constructs this configuration space.

Shattering is a special type of separability, with the restriction that each
separated object is within a single cell of the subdivision of space defined
by separators. The problem of finding a subdivision that shatters a set of
objects is called the shattering problem. A set of hyperplanes shatters a set of
objects if the subdivision induced by their arrangement shatters the object
set. The minimum cardinality shattering problem consists of finding an
arrangement of the fewest lines whose arrangement decomposes the plane
into monochromatic cells; this problem is known to be NP-complete [41].
The shattering problem has been studied by Freimer in his thesis [40].
Other references on the shattering problem are the papers by Nandy [59]
and by Efrat and Schwarzkopf [35]. The former proposes an algorithm for
shattering a set of disjoint line segments of arbitrary length and orientation
placed arbitrarily in the plane. The second paper gives a simple randomized
algorithm to construct the set of all separators for a given set S of line
segments, provided the ratio between the diameter of S and the length
of a shortest line segment is bounded by a constant; also a randomized
algorithm to determine a set of lines shattering S is given.
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Now, we consider the following problem: assume that we are given two
disjoint sets of objects in the space, classified as red objects and blue objects.
Does a surface of some specific type exists that separates the red objects
from the blue objects? This question can be asked for different kinds of
objects and separators in spaces of any dimension. Much attention has been
given to the problem of finding specific types of separating surfaces for sets
of points. More concretely, in image analysis, statistics, and other fields in
which discrimination and/or classification is required, it is useful to have
some geometric separator. We say that a finite set S of surfaces is a separator
for disjoint sets of objects in �d if every connected component in �d � S

contains objects only from one of the sets. We also say that each connected
component is monochromatic. It can also be extended to cases in which strict
separability is not possible, as suggested by Houle [45]. Decision and
optimization problems in this area have attracted much attention.

If S is a straight line separating two sets of objects, the sets are line separa-
ble. The linear separability is the most natural notion of separability. Two
object sets are line separable if, and only if, their convex hulls do not inter-
sect [73]. It is well known that the decision problem of linear separability
for two disjoint sets of points, segments, polygons or circles can be solved
in linear time [45, 56]. Everett, Robert and Kreveld [36] consider the
problem of finding a straight line that separates two disjoint sets of points
(red and blue) such that the sum of the number of red points above the line
and the number of blue points below the line is minimized.

A circle separates two planar object sets if it encloses one of the sets and
its open interior disk does not meet the other set. A separating circle is a
largest one if it cannot be locally increased while still separating the two
given sets. Bhathacharya, Boissonnat et al., O’Rourke et al. and Fish have
studied the case in which S is a circle (the circular separability problem),
considering also the problem of finding the smallest and largest such sepa-
rators [15, 18, 17, 38, 62].

Mitchell [57] provides a polynomial-time approximation algorithm for the
following problem: Given finite sets of red and blue points in the plane,
determine a simple polygon of fewest edges that separates the red points
from the blue points; he calls this problem the Red-Blue Separation Prob-
lem. Fekete [37] has shown that it is NP-complete to determine if there
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exists a simple polygon having k sides such that all the red points lie
within the polygon and all the blue points lie outside. Edelsbrunner and
Preparata [34] considered the problem of convex polygonal separators, i.e.,
finding a convex polygon with the minimum number of sides separating
two given finite point sets if it exists; they gave algorithms both for the
decision problem and the problem of minimizing the number of edges in
the separator. A related problem is to determine whether there exists a
convex polygon separating two nested simple polygons. This is a different
problem because we know the order of the edges of the polygons. In [1, 84]
the authors give optimal algorithms for finding a minimum-vertex poly-
gon that separates two nested simple polygons. In three dimensions, Das
and Goodrich [24] and Das and Joseph [25, 26] show that finding a convex
polyhedron that nests between two concentric convex polyhedra such that
it has the minimum number of faces is NP-complete.

Some separability criteria involve a set of separators. Asano et al. [9]
study the following problem: Given a 2-coloring of the vertices of a reg-
ular n-gon, how many parallel lines are needed to separate the vertices in
monochromatic subsets? They prove tight upper bounds and also provide
an algorithm to determine the direction that gives the minimum number
of lines.

In the literature there is a class of problems, usually denoted by the red-
blue problems, which are not essentially separability problems but in many
cases they can give a measure of separability. We mention some of them.
Dumitrescu and Pach [31] show bounds for partitioning any two colored
set of points in general position in the plane into monochromatic subsets,
whose convex hulls are pairwise disjoint. The analogous question for more
than two colored sets of points is also considered. Tokunaga [76] solves the
following problem: Given a set of blue and a set of red points, there exist a
spanning tree of the blue points and a spanning tree of the red points that
do not intersect if, and only if, the red and blue points do not alternate
in the sequence of points which forms the convex hull of the red and blue
points. Akiyama and Urrutia [3] study the problem of computing a simple
alternating path for a set of red and blue points, i.e., a sequence of points
such that consecutive points have different colors and the path does not
intersect itself.
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The main objective of this thesis is to find simple separability criteria (with
low complexities) that apply to the case that object sets are not linearly
separable. We are interested in both the decision problem and the problem
of computing all the feasible solutions. The criteria we seek are defined by a
constant number of lines or half lines dividing the space in monochromatic
regions.

1.3 Contributions of this thesis

In this thesis we study some geometrical separability problems for two or
more object sets in the plane, making also a incursion in three dimensional
space. Usually, we have two object sets R and B classified as red and blue
objects respectively, which we try to separate (discriminate-classify) by the
best simple separator.

The most natural notion of separability in the plane is by means of a line;
when that is possible we say that B and R are line separable. It is well known
that the decision problem of linear separability for sets of points, segments,
polygons or circles can be solved in linear time [45, 56]. For line separable
object sets we consider the problem of computing all the feasible solutions.

If the sets R and B are not line separable we study some alternative criteria,
such as the separability by a wedge, by a strip or by a double wedge. These
criteria involve the separability by two lines or half lines. We study these
separability criteria, giving O�n log n� time algorithms for computing all
the feasible solutions for each one of the above separators.

In the wedge separability problem we compute the region of the plane
formed by the vertices of separating wedges and, additionally, the wedges
with the maximum and minimum angle. If the angle of the wedge is ex-
actly Π, we have the linear separability problem. For the strip separability
problem we compute the set of slope intervals of strips and, additionally,
the narrowest and the widest strips. We solve the double wedge separabil-
ity problem by computing the region of the plane formed by the vertices
of the double wedges. The locus of vertices of the double wedges is formed
by a linear number of quadrilaterals. The double wedge separability is also
meaningful in the case that the sets are wedge separable.
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We show that all these separators (wedge, strip and double wedge) have
	�n log n� time lower bounds including the cases in which some kind of
constraints are given. We see that when we jump from linear separability
(one line) to separability involving two lines (including also some additional
information), we have to pay a log n factor in the complexity of the algo-
rithms, both for the decision problem and for the problem of computing
all feasible solutions.

These results have some nice applications: we improve the computation of
all the largest circles separating two sets of line segments by a log n fac-
tor [18], we generalize the algorithm of Edelsbrunner and Preparata [34]
for computing a minimum-edge polygonal separator of two sets of points
to two sets of line segments or circles with the same running time and we
solve an open problem posed by Edelsbrunner and Preparata [34] about
the lower time bound for the triangle separability problem. A tool used for
solving the wedge separability let’s extend the notion of maximal point [66]
by defining the maximal and minimal points with respect to a (bounded or
unbounded) convex polygonal region in 2D and 3D [46].

Another criterion of separability is radial separability: given B, R and a point
p, we order radially from p the points of B
R obtaining a separation of B
R
by sectors formed by a star of rays from p such that each ray corresponds to
a color change in the radial order from p. The corresponding optimization
problem would be computing the point p from where we see radially B
R
with minimum number of sectors. This problem generalizes some of the
problems mentioned earlier because if the minimum is two, the sets are
wedge separable, while if the minimum is four and the sectors are defined
by two intersecting lines, then the sets are double wedge separable.

If the sets B and R are not line separable a natural question is to ask about
the separability by a polygonal line. Fekete studied the minimum-link red-
blue separation problem, which consists of finding a polygonal separator with
fewest edges that separates B from R [37]; he proved the NP-completeness
of this problem.

We are interested in the separability problem defined by polygonal lines
of constant turn, which we call constant turn separability. A �-polygonal
line is a polygonal line such that all the corners have angle � and it turns
alternatively left and right. Two disjoint sets of objects B and R are constant
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turn separable if there exists a separating �-polygonal line. We study the
constant turn separability problem, giving O�n log n� time algorithms for
computing the separating �-polygonal line with maximum angle � and
also with the minimum number of edges. We observe that two given sets
B and R can always be separated by a �-polygonal line for � small enough.
However, we are interested in maximizing the angle, because if the angle
� is close to Π, we get an approximation of linear separability.

In the case that the sets B and R are not separable by one wedge or one
strip, it is natural to ask about whether the separability with two wedges
or with two strips is possible. Also we can address the question of minimiz-
ing the number of wedges or strips needed to separate B and R. Working
on these questions, we describe efficient algorithms for the following prob-
lems: deciding the separability with two wedges or with two strips; finding
a minimum cardinality separator set of parallel lines; computing a mini-
mum cardinality set of separator rays having a common apex; minimizing
the number of misclassified points when only one strip is used or minimiz-
ing the number of misclassified points when only one wedge is used; and,
computing the wedges with exactly one misclassified point.

Of course it makes sense to ask the same kind of questions for more than
two sets of objects. Let C1, . . . , Ck be finite disjoint point sets in the plane;
we refer to Ci as the set of points of color i and ni � �Ci�, n � n1 �� � nk.
A separator S for the sets C1, . . . , Ck is a curve such that every connected
component in �2�S contains points only from someCi, i.e., each connected
component is monochromatic. We consider the separation problem for k > 2.

Our results include efficient algorithms for finding minimum cardinality
separators by means of parallel lines and by means of rays having a common
apex. We also provide efficient algorithms for deciding the existence of
some specific separators: k � 1 parallel lines, k rays with common origin, k

lines through a point (where the cells are taken in the projective sense, i.e.,
opposite quadrants would correspond to the same projective cell), and by
two or three lines (for 2  k  4 and 2  k  7 respectively), i.e., shattering
the sets of points in monochromatic regions by two or three lines.

Finally, we consider separability problems in 3D. Now, B and R are disjoint
sets of objects in 3D classified as blue and red objects, respectively. The sets
B and R are separable by a surface in 3D if every connected component of
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�3 � S contains objects only from B or only from R. If S is a plane, we have
the linear separability problem. The decision problem for linear separability
for two disjoint sets of objects (points, segments, polyhedrons or spheres)
in 3D can be solved in linear time [45, 56].

Extending the above separability criteria (wedge, strip, double wedge) we
define the following concepts: slice, wedge, diwedge, triplane, tetrahedral,
prismatic, pyramidal and dipyramidal separability for two disjoint sets of
points. Hence, there are many more interesting questions on separability
in 3D as compared to 2D. We show algorithms solving these separability
problems. For each one we consider the problem of deciding whether that
particular separability problem is feasible, which is probably equivalent to
finding one solution to the problem, and also the problem of finding all
feasible solutions.

1.3.1 Organization of this Thesis

Chapter 2 presents the wedge separability and the strip separability problems
in the plane. We consider two disjoint sets of objects classified as blue and
red objects. The objects are either points, segments, polygons or circles.

Chapter 3 presents the double wedge separability and the constant turn separa-
bility problems. We solve the double wedge separability problem for two
disjoint sets of objects in the plane, giving an optimal O�n log n� time al-
gorithm for computing the region formed by the vertices of the double
wedges. We study the constant turn separability of two disjoint sets of
points in the plane. We give O�n log n� time algorithms for computing
the separating �-polygonal lines with maximum angle and also with the
minimum number of edges.

Chapter 4 shows 	�n log n� time lower bounds for some separability prob-
lems, including: deciding strip or wedge separability (including cases with
some additional constraints), minimizing the number of points misclassi-
fied by a wedge or by a strip, deciding triangle separability (including the
cases with additional constraints), and deciding fixed-slope double wedge
separability.

Chapter 5 develops some problems on the separability of two disjoint point
sets in the plane by means of several strips, wedges, or sectors. We also give
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efficient algorithms for minimizing the number of misclassified points,
when only one strip or only one wedge is used and for computing the
wedges with exactly one misclassified point.

Chapter 6 presents some problems on the separability of k disjoint point
sets in the plane. On one hand, we give algorithms for finding minimum
cardinality separators by means of parallel lines or rays with a common
apex. On the other hand, we show how to decide whether separability is
possible by k � 1 parallel lines, by k rays with same origin, by an arrange-
ment of 2 or 3 lines or, in the projective sense, by k lines through a point.

Chapter 7 presents the problem of separability of two disjoint sets of points
in 3D by multiple criteria, extending some notions of separability of two
disjoint sets of objects in the plane.

There is a Spanish proverb that says una imagen vale más que mil parabras,
i.e., a picture is worth more than a thousand words. One of the most frequent
techniques used in this thesis is a clockwise or counterclockwise line sweep
around a convex polygon. I was very surprised when I saw the picture in
Figure 1.1. It immediately remindedme of the algorithmic technique. The
picture corresponds to the farmhouse Casa Negre de Sant Joan Despı́ from the
architect Josep M. Jujol, built between 1914 and 1930.

1.3.2 Notation

For asymptotic complexity of both combinatorial results and algorithm
running times, we use the common notation O� f �n�� and 	� f �n�� for, re-
spectively, the worst case asymptotic upper and lower bounds. When both
bounds are equal, we use �� f �n��. By Α�n� we denote the inverse of the
Ackermann function.

The sets of blue and red objects are denoted by B and R, respectively, with
the exception of chapter 2, where, for convenience and due to the related
terminology, we adopt the notation P and Q for sets of blue and red objects
respectively.
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Figure 1.1 Casa Negre de Sant Joan Despı́
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Wedge and strip separability

Abstract

In this chapter we study the separability of two disjoint sets of objects in
the plane according to two criteria: wedge separability and strip separability.
We give algorithms for computing all the separating wedges and strips,
the wedges with the maximum and minimum angle, and the narrowest
and the widest strip. The objects we consider are points, segments, poly-
gons and circles. As applications, we improve the computation of all the
largest circles separating two sets of line segments by a log n factor, and
we generalize the algorithm for computing the minimum-edge polygonal
separator of two sets of points to two sets of line segments with the same
running time. In the last section of the chapter (appendix), we extend the
notion of maximal point, defining the maximal and minimal points with
respect to a (bounded or unbounded) convex polygonal region in 2D or in
3D.

2.1 Introduction

Let P and Q be two disjoint sets of objects in the plane classified as blue
and red objects, respectively. The objects we consider are either points,
segments, polygons or circles. If the objects are polygons, n and m represent
the total number of segments of the polygons in P and in Q. In other cases,
n and m are the number of objects in P and Q respectively, and in any case
N � max�n, m�.

Let � be a family of curves in the plane. The sets P and Q are �-separable if
there exists a curve S � � such that every connected component of �2 � S
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contains objects only from P or only from Q. If S is a straight line, the sets P
and Q are line separable. P and Q are line separable if, and only if, their con-
vex hulls do not intersect [73]. The decision problem of linear separability
for any of the above object classes can be solved in O�N� time [45, 56]. In
this chapter we present two criteria of separability: wedge separability and
strip separability.

2.1 Definition Two disjoint object sets P and Q are wedge separable if there
exists a wedge that contains precisely the objects of one of the sets (Figure 2.1a).

a) b)

Figure 2.1 a) Wedge separability, b) strip separability.

The vertex of the wedge is the common extreme of the half-lines. If the
angle of the wedge is exactly Π, we have linear separability. Given P and
Q, we study the problem of deciding whether they are wedge separable,
computing the region of the plane formed by the vertices of separating
wedges, and, additionally, computing the wedges with the maximum and
minimum angle.

2.2 Definition Two disjoint object sets P and Q are strip separable if there
exist two parallel straight lines (a strip) that contain precisely the objects of one of
the sets in between (Figure 2.1b).

If P and Q are strip separable then they are also wedge separable: just
perturb slightly one of the parallel lines. Given P and Q, we study the
problem of deciding whether they are strip separable, computing the set
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of intervals of strip slopes, and, additionally, computing the narrowest and
the widest strips.

In this chapter we show algorithms that solve the wedge and strip sepa-
rability problems in O�N log N� time. In section 2.3 we study the wedge
separability problem for different kinds of objects. As applications, we
improve, by a log N factor, a result in [18] for the computation of all the
largest circles separating two sets of line segments and we generalize the
algorithm in [34] for computing the minimum-edge polygonal separator
of two sets of points to two sets of line segments with the same O�N log N�
running time. In section 2.4 we study the strip separability problem.

2.2 Linear separability

The most natural notion of separability in the plane is by means of a
straight line; when it is possible we say that P and Q are line separable.
It is well known that the decision problem of linear separability for sets of
points, segments, polygons or circles can be solved in ��N� time [45, 56].
For line separable sets of points we determine all the feasible solutions in
��N� time as follows:

1) Assume that P and Q are line separable by a vertical line. In O�N� time
we compute the interior supporting lines of the two sets of points
(without computing the convex hulls) using a prune and search algo-
rithm described in [42] or using linear programming in two variables
(Figure 2.2).

2) Compute the slope interval defined by these supporting lines. The
slope of any separating line has to be within this slope interval.

Moreover, given a slope, s, in O�N� time we determine all the separating
lines with slope s as follows:

1) Assume that s is the vertical slope. Project the points on an horizontal
line l and suppose that all the projected blue points are on the left of
all the projected red points.
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�

Α

Figure 2.2 Slope interval of separating lines.

2) Compute the projected blue point with the largest x-coordinate, com-
pute the projected red point with the smallest x-coordinate, and de-
termine the interval on l defined by these two points. Any separating
line of P and Q with slope s passes through a point of this interval.

This result is also true for disjoint sets of segments and polygons. The cir-
cles case is still open, because it is not clear at all whether we can compute
the interior supporting lines of two disjoint sets of circles in linear time.

2.3 Wedge separability

2.3.1 Separating points by a wedge

Let P � �p1, p2, . . . , pn� and Q � �q1, q2, . . . , qm� be two disjoint point sets in
the plane. Suppose that n, m � 3 and both P and Q have at least three non-
collinear points. If the convex hulls of P and Q, CH�P� and CH�Q�, do not
intersect, the point sets are line separable and therefore wedge separable.
A necessary condition for wedge separability is that the convex hull of one
set has to be monochromatic, i.e., it contains only points of one color. In
O�N log N� time we compute the convex hull of each set and determine if
any of them is monochromatic; otherwise, they are not wedge separable.
Suppose that the sets are not line separable and CH�Q� is monochromatic.
The decision problem for the separability by a wedge with vertex in a given
point can be solved in linear time; the reader is referred to the end of
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subsection 4.4.3. The interesting problem is to compute the region of the
plane formed by vertices of separating wedges.

Tracing the supporting lines from pi � P to CH�Q� we obtain two regions
Ai and Bi (Figure 2.3) that do not contain vertices of separating wedges,
since, otherwise, the wedges would contain the point pi. Conversely, for
any point p in A � B, where A � 
n

i�1Ai and B � 
n
i�1Bi, the wedge formed

by the supporting lines from p to CH�Q� is a separating wedge. Next, we
describe how to compute A � B.

r�i

CH�Q�

Ri
li

ri

l�i

r�i
l�i

Ai

pi
Bi

Li

Figure 2.3 Regions Ai and Bi.

1) Computing A. The region A, as we will see later, is a (possibly un-
bounded) star-shaped polygon whose kernel containsCH�Q�. The boundary
of A is formed by a set of polygonal lines, ���, around CH�Q�. In [34] the
same idea is used to obtain a minimum (in the number of edges) convex
polygon separating two point sets but our goal is to obtain the vertices of
all the separating wedges. We will describe how to obtain ��� because it
is relevant for the rest of the paper. First, we eliminate unnecessary points
of P. We consider the following dominance relation with respect to CH�Q� (the
reader is referred to section 2.5 for a deeper description).

2.3 Definition We say that a point pi dominates a point p j with respect to
CH�Q� (p j �Q pi) if Ai � A j.

The relation �Q is a partial order in P. A point p j is minimal with respect
to CH�Q� if there exists no i, i � j, such that A j � Ai. It is clear that
in the computation of A we only need the minimal points, the rest are
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not necessary. The dominance relation is a generalization of the vectorial
dominance relation [46]. The problem of the computation of minimal points
can be formulated in the language of partial orders [69]. First of all, we
introduce the notation and we order the points of P with respect to CH�Q�.

Notation: Let li (ri) be the supporting line from pi to CH�Q� such that
CH�Q� is on the left (right) side going from pi to CH�Q�. We compute
the supporting lines, their angles and the tangency points Li (Ri) of li (ri)
withCH�Q�. By l�i or l�i we denote the half-line given by li and the tangency
point Li depending on whether or not it contains the point pi. Analogously,
we define r�i and r�i (Figure 2.3).

Ordering points: Let the X axis be the line l1 and let L1 be the first
point of CH�Q�. We order the points of P according to the order of the
half-lines l�i , which are ordered according to: first, the order of Li in CH�Q�
and secondly, by decreasing angle. If there are several points of P sharing a
half-line l�i , the order is given by the proximity to Li. Relabeling pi and r�i
we have the ordering��l�1 , p1, r�1 �, �l

�
2 , p2, r�2 �, . . . , �l�n , pn, r�n �� ,

which in fact corresponds to a clockwise line sweep around CH�Q�. Let
L � �p1, p2, . . . , pn� be the ordered points of P. This process can be done in
O�n log N� time.

Minimal points: A point pi is not a minimal point if it dominates
some point p j. The procedure minimal analyzes the points of P and deletes
the non minimal points. Deciding if p j �Q pi requires constant time, the
number of times the procedure analyzes a point is constant, so the running
time of the procedure is O�n�. Note that the last points can dominate the
first one.

2.4 Lemma The procedure minimal obtains only all the minimal points of P

with respect to CH�Q�.

Proof The procedure only deletes points that dominate other points.
Suppose we have the closed chain obtained by the procedure. If a point pi is
minimal it does not dominate any other point and therefore the procedure
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CH�Q�

pi

p j

pk

l�j

l�i

r�j

Figure 2.4 Minimal points.

minimal

Input: list L (list of the ordered points of P)
Output: list MIN of minimal points
MIN �� L, i �� 1, j �� 2
while j  n do

if p j �Q pi then find first pk in MIN such that p j �Q pk, k  i;
delete �pk, . . . , pi� from MIN

i �� j, j �� j � 1
if p1 �Q pi then find first pk in MIN such that p1 �Q pk, k  i;

delete �pk, . . . , pi� from MIN.

does not delete it. If pi is not minimal then there exists a minimal point
p j such that p j �Q pi with i < j. Note that p j �Q pi if p j follows pi in
clockwise order of l� half-lines and precedes pi in counterclockwise order of
r� lines. A list of minimal points p1, p2, . . . , pk, ordered clockwise according
to l� half-lines, is also ordered counterclockwise according to r� half-lines
p1, p2, . . . , pk. Suppose the procedure p j does not eliminate pi, then there
exist a point pk of the chain such that i < k < j and p j �Q pk. Therefore,
pk belongs to the region delimited by l�i , r�j and l�j (Figure 2.4). Reasoning
similarly, pi�1 belongs to this region and pi�1 will eliminate pi.
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Polygonal lines: By l�i pi and r�i pi we denote the half-lines l�i and
r�i from pi. By ti j we denote the intersection point of the half-lines l�i pi

and r�j p j, and by piti j or ti j p j we denote the segments determined by their
endpoints. The procedure polygonal lines on MIN outputs ���, which
has at most 2n segments and half-lines and it is the boundary between A

and A. The running time of the procedure is O�n�.

polygonal lines

Input: MIN (list of minimal points)
Output: ��� (list of segments and half-lines)
���:=�r�1 p1�, i �� 1, j �� 2
while j  �MIN� do

if � ti j then add �piti j, ti j p j� to ���,
else add �l�i pi, r�j p j� to ���

i �� j, j �� j � 1
if � ti1 then delete �r�1 p1� of ���, add �piti1, ti1 p1� to ���,

else add �l�i pi� to ���.

2) Computing B. The region Bi is delimited by the half-lines l�i and r�i
and part of CH�Q�. If pi �Q p j then B j � Bi, and again we only need the
minimal points. Let pi, pi�1 be consecutive points from MIM. We have the
following cases:

1) pi and pi�1 are linked by ���. The region Bi 
 Bi�1 is delimited by
the half-line r�i , the segments in CH�Q� between Ri and Li�1, and the
half-line l�i�1, (Figure 2.5).

2) pi and pi�1 are the last point and the first point of two consecutive
polygonal lines of ���. In this case we have two different situa-
tions:

a) the half-lines l�i and r�i�1 are parallel and the region Bi 
 Bi�1 is as
in 1);

b) the half-lines l�i and r�i�1 intersect at a point denoted by p�i , the
region Bi 
 Bi�1 is as in 1), but the wedge �l�i p�i , r�i�1 p�i� belongs to
B, as it is showed in Figure 2.6.
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pi�1
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Ri
Bi 
 Bi�1
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l�i�1

r�i
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Figure 2.5 Regions of B.

Note that if P and Q are not line separable then B is formed only by disjoint
wedge regions. Using ��� in O�n� time we can obtain the at most n
disjoint wedges of B. Let L� be the list of ordered points p�i corresponding
to the wedge regions �l�i p�i , r�i�1 p�i� of B. We denote by l�i

� the half-line r�i�1

and by r�i
� the half-line l�i .

3) Computing A � B. First, note that a wedge of B can be totally in-
cluded in the region A, in such case the wedge is useless. This situation
happens if the point p�i defining a wedge of B dominates a point pk of MIN.

Useless wedges: In O�n log n� time we order MIN
L� as we did for the
computation of minimal points. The procedure useless wedges deletes
the points of L� dominated by some point of MIN in O�n� time.

useless wedges

Input: list of ordered points of MIN 
 L�

Output: L� without points dominated by points of MIN

while there are points p�i of L� do
find the first pk of MIN following p�i , (i < k),
if pk �Q p�i then delete p�i from L�.
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Figure 2.6 Regions of B.

Regions of A � B: The regions of A � B, denoted by Fi, are the in-
tersections between the useful wedges of B and the (possibly unbounded)
star-shaped polygon A. Since a point p�i of L� is within A, the region Fi is
delimited by the half-lines of the useful wedge and the part of ��� be-
tween the half-lines. According to the order of MIN 
 L�, the half-lines l�i

�

and r�i
� of a useful wedge of B intersect ��� in at most one point since the

half-line l�i
� is between some l�j and l�j�1 (analogously for r�i

�), or it contains
some segment or half-line of ���. Therefore, the number of intersections
between ��� and the half-lines of wedges of B is less than or equal to 2n.
The intersections can be computed in O�N� time using the order ofMIN
L�

and the order of ���.

We say that the region Fi is a fan since it is still a (possibly unbounded)
star-shaped polygon whose kernel contains the point p�i , the apex of the fan,
and the angle of the useful wedge at p�i is less than Π (Figure 2.7). The
vertices of a fan are reflex vertices if they are points of P, otherwise they are
convex vertices, the tips of the fan. The procedure regions outputs the fans
of A� B in O�n� time. The number of segments and half-lines of the fans is
at most 4n.
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regions

Input: L�, ���
Output: segments and half-lines of A � B

while there are points p�i of L� do
compute Fi: region delimited by the wedge �l�i

�p�i , r�i
�p�i� and the part

of ��� between l�i
� and r�i

�.

From all the above discussion we have the following theorem.

2.5 Theorem Let P and Q be two disjoint sets of n and m points in the plane
respectively. To decide whether they are wedge separable and to compute the region of
vertices of separating wedges can be done in O�N log N� time.

p�3

p2CH�Q�

p�2

p1

p3

Figure 2.7 Regions of vertices of separating wedges.

Wedges with maximum and minimum angle

Suppose we have computed the fans of vertices of separating wedges and
we want to determine the wedges with maximum and minimum angle.
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2.6 Lemma In a fan Fi, the vertex of the separating wedge with maximum angle
is the apex of the fan. If the fan is bounded, the vertex of the separating wedge
with minimum angle is one of the convex vertices, the tips of the fan. If the fan is
unbounded the minimum angle is zero.

Proof Let p be any point of the fan Fi with apex p�i . Note that the small-
est separating wedge with vertex p is formed by the supporting lines from
p to CH�Q� and the largest separating wedge with vertex in p is formed by
the lines pp j and ppk, where p j and pk are the two points of P which give
rise to the useful wedge with apex p�i.

The supporting lines from p to CH�Q� intersect the half-lines l�i
� and r�i

�

at points u1 and u2, respectively (Figure 2.8). If the vertex of a separating
wedge moves from p to u1 and from u1 to p�i, the angle of the separating
wedge increases continuously; analogously when the vertex moves from p
to u2 and from u2 to p�i . Therefore, the vertex of the separating wedge with
maximum angle is p�i , the apex of the fan.

If the fan is bounded, the supporting lines from p intersect ��� at points
v1 and v2. Moving the vertex of the separating wedge from p to v1 and
from v1 through the segment of the ��� that contains v1 to the right
endpoint of the segment, the angle of the separating wedge decreases con-
tinuously. Similarly, when the vertex moves from p to v2 and from v2 to
the left endpoint of the segment that contains v2. Therefore, the vertex of
the separating wedge with the minimum angle is in some tip of the fan. If
the fan is unbounded, the minimum angle is zero for a separating wedge
with the vertex at infinity. The total number of tips of fans is at most n.
Doing a tour in ��� we determine the wedge with minimum angle in
O�n� time.

2.7 Proposition Let P and Q be two disjoint wedge separable sets of n and
m points in the plane, respectively. If we have pre-computed the region of vertices of
separating wedges, the wedges with maximum and minimum angle can be found in
O�N� time.
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Figure 2.8 Maximum and minimum angle.

2.3.2 Separating segments by a wedge

Let P � �p1 p�1, p2 p�2, . . . , pn p�n� and Q � �q1q�1, q2q�2, . . . , qmq�m� be two disjoint
sets of segments. In O�N log N� time we compute the convex hull of each
set of segments, determine if any of them is monochromatic, i.e. it does
not intersect segments or does not contain endpoints of segments of the
other set; otherwise they are not wedge separable.

Assume that the sets are not line separable and CH�Q� is monochromatic.
We want to compute the region of vertices of wedges separating Q from P.
First, we consider the restriction produced by a segment si � pi p�i of P. The
supporting lines between si and CH�Q� define the regions Ai and Bi that
do not contain vertices of separating wedges, otherwise the wedge contains
totally or partially the segment si (Figure 2.9). The region of vertices of
separating wedges is A � B, where A � 
Ai and B � 
Bi.

1) Computing A. The region A, as we are going to see, is again a (pos-
sibly unbounded) star-shaped polygon whose kernel contains CH�Q�. The
boundary of A is formed by a set of polygonal lines, the final polygonal lines
or ��� for short, around CH�Q�. We will describe how to obtain the final
polygonal lines.

Ordering segments: We order the segments of P with two orders
with respect to CH�Q�: clockwise and counterclockwise. For the clockwise
order we compute the lines supporting CH�Q� from all the endpoints of
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Figure 2.9 Restriction of a segment.

segments of P. Let l�i (l
�
i
�) be the half-line tangent to CH�Q� going through

pi (p�i) such that CH�Q� is on the left side going from pi (p�i) to CH�Q� and
starting at the tangency point (Figure 2.10a).

We order the half-lines in an angular clockwise way and we order the seg-
ments according to the first endpoint that appears in the order given by
the half-lines. If there are several segments with the first endpoints sharing
the same half-line, the order is given by the proximity of the endpoint to
the tangency point of the half-line. If a segment is included in the A region
of one of its endpoints it can be replaced by this endpoint alone. If some
of these segments have the same first endpoint, the order is given by the
order of the second endpoint.

Once we have ordered the segments we denote by pi the first endpoint of
the segment and by p�i the second one. Let s1 � p1 p�1 be the first segment of
P in this order. If a segment si � pi p�i intersects l�1 at a point p��i we divide
it in two segments pi p��i and p��i p�i and delete the segment si. The number
of segments increases in at most n � 1. Reordering the segments with the
new endpoints according to the criteria above, we are sure that doing a
clockwise angular sweep starting at l�1 we find all the segments after just
one round.

For the counterclockwise ordering we proceed in a similar way using the
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order of r�i (r
�
i
�), the half-line tangent to CH�Q� going through pi (p�i) such

that CH�Q� is on the right side going from pi (p�i) to CH�Q� and starting at
the tangency point (Figure 2.10b). We can take s1 as the first segment of
P and use r�1

� as the starting half-line and proceed as above. The ordering
process requires O�n log N� time.

Final polygonal lines: From a point of a polygonal line of ��� we
see CH�Q� without any obstacle, i.e., the region determined by the half-
lines tangent to CH�Q� from that point and the part of CH�Q� between the
tangency points does not contain or intersect segments of P. Starting with
s1, each segment has an angular projection on the interval �0, 2Π� sweep-
ing clockwise (counterclockwise) with half-lines tangent to CH�Q�: each
segment si has a clockwise angular interval Αi (Figure 2.10a) and a counter-
clockwise angular interval Βi (Figure 2.10b). Then Αi (Βi) is the clockwise
(counterclockwise) angle defined by the half-lines l�i and l�i

� (r�i
� and r�i ).
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l��i

r��i
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Figure 2.10 a) Clockwise angular interval, b) counterclockwise angular
interval.

With the above ordering, we are sure that all the angular intervals are
within �0, 2Π�. Now we describe how to compute ���:

1) compute the set of polygonal lines of segments that can be seen from
CH�Q� (without obstacles) doing a clockwise rotating sweep with a
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half-line tangent to CH�Q�, such that CH�Q� is on the left. We call
this set the clockwise polygonal lines (Figure 2.11a);

2) compute the set of polygonal lines formed by segments which can be
seen from CH�Q� (without obstacles) doing a counterclockwise rotat-
ing sweep with a half-line tangent to CH�Q�, such thatCH�Q� is on the
right. We call this set the counterclockwise polygonal lines (Figure 2.11b);

..........

CH�Q� CH�Q�

a) b)

.........
.......
........
.....
.......

................ ......
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........................ ..............
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Figure 2.11 a) Clockwise polygonal lines, b) counterclockwise polygonal
lines.

3) compute the set of polygonal lines corresponding to the endpoints of
segments of P. We call this set the extreme polygonal lines (Figure 2.12a).
It can be computed as the polygonal lines constructed in the case of
points;

4) from the three sets of polygonal lines compute the final polygonal lines
or ��� (Figure 2.12b).

The clockwise polygonal lines are a variation of the lower envelope of a set of
segments, we call it clockwise angular lower envelope. We modify the Hersh-
berger algorithm for the lower envelope of a set of x-monotone Jordan arcs
with at most s intersections between any pair of arcs [44, 72] in the follow-
ing way: for each segment point p we define the x-coordinate as the angle
of the line tangent to CH�Q� from p that has CH�Q� on the left as going
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from p to CH�Q�, and we define f �x� as the geodesic distance between p and
the tangency point of the supporting line through p1, the first endpoint
of the first segment. The segments so defined are x-monotone and with
at most one intersection between any pair of them. If there are segments
with two common points, partially coincident segments, in O�n log n� time we
can construct an equivalent set of segments without partially coincident
segments. Therefore, the clockwise polygonal lines can be computed in
O�n log N� time.
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a) b)
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Figure 2.12 a) Extreme polygonal lines, b) final polygonal lines.

In the same way, we compute the counterclockwise polygonal lines starting
from the endpoint p�1 of s1 and using the counterclockwise ordering. The
extreme polygonal lines can be computed in O�n� time using the order of
the segment endpoints as we did for point sets. The extreme polygonal
lines are formed by at most 4n segments and half-lines.

For the construction of the polygonal lines of ���, we merge the above
three sets of polygonal lines taking into account that the number of transi-
tion points of the clockwise and counterclockwise polygonal lines is O�nΑ�n��,
where Α�n� is the inverse of the Ackermann function. Making a clockwise
rotating angular sweeping advancing in discrete steps over the angular in-
tervals determined by the O�nΑ�n�� transition points of the three sets of
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polygonal lines, we can determine in constant time which of the three
polygonal lines we take in each angular interval between transition points.

The total time needed in the construction of ��� is

O�n log N� � O�nΑ�n�� � O�n log N�.

Note that the number of segments and half-lines of ��� is bounded by
O�nΑ�n��, and by construction, ��� is clockwise and counterclockwise an-
gularly monotone.

2) Computing B. Two consecutive polygonal lines of ��� give a wedge
region of B defined by the half-lines l�i from the end of the first polygonal
line and r�i�1 from the beginning of the second polygonal line if l�i and r�i�1

intersect at a point denoted by p���i . Looking up ��� we determine all the
wedge regions of B in O�nΑ�n�� time. The number of these regions is at
most n.

3) Computing A � B. A wedge region of B is useless if the point p���i is
within A, since the wedge region has no intersection with A. To eliminate
all the useless wedge regions of B we analyze the points p���i checking if they
lie in A or in A. After that, we compute the part of ��� between the half-
lines that define the useful wedge regions. By the angular monotonicity,
each of these half-lines intersects ��� in at most one point (or it contains a
segment or a half-line of ���). In O�n log N� time we compute the regions
of A � B. These regions are (possibly unbounded) star-shaped polygons or
fans whose kernel contains the point p���i . As a consequence of all the above
discussion we have the following theorem.

2.8 Theorem Let P and Q be two disjoint sets of n and m segments in the plane,
respectively. To decide whether the sets are wedge separable and to compute the region
of vertices of separating wedges can be done in O�N log N� time.

Wedges with maximum and minimum angle

The vertex of the separating wedge with maximum angle has to be a han-
dle of one of the fan regions of A � B (Figure 2.13). This vertex can be
determined by computing the angle of the separating wedge with vertex
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in the handle of the fan, p���i , for each of the at most n fans and maintain-
ing the maximum. If there is an unbounded fan, the minimum angle is
zero. Otherwise, the wedge with minimum angle is in one of the con-
vex extremes of the fans, the tips. An upper bound of the total number
of tips is O�nΑ�n�� and for each tip we compute its angle in constant time
(Figure 2.13). Hence we have the following result.

p���i

CH�Q�

........................
............

....
....
...................................................

....

Figure 2.13 Wedges with maximum and minimum angle.

2.9 Proposition Let P and Q be two disjoint wedge separable sets of n and m

segments in the plane, respectively. If we have pre-computed the regions of vertices of
separating wedges, the wedges with maximum and minimum angle can be found in
O�NΑ�N�� time.

The wedge separability of polygons depends on the total number of seg-
ments of the polygons. Let P and Q be two sets of polygons with n and m
total segments, respectively. In time O�n log m� we can check if all the poly-
gons of P are exterior to CH�Q�, i.e., if there are no segments of polygons
of P intersecting CH�Q� and the polygons of P are not contained in CH�Q�.
Otherwise Q is not wedge separable from P. If it is so, consider the set of
segments of polygons of P and run the above segment algorithm.

2.10 Corollary Let P and Q be two disjoint sets of polygons in the plane with
n and m total segments, respectively. To decide whether they are wedge separable and
to compute the regions of vertices of separating wedges and the wedges with maximum
and minimum angle can be done in O�N log N� time.
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2.3.3 Separating circles by a wedge

Let P and Q be two disjoint sets of circles with n and m circles classified as
blue and red circles, respectively. In O�N log m� time we compute CH�Q�,
formed by at most 2m�1 circular arcs and 2m�1 segments [28, 68], and we
check that the circles of P do not intersect or contain CH�Q� and that all of
them are exterior to CH�Q�. In this case, in O�n log N� time we compute the
interior tangents between each circle of P and CH�Q�, delete possible circle
duplicities of P, and determine the circular arc of each circle of P that can
take part in the computation of the vertices of separating wedges.

The interior tangents between each circular arc si and CH�Q� define two
regions Ai and Bi that do not contain vertices of separating wedges, oth-
erwise the wedge contains si totally or partially. The region of vertices of
separating wedges is A � B, where A � 
Ai and B � 
Bi.

1) Computing A. We compute the final curves or envelopes denoted by
���, formed by circular arcs, segments and half-lines that, as we are going
to see, separate A from A (Figure 2.14).

Ordering circular arcs: We order the circular arcs si � pi p�i of P� (pi

and p�i are the endpoints) with two orders with respect to CH�Q�: clockwise
and counterclockwise. Let l�i (l�i

�) be the half-line tangent to CH�Q� going
through pi (p�i) such that CH�Q� is on the left side going from pi (p�i) to
CH�Q� and starting at the tangency point. We order the half-lines in an
angular clockwise way and we order the circular arcs according to the first
endpoint that appears in the order given by the half-lines. If there are
several circular arcs with the first endpoint sharing the same half-line, the
order is given by the proximity of the first endpoint to the tangency point
of the half-line with CH�Q�.

Once we have ordered the circular arcs we denote by pi the first endpoint
of the circular arc and by p�i the second one. Let s1 � p1 p�1 be the first
circular arc. If a circular arc si � pi p�i intersects l�1 in a point p��i we divide it
into two circular arcs pi p��i and p��i p�i and delete si. The number of circular
arcs increases in at most n � 1. Let P� be the set of these circular arcs.
Reordering P� according to the criteria above we are sure that performing



2.3 Wedge separability 51

a clockwise angular sweep starting in l�1 we find all the circular arcs after
just one round.

For the counterclockwise ordering we proceed in a similar way using the
order of r�i (r

�
i
�), half-line tangent to CH�Q� containing the point pi (p�i) and

starting at the tangency point that has CH�Q� on its right going from pi

(p�i) to the tangency point. The ordering process requires O�n log N� time.

Final curves: The curves of ��� are formed by circular arcs, segments
and half-lines. From any point of one curve of ��� we see CH�Q� without
any obstacle. The circular arcs define a clockwise (counterclockwise) angu-
lar intervals and they are angular-monotone.

Because two circles can intersect in at most two points, the computation of
the clockwise angular lower envelope with the modification of the Her-
shberger algorithm [44, 72] requires O�Λ3�n� log n� time, where Λ3�n� �
O�nΑ�n��. Nevertheless, the complexity of the clockwise angular lower en-
velope of blue circular arcs is linear since it is less than or equal to the
combinatorial complexity of a single face in a arrangement of n closed Jor-
dan curves (blue circles) in the plane, which is Λ2�n� � 2n � 1 (see theorem
5.7 of [72]).

The same applies to the counterclockwise angular lower envelope and to
the merging of both envelopes. Taking into account this complexity, we
compute the clockwise angular lower envelope using the algorithm given
by the corollary 6.2 of [72], that consists of making a partition of P� in two
subsets, each of size at most �n/2�, compute the clockwise angular lower
envelope of each one recursively, and then merge these sub-envelopes to
obtain the overall envelope.

For merging the two clockwise angular lower sub-envelopes we sweep
clockwise angularly a half-line tangent to CH�Q� advancing in discrete
steps over the clockwise angular intervals determined by the transition
points of the sub-envelopes and spending O�1� time in each step. The
merge step requires O�Λ2�n�� time. If T �n� is the maximum running time
of the algorithm, we obtain the recurrence T �n� � 2 T �n/2� � O�Λ2�n��. The
solution to this recurrence is O�n log n�.

In the same way, we compute the counterclockwise angular lower envelope.



52 Chapter 2 Wedge and strip separability

The merging of the two envelopes, the circle curves, is obtained as the above
merging in O�Λ2�n�� time, which is the number of transition points. With
the order of the endpoints of the circular arcs we compute in O�n� time the
extreme polygonal lines formed by segments and half-lines.

To obtain ��� we merge the circle curves and the extreme polygonal lines
in O�n� time making a clockwise angular sweep with a half-line tangent to
CH�Q� advancing in discrete steps over the clockwise angular intervals of
the circular arcs and segments. The complexity of ��� is O�n�. Note that
A is a (possibly unbounded) star-shaped polygon (with also circular arcs as
edges) whose kernel contains CH�Q�.

2) Computing B. Two consecutive curves of ��� give a wedge region
of B defined by the half-lines l�i from the end of the first curve and r�i�1 from
the beginning of the second curve if l�i and r�i�1 intersect at a point denoted
by p���i . Using ��� we determine all the at most n wedge regions of B in
O�n� time.

3) Computing A � B. A wedge region of B is useless if the point p���i

lies in A. We eliminate the useless wedge region of B and compute the part
of ��� between the half-lines of the useful wedge regions. By the angular
monotonicity, each half-line intersects ��� in at most one point (or it
contains a half-line of ���). In O�n log N� time we compute the regions
of A � B. These regions are (possibly unbounded) star-shaped polygons
(with also circular arcs as edges) or fans whose kernel contains the point
p���i (Figure 2.14). As a consequence of the above discussion we have the
following theorem.

2.11 Theorem Let P and Q two disjoint sets of n and m circles in the plane,
respectively. To decide whether they are wedge separable and to compute the region of
vertices of separating wedges can be done in O�N log N� time.

Wedges with maximum and minimum angle

The vertex of the separating wedge with maximum angle is in the apex
of a fan of A � B. It can be determined computing in constant time the
angle of the wedge with vertex in p���i for each of the at most n fans. If there
is an unbounded fan the minimum angle is zero. Otherwise, the wedge
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Figure 2.14 Regions of vertices of separating wedges.

with minimum angle is in the convex extremes of the fan, the tips. The
number of tips is O�n� and for each tip we compute its angle in constant
time (Figure 2.14).

2.12 Proposition Let P and Q be two disjoint wedge separable sets of n and
m circles in the plane, respectively. If we have pre-computed the region of vertices of
separating wedges, the wedges with maximum and minimum angle can be found in
O�N� time.

2.3.4 Applications to circular and polygonal separability

Circular separability

In [18] it is shown that for two sets of line segments P and Q with a total
of N segments meeting only at their endpoints, it is possible to compute
in O�N log N� time and O�N� space all the locally largest circles or maximal
circles separating P and Q. For the general case the following theorem is
shown.
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2.13 Theorem [18] For two sets of line segments P and Q containing a total
of N segments, it is possible to compute in O�NΑ�N� log2 N� deterministic time, or
in O�NΑ�N� log N� randomized time and O�NΑ�N�� space all locally largest circles
separating P and Q.

As pointed out in [18]: to prove the theorem it is sufficient to take into account
separation of the external cell of the arrangement of line segments of set P, and
containing it, a single cell of the arrangement of line segments of Q.

It is clear that if there exists a circle separating Q from P, a largest circle C

has to containCH�Q� and has to be tangent to segments of P in some points.
The tangency points of C with segments of P satisfy the property that these
points see CH�Q�: we say that a point p sees CH�Q� if the region defined by
the half-lines from p tangent to CH�Q� and the part of CH�Q� between the
half-lines does not contain any obstacle. Then, any circle separating Q from
P separates also CH�Q� from the set of segments of the final polygonal lines
obtained in this section for the wedge separability of Q from P.

The final polygonal lines are formed by O�NΑ�N�� segments meeting only at
their endpoints and we have computed the final polygonal lines inO�N log N�
time. Then applying the above theorem to the at most N segments of
CH�Q� and O�NΑ�N�� segments of the final polygonal lines, it is possible to
compute all the locally largest circles separating Q from P in time

O�NΑ�N� log�NΑ�N��� � O�NΑ�N� log N�.

2.14 Theorem For two sets of line segments P and Q containing a total of
N segments, it is possible to compute in O�NΑ�N� log N� deterministic time and
O�NΑ�N�� space all locally largest circles separating P and Q.

Polygonal separability

The final polygonal lines of the segments can also be used to generalize
the next theorem of Edelsbrunner and Preparata about the minimum-edge
polygonal separator of two sets of points P and Q such that card�P
Q� � N.

2.15 Definition [34] A convex k-gon is the intersection of k but no fewer
closed half planes and a convex k-gon is said to separate two point sets if it contains
one and its interior avoids the other. This k-gon is also referred to as a k-separator
of the two sets.
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Given two finite sets of points P and Q, construct a separating convex k-gon
for the smallest possible integer k.

2.16 Theorem [34] Given two finite sets P and Q of points in the plane,
the construction of the minimum polygonal separator (or the decision that no such
separator exists) can be done in time O�N log N� and this is optimal.

Let P and Q be two sets of segments, card�P 
 Q� � N. We compute the
O�NΑ�N�� segments of the final polygonal lines in O�N log N� time. Then,
we substitute Lemma 3.2 in [34] by the following one:

2.17 Lemma If there is a k-separator of P and Q with minimum k, then there is
a k-separator with at least one edge having one endpoint in one of the reflex vertices
of the final polygonal lines .

Proof The part of a polygonal line between two consecutive reflex ver-
tices is convex. Let R be a k separator, with minimum k, such that no vertex
of R is a reflex vertex of the final polygonal lines. We can construct a new
k-separator R� by a continuous transformation of R. Let e be an edge of R,
translate e until it touches CH�Q� in a point q of CH�Q�, and extend e until
the endpoints touch the final polygonal lines. If one of the endpoints is
not a reflex vertex, rotate the extended e in a counterclockwise direction
(the endpoints moving on convex parts of the final polygonal lines) until
it becomes aligned with an edge �q, q1� of CH�Q� or one endpoint of the
extended e is a reflex vertex. In the first case repeat the process with pivot
in q1.

The proof of the lemma is similar to the proof of the mentioned Lemma
3.2 with some changes. The final polygonal lines have at most 2N reflex
vertices since these are endpoints of the original segments. It is easy to
define a predecessor/successor relation between the segments of the final
polygonal lines and construct it in O�NΑ�N�� time. A greedy separator
starts in a reflex vertex and an edge is formed with the line tangent to
CH�Q� until it intersects the successor segment in the final polygonal lines.
A greedy separator defines a natural partition of the reflex vertices. By
simply following the rest of the proof of the above theorem in [34] we
prove the following one.

2.18 Theorem Given two finite sets P and Q of N segments in the plane, the
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construction of the minimum polygonal separator (or the decision that no such sepa-
rator exists) can be done in time O�N log N� and this is optimal.

We observe that the above results can also be proved for two sets of circles.

2.4 Strip separability

We study now the problem of separability of two disjoint sets of objects
in the plane by a strip. Suppose that P and Q are the sets of blue and red
objects, respectively. It is clear that if P and Q are strip separable they are
wedge separable, just perturb slightly one of the parallel lines that defines
the strip. The difference is that before we looked for wedge vertices (two
parameters) and now it is enough to determine the slope of the strip (one
parameter), which is the slope of the parallel lines and it is given by the
counterclockwise angle in �0, Π� formed by the horizontal with one of the
parallel lines.

A necessary condition for the strip separability is that the convex hull of
one of the sets is monochromatic. In O�N log N� time we compute CH�P�,
CH�Q� and determine if there is a monochromatic set. We admit that the
parallel lines of the strip can lean on the objects of P and Q. The solution
of the problem is to determine the slope intervals of the separating strips.
We study the strip separability problem for different kinds of objects.

2.4.1 Separating points by a strip

Let P � �p1, p2, . . . , pn� and Q � �q1, q2, . . . , qm� two disjoint point sets in the
plane. Suppose that they are not line separable and CH�Q� is monochro-
matic. We want to determine the slope intervals of the separating strips.
The decision problem for the separability by a strip with a given slope can
be solved in linear time, the reader is referred to proposition 4.7. The in-
teresting problem is to compute the slope intervals corresponding to all
the separating strips.

First, we note the restriction of a point pi: the half-lines l�i and r�i have
counterclockwise angles Αli and Αri with the horizontal. It is clear that the
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interval �Αli ,Αri� contains no solutions, otherwise, the strip would contain
the point pi. We call this interval the negative interval of pi (Figure 2.15).
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Figure 2.15 Negative interval.

Moreover, if pi �Q p j, the negative interval of p j is contained in the neg-
ative interval of pi. Therefore, the final polygonal lines constructed in the
previous section correspond to the points of P that can take part in the
computation of the strips. In fact, we only need the first and the last points
�pi, pk� in each polygonal line, giving the negative interval �Αlk ,Αri�. Using
the final polygonal lines and in O�n� time, we obtain the at most n dis-
joint negative intervals within �0, 2Π�. In O�n� time we reduce the negative
intervals in �Π, 2Π� to intervals in �0, Π� and we compute their union. The
complement of this union with respect to �0, Π� are the slope intervals of the
separating strips, strip intervals for short. If the complement is the empty
set, the sets are not strip separable. Note that the negative intervals are
open and therefore the strip intervals are closed.

2.19 Proposition Let P and Q be two disjoint sets of n and m points in the
plane, respectively. To decide whether they are strip separable computing the strip
intervals can be done in O�N log N� time.

A natural problem in the case that the sets are strip separable is to deter-
mine the narrowest and the widest strip. Suppose that Q is strip separable
from P and we have computed the at most n strip intervals.
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The narrowest strip

The narrowest strip is defined by two parallel lines tangent to CH�Q� in a
pair of antipodal points and its computation depends on CH�Q� and on the
strip intervals. Note that it is similar to the computation of the width of
a convex polygon, i.e., the smallest distance between parallel supporting
lines of the polygon. In our case we compute the width of CH�Q� restricted
to the strip intervals.

In O�m� time we generate all the pairs of antipodal points of CH�Q� in the
counterclockwise order [71, 78]. For each pair we compute, in constant
time, the interval (or two intervals) in �0, Π� of common slopes of the sup-
porting lines in these points. In the intersection of this interval with the
strip intervals, the variation of the distance between supporting lines is
monotone or upwards unimodal. Therefore, the minimum distance corre-
sponds to the extremes of the intersection. In constant time we compute
the extremes, the minimum width of the strips corresponding to a pair of
antipodal points and update the minimum. Note that it is possible to have
strips with minimum width in different antipodal points.

2.20 Proposition Let P and Q be two disjoint strip separable sets of n and
m points in the plane, respectively. If we have pre-computed the strip intervals, the
narrowest strip can be found in O�N� time.

The widest strip

We exclude here the situation in which P and Q are line separable since in
this case the widest strip is infinite. The widest strip only depends on the
points of P in the final polygonal lines. We consider the problem in the
dual plane by means of the transformation:

L � y � 2ax � b� p � �a, b�, D�L� � p, D�p� � L.

We transform the points of CH�Q� and P so that D�CH�Q�� are red lines
and D�P� are blue lines. Previously, we make a change of coordinates for
simplifying the situation in the dual plane. If in the primal plane all the
strip intervals are reduced to points, in O�n� time we compute the widest
strip. Otherwise we choose a strip interval �Α1,Α2�, Α1 � Α2 and we make a
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change of coordinates taking as Y axis a line with slope within �Α1,Α2� and
origin such that the points of P
Q have different abscissas. In this way, the
blue lines in the dual plane have different slopes out of the slope interval
�aq1 , aqm�, where q1 and qm are the red points with minimum and maximum
abscissa, respectively (Figure 2.16).

q1

qm

X

Y

Figure 2.16 Change of coordinates.

We order the lines according to increasing slope (counterclockwise) depart-
ing from the vertical (there are no vertical lines). The situation in the dual
plane is as shown in Figure 2.17. The convex hull of D�CH�Q�� determines
two regions: an upper region U and a lower region L, limited by EU and
EL, respectively. All the red lines lie between EU and EL, but no blue line,
since in the primal plane there are no blue points inside the red convex
hull. A blue line intersects EU in one point and intersects EL in other
point, determining a null vertical slab defined by the two parallel vertical
lines that pass through the intersection points of the blue line with EU and
EL (Figure 2.17).

In the arrangement of the blue lines we consider the zone of EU (the zone
of EL) as the set of cells of the arrangement intersected by EU (EL). Then we
define the upper cells (in U) and the lower cells (in L) as follows:

2.21 Definition The upper cells (lower cells) are the intersection of the zone of
EU (EL) with the region U (L) and the complementary of the null vertical slabs.

Note that the cells are convex regions limited by segments of red lines,
segments of blue lines or vertical segments from the null vertical slabs. We
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call opposite cells two cells (an upper cell and a lower cell) that have inter-
section with some common vertical line. Two blue segments of opposite
cells that have intersections with some common vertical line, (opposite blue
segments), determine in the primal plane two blue points. These blue points
have the property that there exist two parallel lines passing through the
blue points and defining a strip interval, since in the dual plane between
the blue segments there are only red lines and no blue lines. The maximum
width of the strips in this interval can be determined in constant time. To
compute the widest strip we make a plane-sweep with a vertical line halt-
ing at the opposite blue segments. At each stop we compute in constant
time the maximum width of the strip interval and update the maximum.

EU

L

EL

D�q1�

D�qm�

�
�

null vertical slabs
D�p j�

D�pi�

U

�cell

Figure 2.17 Dual arrangement.

Let AU �n, m� (AL�n, m�) be the ordered set of segments that define the upper
(lower) cells generated by the arrangement of n blue lines and m red lines.
Let cU �n, m� (cL�n, m�) be the respective cellular complexity, i.e. the number
of segments in all the upper (lower) cells. We define A�n, m� � AU �n, m� 

AL�n, m� and c�n, m� � cU �n, m� � cL�n, m�.

2.22 Lemma The number of upper and lower cells generated by the arrangement
of m red lines and n blue lines is less than or equal to 2n � 2.

Proof We count the number of upper cells. Initially, the region U is a
single cell. The first blue line divides the cell into two cells. Therefore,
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if dn represents the number of upper cells after the introduction of n blue
lines, we have that d1 � 2. Suppose we have introduced n � 1 blue lines by
increasing slope starting from the vertical. The null vertical slab of the next
blue line can divide at most an upper cell in two cells. In any other case
the blue line only modifies or deletes upper cells. Therefore, dn  dn�1 � 1,
and then dn  n � 1.

2.23 Lemma The cellular complexity is c�n, m� � O�N�.

Proof In the cellular complexity we consider all the segments that de-
fine upper and lower cells: vertical segments, red segments and blue seg-
ments. We count separately each kind of segments and only for the upper
cells. For the lower cells we proceed analogously.

1) The number of vertical segments is less than or equal to n, since they
are generated by the blue lines and each blue line can produce at most
one vertical segment in U (null vertical slab).

2) Initially, there are at most m red segments. A blue line can divide a red
segment into two segments, increasing the number by one. Therefore
the number of red segments is less than or equal to m � n.

3) Now, we count the blue segments. In the arrangement of the upper
cells, a blue line contributes either with at most one segment or with
two or more segments. Note that in an upper cell there are not two
segments from the same line. We say that two blue lines share seg-
ments in an upper cell if there is a segment from each line in the cell.
It is easy to proof that two blue lines can share segments in at most one
upper cell. By the above lemma, the number of upper cells is less than
or equal to n � 1. The lines that contribute with only one segment,
give an overall contribution of at most n segments. The lines that
contribute with two or more segments are counted in the following
way:

a) Lines with slope between aq1 and the vertical, ordered by decreas-
ing slope in this interval: let k1, k2, . . . , ks be the number of seg-
ments contributed by each line. It is clear that a line can share a
segment with a previous line in at most one cell, since the seg-
ment contribution is from the last intersection with the previous
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lines and therefore, only with the last previous line can share a
segment in a cell (Figure 2.17). If we count cells, in the worst
case we will have that

k1 � k2 � 1 � . . . � ks � 1  n � 1,

and then
k1 � k2 � . . . � ks  n � s.

b) Lines with slope between the vertical and aqm , ordered by increas-
ing slope in this interval. Let k�1, k�2, . . . , k�t be the number of seg-
ments contributed by each line. With a similar reasoning we
obtain

k�1 � k�2 � . . . � k�t  n � t.

Taking into account that s � t  n, we can deduce that the total number of
segments in the upper cells is less than or equal to 6n � m.

2.24 Lemma A�n, m� can be computed in O�N log N� time.

Proof AU �n, m� is computed by divide and conquer in time

T �n� � 2 T �n
2
� � f �n, m�,

where f �n, m� � O�N� is the time needed to merge the cells of the two
subproblems, since the number of segments of the cells of the subproblems
is O�n �m�. Making a plane sweep we get the resulting cells.

2.25 Theorem Let P and Q be two disjoint strip separable sets of n and m
points in the plane, respectively. The widest strip can be found in O�N log N� time.

Proof By the above discussion and using the previous lemmas, we can
obtain A�n, m� in O�N log n� time. Then we make a plane sweep with a
vertical line halting in the O�n� opposite blue segments [47].

2.4.2 Separating segments by a strip

In this case the strip intervals can be obtained from the final polygonal
lines constructed for the wedge separability of segments. Each polygonal



2.4 Strip separability 63

line defines a negative interval in �0, 2Π� where there are no slopes of strips.
In O�nΑ�n�� time we obtain the at most n disjoint negative intervals. We
compute their union and reduce it to the interval �0, Π�. The strip intervals
are the complement of the union with respect to the interval �0, Π�. There
are at most n strip intervals and they are closed intervals.

2.26 Proposition Let P and Q be two disjoint sets of n and m segments in the
plane, respectively. To decide whether they are strip separable and to compute the
strip intervals can be done in O�N log N� time.

The narrowest strip

The narrowest strip depends on CH�Q� and on the strip intervals. We have
to compute the width of the convex polygon CH�Q� with the restriction to
the strip intervals [71, 78].

2.27 Proposition Let P and Q be two disjoint strip separable sets of n and m
segments in the plane, respectively. If we have pre-computed the strip intervals, the
narrowest strip can be found in O�N� time.

The widest strip

The widest strip depends on the segments of P and on the strip intervals.
If all the strip intervals are points, in time O�n� we analyze each one in
constant time and determine the widest strip. Otherwise we choose a strip
interval and we make a change of coordinates taking as Y axis a line with
slope within the strip interval and such that the segment endpoints have
different abscissas. We consider the problem in the dual plane by doing
the same transformation as for the point sets. We transform the points of
CH�Q� and the endpoints of segments of P in red and blue lines. The lines
in the dual plane have different slopes.

With the red lines we compute the upper envelope, EU , and the lower
envelope, EL, in O�m log m� time. The dual of a segment of P located on the
left (right) side of the Y axis gives in the dual plane a double wedge defined
by the two lines with negative (positive) slope that are the dual of the
segment endpoints. The dual arrangement is similar to the case of point
sets, with the restriction of the double wedge regions that can be handled
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by null vertical slabs defined by the intersection points of the two lines of
the double wedge with EU and EL (Figure 2.18). Therefore, the number
of upper (lower) cells and the cellular complexity are less than or equal to
the corresponding values obtained in the widest strip for point sets. It is
clear that we can apply a similar algorithm to determine the widest strip
in O�N log N� time.
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Figure 2.18 Dual of segments.

2.28 Theorem Let P and Q be two disjoint strip separable sets of n and m
segments in the plane, respectively. The widest separating strip can be found in
O�N log N� time.

The problem of the strip separability for polygons is easily reduced to the
strip separability problem for segments. Hence we have:

2.29 Corollary Let P and Q be two disjoint sets of polygons in the plane with
n and m total segments, respectively. To decide whether they are strip separable and
to compute the strip intervals and the narrowest and the widest strips can be done in
O�N log N� time.
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2.4.3 Separating circles by a strip

In this case, using the final polygonal lines of the wedge separability, we
compute the union of the negative intervals. The complement of this union
with respect to �0, Π� is the set of at most n closed strip intervals.

2.30 Proposition Let P and Q be two disjoints set of n and m circles in the
plane, respectively. To decide whether they are strip separable and to compute the
strip intervals can be done in O�N log N� time.

The narrowest strip

The narrowest strip depends on CH�Q� and on the strip intervals. For com-
puting the strip with the minimum width we use calipers [71, 78]. Start-
ing on a segment of CH�Q� we move the calipers (two parallel supporting
lines) counterclockwise with the minimum angle, taking into account the
restriction of the strip intervals and determining pairs of antipodal circular
arcs (Figure 2.19).

This process can be done in O�m � n� time [68]. For a pair of antipodal
circular arcs the minimum width (distance between the supporting lines)
corresponds to the endpoints of the circular arcs, since their chords are
parallel and the variation of the width is upwards unimodal (Figure 2.20).

2.31 Proposition Let P and Q be two disjoint strip separable sets of n and
m circles in the plane, respectively. If we have pre-computed the strip intervals, the
narrowest strip can be found in O�N� time.

The widest strip

The widest strip depends on the circular arcs of the final curves. If all
the strip intervals are points, we analyze each one in constant time and
determine the widest strip in O�n� overall time. Otherwise, we choose a
strip interval and we make a change of coordinates taking as Y axis a line
with slope within the strip interval and such that the endpoints of the blue
circular arcs of the final curves and the endpoints of the red circular arcs of
CH�Q� have different abscissas (Figure 2.21a).
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Figure 2.19 Computing antipodal arcs.

We consider a correlation of the projective plane in the dual such that the
tangents to a circle are transformed into the points of a hyperbola. Any
vertical line in the dual plane intersects the hyperbola in two points, so we
can consider the upper branch and the lower branch of the hyperbola. The
dual of the points of a circle are the lines tangent to a hyperbola. The dual
of the points of a circular arc correspond to lines tangent to a hyperbolic
arc (Figure 2.21b). We proceed in the following way:

Dual of CH�Q�: each of the m red circles gives in the dual plane two hy-
perbolic branches. Each branch is an unbounded x-monotone Jordan curve
and any pair of them intersects at most in two points. We compute the up-
per (lower) envelope EU (EL) of the at most 2m hyperbolic branches using
Theorem 6.1 in [72] in O�Λ2�m� log m� � O�m log m� time. The complexity
of EU and EL is less than or equal to the complexity of a single face of 2m
unbounded Jordan curves, which is O�Λ2�m�� � O�m� (see Theorem 5.7 in
[72]).

Dual of blue circles: first, we dualize the circles of P which contribute
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Figure 2.20 Antipodal arcs.

with at least one circular arc to the final curves. In the dual plane we
compute the intersections of each blue hyperbolic branch with EU and with
EL, obtaining the null vertical slabs formed by the vertical parallel lines
that pass through the intersection points. We compute the union of the
intervals defined by the null vertical slabs in order to get the disjoint set of
the null vertical slabs. In these slabs there are no upper or lower cells. All
these computations can be done in O�n log N� time.

Next, we dualize only the circular arcs of the final curves obtaining lines
tangent to hyperbolic arcs. From the hyperbolic arcs we take only the part
of the arcs that is over EU , obtaining an arrangement HAU , and the part
of the arcs that is under EL obtaining a second arrangement HAL. The
complexity of the hyperbolic arcs is O�n�, since the complexity of the final
curves of circular arcs is also O�n�.

The arrangement of the upper (lower) cells can be obtained computing
the lower (upper) envelope of HAU (HAL) restricted to the union of null
vertical slabs. The intersection point of two hyperbolic arcs in the dual
plane corresponds in the primal plane to a common tangent to the circular
arcs.

Given a circle R and a circle C exterior to R, we say that a point p of C sees
R if the region defined by the half-lines from p tangent to R and the part
of R between the half-lines does not contain any obstacle. A (connected)
circular arc a of C sees R if all the points of a see R.
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Figure 2.21 a) Change of coordinates, b) dual of a circle.

2.32 Lemma Let C1 and C2 be blue circles exterior to a red circle R, and let a1

and a2 be circular arcs of C1 and C2, respectively, that see R. At most one of the
tangents between C1 and C2 touches points of both a1 and a2.

Proof The arc a1 (a2) is contained in the arc obtained with the interior
tangents between C1 (C2) and R (Figure 2.22a). Any tangent line to C1 (C2)
at a point of the arc a1 (a2) separates C1 (C2) from R.

The interior tangents of C1 and C2 do not pass through points of a1 and
a2: if C1 does not intersect C2 and p1 and p2 are the tangency points of an
interior tangent, then p1 and p2 are not visible from R simultaneously, since
their visibility regions are disjoint (Figure 2.22a). If C1 intersects C2, there
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are no interior tangents. If C1 is tangent to C2, the tangency point has null
visibility.
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Figure 2.22 Tangents between two circles.

At most one exterior tangent of C1 and C2 goes through points of a1 and a2

simultaneously. Let p1, p2 (q1, q2) be the tangency points of one (the other)
exterior tangent between C1 and C2: if the exterior tangents are parallel,
the visibility regions of p1 and p2, and of q1 and q2 are disjoint. If the
exterior tangents intersect, the visibility region of p1, p2, q1 and q2 is the
wedge formed by the exterior tangents. If R is within this region, there
are three different situations: 1) the exterior tangents are tangent to R,
then one of the blue circles is not visible from R; 2) one exterior tangent is
tangent to R and the other one is not, then a1 and a2 share only the other
exterior tangent; 3) the exterior tangents are not tangent to R, then the
farthest blue circle from R has two disjoint visibility arcs, each one sharing
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an exterior tangent with the visibility arc of the nearest blue circle to R
(Figure 2.22b).

The lemma is also true for convex closed curves, each pair intersecting in
at most two points. The lemma above ensures that each pair of hyperbolic
arcs intersect in at most one point and therefore, we can compute the lower
envelope of HAU (upper cells) and the upper envelope of HAL (lower cells)
in O�Λ1�1�n� log n� � O�n log n� time.

The complexity of the upper and lower envelopes is O�nΑ�n��. Then, mak-
ing a plane sweep with a vertical line on the cells, we determine the at
most O�nΑ�n�� pairs of circular arcs that define strips. In constant time we
compute the maximum width of the strip interval of each pair of circular
arcs. The maximum width corresponds to the intersection points of the
circles with the line through both centers of the circles in the case that
this intersection points belong to the pair of circular arcs. Otherwise, it
corresponds to one common endpoint of the pair of circular arcs.

2.33 Theorem Let P and Q be two disjoint strip separable sets of n and m
circles in the plane respectively. The widest strip can be found in O�N log N� time.

2.5 Appendix: Relative geometric dominance

This section is devoted to extend the problem of the maxima of a point set
P in Ed when the maxima are defined with respect to a polygonal convex
region. We introduce also the minima problem. We give O�n log N� time
algorithms for solving both problems in E2 and O�nm log N� time algo-
rithms for solving both problems in E3, where n is the number of points
in P, m is the number of points defining the convex polygonal region and
N � max�n, m�.

In [66] the maxima problem for a set of points is considered. In the next
paragraphs we follow textually the book by Preparata and Shamos [66].
Concretely, given two points p1 and p2 in Ed with coordinates x1�p1�, . . . , xd�p1�
and x1�p2�, . . . , xd�p2�, the following relation is establish:

2.34 Definition We say that the point p1 dominates the point p2 (p2 � p1),
if xi�p2�  xi�p1�, for i � 1, 2, . . . , d.
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This relation is naturally called dominance. Given a set P � �p1, p2, . . . , pn�
of points in Ed, the relation � is a partial order in P for d > 1. A point pi in
P is called maximal (or maximum) if there does not exists p j in P such that
i � j and pi � p j. The maxima problem consists of finding all the maxima
of P under dominance.
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Figure 2.23 Maxima in 2D.

Given the set P in Ed we can formulate as many maxima problems as there
are orthants in Ed (i.e., 2d). Figure 2.23 shows the situation for d � 2. Each
of these problems is obtained by a assignment of signs � or � to each of the
coordinates of the points of P. The original formulation corresponds to the
assignment � � . . .�.

There is a relation between the maxima points and the convex hull as a rep-
resentation of the border of P, which is expressed in the following theorem.

2.35 Theorem [11] A point p in the convex hull of P is a maximum in at
least one of the assignments of signs to the coordinates.

The next two theorems give a lower bound and an upper bound for the
maxima problem.

2.36 Theorem [53] In the comparison-tree model, any algorithm that solves
the maxima problem in two dimensions requires time 	�n log n�.

2.37 Theorem [53] The maxima of a set of n points in Ed, d � 2, can be
obtained in time O�n�log n�d�2� � O�n log n�.
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Up to now we have exhibit the maxima problem and the known results.
Next we extend this problem modifying the dominance relation.

2.5.1 Definitions and notation

Note first that the dominance relation admits the following interpretation:
a point p1 dominates a point p2, p2 � p1, if the half-line from p1 passing through
p2 intersects the quadrant or it is tangent at infinity to one of the unbounded faces of
the quadrant. This fact let us to extend the dominance relation considering
a convex polygonal region instead the quadrant. In Ed , let Q be a (bounded
or unbounded) convex polygonal region and p1, p2 two points which are
exterior to Q.

2.38 Definition The point p1 dominates the point p2 with respect to Q (p2 �Q

p1), if the half-line from p1 passing through p2 either intersects Q in case that Q is
bounded or intersects Q or it is tangent at infinity to some of the unbounded faces of
Q in case that Q is unbounded.

This relation is called dominance relation with respect to Q or relative dominance.
Note that this definition coincides with the above one in case that Q is a
quadrant (unbounded convex polygonal region) in Ed and p1, p2 are points
which are exterior to Q. Figure 2.24 shows the situation for d � 2. Given a
set P � �p1, p2, . . . , pn� of points in Ed which are exterior to Q, the relation
�Q is a partial order in P for d > 1.

p1p2

p1

Q
Qp2

Figure 2.24 Relative dominance.
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2.39 Definition We say that a point pi in P is maximal with respect to Q if
there not exists a point p j in P such that i � j and pi �Q p j.

2.40 Definition We say that a point p j in P es minimal with respect to Q if
there not exists a point pi in P such that j � i and pi �Q p j.

The maxima (minima) problem with respect to Q consist of determining all
the maxima (minima) of P with the dominance relation with respect to Q.
Note that a point can be simultaneously maximal and minimal with respect
to Q. With the old formulation the definition of minimal with respect to
a quadrant corresponds to maximal with respect to the opposite quadrant
and therefore, only maximal points were handle. We are interesting in
knowing whether the new formulation maintains the previous results.

2.5.2 Relative maximal and minimal in 2D

Let Q �< q1, q2, . . . , qm > be a (bounded or unbounded) convex polygonal
region (in second case we suppose that the endpoints of the two half-lines
are q1 and qm), defined by m points in the plane. Let P � �p1, p2, . . . , pn� be
a set of points in the plane which are exterior to region Q

Tracing the supporting lines from pi to Q we obtain the wedge region Ai

defined by two half-lines as it is shown in Figure 2.25. If Q is unbounded,
we can have points pi such that their (one or two) supporting lines to Q are
lines being parallel to the half-lines of Q and passing through the point pi.

Ai

Ai

pi
Q Q

piA j
p j

A j
p j

..........................................................

........................................................................

Figure 2.25 Wedge region Ai.
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2.41 Lemma A point pi is maximal with respect to Q if, and only if, there not
exists a point p j, j � i, such that Ai � A j, and therefore, Ai does not contain points
from P. A point p j is minimal with respect to Q if, and only if, there not exists a
point pi, i � j, such that Ai � A j.

The relation between the maximal points and the convex hull stated before
can be translated into the following proposition

2.42 Proposition A point pi in P belonging to the convex hull of P 
 Q is
maximal with respect to Q.

Proof If pi is not maximal with respect to Q, then there exists a point
p j in P which is maximal with respect to Q such that A j � Ai. Then
CH�Q 
 pi� � CH�Q 
 p j� and therefore pi /� CH�P 
 Q�.

The above lema and proposition are also true for dimensions d � 3. Next
we solve the relative maxima and minima problems in the plane. First
of all, we introduce the notation we are going to use and then, we sort
the points of P with respect to Q. Finally, we give the algorithms which
compute all the relative maximal and minimal points.

Notation. The notation was just introduced in section 2.3 for the case
of bounded convex polygonal region. For sake of clarity, we reproduce again
the notation. Let li (ri) be the supporting line from pi to Q such that Q is on
the left (right) side going from pi to Q. We compute the supporting lines,
their angles and the tangency points Li (Ri) of li (ri) with Q. If a supporting
line is parallel to the half-line from q1, we say that its tangency point is
the point (at infinity) L0 and for a supporting line which is parallel to the
half-line from qm, we say that its tangency point is the point (at infinity)
Lm�1.

By l�i or l�i we denote the half-line given by li and the tangency point Li

depending on whether it contains or not the point pi. Analogously for r�i
or r�i . By l�i pi and r�i pi we denote the half-lines l�i and r�i from pi. Wedge
region Ai is delimited by the half-lines l�i pi and r�i pi (Figure 2.26).

Ordering points in P. The ordering of the points in P depends on
if the region Q is bounded or unbounded. In the second case we change
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Q
Q

li

ri

l�i

r�i

Ai
pi

Aipi
li

ri

l�i

r�i

Figure 2.26 Notation.

previously the coordinate system in such a way that the x axis contains the
half-line from q1 and the points in P
Q have positive x-coordinate. In this
way all the points in P with positive y-coordinate have a supporting line
which is parallel to x axis.

We order the points in P according to the order of the half-lines l�i , which
are ordered according to: first, the order of Li in Q and secondly, by decreas-
ing angle. If there are several points of P sharing a half-line l�i , the order is
given by the proximity to Li. Relabeling pi and r�i we have the ordering��l�1 , p1, r�1 �, �l

�
2 , p2, r�2 �, . . . , �l�n , pn, r�n �� ,

which, in fact, corresponds to a clockwise line sweep around Q. Let L �
�p1, p2, . . . , pn� be the ordered points of P. This process can be done in
O�n log N� time.

Maximal points: A point p j is not a maximal point if it is dominated
by some point pi, i.e., Ai � A j. The procedure maximal analyzes the points
of P and deletes the non maximal points. Deciding if p j �Q pi requires con-
stant time, the number of times the procedure analyzes a point is constant,
so the running time of the procedure is O�n�. Note that the last points can
dominate the first one.

2.43 Lemma The procedure maximal obtains only all the minimal points of P
with respect to Q.
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maximal

Input: list L (list of the ordered points of P)
Output: list MAX of maximal points
MAX �� L, i �� 1, j �� 2
while j  n do

if p j �Q pi then delete p j from MAX , j �� j � 1, else i �� j, j �� j � 1
if p1 �Q pi then find last pk from MAX , k > 1, such that pk �Q pi,

delete �p1, . . . , pk� from MAX

Proof The procedure only deletes dominated points. Suppose we have
the closed chain obtained by the procedure, where pi�1 �Q pi. If a point
pi is maximal, it is not dominated by any other point and therefore the
procedure does not delete it. Suppose that pi is not maximal and it has
not been deleted, then there exists a maximal point p j, such that pi �Q p j

with j < i. If j � i � 1 then pi is deleted by the procedure. Suppose that
j < i � 1, if pi�1 � Ai then pi is deleted by the procedure and therefore,
pi�1 � Ai. As a consequence pi�1 belongs to the region delimited by l�j ,
r�i and l�i (Figure 2.27). Reasoning similarly, we obtain that pi�2, . . . , p j�1

are not contained in this region and then p j delete to p j�1, which is a
contradiction.

pi

p j

r�i

l�i

l�j

Q

Figure 2.27 Maximal point.

Minimal points: Now the reader is addressed to section 2.3 where it
is shown the procedure minimal which computes the minimal points with
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respect to a convex polygon. The same procedure works also for unbounded
convex polygonal regions. Lemma 2.4 guarantees the procedure minimal.

Note that the maxima problem for a set of n points in the plane can be
solved optimally O�n log n� time and this time coincides with the time
needed to compute the maximal points with respect to a convex polygonal
region with m being a constant.

In general, given two disjoint sets of points in the plane, P and Q, we
understand the maximal (minimal) with respect to Q problem as the prob-
lem of determine the maximal (minimal) points in P with respect to the
convex hull of the points in Q, CH�Q�, and therefore, only the points in
P not contained in CH�Q� and the points from Q in CH�Q� are relevant in
the computation. If Q is a convex polygonal region, we consider only the
points in P not contained in Q. In any case, we can always select the points
in Q defining a convex polygonal region and the points in P not contained
in this region in a reasonable time.

By the above discussion we have the following theorem.

2.44 Theorem Let Q be a convex polygonal region defined by m points in the
plane and let P be a set of n points in the plane which are exterior to Q. Computing
the maximal and minimal points in P with respect to Q can be done in O�n log N�
time.

2.5.3 Relative maximal and minimal in 2
1
2D

Suppose that Q is a convex polygonal region in a plane Π and P is a set of
points in the space not contained in Q. Given two points p1 and p1 in P,
p2 �Q p1 if the half-line from p1 passing through p2 intersects Q. We want
to determine the maximal and minimal points in P with respect to Q.

We make the following partition of P: Let P1 be the set of points which are
in the plane Π, let P2 be the set of points which are above Π and let P3 be the
sets of points which are below Π. This partition can be computed in O�n�
time. It is clear that the maximal and minimal points with respect to Q of
each of these subsets of P are independent and therefore, we can compute
them separately. By theorem 2.44 the maximal and minimal points from
P1 can be computed in O�n log N� time as a 2D case. Next, we show how
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to compute the maximal and minimal points in P2 with respect to Q. For
points in P3 we proceed analogously.

First, we make a triangulation of Q � �q1, q2, . . . , qm� by tracing diagonals
from q1. If Q is bounded we obtain m � 2 triangles and if Q is unbounded
we add the unbounded convex polygonal region formed by the two half-
lines in Q and the line segment q1q2. Let T � �T1, T2, . . . , Tm�2, Tm�1� be the
obtained triangulation. Let pi, p j be two points in P2.

2.45 Lemma The point pi dominates point p j with respect to Q (p j �Q pi) if,
and only if, there exists Tk in T such that p j �Tk pi (Figure 2.28).

Proof The half-line from pi passing through p j intersects Q if, and only
if, it intersects a triangle Tk in T .

We consider the dominance relation in each triangle Tk. For each point pi

in P2 we construct the tetrahedra formed by pi and the three vertices of the
triangle, we compute the angles �Αi, Βi, Γi� defined by the faces with vertex
pi and the triangle (dihedral coordinates). These angles are contained in
the interval �0, Π� (Figure 2.28). If pi � �Αi, Βi, Γi� and p j � �Α j , Β j , Γ j�, the
dominance relation with respect to a triangle Tk is as follows:

p j �Tk pi �Α j  Αi, Β j  Βi, Γ j  Γi.

Hence, we can compute the maximal points in O�n log n� time for each
triangle using theorem 2.37. We proceed analogously for the minimal
points making a small modification of the same theorem 2.37.

Therefore, the total time is O�nm log N� � O�n log N�. The first term cor-
responds to points in P2 
 P3 because we have to analyze the dominance
relation for all triangles and the second term corresponds to points in P1.

A brute-force algorithm analyzes all the pairs of points in P2 and for each
pair �pi, p j� determine whether the point pi dominates p j by checking if the
half-line from pi passing through p j intersects Q. This requires O�n2 log m�
time.

By the above discussion we have the following theorem.



2.5 Appendix: Relative geometric dominance 79
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Π

pi

p j

Q Tk

Figure 2.28 Relative dominance in 2 1
2D.

2.46 Theorem Let Q be a convex polygonal region defined by m points in the
plane and P a set of n points in the space which are exterior to Q. The set of maximal
and minimal points in P with respect to Q can be obtained in O�nm log N� time.

Note that if m is a constant, the time complexity of the algorithm is
O�n log n�. By other hand, if m is almost n the time complexity of the
algorithm is equivalent to brute-force.

2.5.4 Relative maximal and minimal in 3D

By the results from the last subsection, the problem of computing the rel-
ative maximal and minimal points in 3D can be solved trivially as follows.
Let Q be a convex polygonal region in 3D defined by m points. We trian-
gulate each face analogously as above, the total number of triangles is O�m�.
Now, we apply theorem 2.46 to each face of the convex polygonal region
Q but only for points in P which are above the face. Hence, we obtain the
same time complexity.

2.47 Theorem Let Q be a convex polygonal region defined by m points in 3D
and let P be a set of n in 3D which are exterior to Q. The set of maximal and
minimal points in P with respect to Q can be obtained in O�nm log N� time.
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Note again that, if m is a constant the time complexity of the algorithm
is O�n log n� and, if m is almost n the time complexity of the algorithm is
equivalent to brute-force.

2.6 Conclusions

We have solved the problems of separating two sets of points, segments,
polygons or circles in the plane with wedges and strips, obtaining also the
wedges with the maximum and minimum angle and the narrowest and the
widest strip. Our algorithms run in O�N log N� time. As applications, we
improve the computation of all the largest circles separating two sets of
line segments by a log n factor, and we generalize the algorithm for com-
puting the minimum polygonal separator of two sets of points to two sets
of line segments with the same running time. In case that there are no
separating wedges or strips we study in the next chapters the separability
problems from other points of view, either by weakening the separability
condition, allowing some points to be misclassified, or by using more than
one separator.

In the last section of the chapter (appendix), we have extended the notion
of maximal point defining the maximal and minimal points with respect
to a (bounded or unbounded) convex polygonal region in 2D or in 3D.
It is interesting to study the relative maximal and minimal problem for
dimensions d > 3.

The results are summarized in the following tables:

Separability criteria All feasible solutions

Linear ��N�
Strip O�N log N�
Wedge O�N log N�

Dimension Relative maximal or minimal

2D O�n log N�
3D O�nm log N�





Chapter 3



Double wedge

and constant turn separability

Abstract

In this chapter we study separability in the plane by two criteria: double
wedge separability and constant turn separability. We give O�N log N�-time
optimal algorithms for computing all the separating double wedges of two
disjoint sets of objects (points, segments, polygons and circles) and the
flattest minimal constant turn polygonal line separating two sets of points.

3.1 Introduction

Let B and R be two disjoint sets of objects in the plane classified as blue and
red objects, respectively. The objects we consider are either points, seg-
ments, polygons and circles. If the objects are polygons, n and m represent
the total number of segments of the polygons in B and in R. In other cases
n and m are the number of objects in B and R respectively, and in any case
N � max�n, m�.

Let � be a family of curves in the plane. The sets B and R are �-separable if
there exists a curve S � � such that every connected component of �2 � S
contains objects only from B or from R.

Many alternatives have been considered when linear separability is not pos-
sible like using polygonal lines or other geometrical objects [18, 34, 45].
In chapter 2 we have considered the wedge separability and the strip separa-
bility. In the first case, S is a wedge and in the second one S is a strip. If the
angle of the wedge is exactly Π, the problem reduces to linear separability.
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In case that B and R are not wedge separable, we want to know what is the
minimum number of wedges separating B and R. A simpler problem is
knowing whether the minimum number is two and a particular case is the
double wedge separability (Figure 3.1a).

3.1 Definition Two disjoint sets of objects B and R are double wedge separable
if there exist two straight lines intersecting at a point p, vertex of the double wedge,
such that �B1, B2� is a partition of B, �R1, R2� is a partition of R and the subsets
alternate angularly as seen from p.

B2

R1

R2

a) b)

B1

�

�
�

� �

Figure 3.1 a) Double wedge separability, b) constant turn separability.

Another criteria of separability is the radial separability: given B, R and a
point p, we order radially the points of B 
 R obtaining a separation of
B
R by monochromatic sectors. The corresponding optimization problem
would be computing the point p from where we see radially B
R with the
minimum number of monochromatic sectors. This problem generalizes
some of the problems mentioned earlier because if the minimum is two, the
sets are wedge separable, while if the minimum is four and the sectors are
defined by two intersecting lines, then the sets are double wedge separable.

In section 3.2 we solve the problem of the double wedge separability of two
disjoint sets of objects in the plane given an O�N log N� time algorithm for
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computing the region formed by the vertices of the double wedges. The
double wedge separability is also meaningful in case that the sets are wedge
separable because the regions of vertices of wedges and double wedges are
disjoint by definition. The key idea for the algorithm is to observe that
if the points are double wedge separable, there exists a vertical line or a
horizontal line that gives the same partition of one of the sets as the double
wedge. Using this idea, a number of candidate partitions are generated
and for each partition the (possibly empty) region of vertices of the corre-
sponding double wedges is computed. The locus of vertices of the double
wedges is formed by a linear number of quadrilaterals. Finally, we study
the double wedge separability for different kinds of objects.

If the sets B and R are not line separable a natural question is to ask
about the separability by a polygonal line. In [37] the author studied the
minimum-link red-blue separation problem (find a polygonal separator with
fewest edges that separates B from R). This problem is known to be NP-
complete. In particular, we are interested in the separability by polygonal
lines of constant turn, which we call constant turn separability (Figure 3.1b).

3.2 Definition A �-polygonal line is a polygonal line such that all the corners
have angle � and it turns alternatively left and right. We say that two disjoint
sets of objects B and R are constant turn separable if there exists a �-polygonal line
separating B and R.

In section 3.3 we study the constant turn separability of two disjoint sets
of points in the plane. We give O�N log N� time algorithms for computing
the separating �-polygonal lines with maximum angle and also with the
minimum number of edges. We observe that two given sets B and R can
always be separated by a �-polygonal line for � small enough. However,
we are interested in maximizing the angle because if � is close to Π, we get
an approximation of linear separability.
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3.2 Double wedge separability

3.2.1 Separating points by a double wedge

Let B and R be two disjoint point sets in the plane, each in general position.
This assumption is not essential for our algorithms to work, but handling
degeneracies would require the description of many details and would hide
the crucial ideas. We also assume hereafter that no double wedge separator,
if there is any, has an empty quadrant, because this situation is a special case
of wedge separability which can be detected directly with the algorithms
given in 2 as follows. Without loss of generality and as it is shown in
Figure 3.2, we can suppose that the two lines of the double wedge with an
empty quadrant are supporting lines from two consecutive minimal blue
points with respect to the red convex hull. We know from chapter 2 how to
compute the sorted list of minimal blue points (at most a linear number).
Checking all the consecutive pairs we can determine whether they produce
a double wedge with an empty quadrant.

B2

CH�R�

B1

....................................
....
....
...

Figure 3.2 Double wedge with empty quadrant.

The decision problem for the separability by a double wedge with vertex
in a given point can be solved in linear time, the reader is referred to sub-
section 4.7.1 in the next chapter. The interesting problem is to compute
the region of the plane formed by the vertices of all the separating double
wedges.
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Given a double wedge Ω with vertex at p and separating B and R, the plane
is decomposed into two complementary cones with apex p, the red cone
and the blue cone, with aperture angles denoted by Αr and Αb, respectively.
We say that a direction is red (blue) if the line through p in that direction
is contained in the red (blue) cone (the boundary lines get both colors).
Because Αr �Αb � Π, either Αr  Π/2 or Αb  Π/2. Without loss of generality,
we assume hereafter that Αr  Π/2, hence either the vertical direction is
blue or the horizontal direction is blue.

Let 	 be the (possibly empty) set of double wedges separating B and R such
that Αr  Π/2 and the vertical direction is blue. We show in the rest of this
section how to compute 	; the total set of double wedges separating B and
R can be computed repeating the process for the rest of the cases.

Observe that any direction defined by two red points in opposite semi-
cones is a red direction; we can always get one by picking the red points
with minimum and maximum abscissa. For that direction, we relabel the
points in such a way that �r1, r2, , rm� is monotone in that direction and
�b1, , bn� is monotone in the perpendicular direction, which is necessarily
blue because Αr  Π/2. After this relabelling, we immediately get:

3.3 Lemma The semicone partition produced by Ω � 	 is given by

B � �b1, , bi� 
 �bi�1, , bn�

and

R � �r1, , r j� 
 �r j�1, , rm�

for some i � 1, , n � 1, j � 1, , m � 1.

According to the above considerations, for a given input we always start
by taking the direction defined by the red points with minimum and max-
imum abscissa and change the coordinate system for this direction to be
horizontal and relabel the red points by increasing abscissa and the blue
points by decreasing ordinate. We assume in what follows that this step
has already been done.
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Computing feasible partitions

In order to compute feasible semicone partitions for B and R, we consider
the monotone polygonal lines �B, with vertices �b1, , bn� and �R, with
vertices �r1, , rm�. Each edge of a polygonal induces a partition in the
corresponding set given by the vertices of the two chains that appear when
the edge is removed.

3.4 Lemma If 	 � !, then there exist two edges er � �R and eb � �B such
that ��R 	 er� � ��B 	 eb� � !. Furthermore, at least one of the following things
holds:

1) There exists exactly one edge er � �R having more than one intersection. In
this case, all the double wedges of 	 separate R in the components induced by er.

2) There exists exactly one edge eb � �B having more than one intersection. In
this case, all the double wedges of 	 separate B in the components induced by eb.

3) �R and �B intersect in one point, er � eb. In this case, all the double wedges of
	 separate either B or R in the components induced by eb and er, respectively.

Proof The first claim follows immediately from Lemma 3.3 observing
that, if the partition given by a double wedge Ω is

B � �b1, , bi� 
 �bi�1, , bn�

and
R � �r1, , r j� 
 �r j�1, , rm�,

then the polygonal chains �b1, , bi�, �bi�1, , bn�, �r1, , r j� and �r j�1, , rm�
do not intersect each other.

For the second claim, regarding the number and position of the intersec-
tions, we observe that there is at most one edge in each polygonal chain
having more than one intersection and that, if all the edges have at most
one intersection, then there is only one intersection between �R and �B

because the number of intersections between the polygonal lines is odd
(Figure 3.3). Finally, in case (1), as the lines that form the double wedge
Ω � 	 cannot intersect the chains obtained by removing the edge er, Ω
must separate R precisely in the components induced by er; the other two
cases are argued similarly.
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Figure 3.3 �B and �R.

Let us observe that if 	 � !, then �B and �R intersect a linear number of
times and, therefore, we can use a standard algorithm [13, 21] for comput-
ing segment intersections in order to compute candidate partitions of the
sets in O�N log N� time. Moreover, we observe that Lemma 3.4 implies that
there is at most one candidate partition for one of the sets and, therefore,
there are O�N� candidate partitions.

Assume that we have a candidate partition R � �R1, R2� induced by the edge
r jr j�1 � �R, i.e., R1 � �r1, . . . , r j� and R2 � �r j�1, . . . , rm�. For i � 1, . . . , n � 1,
let Bi � �b1, . . . , bi� and B�i � �bi�1, . . . , bn� be the bipartition of B induced by
the edge bibi�1 of �B. A necessary condition for the existence of a double
wedge separating B and R is that the sets R1, R2, Bi and B�i are pairwise
linearly separable. We show next how to compute the tentative partitions
fulfilling this condition, assuming that CH�R1� and CH�R2� have already
been precomputed.

3.5 Lemma For a fixed partition R � �R1, R2� of �R, the list LB of indices i such
that R1, R2, Bi and B�i are pairwise line separable can be computed in O�n log m�
time.
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Proof We compute first the indices i such that Bi is line separable from
R1 and R2. Obviously, if Bi is not line separable from R1 and R2 then Bi�k

is neither for k � 1. If Bi is line separable from R1 and R2, then the linear
separability of Bi�1 can be decided by computing the lines of support of
CH�Bi� from bi�1, taking the segments from bi to the contact points, and
checking whether they intersect or not CH�R1� and CH�R2�. This can be
done in O�log m� time, therefore the list of indices i such that Bi is line
separable from R1 and R2 can be computed in O�n log m� time. Within the
same time bound, by processing the points from bn to b1, the sets B�i which
are line separable from R1 and R2 can also be computed. Finally, LB, i.e.,
the list of indices i such that both Bi and B�i are line separable from R1 and
R2 can be obtained from the two lists in O�n� additional time.

3.6 Lemma For an index i � LB the set of vertices of double wedges separating
R and B according to the partition R1, R2, Bi and B�i is a (possibly degenerate)
quadrilateral which can be computed in O�log N� time if the convex hulls CH�R1�,
CH�R2�, CH�Bi� and CH�B�i � are given as part of the input as structures allowing
binary search.

Proof A point p is a vertex of a double wedge separating R1, R2, Bi and
B�i if, and only if, p is the intersection point of two lines l1 and l2, where l1

separates CH�R1 
 Bi� from CH�R2 
 B�i� and l2 separates CH�R1 
 B�i� from
CH�R2 
 Bi�.

The locus of points swept by the lines separating two convex polygons is
bounded by two concave chains defined by edges of the polygons and by
the separating common supporting lines (Figure 3.4).

When the two polygons are CH�R1 
 Bi� and CH�R2 
 B�i�, let �1i be the
chain which contains edges from CH�R1 
 Bi� and let s1i the only edge in
�1i that is crossed by lines separating R1 and Bi.

We denote by h1i the half plane bounded s1i which contains CH�R1 
 Bi�;
h2i, h�1i and h�2i are defined analogously (Figure 3.5). The set of vertices of
double wedges separating R1, R2, Bi and B�i is h1i� h2i� h�1i� h�2i. As the four
half planes can be computed in O�log N� time, the claim is proved.

The computation in the above lemma has to be performed for every i � LB.
CH�R1�, CH�R2� are given and CH�Bi� and CH�B�i� can be maintained by
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.......................................................................

Figure 3.4 Two concave chains that bound the region of separating lines.

mimicking the incremental construction of CH�B� from left to right and
reversely, giving an overall running time of O�n log n�.

The previous lemmas combine into the following result:

3.7 Theorem Let B and R be two disjoint sets of points in the plane. The region
of vertices of double wedges separating B and R can be computed in O�N log N� time.

The following two procedures are a visualization of the main part of the al-
gorithm for the above theorem. The linear separability betweenCH�R1
Bi�
andCH�R2
B�i� and the linear separability betweenCH�R1
B�i� andCH�R2

Bi� are checked by procedure test-separability-i, where l.s. means line
separable and where �1, �2, �i and ��i are the convex hulls of R1, R2, Bi and
B�i respectively.

Analysis of the procedure. Let �b1, . . . , bn� be the sequence of the
blue points of �B sorted by decreasing y-coordinate, �i � �b1, . . . , bi� and
�i � �i�1 
 �bi�. By necessary condition all the points from �B are exte-
rior to �1. The linear separability between �1 and �i can be determine in
logarithmic time as follows:

1) �1 is line separable from �1. The points b1 and b2 are exterior to �1. If
the segment �2 intersects �1, then there is not solution for �2, else for
i � 3 to i � n do:
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Figure 3.5 Half-planes h1i, h2i, h�1i and h�2i.

2) Compute the supporting lines from bi to �i�1 to construct �i. In log-
arithmic time check if �1 intersects �i or �1 is contained in �i in
which cases there is not solution for �i. Otherwise �i is line separable
from �1.

Note that if �i�1 is no line separable from �1 then �i is no line separable
from �1. Analogously for the linear separability between �2 and �i. For
linear separability between �1 and ��i note that ��i � �bi�1, . . . , bn� and ��i �
��i�1 
 bi�1. We do the following:

1) ��n�1 is line separable from �1. The points bn and bn�1 are exterior to
�1. If the segment ��n�2 intersects �1, then there is not solution for
��n�2, else for i � n � 3 to i � 2 do:

2) Compute the supporting lines from bi to ��i to construct �i�1. In log-
arithmic time check if �1 intersects ��i�1 or �1 is contained in ��i�1



3.2 Double wedge separability 93

test-separability-i
Input: �1, �2, �i, ��i
Output: true if � double wedge for this partition and false otherwise
if �i is l.s. from �1 and �i is l.s. from �2 do
if ��i is l.s. from �1 and ��i is l.s. from �2 do
“the four sets are pairwise l.s.”
compute bridges between �1 and �i and between �2 and ��i ,
if CH��1 
 �i� and CH��2 
 ��i� are l.s. do
compute bridges between �1 and ��i and between �2 and �i,
if CH��1 
 ��i� and CH��2 
 �i� are l.s. then true.

in which cases there is not solution for ��i�1. Otherwise �
�
i�1 is line

separable from �1.

Note that if ��i is no line separable from �1 then �i�1 is no line separable
from �1. Analogously for the linear separability between �2 and ��i .

On the other hand, by the pairwise separability for the sets R1, R2, Bi and B�i
we can conclude that CH��1
�i� and CH��2
��i� are line separable if, and
only if, the bridge edges of one convex hull don’t intersect the other convex
hull. This condition can be checked in logarithmic time. Analogously for
the linear separability between CH��1 
 ��i� and CH��2 
 �i�. Therefore,
the time complexity of procedure test-separability-i is O�log N�.

The following procedure regions- ji computes the regions of vertices of
double wedges for the partition R1, R2 given by the red edge r jr j�1.

regions- ji

Input: �1 � CH��r1, . . . , r j��, �2 � CH��r j�1, . . . , rm��, �B

Output: regions of vertices of double wedges for the red edge r jr j�1

if all the points from �B are exterior to �1 and �2 do
for i � 1 to n � 1 do
if test-separability-i := true do
compute the half-planes h1i, h2i, h�1i and h�2i

compute the intersection of the half-planes
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Analysis of the procedure. The time complexity of procedure re-
gions- ji is O�N log N� since test-separability-i runs at most �n�1� times.
The computation of the four half-planes can be done in logarithmic time
and in constant time we compute their intersection which is a (possible
degenerate) quadrilateral: four sides, a segment or a point.

We run procedure REGIONS- ji on each candidate partition and obtain
the regions of vertices of double wedges. The total time complexity is
O�N log N� since by Lemma 3.4 the number of candidate partitions is con-
stant.

The above algorithm for computing all the separating double wedges is
optimal as an 	�N log N� lower bound for the decision problem of double
wedge separability will be shown in the next chapter.

In the remainder of this section, we give a combinatorial property of the
set of vertices of double wedges separating B and R.

3.8 Lemma Let �R1, R�1� and �R2, R�2� be two different partitions of R given by
two double wedges separating B and R. If the partitions are labeled in such a way
that R1 � R2 � !, then either R1 � R2 or R2 � R1.

Proof For i � 1, 2, let Ωi be the double wedge defined by the lines �li, l�i �
and giving the partitions �Ri, R�i�. If we assume that neither R1 � R2 nor
R2 � R1, it follows that both l2 and l�2 intersect R1 and R�1. Therefore, any
line contained in the red zone of Ω2 has also red slope with respect to Ω1

(Figure 3.6). Then, we conclude that a line passing through the vertex of
Ω2 and with slope contained in the blue interval of Ω1 separates R2 and R�2,
contradicting the fact that neither R1 � R2 nor R2 � R1.

Applying the previous result to both sets, we get:

3.9 Proposition The partitions of B and R given by double wedges can be
labeled in such a way that the partitions ��Bi, B�i�, �Ri, R�i��

k
i�1 satisfy

B1 � B2 �� � Bk and R1 � R2 �� � Rk

Let �B and �R be polygonal lines such that each of the partitions of Propo-
sition 3.9 is obtained by deleting a single edge in each polygonal line. If
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we apply the same arguments as in Lemma 3.4, we obtain the following
result:

3.10 Proposition There are solutions for at most one red partition with dif-
ferent blue partitions and one blue partition with different red partitions.

Figure 3.7 shows all the regions of vertices of the separating double wedges
for two sets of points.

3.2.2 Double wedge with maximum aperture

By aperture angle of a double wedge we mean max�Αr,Αb�. Observe that as
Αr�Αb � Πmaximizing and minimizing the aperture are the same problem.
The region of vertices of the separating double wedges is the union of a
linear number of (possibly degenerate) quadrilaterals. In each quadrilateral,
the vertex of the double wedge with maximum aperture must be one of the
four vertices, as otherwise we could move the vertex of the double wedge
along the boundary of the quadrilateral increasing one of the angles and
decreasing the other. Once all the quadrilaterals have been constructed,
we can compute the angles in the vertices of all them and hence obtain
the separating double wedge with maximum aperture in additional linear
time. Therefore, we have:
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Figure 3.7 Regions of vertices of double wedges.

3.11 Proposition Given the locus of vertices of double wedges separating B
and R, the double wedge with maximum aperture angle can be computed in O�N�
time.

3.2.3 Separating segments by a double wedge

Let B and R two disjoint sets of n and m segments in the plane classified
as red and blue segments respectively. If there exists a double wedge sep-
arating B and R, each wedge contains only monochromatic segments and
each wedge contains at least one segment. Then we consider the problem
of separating by double wedge the sets of 2n and 2m blue and red endpoints
respectively to compute the candidate partitions.

Assume that the endpoints of the red segments sorted by x-coordinate and
the endpoints of the blue segments sorted by y-coordinate. Now, we con-
struct the red and blue polygonal lines corresponding to the endpoints
analogously as for sets of points. We have to consider that only can be can-
didates those edges of the red polygonal line such that the orthogonal pro-
jection of its interior has not intersection with the union of the orthogonal
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projections of the red segments. We call this edges red-open-edges. Anal-
ogously for the blue polygonal line, obtaining blue-open-edges (Figure 3.8).
We modify the algorithm for point sets such that the partitions Bi and B�i
only have sense when they correspond to blue-open-edges. Analogously for
the red-open-edges. The complexity of the algorithm is the same as for
points sets.

Figure 3.8 Double wedge for sets of segments.

3.12 Theorem Let B and R be disjoint sets of segments in the plane. To de-
termine if they are double wedge separable and to compute the region of the plane
formed by the vertices of the double wedges can be done in O�N log N� time. The
double wedge with maximum aperture angle can be computed in O�N� time if we
have pre-computed the regions of vertices of the double wedges.

The problem of the separability by double wedge of sets of polygons can
be reduced trivially to the separability for sets of segments.

3.2.4 Separating circles by a double wedge

Let B and R be two disjoint sets of n and m blue and red circles of the plane
respectively. If there exists a double wedge separating B and R, each wedge
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contains only (and at least one) monochromatic circles. Let CB � �b1, . . . , bn�
and CR � �r1, . . . , rm� be the centers of the blue and red circles (Figure 3.9).

We can apply the algorithm for sets of segments but with same changes.
Assume that the X axis is the line passing through r1 and rm. For each circle
we compute the segments defined by the diameters of the circle which are
parallel to the coordinates axes. The union of the projections of the circles
over the X and Y axes is the union of the projections of those segments. This
has to be used in the computation of the red-open-edges and the blue-open-
edges. The convex hull of a set of n circles can be obtained in O�n log n�
time [68] and also there exists an incremental algorithm with the same
time complexity [28] which can be applied to computeCH�Bi� and CH�B�i �.

Figure 3.9 Double wedge for sets of circles.

3.13 Theorem Let B and R disjoint sets of circles in the plane. To determine
whether they are double wedge separable and to compute the region of the plane
formed by the vertices of the double wedges can be done in O�N log N� time. The
double wedge with maximum aperture angle can be computed in O�N� time if we
have pre-computed the regions of vertices of double wedges.

3.3 Constant turn separability

If the sets B and R are not linearly separable, we are interested in finding
a polygonal line separating the sets and satisfying some restrictions. The
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problem of the polygonal line with the minimum number of edges is NP-
complete [37]. A simpler problem is the constant turn separability, i.e., the
separability by a polygonal line that turns alternatively left and right with
angle �, a �-polygonal line. In particular, we want to maximize the angle �
because if it is close to Π we get an approximation to linear separability.

It is easy to see that two set of points B and R are always separable by a
�-polygonal line with a small enough angle �. In fact, our first objective is
computing an angle �0 such that we can easily guarantee the existence of a
�0-polygonal line separating B and R and then we address the problem of
computing a �-polygonal line with maximum angle separating B and R. A
fundamental tool for solving this problem is the following result by Avis
et al. in [10] about the computation of the unoriented �-maxima points of
a set S of points in the plane.

3.14 Definition A ray from a point p � S is called a maximal ray if it
passes through another point q � S. A cone is defined by a point p and two rays C
and D emanating from p (Figure 3.10).

3.15 Definition A point p � S is an unoriented �-maximum with respect to
S if, and only if, there exist two maximal rays, C and D, emanating from p with
an angle at least � between them so that the points of S lie outside the (�-angle)
cone defined by p, C and D (Figure 3.10).

� �
p

C

D

Figure 3.10 Unoriented �-maximum.

3.16 Theorem [10] Let S be a set of n points in the plane. All unoriented �-
maxima points of S for � � Π/2 can be computed in O�n log n� time and O�n� space.
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For angles � < Π/2 the �-maxima points of S can be computed in O��n/�� log n�
time. The algorithm is optimal for fixed values of �.

The Π/2 constant of the theorem can be substituted by an arbitrary �0 > 0
without changing the asymptotic complexity of the algorithm as a function
of n. Therefore, our first step is to show that we can compute in O�N log N�
time an angle �0 such that we can guarantee the existence of a �0-polygonal
line separating B and R. In order to do so, we consider polygonal lines such
that the bisector of the angle �0 is a vertical half-line pointing up and
where the red points are above the polygonal.

Computing �0

We sort the points (red and blue) by x-coordinate. If there are points with
the same x-coordinate, we can compute in O�N log N� time an angle Α such
that when we rotate the coordinate system the situation is avoided as fol-
lows:

1) Sort the points by x-coordinate and let "x the smallest gap between
consecutive, but different, points.

2) Let "y the difference between the maximum and the minimum y-
coordinate of the points.

3) Consider a rectangle with edges "x and "y. Let Α be the angle formed
by the vertical and a diagonal of the rectangle.

In the following, we assume that the red and blue points are sorted by x-
coordinate with no points with the same x-coordinate. We compute the
angle �0 as follows:

1) Compute Ub, the upper convex hull of the blue points.

2) For each red point ri located below Ub, consider the angles Θi1 and Θi2
defined by the intersection of the vertical line through the previous
and next blue points with Ub (Figure 3.11).

3) For the rest of the points, Θi1 is either Π/2 or the angle defined by the
left tangent from ri to Ub and similarly for Θi2.
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4) Let �0 � 2 min�Θ11, Θ12, . . . , Θm1, Θm2�.
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Figure 3.11 Computing �0.

Construction of the �0-polygonal line

If we put vertical wedges of angle �0 with vertices at each ri, we observe
that the lower envelope of such set is a �0-polygonal separating B and R.

First, we establish a dominance relation between red points. Once we have
sorted the red points by x-coordinate, we assign to each ri the cone with
vertex in ri defined by the angle �0.

3.17 Definition We say that a point ri dominates a pointr j, r j ��0 ri, if the
cone of ri is contained in the cone of r j.

3.18 Definition We say that a point ri is a minimal point if ri does not
dominate some point r j.

The dominance relation is a partial order in R. We are interested only in
minimal points, the other ones fall down into the cones of minimal points
and they do not take part in the construction of the �0-polygonal line.
Using the x-coordinate order, the minimal points can be determined in
O�m� time using a similar algorithm to one described in chapter 2.

Suppose that the Y axis is parallel to the bisector of the angle �0. Let
�r1, r2, . . . , rk� be the red minimal points, sorted by x-coordinate and let
�li1, li2� be the left and right half-lines of the (�0-angle) cone on ri. The �0-
polygonal line is formed by l11, the pairs of consecutive segments defined



102 Chapter 3 Double wedge and constant turn separability

�
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ri

li1

li2

Figure 3.12 �0-polygonal line.

by the following points: ri, the intersection point between li2 and l�i�1�1 and
the point ri�1, for i � 1, . . . , k � 1, and finally the half-line lk2 (Figure 3.12).

By the above discussion we have the following proposition.

3.19 Proposition Given two disjoint point sets B and R in the plane, al-
ways are constant turn separable by a �-polygonal line for small enough � and in
O�N log N� time we can construct a �-polygonal line.

Next, we will describe the algorithm which compute a �-polygonal line
with maximum �. First, we adapt the definition of unoriented �-maximum
with respect to a set of points.

3.20 Definition Let B and R be disjoint sets of blue and red points in the
plane. A point r � R is unoriented �-maximum with respect to B if, and only if,
there exists two maximal rays, C y D, emanating from r and with an angle at least
� between them so that the points of B lie outside the (�-angle) cone defined by r, C
and D (Figure 3.13).

With this definition it is clear that once we have computed a �0-polygonal
line as in Proposition 3.19 then all the red points are unoriented �0-
maxima with respect to B. Now, we want to compute the maximum angle
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� �
p

C

D

Figure 3.13 Unoriented �-maximum with respect to B.

� � �0 such that all the red points are unoriented �-maxima with respect
to B. To do that we will use the algorithm of Theorem 3.16 [10]. This
algorithm has essentially two procedures, a sketch of which we describe
next:

Procedure candidates: if the input is a set S of points in the plane
and an angle Β, the output gives the list of edges of the convex hull of S,
CH�S�, together with a list of candidate points for each edge. If point p is a
candidate for the edge e � CH�S�, then p lies in the part of the circle which
has e as a chord, and p makes an angle Β with e which has a nonempty
intersection with the interior of CH�S�.

Procedure unoriented-maxima: if the input is a list of candidates
for the edge ei of CH�S�, then the output of the procedure are the unori-
ented Β-maxima points and the rays Lp and Rp defining their widest angles.
First, the procedure sorts the candidate points along the edge ei, defining a
simple polygonal chain. For each candidate p compute the rays Lp and Rp

(Figure 3.14) maintaining the convex hulls of the candidate points (except
the point p) that are on the left and right of Rp,ei . Rp,ei is the ray emanating
from p and it is perpendicular to ei in case that Β � Π/2. Finally, com-
pute the angle wedge�p, ei� between Lp and Rp if the angle is � Β. In case
that Β < Π/2, the angle between Lp and Rp must contain Rp,ei or one of the



104 Chapter 3 Double wedge and constant turn separability

Π/Β � 2 directions which are separated from Rp,ei by integer multiples of
Β. In addition, the procedure for computing unoriented Β-maxima among
candidates need to be executed �Π/Β � 1� times for each convex hull edge,
which imply an O��N/Β� log N� running time.

p

Lp
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...
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...
...
...
...
...
...
.

Rp

�

	

Rp,ei

CHL,p

CHR,p

Figure 3.14 Computing unoriented �0 maxima from candidates.

Next, we will apply this algorithm with the necessary modifications to
compute the red points which are unoriented �0-maxima with respect to B.
The advantage of the algorithm is that it gives the unoriented �0-maxima
points and the rays defining their widest angles. With this information,
we will compute a separating �-polygonal line with � maximum.

Computing a separating �-polygonal line with maximum �

We describe the steps of the algorithm. Using Proposition 3.19 we com-
pute an angle �0 such that all the red points are �0-maxima with respect to
B. This angle is a necessary input to compute the maximum value � � �0

such that all the red points are �-maxima with respect to B.

Procedure �-polygonal-line

Input: B, R, �0

Output: A separating �-polygonal line with maximum �.
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1) Compute CH�B�, let �e1, . . . , ek� be the list of edges of CH�B�. Classify
the red points into: interior or border to CH�B�, RI, and exterior to CH�B�,
RE.

2) For RI : run the algorithm of Theorem 3.16 [10] on B 
 RI to find the
maximum angle � � �0 such that all the points from RI are unoriented
�-maxima with respect to B.

Procedure candidates on B 
 RI gives as output the list of edges of
CH�B� together with the list of points from B
RI which are candidates
for each edge. A point can be candidate for a constant number of edges:
if �0 � Π/2 for at most three edges, if �0 < Π/2 for at most 2Π/�0 (a
constant) edges.

Procedure unoriented-maxima has as input a list of candidates of
the edge ei ofCH�B�. We sort the candidates along ei, defining a polyg-
onal chain. For each candidate r � RI, and only for these points, we
compute the rays Lr and Rr maintaining only the convex hulls of the
candidate points of B which are on the left and on the right side of Rr,ei .
Finally, we select the angle of the wedge defined by Lr and Rr if this
angle is � �0. In case that �0 < Π/2, we use the �Π/�0 � 2�directions
that are separated of Rr,ei by integer multiples of �0. The procedure
for computing unoriented �0-maxima among candidates is executed
�Π/�0 � 1� times for each edge, which imply an O��N/�0� log N� run-
ning time. The output are all the points from RI (all are unoriented
�0-maxima with respect to B) and for each point, the rays defining
their widest angles � �0.

3) For points ri � RE, we compute the angle Βi > Π defined by the sup-
porting lines from ri to CH�B� (Figure 3.15). We assign Βi to ri. It can
happen that ri is not a candidate for any edge but still it is unoriented
�0-maximum because the Βi angle.

Run procedure candidates on B 
 RE analogously as for RI . In fact,
this procedure do not distinguish whether a point is interior or exterior
to CH�B�.

Run procedure unoriented-maxima on B
RE analogously as for RI.
It has as input a list of candidates of the ith edge, ei, of CH�B�. Note
that the red points which are candidates to ei are in the same side of
the line containing ei. The output are all the points from RE and for
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Figure 3.15 The widest angles � �0.

each point, the rays defining their widest angles � �0 including the
angle Βi.

4) For each red point we have a constant number k1 < 2Π/�0 � 1 of an-
gles or angular intervals � �0 within �0, 2Π�. Making a rotating sweep
from 0 to 2Π, we compute, in O�N log N� time, the (non empty) com-
mon intersection of the angular intervals (remember the existence of
the �0-polygonal line), obtaining at most a constant number k2  k1

of angular intervals Ii of angles Θi � �0 (Figure 3.16a). Let � be the
maximum of the angles, i.e., � � max�Θi, 1  i  k2�. Note that � can
appears several times (at most a constant number k  k2) from disjoint
angular intervals (with the same angle �). Assume that �I1, . . . , Ik� is
the set of these angular intervals. We represent each Ii by the direc-
tion di of its bisector (Figure 3.16b), obtaining a constant number of
directions �d1, . . . , dk�.

5) For each di we construct a �-polygonal line in O�N log N� time analo-
gously as we did in Proposition 3.19.

Correctness of the procedure. The correctness of the steps 2 and
3 is guaranteed by the correctness of the used procedures (see [10]). The
correctness of the other steps is clear. Each step is performed in O�N log N�
time. Therefore, we can state the following theorem.
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Figure 3.16 a) Angular intervals, b) directions of �-polygonal lines.

3.21 Theorem Given two disjoint sets of points B and R in the plane, the
computation of a separating �-polygonal line with maximum � can be done in
O�N log N� time.

Minimizing the number of edges

Once we have computed a separating �-polygonal line with maximum �,
a natural problem is to ask for the separating �-polygonal line with maxi-
mum � and minimum number of edges, we call it the minimal �-polygonal.
To solve this problem we do the following:

1) For i � 1, . . . , k, compute the minimal �-polygonal with direction di,
we call it the minimal i-�-polygonal;

2) Select the minimal �-polygonal among the minimal i-�-polygonal.

Next, we describe the steps of the computation of a minimal i-�-polygonal.
Assume that di is the vertical direction and do the following:

1) Apply the construction in Proposition 3.19 to obtain �i,�,R, the �-
polygonal line with alternative vertices on red points (Figure 3.17).



108 Chapter 3 Double wedge and constant turn separability

2) Apply the construction in Proposition 3.19 to obtain �i,�,B, the �-
polygonal line with alternative vertices on blue points (Figure 3.17).
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Figure 3.17 Minimizing the number of edges.

�i,�,R and �i,�,B does not intersect but they have at least two pairs of edges
(a red one and a blue one) sharing the same line because the slopes of these
two lines define the angle � (Figure 3.17).

3.22 Lemma Any minimal i-�-polygonal is located in between�i,�,R and �i,�,B.

Proof Otherwise, either it is not minimal or it does not separate all the
red points from all the blue points.

3.23 Lemma Given any minimal i-�-polygonal there exists other minimal one
with the edges on �i,�,R and �i,�,B alternatively.

Proof Let �i,�,m be a minimal i-�-polygonal formed by two half-lines
and a set of edges. We do a parallel move of the one of the half-lines of �i,�,m

as far as it touch �i,�,R (�i,�,B). During that move we do not “delete” any
edge of �i,�,m, otherwise it was not minimal. Then we proceed analogously
with the next edge of �i,�,m doing a parallel move as far as it touch �i,�,B

(�i,�,R) and so on. The result is a minimal i-�-polygonal which jumps from
�i,�,R to �i,�,B and vice versa.

The above Lemmas provide the following greedy algorithm for computing
a minimal i-�-polygonal.
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Greedy algorithm

1) Starting from a half-line of �i,�,R or �i,�,B (for example, the left half-line
of �i,�,R);

2) Extend the half-line till it intersects �i,�,B, then turn angle � and ex-
tend again till it intersects �i,�,R and so on. Doing this we are jumping
from ��,B to ��,R and vice versa.

It is clear that in O�N log N� time we can construct a minimal i-�-polygonal.
Therefore, we state the following theorem.

3.24 Theorem Given two disjoint points sets B and R in the plane, the �-
polygonal line with maximum angle � and minimum number of edges separating
the sets can be computed in O�N log N� time.

Lower bound

Avis et al. establish an 	�n log n� time lower bound for computing all un-
oriented �-maxima points of a point set S in the plane for Π/2  �  Π. This
lower bound is achieved by reduction from the integer element uniqueness
problem. The result is as follows:

3.25 Theorem [10] The problem of computing all unoriented �-maxima points
of a set of points S in the plane for Π/2  �  Π is 	�n log n� under the algebraic
computation tree model, where �S� � n.

Now, we establish (using a similar argument) an 	�N log N� time lower
bound under the algebraic computation tree model for computing the �-
polygonal line with maximum �, Π/2  � < Π, separating two disjoint
points sets in the plane. This lower bound is also achieved by reduction
from the integer element uniqueness problem. Note that when � � Π, the
points sets are line separable, and it can be decided in O�N� time. Our
result is as follows.

3.26 Theorem The problem of computing the �-polygonal line with maximum
� separating two disjoint points sets in the plane for Π/2  � < Π is 	�N log N�
under the algebraic computation tree model.
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Proof We use a reduction from integer element uniqueness. Yao [85]
have shown that this problem have a lower bound of 	�N log N� under the
algebraic computation tree model. Let M � �x1, . . . , xN� be a set of integers
which is the input to the integer element uniqueness problem. For each
xi, produce the following six points: a red point �i � Ε, �Nxi�2� and five blue
points �i � Ε, �Nxi�2 � Ε�, �i � Ε, �Nxi�2 � Ε�, �i � Ε, �Nxi�2�, �i � Ε, �Nxi�2 � Ε�,
�i � Ε, �Nxi�2 � Ε�. The value of Ε � 1/4 is used for the proof. Let R and B be
the sets of red and blue points respectively containing these points.

............................................

...............................................
�Nxi�2

............................................

...............................................
�Nxi�2

i j

Figure 3.18 Lower bound.

If xi � x j then at least one red point out of the twelve points induced points
can not be �-unoriented maxima with respect to B (Figure 3.18). Hence,
the sets R and B are not separable by a �-polygonal line with maximum �,
Π/2  � < Π because if the two sets are separable by a �-polygonal line then
all the points from one of the sets are �-unoriented maxima with respect
to the other set.

On the other hand, if xi is unique in M, then the six points created by xi

are all �-unoriented maxima and particularly the red point created by xi

is �-unoriented maxima with respect to B. Furthermore, by construction,
the red point is �-unoriented maxima with respect to B with an angle �,
Π/2  � < Π, such that the direction of the bisector is the direction of
the X axis (pointing up west). This imply the existence of a separating
�-polygonal line with maximum �, Π/2  � < Π. Hence, all xi’s in M

are distinct if and only if there exists a separating �-polygonal line with
maximum �, Π/2  � < Π.
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We have thus reduced integer element uniqueness to the existence of a
separating �-polygonal line with maximum �, Π/2  � < Π in linear
time. Since the integer element uniqueness problem has a lower bound
of 	�N log N� under the algebraic computation tree model, the theorem fol-
lows.

3.4 Conclusions

In this chapter we described an optimal O�N log N� time algorithm for com-
puting all the separating double wedges of two disjoint object sets. We also
showed an optimal O�N log N� time algorithm for computing the flattest
minimal constant turn polygonal line separating two disjoint point set.

The results are summarized in the following table:

Separability criteria All feasible solutions

Double wedge O�N log N�
Constant-turn O�N log N�
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Lower bounds

Abstract

In this chapter we obtain lower bounds in the fixed degree algebraic de-
cision tree model for deciding the separability of two disjoint point sets.
More precisely, we show 	�n log n� time lower bounds for the separability
by means of strips, wedges, wedges with apices on a given line, fixed-slopes
double wedges, and triangles (solving an open problem from Edelsbrunner
and Preparata), which match the complexity of the existing algorithms,
and therefore prove their optimality.

4.1 Introduction

Let B and R be two finite disjoint sets of n points in the plane; we refer to
B as the set of blue points and R as the set of red points.

It is well known that the decision problem of linear separability for sets of
points, segments, polygons or circles can be solved in ��n� time [45, 56].
For line separable sets of points segments or polygons, we determine all the
feasible solutions in O�n� time as it was shown in section 2.2.

In this chapter we show 	�n log n� time lower bounds for:

1) deciding strip separability, including cases where we restrict the strip
to pass through one or two given points or where we fix the width of
the strip;

2) deciding wedge separability, including cases where we restrict the
wedge to pass through one or two given points, restricting the apices



114 Chapter 4 Lower bounds

of the wedges to lie on a given line or segment and, a half-line of the
wedge having a given slope;

3) minimizing the number of points misclassified by a wedge or by a
strip;

4) deciding triangle separability, including cases where we restrict the
vertices of the triangle to lie on given lines; and,

5) deciding fixed-slopes double wedge separability, including the case
where we restrict the apex of the double wedge to lie on a given line.

Summarizing the results, we see that when we jump from linear separa-
bility (one line) to separability involving two lines (including also some
additional information), we have to pay a log n factor in the complexity of
the algorithms, both for the decision problem and for the problem of com-
puting all feasible solutions. Our constructions are based on a lower bound
for some problems on gaps defined by points, which we prove first.

4.2 MAX GAP problems

Given a set S � �x1, . . . , xn� of n real numbers, the maximum gap of S is
defined to be the maximum difference between consecutive members of S.
This value is easily computed after sorting, and this computation has an
	�n log n� lower bound in the algebraic decision tree model, as proved by
Lee and Wu [55].

Given a set S � �x1, . . . , xn� of n real numbers and a positive real number Ε,
the problem of deciding whether MAX GAP�S� > Ε has also an 	�n log n�
lower bound in the same model, as proved by Ramanan [67], who intro-
duces the technique of using “artificial components.” Unfortunately, none
of the proofs of the above problems extends to the following variation:

Problem Great–Equal (GE) Given a set S � �x1, . . . , xn� of n real numbers
and a positive real number Ε � ��, determine whether MAX GAP (S) � Ε, i.e.,
determine if there exists a permutation Σ of �1, 2, . . . , n� such that xΣ�i� � xΣ�i�1� � Ε,
for some i, 1 < i  n and xΣ�i� � xΣ�i�1� for all i, 1 < i  n.
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A basic result in this chapter is an 	�n log n� lower bound for problem GE,
which is then easily modified for proving the same bound for the following
problem:

Problem Quadrant–Great–Equal (QGE) Given a positive real number
Ε � �� and n points ��x1, y1�, . . . , �xn, yn�� on the first quadrant of the unit circle,
decide if the Euclidean distance between some two consecutive points is � Ε.

Most of our 	�n log n� lower bound constructions in the next sections use a
reduction from problemQGE or from problemGE. Problem GE is trivially
equivalent to its complement CGE:

Problem Complement–Great–Equal (CGE) Given a set S � �x1, . . . , xn�
of n real numbers and a positive real number Ε � �� to decide whether

EVERY-GAP �S� < Ε.

In other words, determine if there exists a permutation Σ of �1, 2, . . . , n� such that
xΣ�i� < xΣ�i�1� � Ε, for all i, 1 < i  n.

Other 	�n log n� lower bound constructions in the next sections use a re-
duction from the following problem:

Problem Connected–Union (CU) Given a set S � �x1, . . . , xn� of n real
numbers and a positive real number Ε � ��, determine whether the union of the
intervals �x1 �

Ε
2

, x1 �
Ε
2
� , . . . , �xn �

Ε
2

, xn �
Ε
2
�

is connected.

Problem CU is trivially equivalent to problem CGE: the union of the in-
tervals is connected if and only if EVERY-GAP �S� < Ε.

Now we consider an auxiliary problem:

Problem Auxiliary (AUX) Given a set S � �x1, . . . , xn� of n real numbers
and a positive real number Ε � ��, to decide whether

EVERY-GAP �x1, . . . , xn, 0, Ε, 2Ε, . . . , nΕ� < Ε.
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Observe that any algorithm which solves CGE also solves AUX. Now we
prove an 	�n log n� lower bound for AUX.

4.1 Theorem Given a set S � �x1, . . . , xn� of n real numbers and a positive real
number Ε � ��, to decide whether

EVERY-GAP �x1, . . . , xn, 0, Ε, 2Ε, . . . , nΕ� < Ε

has an 	�n log n� lower bound in the algebraic decision tree model.

Proof To have EVERY-GAP �x1, . . . , xn, 0, Ε, 2Ε, . . . , nΕ� < Ε each of the
open intervals �0, Ε�, �Ε, 2Ε�, . . ., ��n � 1�Ε, nΕ� has to be pierced by one of the
xi. Now if we consider the points �x1, . . . , xn� in �n which correspond to
piercing sets for the intervals, they will form a set W � �n; it is clear that
given any of these points for every permutation of the coordinates we get
the same piercing set but the point in �n is in a different component of
W : there is at least one inversion �. . . , xi, . . . , x j, . . .� �. . . , x j, . . . , xi, . . .� and
any continuous switch requires to leave W as it will sweep one of the n & Ε.
Therefore W has at least n! components, so the Theorem of Ben-Or [12]
completes our proof.

For the QCG the same proof applies: one has to construct points on the
first quadrant of the circle spaced by Euclidean distance Ε, starting at �0, 1�,
which will play the role of the n & Ε above. This construction is carried in

linear time using only �, �, ', / and


. The next theorem summarizes our

basic results.

4.2 Theorem The problems GE, CU and QGE have an 	�n log n� lower
bound in the algebraic computation tree model.

4.3 Strip separability

In chapter 2, we have shown O�n log n� algorithms for deciding strip separa-
bility of point sets, as well as for constructing the interval of feasible slopes.
In this section we prove that those algorithms are worst-case optimal, by
showing an 	�n log n� lower bound on deciding strip separability.
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4.3.1 Strip separability in the general case

The basic result is the following, whose proof uses point sets suitably placed
on concentric circles, allowing a reduction from problem QGE.

4.3 Theorem Deciding whether two disjoint point sets B and R are strip sepa-
rable requires 	�n log n� operations in the algebraic decision tree model.

Proof The QGE problem can be reduced to the strip separability problem
in O�n� time. Given an instance of the QGE problem we proceed as follows:

Let �x1, y1�, . . . , �xn, yn� and Ε � �� be an instance of the QGE problem. We
have to decide whether the Euclidean distance between some two consecu-
tive points is � Ε. We do the following:

1) If Ε >
�

2, reject;

2) Rename the above points by the n red points �rx1, ry1�, . . . , �rxn, ryn� on
the first quadrant of the unit circle, the red circle. Replicate this set
of red points on the third quadrant (the symmetric points with re-
spect to the center of the red circle) obtaining the following red points
�r�x1, r�y1�, . . . , �r�xn, r�yn�. Let R be the set of these 2n red points.

3) Construct a concentric circle, the blue circle, with the following radius
(we justify the formula below):

d �

�
4 � Ε2

Ε

Let �bx1, by1�, . . . , �bxn, byn�, �b�x1, b�y1�, . . . , �b�xn, b�yn� be blue points on the
blue circle obtained by making a radial copy of the red points on the
blue circle. Rotate all the blue points 90 degrees (use perpendicular
lines and intersections with the blue circle).

4) In O�n� time compute the red points on first quadrant with mini-
mum/maximum x-coordinate, let’s call them r1 and rn. Analogously,
compute the second and the penultimate red points, lets call them r2

and rn�1. Let r�1, r�2, r�n�1 and r�n be the corresponding red points on
third quadrant. Compute the line passing through r1 and r2 and the
line passing through rn�1 and rn. Put a blue point, b1, in the inter-
section point of these lines (see Figure 4.1). Analogously, put a blue
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point, b2, in the intersection point of the lines passing through r�1 and
r�2 and through r�n�1 and r�n. The blue points b1 and b2 restrict the slope
of a possible separating strip to the slope interval defined by the slopes
of the above lines: any strip having a slope out of this interval contains
b1 and b2 (Figure 4.1). Let B be the set of the 2n� 2 above blue points.

Computing the radius d. Suppose that there are two consecutive red
points on the first quadrant of the red circle such that their Euclidean dis-
tance is equal to Ε (Figure 4.1). By construction, the radius d of the blue
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circle satisfy the following:

Ε/2
1
�

a
d

, 12 � � Ε
2
�2 � a2, d �

2a
Ε
�

�
4 � Ε2

Ε
,

0 < Ε <
�

2 ( �) > d > 1.

Note that if Ε is close to 0, the radius d of the blue circle goes to infinity
(Figure 4.2).
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4�Ε2
Ε .

Now, if B and R are strip separable then, by construction, the narrowest
strip is defined by two consecutive red points of the first quadrant having
a straight line distance � Ε, otherwise the corresponding blue points have
a straight line distance < 2a and then the sets are not strip separable. By
other hand, if the straight line distance between two consecutive red points
is � Ε then, by construction, the line passing through these red points
define a separating strip of width � 2a.

Therefore, the sets B and R are strip separable if, and only if, the Euclidean
distance between some two consecutive red points on the first quadrant
is � Ε.
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4.3.2 Strip separability with constraints

In this subsection we show that having some additional information does
not help to decide the strip separability, i.e., still we need 	�n log n� opera-
tions in the algebraic decision tree model.

Strip through a given point

Fixing a point from where has to pass one of the parallel lines of the strip
does not help to decide the strip separability. By simplicity, we suppose
that the given point belongs to the convex hull of one of the sets.

4.4 Theorem Deciding whether two disjoint point sets B and R are strip sep-
arable with the restriction that one of the parallel lines pass through a given point
has an 	�n log n� lower bound in the algebraic decision tree model.

Proof The QGE problem can be reduced to the strip separability problem
with the restriction that one of the parallel lines pass through a given point
in O�n� time. Given an instance of the QGE problem we proceed as follows:

Let �x1, y1�, . . . , �xn, yn� and Ε � �� be an instance of the QGE problem. We
have to decide whether the Euclidean distance between some two consecu-
tive points is � Ε. We do the following:

1) If Ε >
�

2, reject;

2) If



2 �
�

2  Ε 
�

2, then the Euclidean distance � Ε between some
two consecutive points, �xi, yi� and �xi�1, yi�1� (the order is given by the
x-coordinate), only can happen if the point �xi, yi� is in the first half of
the first quadrant and �xi�1, yi�1� is in the other half of the first quadrant
(Figure 4.3). In O�n� time we compute the points �xi, yi�: having the
biggest x-coordinate <

�
2/2, and �xi�1, yi�1�: having the smallest x-

coordinate >
�

2/2. Compute the straight line distance, f , between
�xi, yi� and �xi�1, yi�1�. Accept if and only if f � Ε.�
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In case that one of the points of the set is just the point �
�

2/2,
�

2/2�

and Ε �



2 �
�

2 then check if �1, 0� or �0, 1� are also points of the set.
In the affirmative case, accept if and only if there are not points in
between �0, 1� and �

�
2/2,
�

2/2� or in between �
�

2/2,
�

2/2� and �1, 0�.

3) If Ε <



2 �
�

2 do the following:

Take exactly the same sets of red and blue points on two concentric
circles used in Theorem 4.3 but construct the concentric blue circle
with radius d � 1

Ε (we justify the formula below). Delete the red
points in the third quadrant of the red circle and put a red point r in
the center of the red circle (this is the given point). Let R be the set of
these n � 1 red points, obviously r belongs to CH�R�. Let B be the set
of the 2n � 2 blue points of the blue circle (see Figure 4.4).

Computing the radius d. Suppose that there are two consecutive red
points on the first quadrant of the red circle such that their Euclidean dis-
tance is equal to Ε (Figure 4.4). By construction, the radius d of the blue
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circle satisfy the following:

sin
Θ
2
�
Ε
2

1
, cos

Θ
2
�


1 �
Ε2

4
, 12 � � Ε

2
�2 � a2,

a
d
� sin Θ � 2 sin

Θ
2

cos
Θ
2
� 2
Ε
2


1 �
Ε2

4
,

d �
a

sin Θ
�



1 � Ε

2

4

Ε



1 � Ε
2

4

�
1
Ε

Note that if Ε is close to 0, the radius d of the blue circle goes to infinity.
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Now, if B and R are strip separable then, by construction, one of the paral-
lel lines of the narrowest strip pass through the red point r and the other
parallel line is defined by two consecutive red points of the first quadrant
having a straight line distance � Ε. By other hand, if the straight line dis-
tance between two consecutive red points is � Ε then, by construction, the
line passing through these red points together with a parallel line passing
through r define a separating strip (of width � a).

Strip through two given points

Fixing two points from where have to pass the parallel lines of the strip
does not help to decide the strip separability.

4.5 Theorem Deciding whether two disjoint point sets B and R are strip sepa-
rable with the restriction that the parallel lines pass through two given points has
an 	�n log n� lower bound in the algebraic decision tree model.

Proof The GE problem can be reduced to the strip separability problem
with the restriction that the parallel lines pass through two given points in
O�n� time. Given an instance of the GE problem we proceed as follows:

Let �x1, . . . , xn� and Ε � �� be an instance of the GE problem. We have
to determine whether MAX GAP �x1, . . . , xn� � Ε, i.e., determine if there
exists a permutation Σ of �1, 2, . . . , n� such that xΣ�i� � xΣ�i�1� � Ε, for some i,
1 < i  n. We do the following:

1) Represent the points �x1, . . . , xn� by blue points �b1, . . . , bn� on a line l.
In O�n� time compute the minimum and the maximum of these blue
points. Let us assume that b1 � min�b1, . . . , bn� and bn � max�b1, . . . , bn�.
Compute

m �
bn � b1

2
.

2) Let l� be a line parallel to l and above l such that the distance between
l and l� is, for example, bn � b1. Let m� be the vertical projection of m

on l�. Put two red points r1 and r2 in the positions m� � Ε/2 and m� � Ε/2
on l� respectively.

Compute the parallel lines: line l1 passing through b1 and r1 and line l2

passing through b1�Ε and r2. Analogously, compute the parallel lines:
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Figure 4.5

line l3 passing through bn and r2 and line l4 passing through bn � Ε and
r1. Put a red point r3 in the intersection between l2 and l4. Let R be
the set of the three red points.

3) Put two blue points bn�1 and bn�2 in adequate positions on the follow-
ing lines: line passing through b1�Ε/2 and r1 and line passing through
bn�Ε/2 and r2 as it is shown in Figure 4.5. These two blue points avoid
the existence of a separating strip other than the strip passing in be-
tween two consecutive blue points from �b1, . . . , bn�. Let B be the set of
these n � 2 blue points.

Now, by construction, it is clear that there exists a gap greater than or
equal to Ε between two consecutive points from �x1, . . . , xn� if, and only if,
the sets R and B are strip separable, in which case there exists a separating
strip passing through r1 and r2.

Note that in this kind of strip separability only have one degree of freedom:
the freedom of the slope of the strip. Moreover the slope interval of the
possible strips can be previously determined scaling the points �x1, . . . , xn�
or choosing an adequate line l�.
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Strip with fixed width

Now, we consider the separability by a strip with the restriction to a given
width. Note that in Theorems 4.3 and 4.4 if the sets R and B are strip
separable then they are separable by a strip of width w, which is at least
2a for the first theorem and a for the second one. If dr is the radius of the
red circle then, the following formulas give the relation between the width
w of the strip and dr, the first one for Theorem 4.3 and the second one for
Theorem 4.4:

d2
r � � Ε2 �2 � �w2 �2 , d2

r � � Ε2 �2 � w2

The QGE problem can be reduced to the problem of the separability by a
strip with fixed width w analogously as in Theorems 4.3 and 4.4, taken an
adequate radius dr for the red circle.

4.6 Corollary Deciding whether two disjoint point sets B and R are strip
separable restricting the strip to a given width and such that one of the parallel
lines pass through a given point has an 	�n log n� lower bound in the algebraic
decision tree model.

Remark. In all the above cases of strip separability with or without
constraints we have done constructions with restrictions on the slope of the
strip, so that in all the above cases the slope interval can be consider also as
a restriction.

Strip with fixed slope

If we fix the slope of the strip, the strip separability problem can be solved
in linear time.

4.7 Proposition Deciding whether two disjoint point sets B and R are sepa-
rable by a strip with a given slope can be done in O�n� time.

Proof Assume that the given slope is the vertical slope. Project the
points on an horizontal line and suppose we are deciding whether there
exists a strip containing only the red points. In O�n� time compute the
projected red points with minimum and maximum x-coordinate and check
that there is no projected blue points in between these red points.
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Remark. If the strip pass through two given points and moreover we fix
the width of the strip then the strip separability can be decided in O�n� time
because there are only two possible fixed strips satisfying these conditions
(Figure 4.6). We can compute the corresponding slopes of the two strips
and then check the strip separability for each one in O�n� time as in the
above proposition.

.....
.....
....

....
....
....
.

w

w

p

q

Figure 4.6

4.4 Wedge separability

In chapter 2, we have shown O�n log n� algorithms for deciding wedge sepa-
rability of point sets, as well as for constructing the locus of feasible apices.
In this section we prove that those algorithms are worst-case optimal, by
showing an 	�n log n� lower bound on deciding wedge separability.

4.4.1 Wedge separability in the general case

If B and R are strip separable then they are also wedge separable. Note that
the above reductions in Theorems 4.3, 4.4 and 4.5 of the strip separability
satisfy the following: if there exists a gap equal to Ε then there exists a
separating strip which is a wedge of angle 0 and, if there exists a gap greater
than Ε then there exists also a separating wedge of angle greater than 0.
Therefore, the above lower bound applies to decide the wedge separability
in the general case and also with the following restrictions:
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1) The separability by a wedge with a the half-line passing through a
given point.

2) The separability by a wedge with the half-lines passing through two
given points.

4.8 Corollary Deciding whether two disjoint point sets are wedge separable in
the general case or with any of the above restrictions requires 	�n log n� operations
in the algebraic decision tree model.

4.4.2 Wedge with apex on a given line

We study the wedge separability when we restrict the apices of the wedges
to lie on a given line l. If there are points of both sets above and below the
line l then we can decide the existence of a separating wedge with apex on
l in O�n� time as follows:

1) Compute the blue points above (below) l, let B1 (B2) be the set of these
points. The blue points on l have to be computed in both senses: above
and below l.

2) Compute the interior supporting lines between R and B1 and between
R and B2 using the prune and search algorithm described in [42] (with-
out computing the convex hulls) if the respective pairs of sets are line
separable. Determine the two intervals on l given by the pairs of sup-
porting lines. Compute the intersection of the intervals (Figure 4.7).
There exists a separating wedge with apex on l if and only if the inter-
section is not empty.

Therefore, assume that, for example, the red points are above the line l.
It is clear that the blue points which are below l are irrelevant. Next, we
show that, in a situation like this, to decide the existence of a separating
wedge with apex on l has an 	�n log n� time lower bound.

4.9 Theorem Deciding whether two disjoint point sets are separable by a wedge
with apex on a given line l requires 	�n log n� operations in the algebraic decision
tree model.

Proof The CU problem can be reduced to the wedge separability with
apex on the line l in O�n� time. Without loss of generality, we suppose that
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R
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B2

l

Figure 4.7 The line l intersects CH�R�.

l is an horizontal line. Given an instance of the CU problem we proceed as
follows:

Let �x1, . . . , xn� and Ε � �� be an instance of CU problem. We have to decide
whether the union of the intervals ��x1 � Ε/2, x1 � Ε/2�, . . . , �xn � Ε/2, xn � Ε/2��
is connected. To do that, in O�n� time we compute the minimum and
the maximum of �x1, . . . , xn�. Assume that x1 is the minimum and xn is the
maximum, a � x1�Ε/2 and b � xn�Ε/2. Do the following construction:

1) Represent the intervals ��x1 � Ε/2, x1 � Ε/2�, . . . , �xn � Ε/2, xn � Ε/2�� on l.

2) Make a square of side b � a as in Figure 4.8 and put red points, r1 and
r2, on the above vertices of the square. Let R be the set of these red
points.

3) For each interval �xi � Ε/2, xi � Ε/2� compute the line passing through
xi � Ε/2 and r1 and the line passing through xi � Ε/2 and r2, put a blue
point bi in the intersection point of these lines. Put a point bn�1 (bn�2)
in an adequate position into the triangle ab1r1 (bbnr2) to ensure that
there is no wedge with apex on a (b) (Figure 4.8). These points also
ensure that there are no wedges with apices on the intervals � f , a� and
�b, e�. Put blue points bn�3 and bn�4 as in Figure 4.8 to ensure that
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there are no wedges with apices on the intervals ��), f � and �e,�)�.
Let B be the set of these n � 4 blue points.

Now, by construction, there exists a wedge with apex on l (in fact, on the
interval �a, b�) separating R from B if, and only if, the union of the intervals
��x1�Ε/2, x1�Ε/2�, . . . , �xn�Ε/2, xn�Ε/2�� is no connected. Then Theorem 4.2
completes the task.

Note that we always can scale the numbers �x1, . . . , xn� and Ε to lie on a
given segment of the real line and therefore, same proof is valid for the
separability by wedges restricting the apices of the wedges to lie on a given
segment.

Wedge with apex on a given line and a half-line with a given

slope

If we know that the apex of the wedge lies on a given line or segment and
one of the half-lines has a given slope, then the problem of the existence of a
separating wedge still has an 	�n log n� time lower bound by the following
theorem.
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4.10 Theorem Deciding whether two disjoint point sets are separable by a
wedge such that the apex lies on a given line or segment and one of the half-lines has
a given slope requires 	�n log n� operations in the algebraic decision tree model.

Proof In O�n� time, the CU problem can be reduced to the separability
by a wedge such that the apex lies on a given line or segment and one of
the half-lines has a given slope. Without loss of generality, we suppose that
the given line l is an horizontal line and that the given slope is the vertical
slope. Given an instance of the CU problem we proceed as follows:

Let �x1, . . . , xn� and Ε � �� be an instance of CU problem. We have to decide
whether the union of the intervals ��x1 � Ε/2, x1 � Ε/2�, . . . , �xn � Ε/2, xn � Ε/2��
is connected. To do that, in O�n� time, we compute the minimum and the
maximum of �x1, . . . , xn�. Without loss of generality, assume that x1 is the
minimum and xn is the maximum. Suppose that a � x1 � Ε/2, b � xn � Ε/2.
Do the following construction:

1) Represent the intervals ��x1 � Ε/2, x1 � Ε/2�, . . . , �xn � Ε/2, xn � Ε/2�� on l.

2) Put two red points, r1 and r2, on a line parallel to l such that the
x-coordinates of r1 and r2 are larger than the x-coordinate of b (Fig-
ure 4.9). Let R be the set of these red points.

3) For each interval �xi � Ε/2, xi � Ε/2� compute the line passing through
xi � Ε/2 and r2 and the vertical line passing through xi � Ε/2; put a blue
point, bi, in the intersection point of these lines. Put a blue point bn�1

on the vertical line passing through x1 and such that its y-coordinate
is larger than the y-coordinate of the intersection point between the
vertical line passing through x1 and the line passing through e and r1

(Figure 4.9). Point bn�1 ensures that there is no wedges with apex on
the intervals ��), a� and �e,�)�. Obviously, there is no wedges with
apex on the interval � f , e�. Put a blue point bn�2 inside the triangle
defined by the lines passing through b � Ε and r2, through xn and r2

and the vertical line on r1. Point bn�2 ensures that there is no wedges
with apex on the interval �b, f �. Let B be the set of these n � 2 blue
points.

Now, by construction, there exists a wedge separating R from B with apex
on l and one of the half-lines with vertical slope if, and only if, the union
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Figure 4.9 Wedges with a vertical half-line.

of the intervals ��x1 � Ε/2, x1 � Ε/2�, . . . , �xn � Ε/2, xn � Ε/2�� is no connected.
Then again Theorem 4.2 completes the task.

Wedge with a half-line on a given line

If we know the line l which contains one of the half-lines of the wedge (and
therefore, l contains the apex of the wedge), then the wedge separability
can be decided in O�n� time as follows:

1) Assume that there are no points of both colors above and below the
line l, otherwise there is not solution. Suppose that, for example, all
the red points are above l.

2) In linear time, compute the set B1 of blue points which are above l

and check the linear separability between B1 and the set of red points
(Figure 4.10).

4.11 Proposition Deciding whether two disjoint point sets are wedge separable
such that a half-line of the wedge is contained on a given line can be done in O�n�
time.
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4.4.3 Wedge with given slopes of the half-lines

If we know the slopes of the half-lines of the wedge or more in general if
we know the slope of a half-line and a slope interval for the other half-line
of the wedge then the wedge separability can be decided in O�n� time as
follows:

1) Assume that the knowing slope of a half-line of the wedge is a ver-
tical slope given by a directed vertical line l1, the red points are, for
example, on the right side of l1 and the other half-line of the wedge
is contained on a line l2 which slope is within a given slope interval
inside �0, Π/2� (Figure 4.11). Analogously we proceed in the rest of the
cases.

2) If there exists a separating wedge with the above conditions then there
exists also a separating wedge with a vertical half contained in l�1, the
vertical directed line tangent to CH�R� such that CH�R� is on its right
side (Figure 4.11). l�1 can be determined in O�n� time by computing
the first red point on the right side of l1 as we sweep from left to right
with a vertical line.

3) Let B1 be the set of blue point on the right side of l�1, which can be
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computed in O�n� time. By linear programming, in O�n� time, com-
pute a line (if it exists) separating R from B1 such that the slope of this
line is in between the given slope interval for the other half-line.

4.12 Proposition Deciding whether two disjoint point sets are separable by a
wedge such that the line containing a half-line has a given slope and the slope of the
line containing the other half-line is within a given slope interval can be done in
O�n� time.
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Figure 4.11

Remark. If we know the apex p of the wedge we can decide in O�n�
time whether the sets B and R are wedge separable as follows:

1) Assume that the wedge contains the set R. By linear programming,
check that p is line separable from R. Compute the supporting lines
from p to CH�R� by, for example, computing the slopes of the lines
passing through p and each red point ri and determining the slope
extremes.

2) Check that the wedge defined by the rays from p contained in the
above supporting lines does not contain blue points.
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4.5 Minimum number of misclassified points

When B and R are not strip separable, it is possible to consider a strip
separating them in such a way that the number of misclassified points is
minimized. An O�n log n� time algorithm for solving this problem is de-
scribed in the next chapter. This minimum may be zero, and then the
sets would be strip separable. Thus, the 	�n log n� lower bound for strip
separability applies also to the problem of minimizing the number of mis-
classified points by a strip.

Analogously, when B and R are not wedge separable, it is possible to con-
sider a wedge separating the sets in such a way that the number of mis-
classified points is minimized. An O�n2� time algorithm for solving this
problem is described in the next chapter. This minimum may be zero,
and then the sets would be wedge separable. Thus, the 	�n log n� lower
bound for wedge separability applies also to the problem of minimizing
the number of misclassified points by a wedge.

4.13 Corollary Given two disjoint point sets B and R, computing the min-
imum number of misclassified points by a strip or by a wedge requires 	�n log n�
operations in the algebraic decision tree model.

4.6 Triangle separability

In [34] Edelsbrunner and Preparata present two algorithms for construct-
ing a convex polygon with the fewest edges that separates two sets of n

points in the plane, if it exists. The first algorithm takes O�n log n� time,
and this is optimal in the worst case if the number of edges, k, is k � ��n�.
The second algorithm takesO�kn� time for constructing a separating convex
k-gon, where k is either optimal or one larger. As pointed by the authors
in the paper, these results raise the following interesting open problem:

Is there an 	�n log n� time lower bound for the construction of a separating convex
k-gon for smallest k, even if k is small? More specifically, is 	�n log n� time required
to decide whether or not there exists a separating triangle?

We give an affirmative answer to the latter question. Observe that the case
k � 1 is that of linear separability, which can be decided in ��n� time, and



4.6 Triangle separability 135

the case k � 2 corresponds to wedge separability, which has an 	�n log n�
lower bound as we have shown in section 4.4.

4.6.1 Triangle separability in the general case

4.14 Theorem Deciding whether two disjoint point sets B and R are separable
with a triangle requires 	�n log n� operations in the algebraic decision tree model.

Proof The QGE problem can be reduced to the triangle separability prob-
lem for two sets of points in O�n� time. Given an instance of the QGE
problem we proceed as follows:

Let �x1, y1�, . . . , �xn, yn� and Ε � �� be an instance of the QGE problem. We
have to decide whether the Euclidean distance between some two consecu-
tive points is � Ε. We do the following:

1) If Ε >
�

2, reject;

2) If



2 �
�

2  Ε 
�

2, then the Euclidean distance � Ε between some
two consecutive points, �xi, yi� and �xi�1, yi�1� (the order is given by the
x-coordinate), only can happen if the point �xi, yi� is in the first half of
the first quadrant and �xi�1, yi�1� is in the other half of the first quadrant
(Figure 4.12). In O�n� time we compute the points �xi, yi�: having the
biggest x-coordinate <

�
2/2, and �xi�1, yi�1�: having the smallest x-

coordinate >
�

2/2. Compute the straight line distance, f , between
�xi, yi� and �xi�1, yi�1�. Accept if, and only if, f � Ε.�
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In case that one of the points of the set is just the point �
�

2/2,
�

2/2�

and Ε �



2 �
�

2 then check if �1, 0� or �0, 1� are also points of the set.
In the affirmative case, accept if, and only if, there are not points in
between �0, 1� and �

�
2/2,
�

2/2� or in between �
�

2/2,
�

2/2� and �1, 0�.

3) If Ε <



2 �
�

2 do the following:

a) Rename the above n points by �rx1, ry1�, . . . , �rxn, ryn� as a set of n
red points on the first quadrant of the unit circle (red circle). In
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O�n� time we determine the red points of the first quadrant with
minimum and maximum x-coordinate. Let’s call them r1 and
rn. Also, in the same time, we determine the second and the
penultimate red points, lets call them r2 and rn�1. Compute the
line passing through r1 and r2 and the line passing through rn�1

and rn. Put a blue point, b, in the intersection point of these lines
(Figure 4.13).

b) Make a copy of this red points on the red circle and the blue point
b just rotating all the points 120 degrees. Note that the 120 de-
grees rotation of a point can be done in constant time because it is
a knowing slope. Let us denote the new points by r�1, r�2, . . . , r�n�1, r�n
and b�. Then rotating again 240 degrees, we obtain other copy
of the points. Let us denote the new points by r��1 , r��2 , . . . , r��n�1, r��n
and b��.

c) Construct a concentric circle (the blue circle) with the following
radius (we justify the formula below):

d �
2
�

4 � Ε2

Ε
�

3 �
�

4 � Ε2
.

Make a radial copy of the red points in the blue circle putting there
blue points (doing intersections of lines with the blue circle). De-
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note the blue points by b1, b2, . . . , bn�1, bn, b�1, b�2, . . . , b�n�1, b�n and
b��1 , b��2 , . . . , b��n�1, b��n

d) Rotate 60 degrees counterclockwise all the blue points in the blue
circle (let b, b� and b�� be unchanged). In this way we restrict the
possible slopes of the lines of the triangle separating the sets of
red and blue points (see angle Θ in Figure 4.13). This let us to
make a reduction to the QGE problem for red points in the first
quadrant of the red circle.
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Computing the radius. Suppose that there are two consecutive red
points in the first quadrant of the red circle such that the straight line
distance is Ε. By construction, the radius d of the blue circle satisfy the
following:
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Now, if the set of 3n red points and the set of 3n�3 blue points are separable
by a triangle then, by construction, the small triangle defines a gap � Ε
between consecutive red points in the first quadrant. By other hand, if the
Euclidean distance between two consecutive red points in the first quadrant
is � Ε then, again by construction, the line passing through these two
consecutive red points and the two lines passing through the corresponding
rotated red points define a separating triangle.
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Therefore, the set of 3n red points and the set of 3n � 3 blue points are
separable by a triangle if, and only if, the Euclidean distance between some
two consecutive red points in the first quadrant is � Ε.

A related problem is to determine whether there exists a triangle sepa-
rating two nested convex polygons (a red polygon contained inside a blue
polygon). This is a different problem because we know the order of the
edges of the polygons. In [1] (see also [84]) the authors give an O�nk�-time
algorithm for finding a minimum-vertex polygon that separates two nested
simple polygons, where n is the total number of vertices of the input poly-
gons and k is the minimum number of vertices of a separator. This result
yields an optimal ��n�-time algorithm for the triangle separability of two
nested convex polygons.

4.6.2 Triangle separability with constraints

Given some additional information about the location of the vertices of the
separating triangle does not help to decide the triangle separability.

4.15 Theorem Deciding whether two disjoint point sets B and R are separable
with a triangle with vertices lying on given lines requires 	�n log n� operations in
the algebraic decision tree model.

Proof Using the same construction for the reduction from CU problem
to the separability by a wedge with the apex on a given line we can make
a reduction from the CU problem to the separability by a triangle with
vertices lying on given lines in general position. By the construction if
there exists a separating triangle with a vertex on a line l1, this vertex has
to lie in the interval �a, b� (Figure 4.15), and it is so if, and only if, the union
of the intervals ��x1 � Ε/2, x1 � Ε/2�, . . . , �xn � Ε/2, xn � Ε/2�� is no connected.
Again Theorem 4.2 completes the task. Note that the intersection points
of the half-lines of the separating wedge with the lines l2 and l3 determine
the separating triangle (Figure 4.15).

Remark. It is easy to see that knowing at least two lines containing two
sides of the triangle, in O�n� time we can decide whether the sets B and R
are separable by a triangle as follows:
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1) Compute the set of blue points inside the wedge defined by the two
given lines, say l1 and l2. Let B1 be this set of these blue points. Check
that the set of red points is inside the wedge.

2) Compute a line l3 separating R from B1. The lines l1, l2 and l3 define a
separating triangle.

4.7 Fixed-slopes double wedge separability

The separability of the sets B and R by a double wedge can be decided
in O�n log n� time, as proved in chapter 2. A particularly natural case to
consider is that in which the slopes of the two lines are given (say horizontal
and vertical, as in Figure 4.16. In this case, it is reasonable to expect that
a faster algorithm may be possible; however, we prove (using a reduction
from GE problem) that this is not the case:

4.16 Theorem Deciding whether two disjoint point sets B and R are separable
by a double wedge with given slopes requires 	�n log n� operations in the algebraic
decision tree model.
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Figure 4.16 Vertical-horizontal double wedge.

Proof First of all, we prove that the following problem has 	�n log n�
time lower bound complexity:

Nontrivial Cross Split (CS) Given n points �a1, . . . , an� in the plane, de-
cide whether there exists a “cross” (vertical and horizontal line) that nontrivially
splits the points, at least one in each of the two diagonally opposite quadrants (the
other two quadrants empty).

We use a reduction from GE problem: given n real numbers �x1, . . . , xn� and
a real number Ε � ��, determine whether MAX GAP �x1, . . . , xn� � Ε. In
other words, determine if there exists a permutation Σ of �1, 2, . . . , n� such
that xΣ�i� � xΣ�i�1� � Ε, for some i, 1 < i  n. In O�n� time we do the following
construction:

1) Take each point xi and create a point in the plane: bi � �xi, xi�. This
gives us a diagonal line of points �b1,�, bn�.

2) Make a second copy and shift it by a distance Ε
�

2 to the northwest,
obtaining the line of points �b�1,�, b�n� (Figure 4.17).

Now, problem CS can be thought of as asking if the southeast “staircase”
(locus of points for which the southeast quadrant is free of points of the
input configuration) meets the northwest staircase. They meet if, and only
if, there is a cross that separates. By the selection of the separation of two
lines of points, this will happen if, and only if, MAX GAP �x1, . . . , xn� � Ε.
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Figure 4.17

The reduction from problem GE to problem CS can be performed in O�n�
time.

Moreover, we have also a reduction from the problem CS to the double
wedge separability problem (for the nontrivial case in which the opposite
quadrants have nonempty sets of points of the same color). The reduction
is as follows: the above input of problem CS is converted into the following
double wedge input:

1) The set B is formed by the union of the above point sets, i.e.,

B � �b1,�, bn, b�1,�, b�n�

with the following notation: bi � �xbi, ybi�, b�i � �xb�i, yb�i�.

2) The set R is formed by only two points r1, r2 where r1 � �xr1, yr1� and
r2 � �xr2, yr2� such that:

xr1 < min�xb1,�, xbn, xb�1,�, xb�n�,
yr1 > max�yb1,�, ybn, yb�1,�, yb�n�,
xr2 > max�xb1,�, xbn, xb�1,�, xb�n�,
yr2 < min�yb1,�, ybn, yb�1,�, yb�n�.
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Now, the sets B and R are double wedge separable if, and only if, there ex-
ists a nontrivial cross split of B. The reduction from problem CS to double
wedge separability problem can be performed in O�n� time. The two re-
ductions show the 	�n log n� lower bound for the double wedge separability
with fixed-slopes.

Remark. The same proof is valid if we restrict the apex of the double
wedge (the intersection point of the two lines) to lies on a given line l: take
l as the strip axis of the strip defined by the parallel lines which contains
the points �b1,�, bn� and �b�1,�, b�n�. In that case we only have one degree
of freedom but still an 	�n log n� lower bound.

4.7.1 Double wedge with a given line

If we know one of the lines of the double wedge then deciding the double
wedge separability can be done in O�n� time as follows:

1) Assume that the sets are no line or wedge separable. Let l1 be the given
line of the double wedge. Without loss of generality suppose that l1

is an horizontal line. Let B1 (R1) be the set of blue (red) points above
l1. Let B2 (R2) be the set of blue (red) points below l1. The sets B1, R1,
B2 and R2 are no empty because l1 has to separate some red and blue
points from some red and blue points (at least one of each color in each
side of l1). Suppose, for a while, that l1 does not contain blue and red
points.

2) In O�n� time check that the sets B1 
 R1 and B2 
 R2 are line separable,
in which case the sets B and R are double wedge separable. The line
l2 separating B1 
 R1 from B2 
 R2 together with the line l1 form the
separating double wedge. Now, if there are red or blue points on the
line l1, assign the red points to R1 or R2 and the blue points to B1 or B2

as suitable.

4.17 Theorem Deciding whether two disjoint point sets B and R are separable
by a double wedge with a given line can be done in O�n� time.

Remark. If we know the apex p of the double wedge we can decide in
O�n� time whether the sets B and R are double wedge separable. The key
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idea is to observe that if the points are separable by a double wedge with
apex p, there exists a vertical line or a horizontal line that gives the same
partition of one of the sets as the double wedge. Using this idea we proceed
as follows:

1) Assume that the vertical line passing through p gives the partition
of the red points of the possible double wedge with apex in p (we
proceed analogously with the horizontal line passing through p and
also if the partition corresponds to blue points). In O�n� time compute
this partition R1, R2.

2) In O�n� time compute the supporting lines from p to CH�R1� and the
supporting lines from p to CH�R2� without computing the convex
hulls as it is shown in Figure 4.18.
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Figure 4.18

3) In O�n� time compute the partition B1 and B2 produced by the above
supporting lines and check the B � B1 
 B2.

4) In O�n� time, by linear programming, determine a line (if is exists)
passing through p separating R1 
 B1 from R2 
 B2 and determine a
line (if is exists) passing through p separating R1 
 B2 from R2 
 B1.
The two lines form the separating double wedge.
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4.8 Conclusions and open questions

We have studied the lower bound problem of some kinds of separability,
obtaining lower bounds in the fixed degree algebraic decision tree model
for deciding the separability of two disjoint point sets.

More precisely, we showed 	�n log n� time lower bounds for the separability
by means of strips, wedges, wedges with apices on a given line or segment,
fixed-slopes double wedges and triangles, which match the complexity of
the existing algorithms, and therefore prove their optimality. The lower
bound on the separability by triangles solves an open problem from Edels-
brunner and Preparata [34].

The separability problems we have study fall into the two following cat-
egories: the ��n� time separability problems or the ��n log n� time separa-
bility problems. We ask about whether there exists some threshold which
makes them fall into one of the two categories. By other hand, we ask
about the existence of some category of separability problems in between
the two categories.

The following table summarizes the results.
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Separability criteria Lower bound

Strip 	�n log n�
passing through a given point 	�n log n�
passing through two given points 	�n log n�
with given width 	�n log n�
with a given slope ��n�
with given width and passing through two points ��n�
Wedge 	�n log n�
with apex on a given line 	�n log n�
with apex on a line and given slope of a half-line 	�n log n�
with a half-line on a given line ��n�
with given slopes of the half-lines ��n�
with given apex ��n�
Triangle 	�n log n�
with vertices on given lines 	�n log n�
with two given sides ��n�
Double wedge with fixed-slopes 	�n log n�
with fixed-slope and apex on a line 	�n log n�
with a given line ��n�
with a given apex ��n�
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Strips and wedges separability

Abstract

In this chapter we study some problems on the separability of two disjoint
point sets in the plane by means of several strips, wedges and sectors. We
also give optimal algorithms for minimizing the number of misclassified
points, when only one strip or only one wedge is used and for computing
the wedges with exactly one misclassified point.

5.1 Introduction

Let B and R be two finite disjoint sets of n points in the plane; we refer to B

as the set of blue points and R as the set of red points. By CH�B� and CH�R�
we note the respective convex hull of the sets.

In chapters 2 and 4 we have shown optimal O�n log n� time algorithms for
deciding wedge separability and strip separability, as well as for construct-
ing the locus of feasible apices and the interval of feasible slopes. Wedges
with maximum/minimum angle, and the narrowest/widest strip are also
found. In this chapter we extend the these results describing efficient algo-
rithms for:

1) deciding the separability with two wedges or with two strips;

2) finding a minimum cardinality separator set of parallel lines;

3) computing a minimum cardinality set of separator rays having a com-
mon apex;
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4) minimizing the number of misclassified points when only one strip is
used or minimizing the number of misclassified points when only one
wedge is used; and,

5) computing the wedges with exactly one misclassified point.

5.2 Strips Separability

In this section we extend the results in chapter 2 to cases in which more
than one strip, or more than two parallel lines, are used.

5.2.1 Several strips

The first natural extension to the separation with one strip is to use three
parallel lines. The separability with one strip (two lines �s1, s2�) can be
decided in O�n log n� time, and the intervals of feasible slopes can be con-
structed within the same running time. We will show that the same bound
applies when we use at most three (parallel) lines. First of all, we show two
lemmas which we will use later:

5.1 Lemma Let B and R be two disjoint point sets in the plane. To decide whether
they are separable by exactly k parallel lines with a given slope can be done in O�kn�
time.

Proof Assume that the given slope is the horizontal slope and therefore,
we have to check the separability by k horizontal parallel lines. We do the
following:

1) Compute the point with maximum y-coordinate. Suppose that it is a
blue point b1.

2) Compute the red point with maximum y-coordinate. Let r1 be this
red point. Now, all the points with the y-coordinate between b1 and
r1 (except r1) are blue points. Let B1 be the set of these blue points.

3) Delete B1 from the sets of points and repeat k times the process, inter-
changing the colors each time.
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4) Check that the last set of points is monochromatic.

It is clear that the running time of the process is O�kn� and therefore, the
separability by a constant number of horizontal lines can be checked in
O�n� time. For k almost n, a better O�n log n� time algorithm is to sort the
points by y-coordinate and count the number of color changes.

Now, let B be a convex polygon defined by n blue points and let R be a set
of n red points which are exterior to B. Let s be a directed supporting line
of B such that B is on the left side of s. Let Rs 1 R be the set of red points
on the right side of s.

5.2 Lemma Let B, R, s and Rs as above. In O�n log n� time we can sort the red
points in such a way that when we rotate s counterclockwise (or clockwise) over B a
complete round, we know at each discrete step which is the next red point we have to
insert/delete to maintain the set Rs.

Proof Let R � �r1, . . . , rn�. For each ri � R, let lri (rri) be the directed
supporting line from ri to B such that B is on the left (right) side going
from ri to B. Let Li (Ri) be the tangency points of lri (rri) with B. By l�ri

(r�ri) we note the directed half-line contained in lri (rri) with extreme at Li

(Ri) and pointing up ri (Figure 5.1). Let Αi (Βi) be the counterclockwise
(clockwise) angle formed by l�ri (r�ri) with the horizontal.

Let X axis be the line lr1 and let L1 be the first point of B. We sort the
points from R according to the order of the half-lines l�ri, which are sorted
according to: first, the order of Li in B and secondly, by increasing angle Αi.
If there are several points from R sharing a half-line l�ri, the order is given
by the proximity to Li. This produces a circular order which corresponds to
a counterclockwise sweep half-line around B (Figure 5.2a). Let Occ be the
list of red points sorted by this circular order.

In a similar way, we sort the red points according to the order of the half-
lines r�ri, which are sorted according to: first, the order of Ri in B and sec-
ondly, by increasing angle Βi, starting at the origin as above. This produces
a second circular order which corresponds to a clockwise sweep half-line
around B (Figure 5.2b). Let Oc be the list of red points sorted by this
circular order. Both sorting processes can be performed in O�n log n� time.



152 Chapter 5 Strips and wedges separability

B

l�ri

...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
.

......
......

......
......

......
......

......
......

......
......

ri

Li

Ri

r�ri

..............

Αi

Βi

...........

Figure 5.1 Half-lines l�ri and r�ri.

Using the lists Occ and Oc we will construct in O�n� time a new circular
order, the counterclockwise sweeping order, such that when we rotate counter-
clockwise a directed supporting line s of B such that B is on the left side,
we know which is the next red point that s is going to bump. This new
order is given by a list, Ccso, of the red points.

Note that rotating s counterclockwise a complete round, each red point is
bumped two times by s: one time by s� and the second time by s�, where
s� and s� are the two half-lines obtained by breaking s by the tangency
point on B.

Counterclockwise Sweeping Order:

1) Θ �� 0, Ccso �� �r1� (“s is the horizontal directed supporting line lr1”);

2) While Θ < 360�, do the following.

a) s �� the directed supporting line of B such that B is on the left
side and Θ is the counterclockwise angle formed by s with the
horizontal;

b) Compute the first point r j � Occ such that Α j > Θ and the last
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Figure 5.2 a) Occ, b) Oc.

point ri � Oc such that Βi < �180��Θ� and do ∆ �� min�Α j�Θ, 180��
Θ � Βi�;

c) If ∆ � Α j � Θ add r j to queue Ccso (“the next point bumping by
s is r j”), if ∆ � 180� � Θ � Βi add ri to queue Ccso (“the next point
bumping by s is ri”) (Figure 5.3);

d) Θ �� Θ � ∆.

It is clear that the algorithm has an O�n� time complexity because all the
steps of the while loop can be done in constant time running in a synchro-
nizing way the lists Occ and Oc. The list Ccso stores the red points rk, the
angle Αk or Βk, the information rk � s� or rk � s� and the jumping angle Θk for
jump from rk to the next point rk�1 in Ccso which is, in fact, the computed
angle ∆. Now, we describe the algorithm for maintaining Rs as s rotate
counterclockwise over B using the list Ccso:

Computing Rs:

1) s �� the horizontal directed supporting line lr1 (r1 is the first red point
in Ccso). In O�n� time compute the set of red points in the closed half
plane above s (including r1), let Rs be the set of this red points;
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Figure 5.3 Counterclockwise sweeping order.

2) For k � 2, . . . , �Ccso�, do the following. Let s be the directed supporting
line of B containing rk � Ccso. Let Rs the set of red point on the left
closed half plane of s (including rk). Let rk�1 be the next red point in
Ccso. Using the following rules illustrated in Figure 5.4, update Rs in
constant time:

Situation a): delete rk from Rs;

Situation b): delete rk from Rs and insert rk�1 to Rs;

Situation c): no changes;

Situation d): insert rk�1 to Rs;

Running this algorithm we can obtain the set Rs in each discrete step as we
rotate the directed line s over B.

It is easy to see that we can do analogous techniques with the same time
complexity computing Rs in discrete steps as we rotate clockwise a directed
supporting line s of B.

5.3 Theorem Let B and R be two disjoint point sets in the plane. To decide
whether they are separable by at most three parallel lines and to compute the cor-
responding intervals for the slopes of the separating lines can be done in O�n log n�
time.
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Figure 5.4 Updating Rs.

Proof Assume that the sets are not strip separable. We will describe the
algorithm for computing the separability of the sets by three directed paral-
lel lines s1, s2, s3 when the separability from left to right is red/blue/red/blue
(Figure 5.5). Let Be � �b1, . . . , bp� be the set of blue points which are ex-
terior to CH�R� and let Re � �r1, . . . , rq� be the set of red points which are
exterior to CH�B�.

Note that the left line s1 separates some (at least one) points in Re from all
the blue points and the right line s3 separates some (at least one) points in
Be from all the red points. Therefore, we can assume that s1 is a directed
supporting line of CH�B� having at least one red point on its left side and
CH�B� on its right side. Analogously, s3 is a directed supporting line of
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Figure 5.5 Three lines.

CH�R� having at least one blue point on its right side and CH�R� on its left
side.

The directed parallel lines s1 and s3 form a rotating caliper s1 � s3 [78]:
s1 rotating counterclockwise over CH�B� and s3 rotating counterclockwise
over CH�R�. The caliper s1 � s3 defines the following subsets: R1 the subset
of Re formed by the red points on the left side of s1, B1 the subset of Be

formed by the blue points on the right of s3, R2 � R � R1 and B2 � B � B1

(Figure 5.5). The algorithm is as follows:

1) Compute CH�R�, CH�B�, Be and Re in O�n log n� time.

2) Compute the red point with minimum y-coordinate, let r1 be this red
point. Compute the blue point with maximum y-coordinate, let b1 be
this blue point.

Apply Lemma 5.2 to compute Ccso � red, the ordered list of the red
points from Re obtained as we rotate counterclockwise the directed
supporting s1 over CH�B� starting at the directed horizontal line pass-
ing through b1 pointing up east.

Apply Lemma 5.2 to compute Ccso � blue, the ordered list of blue
points from Be obtained as we rotate counterclockwise the directed
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supporting s3 over CH�R� starting at the directed horizontal line pass-
ing through r1 pointing up east.

Θ �� 0�, let s1 and s3 be the above starting directed horizontal lines.
Apply Lemma 5.1 to check the separability by 3 horizontal parallel
lines in O�n� time, taking s1 and s3 as the first and third lines. Compute
R1, B1, R2 and B2.

3) While Θ < 360�, do the following.

By Lemma 5.2 and using the lists Ccso � red and Ccso � blue in a syn-
chronizing way, rotate counterclockwise the caliper s1 � s3 the angle
∆ �� min�Θ1, Θ2� (Figure 5.5), adding/deleting one red point or one blue
point to R1, B1, R2 or B2. In O�log n� time do the following:

a) Update CH�R1�, CH�R2�, CH�B1� and CH�B2� (we only update at
most one point). If R1 or B1 are empty then go to (e), otherwise
R2 and B2 are also not empty (remember that R and B are not strip
separable).

b) Compute the interior supporting lines between the convex hulls
CH�R1� and CH�B2�, between CH�B2� and CH�R2� and between
CH�R2� and CH�B1�.

c) Compute the corresponding slope intervals defined the pairs of
interior supporting lines. For the slope interval of the lines sep-
arating CH�B2� from CH�R2� take only the interval corresponding
to directed lines s2 such that CH�B2� is on its left side and CH�R2�
is on its right side.

d) Compute the intersection of the three slope intervals. If the in-
tersection is not empty, we get a slope interval of three separating
parallel lines.

e) Θ �� Θ � ∆.

The time complexity of steps 1 and 2 is O�n log n�. The while loop of the
step 3 is executed 2�p � q� < 2n times and then the time complexity of step
3 is O�n log n�. We can get at most a linear number of slope intervals of
three separating parallel lines.

5.4 Theorem Let B and R be two disjoint point sets in the plane. To decide
whether they are red/blue/red/blue/red separable by four parallel lines and to compute
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the corresponding slope intervals of the separating lines can be done in O�n log n� time
if the convex hull of the blue points contains at least one red point.

Proof Assume that the sets are not separable by two or three parallel
lines. We want to decide whether B and R are separable by four directed
parallel lines �s1, s2, s3, s4� in case that the separability from left to right is
red/blue/red/blue/red (Figure 5.6). Let Re be the set of red points which
are exterior to CH�B�. Note that s1 and s4 are directed supporting lines of
CH�B� on antipodal points forming a rotating caliper which separate some
red points (at least one) from all the blue points. Concretely, the lines s1

and s4 define the sets: R1 � Re formed by the red points on the left side of s1,
R3 � Re formed by the red points on the right side of s4 and R2 � R��R1
R3�.
By hypothesis, there exists at least a red point r in the interior of CH�B�,
which implies that r � R2. The algorithm is as follows:
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Figure 5.6 Four lines.

1) Compute CH�B� and Re in O�n log n� time.
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2) Compute the blue points with minimum andmaximum y-coordinates,
let bmin and bmax be these blue points. Compute a red point r inside
CH�B�.

Apply Lemma 5.2 to compute Ccso � le f t, the ordered list of the red
points from Re obtained as we rotate counterclockwise the directed
supporting s1 over CH�B� starting at the directed horizontal line pass-
ing through bmax pointing up east.

Apply Lemma 5.2 to compute Ccso � right, the ordered list of red
points from Re obtained as we rotate counterclockwise the directed
supporting s4 over CH�B� starting at the directed horizontal line pass-
ing through bmin pointing up east.

Apply Lemma 5.2 to compute Ccso � partB, the ordered list of blue
points obtained as we rotate counterclockwise a directed line l passing
through r starting at the directed horizontal line pointing up east.
This list will be used to obtain the partition B1, B2 of B as we rotate
the caliper counterclockwise in discrete steps, i.e., B1 is the set of blue
points on the left side of l and B2 is the set of blue points on the right
side of l. Note that if the sets are separable by four parallel lines for
some direction, then the line l with this direction and passing through
r gives the right partition of B produced by the four parallel lines.

Θ �� 0�, let s1 and s4 be the above starting directed horizontal lines.
Apply Lemma 5.1 to check the separability by 4 horizontal parallel
lines in O�n� time, taking s1 and s4 as the first and fourth lines and l
as the line given the partition B1, B2 of B. Compute R1, R2, R3, B1 and
B2.

3) While Θ < 360�, do the following.

By Lemma 5.2 and using the lists Ccso � le f t, Ccso � right, and Ccso �
partB in a synchronizing way, rotate counterclockwise simultaneously
the calipers s1 � l and l � s4 the angle ∆ �� min�Θ1, Θ2, Θ3� (Figure 5.6),
adding/deleting one red point or one blue point to R1, B1, R2, B2 or R3.
In O�log n� time do the following:

a) Update the convex hulls CH�R1�, CH�B1�, CH�R2�, CH�B2� and
CH�R3� (we only update at most one point). If R1 or R3 are empty
then go to (e), otherwise B1, R2 and B2 are also not empty (re-
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member that R and B are not separable by two or three parallel
lines).

b) Compute the interior supporting lines between the convex hulls
CH�R1� andCH�B1�, between CH�B1� and CH�R2�, betweenCH�R2�
and CH�B2� and between CH�B2� and CH�R3�.

c) Compute the corresponding slope intervals defined the pairs of in-
terior supporting lines. For the slope interval of the lines separat-
ing CH�B1� from CH�R2� take only the interval corresponding to
directed lines s2 such that CH�B1� is on its left side and CH�R2� on
its right side. Analogously for the slope interval of the lines sepa-
rating CH�R2� from CH�B2�, take only the interval corresponding
to directed lines s3 such that CH�R2� is on its left side and CH�B2�
on its right side.

d) Compute the intersection of the four slope intervals. If the in-
tersection is not empty, we get a slope interval of four separating
parallel lines.

e) Θ �� Θ � ∆.

The time complexity of steps 1 and 2 is O�n log n�. The time complexity of
the while loop of the step 3 is O�log n� and it is executed less than 2n times.
Then the time complexity of the algorithm is O�n log n�.

Open problem. Let B and R be two disjoint point sets in the plane.
Can we decide whether the sets are red/blue/red/blue/red separable by four
parallel lines in O�n log n� time if the convex hull of the blue points does
not contain any red point? (Figure 5.7)

The following general question is also open:

Open problem. Let B and R be two disjoint point sets in the plane.
Can we decide in O�kn log n� time whether the sets B and R are separable
with at most k parallel lines for k � 5?

A possible way to do it is searching in the dual, where we sweep the ar-
rangement while looking for k points on the vertical sweep line such that
the k points split the lines into k � 1 color groups. But it seems we are
bumping up against a type of “k-set” bound. It is easy to show that it can
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Figure 5.7 Four lines.

be at least as complex as a standard k-level (Figure 5.8). What we need is a
O�kn log n� time method to obtain the less-or-equal-to-k color-change level.

5.5 Definition Two strips separate B and R if all the points of one set are
inside the strips and all the points of the other set are outside the strips (Figure 5.9).

If such a separating pair of strips exists, the two widest separating strips can be
defined in various ways, e.g., maximizing the minimum or the maximum
of the widths, or the sum of the widths. The two narrowest strips are defined
similarly.

Since one of the strips can be perturbed until one of the bounding lines
touch the convex hull of the red points inside the strip, it is possible to
check tentatively the configurations combinatorially different for one of
the strips, and to use the one strip separability algorithm for the remaining
points.

5.6 Theorem Let B and R be two disjoint point sets in the plane. The separa-
bility by two strips of the sets B and R can be determined in O�n3 log n� time. In
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Figure 5.8 k-Color change level.

the same time the two narrowest and the two widest separating strips can be found
(either sense above).

Proof Assume that the strips contain only blue points. Let B1 be the
blue points inside one strip. We can bring the bounding lines of this strip
closer till they touch CH�B1�. Then we can rotate this strip as a caliper over
CH�B1� till one of the bounding lines bumps into a red point. Therefore,
we can suppose that at least a line l of the bounding lines of one strip is
defined by two points: a blue point and a red point. If a bounding line
pass through two or more blue points, these points belong also to the strip.
There are O�n2� lines l defining a possible strip. Let B1 be the set of blue
points inside the strip defined by l. The points from B1 are on the left or
on the right side of l.

Assume that l is a vertical line, more concretely, let l be the line x � x0. Let
r � �xr, yr� be the red point with maximum (minimum) x-coordinate such
that xr  x0 (x0  xr). Let B1 be the set of blue points with x-coordinate in
between xr and x0 (x0 and xr). The point r and the sets B1 and B2 � B � B1

can be computed in O�n� time. In that way, we determine one strip (two
possible cases).

If B 
 R are two strip separable then B2 has to be strip separable from the
R (Figure 5.9a). In O�n log n� time, using the algorithm described in chap-
ter 2, we check this strip separability and we compute the slope intervals
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of two strips and the narrowest and the widest pairs of strips. This gives an
O�n3 log n� time algorithm for the two strips separability problem.

a) b)

Figure 5.9 a) Two strips, b) vertical and horizontal strips.

The running time decreases when we constraint the problem by using two
fixed strip slopes (e.g., horizontal and vertical, as in Figure 5.9b), or a fixed
slope combined with a free slope.

5.7 Theorem If the slope of one of the strips is given, the separability by two
strips of the sets B and R can be determined in O�n2 log n� time; in the same time the
two narrowest and the two widest separating strips can be found. If the two slopes
are given, the running time can be reduced to O�n�.

Proof In the first case, we assume that the knowing slope corresponds
to a vertical strip. In O�n log n� time we sort the red and blue points by
x-coordinate and we compute the disjoint subsets Bi1 of blue points in be-
tween two consecutive red points ri and ri�1. There are at most n�1 disjoint
subsets including the cases of blue points former to the first red point and
the blue points subsequent to the last red point. For each i do the follow-
ing:

1) In O�n� time, we compute Bi2 � B � Bi1;
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2) In O�n log n� time, using the algorithm described in chapter 2, we
check that Bi2 is strip separable from R and we compute the slope
intervals of the strips and the narrowest and the widest pairs of strips.

All together gives a O�n2 log n� time algorithm. Note that if we know a red
point belonging to a strip, the running time can be reduced to O�n log n�.

In the second case, we assume that the knowing slopes are the horizontal
and vertical slopes. Any blue point belongs to the vertical strip or to the
horizontal strip. Choose a blue point b � �xb, yb� and suppose it belongs
to the vertical strip (otherwise it belongs to the horizontal strip and we
proceed symmetrically). Let l be the vertical line passing through b. In O�n�
time we compute the red point r1 � �xr1, yr1� with maximum x-coordinate
such that xr1  xb. Analogously, we compute the red point r2 � �xr2, yr2�
with minimum x-coordinate such that xb  xr2. Let B1 be the set of blue
points with x-coordinate in between xr1 and xr2. In O�n� time we compute
B1 and B2 � B � B1 and we check whether B2 is separable from R by an
horizontal strip. This gives a O�n� time algorithm.

5.2.2 Minimum number of strips

We consider here the problem of finding the minimum number of parallel
strips (or the minimum number of parallel lines) separating B and R, and
computing the intervals of slopes corresponding to the solution.

A related problem was studied in [9]: Given a 2-coloring of the vertices
of a regular n-gon, how many parallel lines are needed to separate the ver-
tices into monochromatic subsets? It is shown that �n/2� is a tight upper
bound, and an O�n log n� algorithm for finding the direction that gives the
minimum number of lines is given.

For the general case we consider here we have:

5.8 Theorem Let B and R be two disjoint point sets in the plane. The mini-
mum number of parallel strips (or parallel lines) separating sets B and R, and the
corresponding slope intervals, can be determined in O�n2 log n� time.

Proof We solve the problem in the dual plane by transforming the red
and blue points into red and blue lines respectively. A slope in the primal
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given a separability bym parallel lines is translated into a vertical line in the
dual which intersects the colored lines in n colored points such that, once
we sort these colored points by y-coordinate, the number of color changes
is m and vice versa. We use this fact in the following algorithm:

1) Dualize the red and blue points obtaining an arrangements of n col-
ored lines. In O�n2 log n� time compute the O�n2� intersection points
between the n colored lines and sort by x-coordinate the intersection
points.

2) Sweep the arrangement by a vertical line stopping at the intersection
points (Figure 5.10). At the starting point of the line sweep (before
the first intersection point), in O�n log n� time, compute the vertical
order of the colored lines; the minimum is just the number of the color
changes. At each stop, in constant time, update the color changes and
the minimum number of these color changes. The last minimum is
just the minimum number of parallel lines separating the sets.

To find the slope interval of the minimum, we proceed as follows. Note
that we do not know if the minimum appears several times (with different
slopes), so knowing the minimum, we sweep again the arrangement. Each
time we find a minimum we compute a slope interval. The endpoints of
each slope interval are given by the vertical lines passing through the two
consecutive intersection points defining a minimum.

Figure 5.10 Sweeping in the dual.
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It is an open problem whether the intersection points of an arrangement of
n lines can be sorted by x-coordinate in O�n2� time. This problem is at least
as hard as the classical problem of sorting X � Y , which also remains open.

5.2.3 Minimizing the misclassified points with one strip

If there is no strict separability with a given class of separator, it is natural
to weak the separation constraint, allowing the existence of some misclassi-
fied points, while trying to minimize their number. This concept is related
to the bi-chromatic discrepancy, as described in [30].

Everett et al. [36] give an O�ns log s � n log n� algorithm for finding a line
that weakly separates the sets B and R in such a way that the sum, s, of the
number of red points above the line and the number of blue points below
the line is minimized.

Here, we consider a similar problem for weak separability with one strip
and obtain the following result:

5.9 Theorem For disjoint point sets, B and R, a strip that contains all the
points from one of the sets and the minimum number of points from the other set, can
be constructed in O�n log n� time.

Proof Suppose that we are computing the minimum number of mis-
classified red points by a strip which contains all the blue points. Let m

be the number of red points inside CH�B� which are always misclassified.
In O�n log n� time we compute the value of m and therefore, the minimum
number of misclassified red points is grater or equal than m.

Now, we use the same technique as in Theorem 5.4. Let Re be the set
of red points which are exterior to CH�B�. We sort the points of Re such
that when we rotate a caliper s1 � s2 over CH�B� in discrete steps, red point
by red point, we can compute the red points of Re inside the strip and
its cardinality (Figure 5.11). We start the rotation with the caliper in
horizontal position. In O�n� time we compute the points of Re inside the
caliper, its cardinality plus m is the initial value of the minimum number
of misclassified red points. As we rotate the caliper in discrete steps, we
update in constant time the red points of Re inside the caliper and the
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minimum number of misclassified red points. By Theorem 5.4, the time
complexity of the algorithm is O�n log n� time.

Note that the minimum can appears several times. In a second rotation of
the caliper we select all the minimum and we compute the corresponding
disjoint slope intervals of the strips in constant time per minimum. If the
minimum is zero then the sets are strip separable.

......................................................................
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Θ2
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Figure 5.11 Minimum number of misclassified points with one strip.

5.3 Wedges Separability

In this section we extend the results in chapter 2 to cases in which more
than one wedge is used.

5.3.1 Several wedges

A wedge partitions the plane into two regions, one of them convex (the
interior of the wedge). We say that two wedges separate B and R if all of
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the red points are inside the wedges, and all of the blue points are outside,
or conversely (Figure 5.12). We consider two cases, depending on whether
the wedges are disjoint or not, and obtain the following:

5.10 Theorem Let B and R be two disjoint point sets in the plane. The sepa-
rability by two wedges of the sets B and R can be determined in O�n5 log n� time. If
the wedges must be disjoint, the separability can be decided in O�n3 log n� time.

Proof Assume that the sets B and R are not wedge separable and B is
contained into the wedges. If the wedges are disjoint, there exists a line l
separating the wedges (Figure 5.12a). There are O�n2� possible lines l, each
one partitioning the blue points into two subsets. In O�n log n� time we
check the wedge separability of each subset from the set of red points. This
gives an O�n3 log n� time algorithm.

If the two wedges are not disjoint (Figure 5.12b), we consider that any four
points define a wedge, this implies O�n4� pairs of intersecting lines defining
a wedge. For each wedge, we check in O�n� time that it only contains blue
points, let B1 be the set of these blue points. Then, in O�n log n� time we
check that B � B1 is wedge separable from R. This gives an O�n5 log n� time
algorithm.

b)a)

l

Figure 5.12 a) Two disjoint wedges, b) two wedges.
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Theorem 5.10 has a high complexity coming from the degrees of freedom
of the two wedges. We will show an alternative algorithm that unfortu-
nately depends on the relative position of the points of the sets. First, we
show a Lemma about the location of the two separating wedges.

5.11 Lemma If the sets B and R are two wedge separable, then at least a wedge
containing one of the sets intersects the convex hull of the other set.

Proof Otherwise the sets are wedge separable (Figure 5.13a).

� �
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Figure 5.13 a) Two wedges b) unoriented �-maxima with respect to B.

In the alternative algorithm we will use a result from Avis et al. [10] about
the computation of points which are unoriented �-maximum with respect
to a set of points (see Definition 3.15 and Theorem 3.16). In fact, in chap-
ter 3 we modify Definition 3.15 into Definition 3.20, which we reproduces
hear for sake of clarity.

5.12 Definition A point b � B is an unoriented �-maximum with respect to
R if, and only if, there exist two maximal rays, Lb and Rb, emanating from b with
an angle at least � between them so that the points of R lie outside the (�-angle)
cone defined by b and the rays Lb and Rb (Figure 5.13b).

Then, it is easy to see that with the new definition Theorem 3.16 can be
formulated as follows:
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5.13 Theorem [10] All unoriented �-maximum points from B with respect
to R for � � Π/2 can be computed in O�n log n� time and O�n� space. For angles
� < Π/2 all the �-maximum points from B with respect to R can be computed in
O�n/� log n� time. The algorithm is optimal for fixed values of �.1

Sketch of the algorithm The algorithm computes the list of edges
of CH�R� together with the list of blue points which are candidates for each
edge. A point b is a candidate for an edge e if b is unorinted �-maximum
with respect to R and the rays of the (�-angle) cone intersect e. A blue
point can be candidate for a constant number of edges: if � � Π/2 for at
most three edges, if � < Π/2 for at most 2Π/� (a constant) edges. Then for
each candidate b � B of an edge, the algorithm computes the wedge defined
by rays Lb and Rb emanating from b with the widest angle if this angle is
greater or equal than �. Therefore, each point b � B can be unoriented
�-maximum with respect to R by at most a constant number (< 2Π/� � 1)
of angles or angular intervals greater or equal than � within �0, 2Π�.

5.14 Theorem Let B and R be two disjoint point sets in the plane. The sepa-
rability of the sets B and R by two wedges can be determined in O�n2 log n� time.

Proof Assume that the sets B and R are not wedge separable and con-
sider that the blue points are inside the wedges. If the sets are two wedge
separable, then by Lemma 5.11 we know that at least one of the wedges
intersects CH�R�. The algorithm looks for the sets of blue points, Bi, con-
tained in such wedge checking that Bi and its complement, Bi � B� Bi, are
wedge separable from R 
 �B � Bi� and R respectively.

First, note that all the points from B are always unoriented �-maximum
with respect to R for a small value of the angle �.

Computing the angle �: To compute the value of an angle � such
that all the points from B are unoriented �-maximum with respect to R we
do the following:

1) For each blue point bi � B in O�n log n� time we compute the radial
order of the red points with respect to bi, and also the angle or angular

1 Therefore the Π/2 constant of the preceding paragraph can be substituted by an arbi-
trary c > 0 without changing the asymptotic complexity of the algorithm.
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interval within �0, 2Π� between consecutive red points (Figure 5.14). If
there are two or more red points sharing the same half-line from bi, the
corresponding 0 angle is not selected. Note that the blue point which
is exterior to CH�R� has also an angle grater than Π defined by the sup-
porting lines between the blue point and CH�R�. Let �Αi1,Αi2, . . . ,Αin�
be these angular intervals for i � 1, . . . , n. We compute these intervals
in O�n2 log n� time.

2) In O�n2� time compute the angle �, 0 < � < Π, defined as follows:

� � min
i�1,...,n

�Α11, . . . ,Αnn�.
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Figure 5.14 Radial order.

Computing Bi: Now, we know that all the blue points are unoriented
�-maximum with respect to R and we do the following:

1) Apply Theorem 5.13 to compute for each blue point bi the constant
number (at most 2Π/�� 1) of angles or angular intervals (within �0, 2Π�)
greater or equal that �. As a consequence, we obtain a total O�n� an-
gular intervals, which are computed in O�n/� log n� time. In O�n log n�
time sort the endpoints of the angular intervals.
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2) Make a sweep from 0 to 2Π over the O�n� angular intervals stopping at
the endpoints of the angular intervals (Figure 5.15). At each stop we
do the following:

a) In constant time update the angular intervals pierced by a verti-
cal line, i.e., the blue points, say Bi, having a common angular
interval. In O�n log n� time check if Bi is wedge separable from R

(note that may be Bi is no wedge separable from R, but the points
from Bi have a common angular interval).

b1

b2

bi

0 2Π

bn

Figure 5.15 Angular intervals.

b) In the affirmative case, in O�n log n� time compute B�Bi and check
that B � Bi is wedge separable from R. If this is true, we have
confirmed the two wedge separability.

There are at most O�n� stops and at each stop we have to spend O�n log n�
time, so that we obtain an O�n2 log n� time algorithm.

Note that in the proof of the above theorem we are taken 2Π/� � 1 as a
constant, but unfortunately � can be too small, increasing the complexity
of the algorithm.
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5.3.2 Minimum number of sectors

A constrainted version (the sector separability problem) of the wedges sepa-
rability occurs when all of the wedges have the same apex. Observe that
this kind of separation is always possible: given a point p in O�n log n� time
compute the number of rays from p separating the sets in monochromatic
sectors; if the number is two, the sets are wedge separable.

The interesting issue is to minimize the number of rays used, i.e., find
the locus of centers of a “star” of rays, so that the number of rays needed to
separate the red and blue points is minimized. A more constrainted version
is to force the common apex to lie in a given region.

5.15 Theorem Let B and R be two disjoint point sets in the plane. A minimum
cardinality set of rays (having common apex) separating B and R can be computed
in O�n4� time.

Proof First of all, note that if p is a center of a “star” of rays separating
B and R, we can move the point p dragging along the rays till one of the
rays touch a red point and a blue point. This means that the number of
rays does not change till the point p pass through a red-blue line defined
by a red point and a blue point. Considering the arrangement of the O�n2�
red-blue lines, we have O�n4� cells (Figure 5.16).

From any point p in a cell, we have the same number of rays because there
are not changes till the point p pass through a red-blue line producing
a change in the radial order between a blue point and a red point. This
change can be updated in constant time, so that visiting all the cells and
updating the number of rays we can compute the minimum number of rays
in O�n4� time.

As the complexity of the preceding theorem is high, we ask for the points
on a given line l to be the centers of a star of rays such that the number of
rays needed to separate the red and blue points is minimized.

5.16 Theorem Let B and R be two disjoint point sets in the plane, and let l be
a line. A minimum-cardinality set of rays separating B and R, with common apex
on l, can be computed in O�n2 log n� time. The locus of possible placements in l can
be obtained within the same time bound.
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p

Figure 5.16 Arrangement of red-blue lines.

Proof We suppose, as general case, that the line l intersects CH�B 
 R�.
To solve the problem we dualize the red and blue points and the line l. The
situation in the dual plane is illustrated in Figure 5.17. Let d�l� be the dual
point of the line l. We compute the O�n2� intersection points between the
red lines and the blue lines and do the following:

1) Sort radially from d�l� the intersection points in O�n2 log n� time. Us-
ing the techniques in Lemma 5.2, in O�n2� time, reorder the intersec-
tion points in such a way that when we rotate counterclockwise a line
passing through d�l� we know which is the next intersection point we
are going to find.

2) Sweep radially with a line passing through d�l� starting with the ver-
tical line passing through d�l�:

a) Initially, in O�n log n� time, compute the intersection points of
the red and blue lines with the vertical line passing through d�l�,
sort vertically this intersection points and compute the number
of color changes. Let minimum be this number of color changes.

b) Rotate the line passing through d�l� stopping at the intersection
points between the red and blue lines. At each stop update the
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number of color changes and the minimum number of this color
changes in constant time. This minimum corresponds in the pri-
mal to the minimum number of rays from a point in l.

sweeping radially

d�l�

Figure 5.17 Dualizing the line and the points.

Next, we describe how to compute the locus of possible placements on l
corresponding to apices with minimum number of rays. Note that we don’t
know if the minimum appears several times. We proceed as follows:

Make a second radial sweep to compute where the minimum are. Each
time we locate a minimum, compute the corresponding interval on l. The
endpoints of the interval are defined by the lines in the dual plane passing
through d�l� and each one of the consecutive intersection points between
the red and blue lines from where we locate a minimum.

In chapter 2 we determined if the sets are separable by two rays, i.e. the
sets are wedge separable. We computed the locus of the centers of the rays
in O�n log n� time. Next, we show that the same time upper bound applies
for the separability by three rays if the center of the rays is restricted to a
given line.

5.17 Theorem Let B and R be two disjoint point sets in the plane, and let l be
a line. To decide whether they are separable by means of at most three rays from a
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common apex on l can be done in O�n log n� time. The locus of possible placements on
l can be obtained within the same time bound.

Proof Assume that the sets are no wedge (two rays) separable from a
common apex on l. Assume also that all the red and blue points are
above (or below) the line l, the otherwise case is consider later. We will
describe the algorithm to decide the separability by three directed rays
�s1, s2, s3� with a common apex on l when the clockwise order from the apex
is red/blue/red/blue (Figure 5.18).

.....................................................................................
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s3
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B1

B2

s2

b1

r1

Figure 5.18 Three rays with common apex.

It is clear that this problem is similar to the problem of the separability
by three parallel lines which corresponds to the case where l is far enough
from the sets of points and the rays are almost parallel. So that we use the
same techniques as Theorem 5.3 with some changes:

The sets Be and Re are similar defined. The directed rays s1 and s3 are
contained in the same called, s1 and s3, directed supporting lines of CH�B�
and CH�R� respectively and are defined in a similar way. Now, s1 and s3

does not form a rotating caliper so that we have to design how to compute
the common apex of the rays on l.
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Initially, s1 and s3 are directed lines which are parallel to l and pass through
the blue point with maximum y-coordinate and the red point with mini-
mum y-coordinate respectively. We only rotate s1 and s3 counterclockwise
from 0 till 180. The sets R1, B1, R2 � R�R1 and B2 � B�B1 are analogously
defined. The algorithm is as follows:

1) Follow straightforward the step 1 from algorithm in Theorem 5.3.

2) Follow straightforward the step 2 from algorithm in Theorem 5.3.
Note that at the end of the step 2 we check the separability by three
parallel rays with common apex at the infinity point of l. In O�n log n�
time compute R1, B1, R2, B2 in this situation and also the respective
convex hulls CH�R1�, CH�R2�, CH�B1�, CH�B2�.

3) Step 3 from algorithm in Theorem 5.3 has to be changed in the fol-
lowing way:

a) Using Lemma 5.2, rotate counterclockwise s1 from 0� to 180� in
discrete steps (Figure 5.18) computing the sequence of the inter-
section point of s1 with l at each discrete step. To each intersection
point we put a pointer to the red point that has to be updated to
R1 and/or R2. Consecutive points of this sequence define a red-
interval on l. Any ray s1 from a point in a red-interval produces
the same partition R1, R2 of R. As we pass from a red-interval to
the next one then only a red point has to be update to obtain the
new partition of R.

b) Analogously, we rotate counterclockwise s3 from 0� to 180� in the
discrete steps computing the sequence of the intersection point of
s3 with l at each discrete step. To each intersection point we put
a pointer to the blue point that has to be updated to B1 and/or
B2. Consecutive points of this sequence define a blue-interval on
l. Any ray s3 from a point in a blue-interval produces the same
partition B1, B2 of B. As we pass from a blue-interval to the next
one then only a blue point has to be update to obtain the new
partition of B.

c) Merge both sequences of red-intervals and blue-intervals on l to
obtain a sequence of red-blue-intervals (a linear number). Rays s1

and s3 from any point in a red-blue-interval produce the same
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partition R1, R2, B1 and B2 of R and B. As we pass from a red-
blue-interval to the next one then only a red or a blue point has
to be update to obtain the new partition of R and B.

d) Sweep the red-blue-intervals on l from left to right stopping at
the endpoints. At each stop, update R1, R2, B1 and B2 adding
or deleting a red or a blue point and the respective convex hulls
CH�R1�,CH�R2�,CH�B1� andCH�B2�. If R1 or B1 are empty then go
to next red-blue-interval, otherwise R2 and B2 are also not empty
(remember that R and B are no wedge separable from a common
apex on l).

e) Compute the interior supporting lines between the convex hulls
CH�R1� and CH�B2�, between CH�B2� and CH�R2� and between
CH�R2� andCH�B1�. Compute the corresponding intervals on l de-
fined the pairs of interior supporting lines. For the convex hulls
CH�B2� and CH�R2� take only the interval corresponding to di-
rected lines s2 such that CH�B2� is on its left side and CH�R2� is on
its right side. Compute the intersection of the three intervals on
l. If the intersection is not empty, we get an interval of apices on
l of three separating rays.

Complexity: In Theorem 5.3, the running time of steps 1 and 2 is
O�n log n�. For step 3, it is clear how to obtain the sequences of the end-
points of the red-blue-intervals in O�n log n� time; each stop of the sweep
can be performed in O�log n� time for a linear number of times. Therefore,
in O�n log n� total time we compute all the possible intervals in l formed by
centers of three separating rays.

5.18 Theorem Let B and R be two disjoint point sets in the plane, and let l be
a line. To decide whether they are red/blue/red/blue/red separable by four rays from
a common apex on l and to compute the locus of possible placements on l can be done
in O�n log n� time if the convex hull of the blue points contains at least a red point.

Proof Assume that the sets are not separable by two or three rays from
common apex on l. Assume also that all the red and blue points are above
(or below) the line l, the otherwise case is consider later. We will describe
the algorithm to decide the separability by four directed rays �s1, s2, s3, s4�
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with a common apex on l when the clockwise order from the apex is
red/blue/red/blue/red (Figure 5.19).
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Figure 5.19 Four rays with common apex.

This problem is similar to the problem of the separability by four parallel
lines, so that we use the techniques in Theorem 5.4 and in Theorem 5.17
with some changes. The sets Be and Re are defined similarly. The directed
rays s1 and s4 are contained in the same called, s1 and s4, directed supporting
lines ofCH�B� and are defined in a similar way. For s1 and s4 we will proceed
as for s1 and s3 in Theorem 5.17. Initially, s1 and s4 are directed lines
which are parallel to l and pass through the blue point with maximum
y-coordinate and the blue point with minimum y-coordinate respectively.
We only rotate s1 and s4 counterclockwise from 0� till 180�. The sets R1,
R3, R2 � R � �R1 
 R3�, B1 and B2 � B � B1 are defined analogously. The
algorithm is as follows:

1) Follow straightforwardly step 1 from algorithm in Theorem 5.17.

2) Follow straightforwardly step 2 from algorithm in Theorem 5.17, but
note that at the end of the step 2 we have to check the separability
by four parallel rays with common apex at the infinity point of l. In
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O�n log n� time compute R1, B1, R2, B2 and R3 in this situation and also
the respective convex hulls CH�R1�, CH�B1�, CH�R2�, CH�B2� CH�R3�.

3) Step 3 from the algorithm in Theorem 5.17 has to be change in the
following way:

a) Using Lemma 5.2, rotate counterclockwise s1 from 0� to 180� in
discrete steps (Figure 5.19) computing the sequence of the inter-
section point of s1 with l at each discrete step. To each intersection
point we put a pointer to the red point that has to be updated to
R1.

b) Analogously, we rotate s4 counterclockwise from 0� to 180� in the
discrete steps computing the sequence of the intersection point of
s4 with l at each discrete step. With each intersection point we
put a pointer to the red point that has to be updated to R3.

c) Let r be the red point contained in the blue convex hull. It is
clear that r always has to belong to R2 and therefore the ray from
the common apex passing through r gives the right partition B1,
B2 of B produced by the four rays. In O�n log n� time sort radially
from r the blue points. Let lp be a line passing through r. Rotate
lp from 0� to 180� in discrete steps (blue point by blue point)
and compute the sequence of the intersection point of lp with l.
To each intersection point we put a pointer to the corresponding
blue point which has to be updated from B1 and B2.

d) Merge the above three sequences points on l. The resulting se-
quence (a linear number of points) gives the sequence of red and
blue points we have to update to obtain the partition R1, B1, R2,
B2 and R3 as we sweep l from left to right.

e) Sweep l from left to right stopping at the points of the merge se-
quence. At each stop, update R1, R2, R3, B1 B2 (adding or deleting
a red or a blue point) and update CH�R1�, CH�R2�, CH�R3�, CH�B1�
and CH�B2�. If R1 or R3 are empty then go to next point in the
sequence, otherwise R2, B1 and B2 are also not empty (remember
that R and B are no separable by two or three rays from a common
apex on l).

f) Compute the interior supporting lines between the convex hulls
CH�R1� andCH�B1�, between CH�B1� and CH�R2�, betweenCH�R2�
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and CH�B2� and between CH�B2� and CH�R3�. Compute the cor-
responding intervals on l defined the pairs of interior supporting
lines. For the convex hulls CH�B1� and CH�R2� take only the in-
terval corresponding to directed lines s2 such that CH�B1� is on its
left side and CH�R2� is on its right side. Analogously for the con-
vex hulls CH�R2� and CH�B2� take only the interval corresponding
to directed lines s3 such that CH�R2� is on its left side and CH�B2�
is on its right side. Compute the intersection of the four intervals
on l. If the intersection is not empty, we get an interval of apices
on l of four separating rays.

Complexity: Analogously as in Theorem 5.17, the running time of
the steps 1 and 2 is O�n log n�. For the step 3, it is clear how to obtain
the three sequences of points in O�n log n� time; the rest of the step 3 can
be performed in O�log n� time for a linear number of times. Therefore, in
O�n log n� total time we compute all the possible intervals in l formed by
centers of four separating rays.

Remark. If the points of the sets are above and below the line l, all the
cases can be reduced to the only above or only below cases we have showed.
Concretely, the three rays case is in fact a two rays from the points in one
of the half planes (Figure 5.20a). In the four rays case, we can distinguish
between whether the number of rays in the half planes is 3,1 or 2,2 (Fig-
ure 5.20b,c). Case b) can be solved by three rays (above half plane) and
linear separability (below half plane). Case c) can be solved by wedge sepa-
rability in both half planes.

5.3.3 Minimizing the misclassified points with one wedge

Now, we consider the separability with one wedge in the no strict sepa-
rability case, allowing some misclassified points while minimizing their
number. We obtain the following result:

5.19 Theorem For disjoint point sets, B and R, the wedges that contains all
the points of one of the sets and the minimum number of points of the other set, as
well as the locus of the feasible apices of these wedges, can be computed in O�n2� time.
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Figure 5.20 a) Three rays with common apex, b) and c) four rays with
common apex.

Proof Assume that the wedges contain all the red points and the mini-
mum number of blue points. Note that rays of a wedge containing a certain
number of misclassified blue points can be defined by two blue points, each
one define a ray by a supporting line to CH�R� (Figure 5.21). We proceed
in the following way:

1) First, in O�n log n� time we compute CH�R� and the supporting line lbi

(rbi) between each blue point bi and CH�R� such that CH�R� is on the
left (right) side going from bi to CH�R�.

2) Consider the arrangement of all those lines. There are O�n2� cells in
the arrangement and the points of each cell are apices of wedges with
the same misclassified points. There is a change when we pass to a
neighboring cell and the change can be updated in constant time. So
that, in O�n2� time, we can check all the cells and determine the wedge
with the minimum number of misclassified points.

If there are several wedges containing the minimum number of misclas-
sified points then we can visit the cells a second time and compute the
region of the plane formed by the apices of wedges with minimum number
of misclassified blue points.

5.3.4 Wedges with exactly one misclassified point

The O�n2� upper bound for the minimum number of misclassified points
using one wedge and the 	�n log n� lower bound for the 0 misclassified
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Figure 5.21 Misclassified points with one wedge.

points with one wedge arise the question of the complexity of computing
the wedges with exactly one misclassified point.

Assume that the wedge contains R and exactly one blue point b � B, and
also that CH�R� is monochromatic, i.e., the misclassified point is not in
CH�R�, otherwise the problem is simple: check whether CH�R� contains ex-
actly one blue point and, in the affirmative case, in O�n log n� time compute
the wedges separating R 
 b from B � �b� as in [48].

To solve the problem, we will characterize the one misclassified point.
First, we consider the following dominance relation with respect to CH�R�.

5.20 Definition We say that a point bi dominates the point b j with respect to
CH�R� (b j �R bi) if the half-line from bi passing through b j intersects CH�R�.

The relation �R is a partial order in B. A point b � B is minimal with
respect to CH�R� if it is not dominated by any other blue point, i.e., in the
triangle defined by the point b and the tangency points of the supporting
lines from b to CH�R� there is no blue point. The computation of minimal
points and also the construction of a set of polygonal lines linking the
minimal points can be done in O�n log n� time (see Chapter 2).
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5.21 Lemma The one misclassified point is a minimal point with respect to
CH�R�.

Proof Let b be a misclassified blue point, i.e., there exists a wedge con-
taining CH�R� and b. Let p and q be the tangency points of the supporting
lines between b and CH�R� (Figure 5.22). If b is not minimal then the tri-
angle bpq contains some blue point and then, any wedge containing b has
to contain more than one misclassified point.

b.......................................

......
......

......
......

......
......

.....

p

q
CH�R� UD

Figure 5.22 Minimal point.

5.22 Theorem For disjoint point sets, B and R, a wedge that contains all the
points from one set and exactly one point from the other set, can be constructed in
O�n log n� time.

Proof The half-lines of a wedge and CH�R� define two regions inside the
wedge: U and D, as it is showed in Figure 5.22. If b is a misclassified blue
point, then b � U or b � D. We will compute the wedges with exactly one
misclassified blue point, depending on whether b � U or b � D.

1) b � D: b is a minimal point with respect to CH�R�. In O�n log n� time
we compute the polygonal lines, say �0, linking the minimal points
(chapter 2). Let lb and rb be the supporting lines between b andCH�R�.
We obtain a possible half-line of the wedge rotating clockwise rb till
finding a blue point (Figure 5.23). Assume that b � bi and that bi�1 is
this blue point.

Suppose that l1 � rb�i�1� and that l�1 is the line parallel to l1 and tangent
to CH�R�. The part of the strip defined by l1, l�1 and limited by CH�R�
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that contains b has to satisfy the condition of no containing other blue
point, otherwise there is no wedge with b as the unique misclassified
point. This condition can be checked in O�log n� time using �0, be-
cause if there is a blue point b�, it is a minimal point or there is other
minimal point in the part of the strip who dominates b�.

Then, we rotate l�1 counterclockwise over CH�R� till finding a blue
point and obtaining the other possible half-line of the wedge. It will
be a wedge if the correspondingU region does not contain blue points.
Analogously as above, we check this in O�log n� time using �0, because
if there exists one blue point, it has to be a minimal point or it is
dominated by a minimal one contained in the U region.

We proceed analogously starting with the line lb, rotating counter-
clockwise till finding a blue point b j, doing r1 � rb j and so on.

l1 � l�1

lb

CH�R�

l1 l�1rb

bi�1
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Figure 5.23 Point b in D region.

2) b � U : Let B1 � B be the set of minimal points from B with respect
to CH�R�. Let �1 be the set of polygonal lines linking the minimal
points from B � B1 with respect to CH�R�. �0 and �1 are computed in
O�n log n� time using the algorithm described in chapter 2.

Now, if there is a wedge with the point b as the unique misclassified
point, the apex of the wedge has to belong to the (possibly unbounded)
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star-shaped polygon limited by �1 and the lines lb and rb (Figure 5.24),
otherwise the wedge does not contain the point b in the U region as
the unique misclassified point.

The D region of the wedge has to be free of blue points. The existence
of some blue point can be checked using �0. In fact, we only have
to check possible wedges going out between two consecutive polygonal
lines of �0 (if they exist) located between the half-lines of the wedge.
We accept if the apex of the wedge is in the star-shaped polygon de-
fined above. Once we have computed �0 and �1, all the steps can be
done in logarithmic time per minimal blue point.

Note that the number of minimal points is at most n and therefore the time
complexity of the algorithm is O�n log n�.
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Figure 5.24 Point b in U region.

5.4 Conclusions and open problems

We solved different problems on the separability of two disjoint point sets
by means of several strips, wedges and sectors. We also gave optimal al-
gorithms for minimizing the number of misclassified points, when only
one strip or only one wedge is used and for computing the wedges with



5.4 Conclusions and open problems 187

exactly one misclassified point. Some open problems arise with respect to
the several strips or several wedges separability:

1) We would like to show that in O�kn log n� time we can determine
whether the sets B and R are separable with at most k lines for k � 4 or
k � 5.

2) Separability by two wedges and the minimum-cardinality set of rays
(having a common apex) have high complexities. We would like to
find better algorithms. For the two wedges separability we showed
an improvement depending on a value previously computed. Unfor-
tunately this value can be too small, increasing the complexity of the
algorithm.

3) We have shown an O�n2� upper bound for the problem of determin-
ing the minimum number of misclassified points with one wedge; by
other hand, we have shown an O�n log n� time algorithm for determin-
ing the wedges with one misclassified point. Is the first problem a
3SUM-hard problem? Can we compute the wedges with k misclassi-
fied points in O�n log n� � O�kn� time which fits with the O�n2� upper
bound for the minimum number of misclassified points by a wedge?

The following table summarizes the results.

Separability criteria Upper bound

Three parallel lines O�n log n�
Four parallel lines (special case) O�n log n�
Two strips O�n3 log n�
Two strips with one fixed slope O�n2 log n�
Two strips with fixed slopes O�n�
Minimum number of strips (parallel lines) O�n2 log n�
Minimizing misclassified points with a strip O�n log n�
Two wedges O�n5 log n�
Minimum number of rays (common apex) O�n4�
Minimum number of rays with apex on a line O�n2 log n�
3 rays with apex on a line O�n log n�
4 rays with apex on a line (special case) O�n log n�
Minimizing misclassified points with a wedge O�n2�
Wedges with exactly one misclassified point O�n log n�
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Separating several point sets

Abstract

In this chapter we study some problems on the separability of k disjoint
point sets in the plane. On one hand, we give algorithms for finding mini-
mum cardinality separators by means of parallel lines or rays with common
apex. On the other hand we show how to decide whether it is possible to
separate by k � 1 parallel lines, by k rays with same origin, by an arrange-
ment of two or three lines, or, in the projective sense, by k lines through a
point.

6.1 Introduction

Let C1, . . . , Ck be finite disjoint point sets in the plane; we refer to Ci as the
set of points of color i. We denote ni � �Ci� and n � n1 ��� nk. A finite set S

of curves in the plane is a separator for the sets C1, . . . , Ck if every connected
component in �2 � S contains objects only from some Ci. We also say that
each connected component is monochromatic.

The case k � 2 has been largely studied in previous chapters. A separating
line, if there is any, can be found in linear time [56]. When line separability
is not possible, one may consider to find an arrangement of the fewest
lines decomposing the plane into monochromatic cells [41] (the shattering
problem) or to find a polygonal separator with as few edges as possible [37])
(the minimum-link red-blue separation problem). These two variants are known
to be NP-complete.
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In this chapter we consider the separation problem for k > 2. Our results
include efficient algorithms for finding minimum cardinality separators by
means of parallel lines and by means of rays having a common apex. We
also provide efficient algorithms for deciding the existence of some specific
separators: k � 1 parallel lines, k rays with common origin, k lines through
a point (where the cells are taken in the projective sense, i.e., opposite
quadrants would correspond to the same projective cell) 1, and by two or
three lines (for 2  k  4 and 2  k  7 respectively), i.e., shattering the sets
of points in monochromatic regions by two or three lines.

6.2 Separating with parallel lines

Given disjoint colored sets C1, . . . ,Ck of points in the plane, we want to
compute the minimum number of parallel lines in order to separate the sets
in monochromatic parallel strips and also the corresponding slope intervals
of the parallel lines. This kind of separability is always possible if many
parallel lines are used. At least k � 1 parallel lines are required.

If the slope of the parallel lines is given (for example, the horizontal slope),
the problem of computing the minimum number of parallel lines separat-
ing the sets in monochromatic strips can be easily solved in O�n log n� time
as follows:

1) In O�n log n� sort the points by y-coordinate.

2) In O�n� time sweep horizontally the points counting the number of
color changes.

The problem becomes more interesting if the slope is not given, which we
consider next.

6.1 Theorem Let C1, . . . , Ck be disjoint colored sets of total n points in the
plane. The minimum number of parallel lines separating the points in monochro-
matic strips, as well as the slope intervals of all the possible solutions can be computed
in O�n2 log n� time.

1 We consider the separability by k lines through a point in the projective sense with
the additional constraint that opposite sectors are not empty.
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Proof We solve the problem in the dual plane by transforming the col-
ored points into colored lines. A slope in the primal given a separability by
m parallel lines is translated in a vertical line in the dual which intersects
the colored lines into n colored points such that, once we sort these colored
points, the number of color changes is m and vice versa. We use this fact to
solve the problem by the following algorithm:

1) We dualize the n colored points obtaining an arrangements of n col-
ored lines and we compute the O�n2� intersection points between the
n colored lines. We sort the intersection points by x-coordinate in
O�n2 log n� time.
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Figure 6.1 Line sweep in the dual.

2) We sweep the arrangement with a vertical line (see Figure 6.1) stop-
ping at the intersection points. At the starting point of the line sweep
(before the first intersection point), in O�n log n� time, we compute the
vertical order of the colored lines; the minimum is just the number
of the color changes. At each stop (an intersection point), in constant
time we update the color changes and the minimum number of these
color changes. The minimum corresponds in the primal to the min-
imum number of parallel lines separating the sets in monochromatic
parallel strips.

To find the slope intervals corresponding to the minimum, we proceed
as follows. Note that we do not know if the minimum appears several
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times (with different slopes), so knowing the minimum, we sweep again
the arrangement. Each time we find the minimum we compute a slope
interval. The endpoints of each slope interval are given by the vertical
lines passing through the two consecutive intersection points defining a
minimum (Figure 6.1).

It is an open problem whether the intersection points of an arrangement of
n lines in the plane can be sorted in x-order from left to right in O�n2� time.
This problem is at least as hard as the classical problem of sorting X � Y ,
which also remains open.

For k colored sets of points we need at least k � 1 parallel lines to separate
the points in monochromatic parallel strips. Now we consider the problem
of deciding whether k � 1 parallel lines are enough. Note that if we know
the slope of the parallel lines, the problem can be solved in O�kn� time.

6.2 Theorem Let C1, . . . , Ck be disjoint colored sets of total n points in the
plane. Deciding whether the k sets are separable by exactly k � 1 parallel lines, as
well as computing the slope intervals of all the solutions, can be done in O�kn� �
O�k2 log k� time.

Proof A necessary condition for the k sets to be separable by k�1 parallel
lines is that they are pairwise line separable (Figure 6.2). This condition
can be checked in O�kn� time [56]:

O��n1 � n2� �� � �n1 � nk� � �n2 � n3� �� � �nk�1 � nk�� � O�kn�.

Once we know that the k sets are pairwise line separable, we do the follow-
ing algorithm:

1) We compute the interior supporting lines between any pair of sets Ci,
Cj in O�ni�n j� time (see [42] for a prune and search algorithm). Then,
in constant time, we compute the angular interval defined by the two
supporting lines. This angular interval is in fact the slope interval of
all the line separators of Ci and Cj and it can be reduced to one or two
slope intervals in �0, Π�. There are �k2� pairs of sets and all the slope
intervals can be computed in O�kn� time. We compute all the O�k2�
slope intervals because we do not know the order of the sets.

2) Now, if there are k � 1 parallel lines separating the sets, the slope of
the separator set can be obtained computing the intersection of all the
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above slope intervals. The k sets are k � 1 parallel lines separable if,
and only if, this intersection is not empty. The intersection of the
O�k2� slope intervals is computed in O�k2 log k� time, by sorting the
endpoints of the slope intervals and sweeping from 0 to Π. The in-
tersection consists of at most O�k2� disjoint intervals because the slope
interval of a pair Ci, Cj can be formed by two disjoint intervals.

The total time complexity of the algorithm is O�kn� � O�k2 log k�.

Figure 6.2 k � 1 parallel lines.

This problem is closely related to the disjoint projection problem or shadow
problem originally attributed to Preparata [54]: Given n polygonal objects in
�2, find a direction such that the set of objects projects disjoint orthogonally onto
a line in this direction. This problem has been solved in time O�n2 log n�
assuming constant size objects, i.e., with O�1� vertices per object [33], but
it is open whether it can be solved in time O�n2�.

For k constant, the k�1 parallel lines separability of k disjoint sets of points
has a ��n� time bound. It contrasts with the ��n log n� time lower bound for
the strip separability problem of two disjoint sets, i.e., two parallel lines
separating two point sets (chapter 4). The difference is that while in the
strip separability of two disjoint point sets we may have points of the same
color in both sides of the strip, now each colored set lies in only one strip
or one half plane. In fact, it can be proved, using similar arguments as
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in chapter 4, that the separability of k disjoint colored sets of points by k
parallel lines has an 	�n log n� lower bound (as a corollary of Theorem 6.10).

6.3 Sector separability

Deciding whether two disjoint point sets are wedge separable (i. e., using
two rays) and to compute the locus of the apices of the rays can be done in
O�n log n� as shown in chapter 2. In the sector separability (or radial separabil-
ity) problem we want to have the k disjoint colored sets of points lying in
monochromatic wedges defined by rays emanating from a common point,
the apex. Observe that this kind of separability is always possible if many
rays are used. Given the apex p, in O�n log n� time we sort radially from p
all the points and the number of rays needed corresponds to the number of
color changes in the radial order. In general, the most interesting issue is
to determine the apex which minimizes the number of required rays used,
this is the problem we consider next.

6.3 Theorem Let C1, . . . , Ck be disjoint colored sets of total n points in the
plane. A minimum cardinality set of rays (having common apex) separating the sets
can be computed in O�n4� time.

Proof First of all, note that if p is an apex of rays separating the sets, we
can move the point p dragging along the rays till one of the rays touches a
point from Ci and a point from Cj for some i, j without making any com-
binatorial change in the partition of the point sets. This means that the
number of rays does not change till the point p goes through an i- j line,
i.e., a line defined by a point from Ci and a point fromCj. The arrangement
of the O�n2� i- j lines has O�n4� cells (Figure 6.3).

From any point p in a cell, we have the same number of rays because there
are not changes till the point p crosses an i- j line, producing a change in
the radial order between a point from Ci and a point from Cj. This change
can be update in constant time. Visiting all the cells, and updating the
number of rays for each cell, we can compute the minimum and the region
formed by the apices with the minimum number of rays in O�n4� time.
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p

Figure 6.3 Arrangement of i- j lines.

A restricted version of the problem arises by constrainting the candidate
apices to lie on a given line.

6.4 Theorem Let C1, . . . , Ck be disjoint colored sets of total n points in the
plane and let l be a line. A minimum-cardinality set of rays separating C1, . . . , Ck,
with common apex on l, can be computed in O�n2 log n� time. The locus of possible
placements of the apex can be obtained within the same time bound.

Proof We solve the problem in the dual plane by transforming the col-
ored points into colored lines and the line l into a point d�l�. Let p be a
point on the line l such that m is the minimum number of rays from p
separating the colored sets. The point p is translated in the dual into a
line d�p� passing through d�l� and intersecting the colored lines in n col-
ored points such that, once we sort these colored points, the number of its
color changes is m. We use this fact to solve the problem by the following
algorithm:

1) We dualize the colored sets of points and the line l. The situation in
the dual is illustrated in Figure 6.4. We compute the O�n2� intersec-
tion points of the n colored lines. In O�n2 log n� time, we sort radially
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from d�l� these intersection points. In O�n2� time, we sort again the
intersection points in such a way that, when we rotate clockwise a line
passing through d�l�, we know which is the next intersection point we
are going to find.
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.....................................................................................................
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Figure 6.4 Dualizing the line and the colored points.

2) Using the above information of the radial order, we do a rotating sweep
from d�l�. To initialize the rotating sweep, in O�n log n� time, we com-
pute the intersection points of the n colored lines with the vertical
line passing through d�l�. We sort vertically these intersection points,
computing the corresponding number of color changes. This number
is the initial value of the minimum number of color changes, we call
that the minimum. From that moment, we rotate the line through d�l�.
At each intersection point, in constant time, we update the number
of color changes and the minimum. The minimum corresponds in the
primal to the minimum number of rays from a point in l.

Note that we do not know whether the minimum is reached on several
intervals of l. To find the intervals on l with minimum number of rays
we proceed as follows. We perform a second rotating sweep computing
the intervals where the minimum is reached. Each interval is a segment
on l defined by its endpoints. The first endpoint corresponds in the dual
to a line containing d�l� and passing through the intersection point where
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we find the minimum. The other endpoint corresponds to a line contain-
ing d�l� and passing through the next intersection point producing a color
change.

In order to separate k colored sets of points into monochromatic sectors we
need at least k rays from a common apex. Deciding whether exactly k rays
are enough is the problem that we consider next.

As it is illustrated in Figure 6.5, if we consider the angle formed by two
consecutive rays, either all these angles are < Π or at most one of them is
> Π. This second case will be study in apart within the next theorem. We
assume that all the angles are < Π, which implies that the apex of the rays
is not contained in the convex hulls of the sets.
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Figure 6.5 k rays.

To solve the problem, we will compute the k-locus, i.e., the locus of all
the possible common apices of k rays separating the sets in monochromatic
sectors. The algorithm is based in the following two lemmas:

6.5 Lemma The sets C1,�,Ck are separable in monochromatic sectors by k rays
with a common apex if, and only if, there exists a point p such that for all i, j,
i � j, Ci and Cj are separable by a ray from p.

Given the k sets of points, we sort the points of by decreasing y-coordinate.
Let p1, . . . , pn be the list of points sorted in that way. Let li be the horizontal
line passing through pi. Let si be the strip defined by the lines li and li�1,
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for i � 1, . . . , n � 1. Let s0 (sn) be the half plane above (below) the line l1 (ln)
(Figure 6.6).

li

li�1

b)a)

ln

Figure 6.6 a) si, b) sn.

6.6 Lemma If p belongs to the k-locus of the sets C1, . . . ,Ck, then p is located
inside some of the strips or half planes si, i � 0, . . . , n.

Note that p does not necessary belong toCH�C1
�
Ck�. We will compute
the k-locus in each si. First of all, we set some lemmas which will be useful
in the proof of the next theorem.

Let P and Q be two line separable sets of n points in the plane. Let s either
be a strip defined by two horizontal parallel lines and containing no points
of P 
 Q, or a half plane defined by a horizontal line. We consider two
different situations:

1) P and Q are above s (Figure 6.7),

2) the strip s intersects CH�P�, and Q is above s (Figure 6.8).

We say that a pointing up ray r with apex in a point p � s separates P and
Q if the two sectors defined by a horizontal line passing through p and the
ray r are monochromatic. We call positive region of s to the locus of points
p � s which are apices of rays separating P and Q. Analogous situations can
be consider when the sets are below s and the ray is pointing down.

6.7 Lemma In the situations 1) or 2), the positive region of s can be computed in
O�n� time.
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Proof In the situation 1), we compute the interior supporting lines be-
tween P and Q in O�n� time (see [42] for the algorithm) and then, in con-
stant time, we compute the positive region by the intersection between s
and the region defined by the interior supporting lines (Figure 6.7). If s is
a strip, we obtain a quadrilateral �a, b, c, d�, a “half strip” �), a, d� or �b, c,)�
or the union of two disjoint “half strips” �), a, d� 
 �b, c,)�. If s is an half
plane, the positive region is either an unbounded convex polygonal region
(delimited by two or three edges) or the union of two disjoint unbounded
convex polygonal regions (each one delimited by two edges). The three
cases in Figure 6.7 come from the number of disjoint regions in s defined
by the interior supporting lines between P and Q: case a) corresponds to
one bounded region, case b) corresponds to one unbounded region (one of
the interior supporting lines is a horizontal line) and case c) corresponds to
two disjoint unbounded regions.
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Figure 6.7 Situation 1).

............................................................ ........

........
........
........
........
........
........
........

....................................................

...................................................

............................................................

...........................................................
a bba b

�c
c

�
d

�
c

� �
d

a) b) c)

ss s

Figure 6.8 Situation 2).

In the situation 2), if the tangency points in CH�P� of the interior support-
ing lines between P and Q are above s, we proceed as in situation 1); if
a tangency point in CH�P� is below s then, the positive region is defined
by s and the bridge edges between the convex hull of points in P above s
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and the convex hull of points in P below s (Figure 6.8). The bridge edges
can be computed in O�n� time without computing the convex hulls of the
respective sets (see [52] for the algorithm).

For several sets of points, the locus of the common apices of separating rays
can be obtained by the intersection of the positive regions of all the pairs
of sets.

6.8 Lemma Let s be a strip or half plane as above. Consider the different positive
regions in s obtained from n different pairs of pairwise line separable sets of points
as in Lemma 6.7. The intersection of these positive regions can be computed in O�n2�
time.

Proof If s is a strip, the intersection of the positive regions of the kinds
a) and b) (Figures 6.7 and 6.8) gives a convex region inside s and it can be
computed in O�n log n� time by the intersection of the half planes of each
positive region. For intersection of the positive regions of the kind c) (Fig-
ures 6.7 and 6.8) we know the following: suppose we have computed the
intersection of m < n positive regions inside s, which is formed by sev-
eral connected components, each one is a convex region. The intersection
of them with a new positive region either modifies the existing connected
components or some connected components are divided into two new ones.
This implies that the intersection of the positive regions is formed by at
most O�n2� connected components with O�n2� total complexity.

In fact, we considered the arrangement of the lines given by the at most n
positive regions of the kind c) restricted to the convex region inside s de-
fined by the intersection of the positive regions of the kinds a) and b). From
any point p in a cell of the arrangement we have the same number of rays
because there is no changes till the point p crosses a line of the arrange-
ment producing a change in the radial order between two sets of points.
This change can be update in constant time. Visiting all the cells and up-
dating the number of rays, we can compute the connected components of
the intersection of the positive regions in O�n2� time.

If s is a half plane, we proceed in the same way. The connected components
of the intersection of the positive regions are (possible unbounded) convex
regions, but the argument is analogous.
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6.9 Theorem Let C1, . . . ,Ck be disjoint colored sets of points in the plane. De-
ciding whether the sets are separable by k rays with common apex can be done in
O�n log n� � O�nk4 log k� time. The locus of the possible placements of the apex can
be obtained within the same time bound.

Proof First, we suppose that all the sectors produced by the k rays have
an angle  Π. Then we will study the case having exactly one sector with
angle > Π.

A necessary condition for the k sets be separable by k rays all having angles
 Π is that the k sets are pairwise line separable. This condition is checked
in O��n1�n2���n1�n3�����nk�1�nk�� � O�kn� time [56]. In the affirmative
case and also in O�kn� time, we compute the 2�k2� interior supporting lines
between the pairs of sets [42].

We then sort all the points by decreasing y-coordinate in O�n log n� time.
We suppose that there are not two points with the same y-coordinate, oth-
erwise we rotate the coordinate system till all the points have different y-
coordinate and we sort again the points. Let p1, . . . , pn be the list of points
sorted in that way. Let li be the horizontal line passing through pi. Let si

be the strip defined by the lines li and li�1, for i � 1, . . . , n � 1. Let s0 (sn) be
the half plane above (below) the line l1 (ln) (Figure 6.6a).

By Lemma 6.6 we solve the problem computing the (possible empty) k-
locus for each si and by Lemma 6.5 we compute the k-locus in each si by
the intersection of the positive regions of all the pairs of sets that are above
or below si as follows:

1) Case sn (s0): All the sets are above (below) the line ln (l1) and we have
to decide if k � 1 rays are enough to separate the k sets (Figure 6.6b).
To compute the intersection of the positive regions on sn (s0) we apply
Lemma 6.8. There are �k2� pairs of sets and therefore O�k2� positive
regions computed in O�kn� time.

The intersection of the positive regions is formed by at most O�k4�
connected components with O�k4� total complexity and it can be com-
puted in O�k4� time. The k colored sets are separable by k � 1 rays if,
and only if, the positive region is not empty. To complete the k rays,
we add a ray from the apex pointing down (up) in the case sn (s0). The
total time complexity for this case is O�kn� � O�k4�.
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2) Case si, 1  i  n � 1: In O�n1 log n1 �� � nk log nk�  O�n log n� time
we compute the k convex hulls CH�C1�, . . . , CH�Ck�. The convex hulls
are disjoint because the k colored sets are pairwise line separable. This
step is performed only once. Let mi, i � 1, . . . , n � 1, be the number of
convex hulls CH�Cj� intersected by si. If mi � 3, there is not solution
in si (Figure 6.9a). We only consider the cases: 0  mi  2. We say
that an edge e is alive for si if e intersects si.

Sweeping horizontally, strip by strip, and using the order of the end-
points of the edges in CH�C1�, . . . , CH�Ck�, we compute in O�n log n�
time the values of mi and the alive edges in si, i � 1, . . . , n � 1. We
select only those strips si such that 0  mi  2.

a) mi � 2: suppose that si intersects Ca and Cb. The solutions are
restricted to the convex quadrilateral defined by the intersection
of si and two alive edges of si (edges of CH�Ca� and CH�Cb�) (Fig-
ure 6.9b). By Lemma 6.8, in O�k4� time, we compute the intersec-
tion of the positive regions within si corresponding to sets above
si, the intersection of the positive regions within si correspond-
ing to sets below si and we merge both solutions obtaining the
k-locus within si.

b) mi � 1: suppose that si intersects CH�Ca�. The solutions are re-
stricted to the two half strips defined by the intersection of the
alive edges (edges ofCH�Ca�) with si (Figure 6.9c). By Lemma 6.8,
in O�k4� time and analogously as in (a) we compute the k-locus in-
side each half strip.

c) mi � 0: si does not intersects anyCH�Ci�. There are not restrictions
on si. By Lemma 6.8, in O�k4� time and analogously as in (a) we
compute the k-locus inside si.

The total complexity of case 2 is O�n log n��O�nk4�, since there are n�1
strips si.

Now, we consider the case in which one of the sectors has an angle > Π. We
recognize this situation as follows: all the k sets but one (sayC1) are pairwise
line separable (O�kn� time) andC1 is wedge separable from 
 j�2Cj (O�n log n�
time). These are necessary conditions for the problem. In O�n log n� time,
we compute the (at most n1) regions of vertices of wedges separating 
 j�2Cj

from C1 (see chapter 2 for the algorithm). We denote these regions by Pm,
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Figure 6.9 a) mi � 3, b) mi � 2, c) mi � 1.

1  m  n1. Each Pm is a (possibly unbounded) star-shaped polygon (in fact,
a fan polygon). The point pm, the apex of the fan polygon, belongs to the
kernel of Pm and it corresponds to the separating wedge with vertex in Pm

such that the angle of the separating wedge is maximum. Let cm be the
complexity of Pm. Notice that �m cm  n1.

lm
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Figure 6.10 Star-shaped polygons Pm.

Let lm be the common supporting line of 
 j�2Cj and Pm passing through pm

such that 
 j�2Cj is above lm and Pm is below lm. Let sm be the half plane
defined by the line lm, containing Pm (Figure 6.10).

By Lemma 6.8, in O�k4� time we compute the �k� 2�-locus within sm corre-
sponding to the common apices of k�2 rays separating the sets C2,. . .,Ck. If
it is not empty, we compute the intersection between the �k � 2�-locus and
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Pm. To do that, we use the fact that pm belongs to the kernel of Pm. The
segments of Pm are radially sorted from pm. In O�k4 log k� time we radially
sort from pm the segments of the connected components of the �k�2�-locus.
Sweeping radially with a ray from pm, in O�cm � k4� time, we compute the
intersection between Pm and the �k � 2�-locus.

The above computation is done for all the Pm, 1  m  n1. The total time
complexity of this part is O�kn� � O�n log n� � O�n1k4 log k� � O�n log n� �
O�nk4 log k�.

6.10 Theorem Deciding in the algebraic decision tree model whether k disjoint
colored sets of points are separable by k rays with a common apex requires 	�n log n�
operations.

Proof The case k � 2 is the wedge separability and its 	�n log n� lower
bound was proved in chapter 4 as a particular case of the strip separability (a
strip can be understanding as a wedge with angle zero). In Figure 6.11 we
illustrate a sketch of this proof. For the wedge separability the reduction is
analogous but to the existence of a gap > Ε.

..............................
Ε

a

2a

Figure 6.11 The 	�n log n� lower bound for the 2 rays.
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For k � 3 we do an analogous proof, see Figure 6.12. The replicated points
of the small circle are from a different colored set of points. Furthermore,
take a small segment on the line y � x with middle point on the center
of the circles and put on it k � 3 equidistant points of different color and
perturb them a little bit but such that these points are always separable by
k � 2 rays emanating from any point in the fourth or second quadrant or by
k � 2 parallel lines. By construction, the slopes of these rays or lines are in
between the slopes of the (possible) two rays or two parallel lines separating
the three sets of colored points in the two circles.

Now, the existence of the k rays separating the k sets is reduced to the ex-
istence of the two rays separating the three sets of colored points in the
circles, which is also reduced to the existence of a gap > Ε (Euclidian dis-
tance) between two consecutive points (x-coordinate sorted) of the set of
points in the first quadrant of the small circle.

Note that the same argument works for k parallel lines separating k colored
sets of points but with a reduction to the existence of a gap � Ε.

Figure 6.12 The 	�n log n� lower bound for the k rays.

We can simplify the problem of the k rays separability by restricting the
common apex of the rays to lie on a given line l. We can follow the proof



206 Chapter 6 Separating several point sets

of the Theorem 6.9 where the k-locus is formed by intervals on the line l,
which is considered as a strip of width zero. The positive regions are now
positive intervals on l and therefore the time complexities are simplified
and reduced. The above Lemma 6.8 can be modified as follows:

6.11 Lemma Let l be a horizontal line. Consider the different positive intervals
in l obtained from n different pairs of pairwise line separable sets of points as in
Lemma 6.8. The intersection of these positive intervals can be computed in O�n log n�
time.

6.12 Theorem Let C1, . . . , Ck be disjoint colored sets of points in the plane and
let l be a line. Deciding whether the sets are separable by k rays from a common apex
on l can be done in O�n log n��O�k2 log k� time. The locus of the possible placements
of the common apex on l can be obtained within the same time bound.

Proof Without loss of generality, we suppose that l is a horizontal line.
First, we suppose that all the sectors produced by the k rays have an angle
 Π. Then we will study the case having exactly one sector with angle > Π.
A necessary condition for the k sets be separable by k rays all having angles
 Π is that the k sets are pairwise line separable. This condition can be
checked in O�kn� time. In the affirmative case and with the same time, we
compute the 2�k2� interior supporting lines between pairs of sets. To solve
the problem we consider two different cases:

1) The line l does not intersect CH�Ci�, i � 1, . . . , k, i.e., each set is above
or below l. We check this situation in O�n� time, determining the sets
that are above l and the sets that are below l. There are two possible
subcases depending on the relative position of the sets:

a) All the sets are above (below) the line l: There are �k2� pairs of sets
defining O�k2� positive intervals computed in O�kn� time. If there
are k � 1 rays from a common apex on l separating the k colored
sets, the apex is in the intersection of the positive intervals. By
Lemma 6.11 we can compute the intersection of the positive in-
tervals on l in O�k2 log k� time. The k colored sets are separable by
k�1 rays if and only if this intersection is not empty. To complete
the k rays, we add a ray from the apex pointing down (up) in the
above (below) case.

b) There are k1 sets above l and k2 sets below l, k1 � k2 � k. Proceed
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as in (a), checking the k1 � 1 rays for the sets above l and checking
the k2 � 1 rays for the sets below l. Compute the intersection of
both solutions in O�k2� time sweeping l from left to right. If the
intersection is not empty, add two rays from the apex on the line
l (one to the left side and the other to the right side of the apex).

The time complexity of this case is O�kn� � O�k2 log k�.

2) The line l intersects some CH�Ci�. We compute in O�n� time the sets
having points above and below l. Let m be the number of these sets. If
m � 3, the separability by k rays is impossible (Figure 6.13a). Other-
wise, we have the following subcases:

a) If m � 2, then l intersects two convex hulls: CH�Ci�, CH�Cj�.
Suppose that CH�Ci� lies to the left of CH�Cj�. Let k1 (k2) be the
number of sets above (below) the line l, where k1 � k2 � k � 2. In
O�ni� time we compute the right bridge edge between the points
of Ci above l and the points of Ci below l.

Analogously, in O�n j� time we compute the left bridge edge be-
tween the points of Cj above l and the points of Cj below l. The
intersection points between these bridge edges and l define an in-
terval �a, b�. The possible apex of the rays must belong to �a, b�
(Figure 6.13b). Applying Lemma 6.11, in O�k2 log k� time we
compute the intersection of the positive intervals corresponding
to the sets above l, restrict it to the interval �a, b�.

Analogously, we compute the intersection of the positive intervals
corresponding to the sets below l, restrict it to the interval �a, b�.
Finally, we compute the intersection of both solutions in O�k2�
time.
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Figure 6.13 a) mi � 3, b) mi � 2, c) mi � 1.
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b) If m � 1, then l intersects exactly one convex hull CH�Ci� (Fig-
ure 6.13c). Let k1 (k2) be the number of sets above (below) the
line l, where k1 � k2 � k � 1. In O�ni� time we compute the left
and right bridge edges between the points of Ci above l and the
points of Ci below l. Let a and b be the intersection points of the
bridge edges with l. The possible apex of the rays must belong to
�), a� 
 �b,)� (Figure 6.13c).

Applying Lemma 6.11, in O�k2 log k� time we compute the inter-
section of the positive intervals corresponding to the sets above l,
and restrict the solutions to �), a� 
 �b,)�.

Analogously, compute the intersection of the positive intervals
corresponding to the sets below l, and restrict the solutions to
�), a� 
 �b,)� (the k2 rays). Finally, we compute the intersection
of both solutions in O�k2� time.

If the intersection is not empty, we add one ray from the apex on
the line l (to the left or to the right side, depending on whether
the apex belongs to �), a� or to �b,)�). Note that the case m � 0
is just the case 1.

The time complexity of case 2 is O�kn� � O�k2 log k�.

Now, we consider the case where only one of the sectors of the k separating
rays has an angle > Π. We can recognize this situation in O�kn� time: all the
k sets but one (sayC1) are pairwise line separable. In the affirmative case, we
check in O�n log n� time if C1 is wedge separable from 
 j�2Cj, j � 2, . . . , k.
This is a necessary condition for the problem and implies that the apex of
the rays can not be inside CH�C2 
� 
Ck�.

In the same time, we compute the (at most n1) disjoint regions, Pm, 1 
m  n1, formed by the vertices of the separating wedges (see chapter 2 for
the algorithm). Each Pm is a (possibly unbounded) star-shaped polygon (in
fact, a fan polygon). The point pm, the apex of the fan polygon, belongs
to the kernel of Pm and it corresponds to the separating wedge with vertex
in Pm such that the angle of the separating wedge is maximum. Let cm be
the complexity of Pm. Notice that �m cm  n1. The points pm are radially
ordered around CH�C2 
� 
Ck�.

The segments and half-lines of Pm are just radially ordered from pm. Sweep-
ing radially with a ray from pm, in O�n� time we can compute the intersec-
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tion between the line l and the polygons Pm, obtaining a sequence of at
most n1 disjoint intervals on l (Figure 6.14). The possible apex of the k

rays must belong to one of these intervals.
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Figure 6.14 Intersection of the line l with the star-shaped polygons Pm.

Analogously as in 1 and 2, in O�k2 log k� time we compute the intersection
of the positive intervals on l corresponding to k � 2 rays separating the sets
C2, C3, . . ., Ck. Then, we compute the intersection between these positive
intervals and the at most n1 intervals previously found for C1 in O�k2 � n�
time. The sets C1, C2, . . ., Ck are k separable from a point on l if, and
only if, the intersection is not empty. The time complexity of this part is
O�n log n� � O�k2 log k�.

Note that if there is not a sector with angle > Π, then the problem is similar
to the k�1 parallel lines separability. In fact, the separability by k�1 parallel
lines corresponds to the separability by k rays with common apex on a line
at the infinity.
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6.13 Theorem Deciding in the algebraic decision tree model whether k disjoint
colored sets of points are separable by k rays with a common apex on a given line l

requires 	�n log n� operations.

Proof The case k � 2 is the wedge separability with apex on a given line
and its 	�n log n� lower bound was proved in chapter 4 assuming that the
line l does not intersect the convex hull of the points contained inside the
wedge, otherwise there exists an O�n� time algorithm. In Figure 6.15 we
illustrate a sketch of this proof.
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Figure 6.15

For k � 3 we do an analogous proof, see Figure 6.16. Take the blue points
as the points of color 1, put a point of color 2 on the position c and a point
of color k on the position d. Put k�3 equidistant points of different color on
the segment �c, d� and perturb them a little bit but such that these points
are always separable by k � 4 rays emanating from any point in �a, b�.

By the above reduction, the set of colored points is separable by k rays from
a point on l if, and only if, there exists a solution for the CU problem.
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6.4 Projective separation by lines through a point

An O�n log n� algorithm for deciding the double wedge separability of two
disjoint sets of points, as well as for computing the region of the plane
formed by the apices of the separating double wedges, is described in chap-
ter 3, and a matching lower bound is given in chapter 4. Since opposite
quadrants would correspond to the same projective cell, double wedge sep-
arability can be considered as separation by two lines through a point, the
apex, in a projective sense. We next consider the separability of k sets by k
lines through a point in this same sense.

6.14 Definition Let C1, . . . , Ck be disjoint colored sets of points in the plane.
We say that they are separable by k lines through a point in the projective sense,
k-projective separable for short, if there exist k lines through a point p, the projective
apex, such that opposite sectors are monochromatic (Figure 6.17).

Additional constraint. We consider here only the k-projective separa-
bility with the additional constraint that opposite sectors are not empty.
This implies the following lemma.

6.15 Lemma The sets C1, . . . ,Ck are k-projective separable with the additional
constraint if, and only if, there exists a point p such that for all i, j, i � j, Ci and
Cj are separable by a double wedge with apex in p.
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6.16 Theorem Let C1, . . . , Ck be disjoint colored sets of points in the plane.
Deciding whether they are k-projective separable with the additional constraint can
be done in O�kn log n� time. The locus of all the possible placements of the projective
apices can be obtained within the same time bound.

Proof Suppose that the sets are k-projective separable with the addi-
tional constraint and let p be a projective apex. We want to compute the
region of the plane formed by the points that are projective apices. From p
we see the double wedges separating the pairs of sets in radial order.

The lines of the double wedge (opposite sectors defining a projective cell)
containingCi define an angular slope interval, the slope interval si. The slopes
of all lines in the plane can be classified into the k slope intervals of the
double wedges. The vertical slope is contained in only one of the slope
intervals si (Figure 6.17).
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Figure 6.17 k-projective separability with the additional constraint.

Suppose that s1 does not contain the vertical slope (otherwise we know
that, for example, s2 does not contain the vertical slope). In O�n1� time we
compute x1min, x1max, points in C1 with minimum and maximum abscissa
respectively. Let l1 be the line passing through these points. Note that,
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by the additional constraint, each sector of a double wedge has at least one
point, which let us to ensure that x1min and x1max belong to opposite sectors.

It is clear that the slope of l1 is within s1. In O�n log n� time, we change
the coordinate system taking l1 as the X axis, we order the points in C1 by
abscissa and we construct a polygonal line �1 linking the points in C1 in
this order (Figure 6.17).

Now, we are sure that the other slope intervals si, i � 2,�, k, do not contain
the horizontal slope. For each i � 2,�, k, in O�ni log ni� time we do the
following: 1) we sort the points in Ci by y-coordinate, obtaining in each
case the points with minimum and maximum y-coordinate, 2) we construct
the polygonal lines �i for each set Ci linking the points in Ci according to
the y-coordinate order, and 3) we compute the lines li passing through the
points in Ci with minimum and maximum y-coordinate.

The slope of each li is within si. Assume that all the points have different
y-coordinates, otherwise we perturb the coordinate system. Sorting the k
lines li by increasing slope, in O�k log k� time, we know the radial order of
the double wedges. Let C1,�,Ck be the sets sorted in that way.

In O�n log n� time, we sort the points in C2 
� 
 Ck by y-coordinate and
we construct the polygonal line �2k linking these points according to the
y-coordinate order (Figure 6.18). For each point in �2k we keep a pointer to
the next point of the same color. It is obvious that if the sets C1,�,Ck are k-
projective separable with the additional constraint then for all i, i � 1,�, k,
Ci and 
 j�i Cj are double wedge separable. We will use later the double
wedge separability between C1 and 
 j�1 Cj.

Theorem 3.7 in chapter 3 shows how to compute the locus of the apices of
the double wedges separating two sets of n points in O�n log n� time. The
locus is formed by at most n � 2 (degenerate) quadrilaterals and possibly
orthogonal (forming a cross). Each quadrilateral corresponds to a biparti-
tion given by an edge of the polygonal line of each set. This Theorem and
Lemma 6.15 provide an algorithm to determine the locus of the points p
that are projective apices. The algorithm has two stages: in the first stage
we compute the possible bipartitions of the sets Ci in the k-projective sepa-
rability with the additional constraint and in the second stage we compute
the locus of projective apices.



214 Chapter 6 Separating several point sets

......................
..............................................................

.............................

...

...

...

...

...

...

...

........................
....
....
.........
........
........
...

...
...
...
...
...
...
.

...........
......

.................................

..

...............

..

...........................................................................................................................................................................................

..

.....................................................................................................................................................

�

�

��

C1


 j� �1Cj

Figure 6.18 k-projective separability with the additional constraint.

1) First stage: we compute the bipartitions of Ci in the double wedge
separability between Ci and Cj. With this information, we compute
bipartitions of C2
�
Ck matching the obtained bipartitions of each
Ci. As a consequence, we obtain the right bipartitions of each Ci for
the k-projective separability with the additional constraint:

a) By Theorem 3.7 we know that in O��ni � n j� log�ni � n j�� time we
can compute the edges of �i and � j corresponding to bipartitions
of Ci and Cj giving double wedges between Ci and Cj. Let pCi

and pCj be the respective lists of those edges. Initially, pCi � �i,
3i � 1, . . . , k. We know that �pCi�  ni � 1 and

�pC1� �� � �pCk�  n1 � 1 �� � nk � 1 � n � k.

For each pair �i, j�, i < j, we compute the lists pCi and pCj from
the existing ones, updating each time the lists pCi and pCj. The
double wedge separability between pairs of sets is a symmetric
but not transitive relation. Note that once we have analyzed Ci

with all Cj, j > i, we get the right bipartitions of Ci for the
k-projective separability with the additional constraint, because
each time we are updating pCi and pCj. The cost in time of this
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part is O�kn log n� because the cost for C1 is:

O���n1 � n2� � �n1 � n3� �� � �n1 � nk�� log n� �

� O��n � �k � 1�n1� log n�,

and analogously, for C2,. . .,Ck we have:

O��n � �k � 2�n2� log n�, . . . , O��n � nk� log n.

The addition is less than or equal to

O��kn � �k � 1�n� log n� � O�kn log n�.

b) By pC2k we denote the list of edges of �2k corresponding to bi-
partitions of C2 
� 
 Ck in the double wedge separability with
C1 (only for the edges of pC1). The list pC2k can be computed in
O�n log n� time. We match pC2k with each pCi, i � 2, selecting
only those edges in pC2k which can be translated into an edge in
each pCi, i � 2, . . . , k. We do this in O�n� time using the pointers
in pC2k and checking orderly the lists pCi.

2) Second stage: computing the locus of projective apices.

a) First, using the last obtained lists pC1 and pC2k, we compute the at
most n� 2 quadrilaterals formed by the vertices of double wedges
between C1 and C2 
� 
Ck. Each quadrilateral corresponds to a
pair of edges, say �e1, e2�, e1 � pC1 and e2 � pC2k.

b) For each pair �e1, e2� and using the lists pCi, we compute the at
most k quadrilaterals corresponding to the bipartitions induced
by e2 between Ci and Ci�1, i � 1, . . . , k � 1. The cost in time for
the computation of each quadrilateral is O�log ni � log ni�1�, just
maintaining (updating and deleting) the convex hulls of all the
bipartitions of each set Ci as we change the bipartitions according
to the lists pCi. The intersection of the quadrilaterals gives a
convex polygon with at most 4k edges. The cost in time for each
convex polygon is O�k � k log n�.

Theorem 3.7 proves that for the double wedge separability of two col-
ored sets of points, say red and blue, there are at most one red bipar-
tition with different blue bipartitions and one blue bipartition with
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different red bipartitions. As a consequence, it is proved that there are
at most a linear number of quadrilaterals and possibly orthogonal, no
necessarily connected.

By this result, we know that there are at most one bipartition for C1

with different bipartitions of C2 
� 
Ck and at most one bipartition
for C2 
� 
 Ck with different bipartitions of C1, generating at most
n� 2 quadrilaterals. Then, the locus of projective apices are formed by
at most a n�2 convex polygons and possibly orthogonal, no necessarily
connected. This imply a total cost of O�kn log n� time for the second
stage.

Since both stages have O�kn log n� time complexity then the theorem fol-
lows. In Figure 6.19 we show an example for four sets of points.

..

..

Figure 6.19 Locus of the projective apices for four points sets.

The k-projective separability without the additional constraint is under
consideration. The construction done in Theorem 4.16 in chapter 4 prov-
ing the O�n log n� time lower bound for the double wedge separability of
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two disjoint sets of points in the plane can be adapted to prove the follow-
ing theorem.

6.17 Theorem LetC1, . . . , Ck be disjoint colored sets of points in the plane. De-
ciding whether they are k-projective separable with the additional constraint requires
	�n log n� time.

Proof In Theorem 4.16 we prove an 	�n log n� time lower bound for the
case k � 2 by a reduction to the MAX GAP � Ε problem.
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Figure 6.20 Lower bound for k-projective separability with the addi-
tional constraint.

For k � 3 we can use the same idea, making also a reduction to the MAX
GAP � Ε problem. Given n1 real numbers �x1, . . . , xn1� and a positive real
number Ε � ��, we do the following. Take each point xi and create a black
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point: bi � �xi, xi�. This gives us a diagonal line of points �b1,�, bn1�. Make
a second copy and shift it by a distance Ε

�
2 to the northwest, obtaining

the line of points �b�1,�, b�n1
�. Compute a vertical-horizontal box, the black

box, containing these points (Figure 6.20b).

Now, we ask if the southeast “staircase” (locus of points for which the
southeast quadrant is free of points of the input configuration) meets the
northwest staircase. They meet if, and only if, there is a cross that sepa-
rates. By the selection of the separation of two lines of black points, this
will happen if, and only if, MAX GAP �x1, . . . , xn1� � Ε. The reduction can
be performed in O�n1� time.

This input is converted into the following k-projective separable with the
additional constraint input. The set of black points is formed by the union
of the above sets of black points. We put two order reversed copies of k � 1
different colored sets of points far enough such that these points are always
�k � 1�-projective separable with the additional constraint from any point
(the projective apex) inside the black box. To do that, we rotate a strip over
the black box as it is shown in Figure 6.20a. This process can be done in
O�n� time.

Now, the existence of the k-projective separability with the additional con-
straint of the k colored sets of points is reduced to the existence of a double
wedge (a vertical line and a horizontal line) separability between the black
points and the other sets of points, which is also reduced to the existence
of a gap � Ε between the points �x1, . . . , xn1 �.

6.5 Separating with two or three lines

In this section we discuss the separability by means of two or three lines.
We always consider the points in general position.

6.5.1 Separating with two lines

First, we study the separability by two lines of k colored sets of points,
2  k  4, having as a special possibility the case that the lines are parallel.
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Some of the cases are just known results already solved in chapters 2, 3 and
4. The sets are denoted by B, R, G and Y .

Two parallel lines

1) k � 2: this case corresponds to the strip separability of two sets of
points (Figure 6.21a). Either the decision problem or the problem of
computing all the slope intervals of the parallel lines have ��n log n�
time complexity (chapters 2 and 4).

2) k � 3: it is a particular case of Theorem 6.2. In O�n� time, we compute
the slope intervals of the two parallel lines (Figure 6.21b).

3) k � 4: it is an impossible case.
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B2 B
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a) b)

B1

B2

R1R2

B1

B2

R
G

B1

B2

RG

B

G
RY

c)

d) f)e)

Figure 6.21 Two lines.

Two crossing lines

1) k � 2: assume that the sets are not line or wedge separable. The
colored subsets of points alternate: blue, red, blue, red. This situation
corresponds to the double wedge separability (Figure 6.21c). Either
the decision problem and the problem of computing all the solutions
are solved in ��n log n� time (chapters 3 and 4).
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2) k � 3: there are different situations depending on the radial order of
the sets from the intersection point of the lines:

a) The set B is line separable from R 
 G and the sets G and R are
line separable (Figure 6.21d). In O�n� time we can check these
necessary conditions. Suppose that l is a vertical line separating B
from R 
 G such that G and R are on the left side of l and B is on
the right side of l. In O�n� time, compute the interior supporting
lines between G and R and the slope interval defined by them. In
O�n� time we check if B is inside the region defined by the right
half plane of l and the two interior supporting lines of G and R,
otherwise the separability by two crossing lines is not possible.
In the affirmative case, take a line within the above slope interval
such that the line makes a bipartition of B.

b) The set G is line separable from R but B is not line separable from
R
G (Figure 6.21e). In ��n log n�we compute the possible double
wedges for the fixed G and R and some bipartition of B using the
algorithm in chapter 3.

3) k � 4: fixed the radial order of the four sets (Figure 6.21f), then in
O�n log n� time we compute the locus (a quadrilateral) of the vertices
of the possible double wedges using the algorithm in chapter 3. Nev-
ertheless, the decision problem can be done in O�n� time: provided
the four sets are pairwise line separable, we compute a line separating
B 
 R from G 
 Y and a line separating B 
 Y from G 
 R.

By the above discussion we have the following theorem.

6.18 Theorem Given k colored sets of points, 2  k  4, the separability of the
k sets by two lines can be decided in O�n log n� time.

6.5.2 Separating with three lines

For separability by three lines of k colored point sets, 2  k  7, we again
consider first the situation in which the three lines are parallel. In all
other cases several possibilities arise, and we always assume that the sets
are not line separable, wedge separable or double wedge separable. The
cases are classified depending on the number and kind of regions of each
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color. In some cases we use results from chapter 5 and from [34]. The sets
are denoted by B, R, G, Y , P, O and M.

Three parallel lines

1) k � 2: this case corresponds to the separability by three parallel lines
of two colored sets of points (Figure 6.22a). The slope intervals of the
three parallel lines can be computed in O�n log n� time (chapter 5).

2) k � 3: there are two possibilities depending on the relative position of
the colored sets (Figure 6.22b and c):

a) Case b) in Figure 6.22: the sets R and G has to be line separable.
We construct two rotating calipers, one rotating over CH�R� (the
red caliper) and the second one rotating over CH�G� (the green
caliper). We rotate simultaneously the calipers only just the an-
gular interval defined by the interior supporting lines between
CH�R� and CH�G�, which is computed in O�n� time. We suppose
that there are not blue points inside CH�R� and CH�G�, otherwise
the separability by three lines is not possible.

We sort the points in B by the slope of their supporting lines
with CH�R� and analogously with CH�G�. We do it clockwise and
counterclockwise in O�n log n� time. We merge the orders in such
a way that, when we rotate clockwise the two calipers, we know
which is the next blue point we are going to find. As we rotate
simultaneously the two calipers in discrete steps (stopping at each
blue point), we update the sets B�1, B�2 and B�3 formed by the blue
points on the left of red caliper, the blue points in between the
two calipers and the blue points on the right of green caliper,
respectively.

There exists the three parallel lines separability if, and only if, in
some step B�1 � !, B�2 � !, B�3 � ! and B � B�1
B�2. At each discrete
step, in O�log n� time, we update the sets B�1, B�2 and B�3 and check
the above conditions. Then, in O�n log n� time we compute the
slope intervals of all the possible three parallel lines.

b) Case c) in Figure 6.22: we proceed analogously as in the b) case,
but the conditions now are B�1 � !, B�2 � !, B�3 � ! and B � B�1
B�3.
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Figure 6.22 Three parallel lines.

6.19 Proposition The situations a), b) and c) in Figure 6.22 have an
	�n log n� time lower bound.

Proof For the situation a), use the construction in Theorem 6.10.
Put only red points in the small circle (centered at the origin of the co-
ordinates system). Note that the slope of the parallel lines is restricted
to an interval. Then, put a red point in the first quadrant, out of the
big circle and far enough such that this point is always on the right
side of the possible parallel lines. Therefore, the existence of the three
parallel lines is reduced to the MAX GAP � Ε problem.

For the situation b), do the same as in the situation a) but putting a
green point instead of the red point.

The situation c) is just Theorem 6.10 for k � 3.

3) k � 4: it is a particular case of Theorem 6.2 (Figure 6.22d) and the
slope intervals of the three parallel lines are computed in ��n� time.

4) k � 5: it is an impossible case.
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Three lines in general position

Three lines l1, l2 and l3 in general position divide the plane into seven
regions: one bounded region and six unbounded regions. The regions are
labelled in the following way (Figure 6.23a): the bounded region is labelled
by 7, the unbounded regions defined by two edges are labelled by odd
numbers and the unbounded regions defined by three edges are labelled by
even numbers. We will study all the different cases supposing that the sets
are not line separable, wedge separable or double wedge separable.
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B2B3
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B5B6

B6
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Figure 6.23 a) Labelling the regions, b) and c) one red region and six
blue regions.

1) k � 2: assume that we have two colored sets of points R and B, say
red and blue points respectively. The different cases depend on the
number of monochromatic regions of each colors. The cases can be
classified (but symmetric cases) as follows:

a) One red region and six blue regions: in O�n log n� time, we check
that CH�R� does not contain blue points (this is a necessary con-
dition). We consider the following cases.

i) The red points are in the 7-region (Figure 6.23b): this im-
plies that there exist a triangle separating the red points from
the blue points. This triangle can be computed in ��n log n�
time, if it exists (see [34] for the algorithm and chapter 4 for
the lower bound). The edges of the triangle define the three
lines.

ii) The red points are in one of the unbounded even-regions
(Figure 6.23c): we can apply the same mentioned algorithm
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in [34], because this algorithm find the convex polygon with
minimum number s of sides separating two given points sets,
if it exists. The convex s-gon is defined by the intersection
of s but no fewer half planes, then it can be defined by a
segment and two half-lines. We are supposing that the sets
are not wedge separable, therefore we apply the algorithm
in [34] and, in O�n log n� time, we decide if there exists a
minimum convex s-gon, with s � 3 and formed by a segment
and two half-lines. This gives an O�n log n� time algorithm.

b) Two red regions and five blue regions: all the cases are included
in one of the cases illustrated in Figure 6.24.

i) The cases a), b) and c) are similar: note that if exist the three
lines, one of the lines, l1, can be moved in parallel till touch
CH�R�. Then we rotate clockwise or counterclockwise this
line over CH�R� till find a blue point. Therefore, we suppose
that l1 is a directed supporting line given by a blue point
outside CH�R� and a red point in CH�R� (at most 2n lines). In
O�n log n� time, we compute CH�R� and we order by increas-
ing slopes the supporting lines of the blue points outside
CH�R�. For each supporting line we do the following.
In the case a) do the following: in O�n log n� time, select the
blue points on the half plane defined by l1 which contain R,
check that the selected blue points are wedge separable from
R and, in the affirmative case, the rays of the wedge define
the other two lines. This gives an O�n2 log n� time algorithm.
In the cases b) and c) do the following: in O�n log n� time, se-
lect the blue points on the half plane defined by l1 which
contain R, check that the selected blue points are double
wedge separable from R and, in the affirmative case, the lines
of the double wedge are the other two lines. This gives an
O�n2 log n� time algorithm.

ii) The case d) is the more complicated one. Note that if exist
the three lines l1, l2 and l3, two of the lines, l1 and l2, define a
double wedge containing the sets R1, R2 and B5.

6.20 Lemma If there exist three lines l1, l2 and l3 separating R
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Figure 6.24 Two red regions and five blue regions.

and B as in case d) then there exist equivalent lines l1, l2 and l�3
such that l�3 is supporting line of a blue point with CH�R2�.

Proof Move line l3 in parallel till touch a red point in
CH�R2� and rotate this line over CH�R2� till touch a blue
point.
By Lemma 6.20 we can suppose that l3 is a line given by a
red point and a blue point. There are O�n2� possible lines
l3. Let l3 be the line passing through a red point and a blue
point. Rotate the coordinate system till l3 become a vertical
line. The line l3 classify the red and blue points as follows:
R1 (B�1) is the set of red (blue) points on the left side of l3,
R2 (B�2) is the set of red (blue) points on the right side of l3

including the red (blue) point in l3. In O�n log n� time do the
following steps.
1. Compute R1, R2, CH�R1�, CH�R2�, B�1 and B�2.
2. To classify the blue points of B�2 in B2 and B3 we do the
following:
(i) Compute the directed supporting lines of the blue points
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Figure 6.25 Case d) for two red regions and five blue regions.

B�2 with respect to CH�R2� and sort them clockwise and coun-
terclockwise by the increasing and decreasing slopes of their
directed supporting lines.
(ii) Compute the interior supporting lines, u1 and u2, be-
tween CH�R1� and CH�R2� (u1 has CH�R1� above and CH�R2�
below and u2 has CH�R1� below and CH�R2� above).
(iii) Starting from l3, let B2 be the points in B�2 such that their
directed supporting lines have slopes in between the slope of
l3 and the slope of u1 and let B3 be the points in B�2 such that
their supporting lines have slopes in between the slope of u2

and the slope of l3.
(iv) Check that B2 
 B3 � B�2, otherwise there is not solution.
Compute CH�B2� and CH�B3�.
3. In O�n log n� time compute the locus of the vertices of
wedges separating R1 from R2 
 B, taken CH�R2� as a convex
polygon. The locus is formed by fan polygons (possible un-
bounded star-shaped polygons) Fi, each one defined by sup-
porting lines lbi1 and lbi2 of two blue points bi1 and bi2 with
respect to CH�R1�. Let pi be the intersection point of lbi1 and
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lbi2 . The point pi, the apex of the fan polygon Fi, belongs to the
kernel of Fi.
There are at most n fan polygons Fi. The apices pi are radially
sorted around CH�R1�. In O�n� time, we can select the fan
polygon F with apex p such that the double wedge formed
by the lines lb1 and lb2 contain CH�R2� on the right wedge,
otherwise there is not solution (Figure 6.25).
4. Let t1 (t2) be the exterior supporting line between the con-
vex hulls CH�R1� and CH�B2� (CH�B3�). Let t3 (t4) be the in-
terior supporting line between CH�R2� and CH�B3� (CH�B2�)
(Figure 6.25).
The lines t1, t2, t3 and t4 can be computed in O�log n� time.
The locus of vertices of double wedges (intersection of the
possible lines l1 and l2) separating R1, R2, B2 and B3 is a (de-
generate) quadrilateral Q defined by the intersection of the
half planes given by t1, t2, t3 and t4. Q has to be located on
the left of l3 and on the right of a vertical supporting line of
CH�R1� (with CH�R1� on its left).
In O�log n� time, compute F � � F � Q. F � is again a fan
polygon because t1 and t2 are supporting lines of CH�R1�. The
apex p� of F � is either p or the intersection point between t1

and t2.
5. Classification of the points in B�1:
(i) Let B1 be the set of points in B�1 in the region C defined by
the intersection of the half planes: above lb1 , above t1 and left
of l3.
(ii) Let B4 be the set of points in B�1 in the region D defined
by the intersection of the half planes: below lb2 , below t2 and
left of l3 (if one of these two sets of points is empty, then B
and R are double wedge separable and this is not the case). If
there is some blue point in C � D then, there is not solution
because the the wedge separating R1 given by the lines l1 and
l2 will contain this blue point.
The rest of blue points B�1 � �B1 
 B4� are unclassified (they
can belong to B1, B4 or B5. In O�n log n� time, compute B1,
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B4, CH�B1�, CH�B4� and check that the region C � D has not
points.
6. Let s1 (s2) be the supporting lines between CH�R2� and
CH�B4� (CH�B1�), s1 and s2 can be computed in O�log n� time.
Let E be the wedge defined by the intersection of the half
planes: above s1 and below s2. Let F �� be F � � E. Finally, in
O�n log n� time, we compute the fan polygon F �� which is the
locus of the intersection points of the lines l1 and l2 that to-
gether with l3 separate the sets R and B. If F �� is empty there
is not solution. This gives an O�n3 log n� time algorithm.

c) Three red regions and four blue regions: in Figure 6.26 we illus-
trate all the possible cases. We do not consider cases where the
sets are line, wedge or double wedge separable.

i) Case a): if there exist the three lines, the line l1 can be moved
in parallel till touch CH�R1 
R2
B1�. Then we rotate clock-
wise or counterclockwise this line over CH�R1 
 R2 
 B1� till
touch a red or a blue point. Therefore, we can suppose that l1

is a directed line given by two blue points or two red points
or a red point and a blue point (O�n2� lines). For each of these
lines, do the following.
In O�n� time, compute the red points R1 
 R2 and the blue
points B1 on the left half plane and the red points R3 and the
blue points B2 
 B3 
 B4 on the right half plane defined by
l1. In O�n log n� time, compute a wedge separating B1 
 R3

from the rest of the points R1 
 R2 
 B2 
 B3 
 B4, if they
are wedge separable. In the affirmative case, the rays of the
wedge define the other two lines. This gives an O�n3 log n�
time algorithm.

ii) Case b): if there exist the three lines, the line l1 can be moved
in parallel till touch CH�B1 
B2
R3�. Then we rotate clock-
wise or counterclockwise this line over CH�B1 
 B2 
 R3� till
touch a red point or a blue point. Therefore, we can suppose
that l1 is a directed line given by two blue points or two red
points or a red point and a blue point (O�n2� lines). For each
of these lines, do the following.
In O�n� time, compute the red points R3 and the blue points
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Figure 6.26 Three red regions and four blue regions.

B1 
 B2 on the left half plane and the red points R1 
 R2 and
the blue points B3 
 B4 on the right half plane defined by
l1. In O�n� time, compute a line (l2) separating R1 
 R2 from
B3
B4
R3. In O�n log n� time, computeCH�R3�, CH�B1
B2�,
the slope interval defined by the interior supporting lines
between CH�R3� and CH�B1 
 B2�, the supporting lines of
the points R1 
 R2 
 B3 
 B4 with CH�R3�. Choose one of
these supporting lines (l3) with slope within the above slope
interval and given a bipartition of R1 
 R2 and a bipartition
of B3 
 B4. This gives an O�n3 log n� time algorithm.

iii) Cases c), d) and h) are similar: if there exist the three lines,
one of the lines (l1) can be moved in parallel till touchCH�R�.
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Then we rotate clockwise or counterclockwise this line over
CH�R� till find a blue point. Therefore, we can suppose that
l1 is a directed supporting line given by a blue point out-
side CH�R� and a red point in CH�R� (at most 2n lines). In
O�n log n� time, we compute CH�R� and we sort by increasing
slope the supporting lines of the blue points outside CH�R�.
For each supporting line, we do the following.
Case c): in O�n� time, compute the blue points on the half
plane defined by l1 which contain R (say B4). In O�n log n�
time, check that B4 is wedge separable from R. In the affir-
mative case, the rays of the wedge define the other two lines.
This gives an O�n2 log n� time algorithm.
Case d): in O�n� time compute the blue points on the half
plane defined by l1 which contain R (say B4). In O�n log n�
time, check that B4 is wedge separable from R. In the affir-
mative case, the rays of the wedge define the other two lines.
This gives an O�n2 log n� time algorithm.
Case h): in O�n� time compute the blue points on the half
plane defined by l1 which contain R (say B2). In O�n log n�
time, check that B2 is wedge separable from R. In the affir-
mative case, the rays of the wedge define the other two lines.
This gives an O�n2 log n� time algorithm.

iv) Case e): note that this case is similar to the case d) of the sep-
arability by three lines of two colored sets of points B and R,
just changing R2 by B2, B2 by R2 and R3 by B3 and unchang-
ing the the other sets. We can follow straightforward the
given algorithm for the mentioned case d) with the evident
changes: the line l3 can be moves in parallel till touchCH�B2�
and rotates till touch a red point. Therefore, we can take the
line l3 as a vertical line, classifying the sets R2, B2 and R3. As
a consequence we get an O�n3 log n� time algorithm.

v) Case f): if there exist the three lines, the line l1 can be moved
in parallel till touch CH�R1 
B1
R2�. Then we rotate clock-
wise or counterclockwise this line over CH�R1 
 B1 
 R2� till
touch a red or a blue point. Therefore, we can suppose that l1

is a directed line given by two blue points or two red points
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or a red point and a blue point (O�n2� lines). For each of these
lines. do the following.
In O�n� time, compute the red points R1 
 R2 and the blue
points B1 on the left half plane and the red points R3 and the
blue points B2
B4
B3 on the right half plane defined by l1.
In O�n log n� time, check that B1
R3 is wedge separable from
the rest of the points. In the affirmative case, the rays of the
wedge define the other two lines. This gives an O�n3 log n�
time algorithm.

vi) Case g): if there exist the three lines, the line l1 can be moved
in parallel till touch CH�B1 
R3
B3�. Then we rotate clock-
wise or counterclockwise this line over CH�B1 
 R3 
 B3� till
touch a red or a blue point. Therefore, we can suppose that l1

is a directed line given by two blue points or two red points
or a red point and a blue point (O�n2� lines). For each of these
lines, do the following.
In O�n� time, compute the red points R3 and the blue points
B1 
 B3 on the left half plane and the red points R1 
 R2 and
the blue points B2 
 B4 on the right half plane defined by l1.
In O�n log n� time, check that B2 
 B4 
 R3 is double wedge
separable from the rest of the points B1 
 R1 
 R2 
 B3 such
that one of the two wedges containing B2 
 B4 
 R3 has to
contain R3 and at least a blue point from B2 
 B4 and for the
other two wedges containing B1 
 R1 
 R2 
 B3: each wedge
has to contain at least a blue point and a red point. These
conditions are easy to check because the algorithm of the
double wedge compute all the solution walking on polygonal
lines linking the points of the double wedges. This gives an
O�n3 log n� time algorithm.

2) 3  k  7: All the different cases for the separability with three lines of
k colored sets of points, where 3  k  7, are simpler than the previous
ones because we have more information with the linear separability of
the different colored sets. Using the same techniques we can prove
that the complexity of all these cases is less or equal than O�n3 log n�.
In Figures 6.27 and 6.28 we illustrate some of these cases. Concretely,
the case f) in Figure 6.28 can be done in O�n� time: the line l3 is any
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Figure 6.27 Three lines for k � 4.

By the above discussion we have the following theorem.

6.21 Theorem Given k colored sets of points, 2  k  7, the separability of the
k sets by three lines can be decided in O�n3 log n� time.

If we consider the problem of the separability of k, 2  k  7, colored sets
of points by three lines but knowing the slopes of the lines, then all the
cases can be solved in O�n2� time. We only show a proof for the case e)
in Figure 6.26 (the more complicated one): in O�n log n� time, sort B 
 R

three times: sweeping according to lines with the same slope as the line
l3, as the line l1 and as the line l2. Let l3 be a line with the given slope
passing through a blue point (n possible lines), in O�n� time classify the
blue and red points on the left side and on the right side of l3, obtaining
the sets: R1, B1 
 B4 
 B3 and B2, R2 
 R3. In O�n� time, compute the lines
l2 and l1 (supporting lines of CH�B2� with the given slopes) such that R1

is on the (say) left side and B2 is on the right side and vice versa. In O�n�
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Figure 6.28 Three lines for 5  k  7.

time compute the resulting separable sets and check the linear separability
between them.

6.5.3 Separating with two or three rays

1) Two rays: two rays from a point is just a wedge and the separability
only has sense for k � 2, which corresponds to the wedge separabil-
ity of two colored sets and can be computed in ��n log n� time as in
Theorem 6.9.

2) Three rays: it has not sense for k � 4.

a) For k � 2: one of the two sets (say R) has to be wedge separable
from to the other (say B), and then, we take a ray from the vertex
of the wedge making a bipartition of one of the sets. It can be
done in O�n log n� time.

b) For k � 3: it is a particular case of Theorem 6.9. The locus of the
apex of the three rays can be computed in ��n log n� time.
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6.6 Conclusion and open problems

In this chapter we have consider the separation problem for k > 2. We have
shown efficient algorithms for finding minimum cardinality separators by
means of parallel lines and by means of rays having a common apex. We
also have provided efficient algorithms for deciding the existence of some
specific separators: k � 1 parallel lines, k rays with common origin, k lines
through a point (where the cells are taken in the projective sense, i.e., op-
posite quadrants would correspond to the same projective cell), and by two
or three lines (for 2  k  4 and 2  k  7 respectively), i.e., shattering the
sets of points in monochromatic regions by two or three lines.

As open problems we present the following list:

1) The complexity of Theorem 6.9 for k constant is optimal, but for k �
O�n� is high. The algorithm compute the positive region of each strip
si in O�k4� time. If the sets above and below si do not change when
we move from si to si�1, we have not to repeat the same computation
for si�1. Moreover, from si to si�1 only one point move from below to
above, and we know the sequence of incoming points. So, is it possible
to improve the algorithm?

2) The same problems we have studied in this chapter can be studied for
colored sets of segments, polygons or circles.

The following tables summarize the results.

Separability problem Upper bound

Minimum number of parallel lines O�n2 log n�
k � 1 parallel lines O�kn� � O�k2 log k�
Minimum number of rays O�n4�
Minimum number of rays (apex on a line) O�n2 log n�
k rays O�n log n� � O�nk4 log k�
k rays (apex on a line) O�n log n� � O�k2 log k�
k lines through a point O�kn log n�
Deciding two lines separability O�n log n�
Deciding three lines separability O�n3 log n�
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Separability problem Lower bound

k rays 	�n log n�
k rays (apex on a line) 	�n log n�
k lines through a point 	�n log n�



Chapter 7



Separability in 3D

Abstract

In this chapter we study the problem of the separability of two disjoint sets
of points in 3D by multiple criteria extending some notions of separability
of two disjoint sets of points in the plane.

7.1 Introduction

Let B and R be two disjoint sets of points in 3D classified as blue and red
points, respectively. Let n be the number of points in B and R. We consider
the sets of points in general position, thus there are no four points in a
plane and no three points on a line.

Let � be a family of surfaces in 3D. The sets B and R are � separable if
there exists a surface S � � such that every connected component of �3 � S

contains points only from B or from R. If S is a plane, we have the linear
separability. The decision problem of the linear separability for two disjoint
sets of objects (points, segments, polygons or circles) in 3D can be solved
in O�n� time [56, 45].

In this chapter we study the separability of two disjoint point sets in 3D by
extending some of the criteria studied in the plane. We give solutions to
various separability problems. For each separability criterion we consider
the problem of deciding whether that particular separability is feasible,
which is probably equivalent to finding one solution to the problem, and
also the problem of finding all feasible solutions.
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For some of the separability criteria we consider, any surface circumscrib-
ing one of the sets of n points also circumscribes the convex hull of those
points. Because the convex hull of a set of n three dimensional points can
be found in O�n log n� time [65] and since this time will be dominated in
our algorithms by the remaining computations, our first step is to com-
pute the convex hull of one of the given set of points and check that it is
monochromatic, i.e., it does not contains points of the other set, otherwise
the separability is not possible.

7.2 Linear separability

The decision problem of the linear separability for two disjoint sets of
points in 3D can be solved in O�n� time [56]. We look at the problem
to compute all the feasible solutions in some detail. In chapter 2 we il-
lustrated the situation in 2D showing that in O�n� time we can compute
all the feasible solutions (separating lines) for sets of points, segments or
polygons but with the open question about whether the computation of all
the feasible solutions for sets of circles can be done in linear time.

Now, we show how to determine all the feasible solutions for two disjoints
sets of points in 3D by computing the normal vectors of all the possible
separating planes. We do the following.

1) In O�n� time, by linear programming, compute a plane separating the
two disjoint sets of points, and assume that this plane is the y � 0
plane such that the red points are above the plane and the blue points
are below the plane.

2) In O�n log n� time compute the convex hulls of the two sets of points,
CH�R� and CH�B�.

3) Compute the interior supporting planes or extreme separating planes be-
tween CH�R� and CH�B� (Figure 7.1). These planes can be computed
in O�n� time using a projective transformation given by Davis in [27].
The computation of the extreme separating planes is as follows: let
CH�R�� and CH�B�� be the convex hulls of the red and blue points af-
ter the projective transformation is done. The extreme supporting
planes between CH�R� and CH�B� are the supporting planes between
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CH�R�� and CH�B��. These planes can be computed in O�n� time by
the wrapping algorithm of two line separable convex polyhedra given
by Preparata and Hong [65]. As we wrapping CH�R�� and CH�B��,
the wrapping plane rotate over a supporting line between CH�R�� and
CH�B�� till the wrapping plane bumps into a new supporting line.
While we rotate the wrapping plane over a supporting line, the normal
vector of the wrapping plane has only one degree of freedom (describ-
ing an arc in the unit sphere). As a new supporting line is bumped,
the normal vector of the wrapping plane describes a new arc and so on.

4) Compute the region on the unit sphere defined by the directions of
the extreme separating planes. It is a connected region which can be
computed in O�n� time and corresponds to the directions of all the
feasible solutions. The projection of this region on the plane z � �1 is
a (not necessary convex) polygon, since the edges of the polygon can
turn left or right.

...................................................................... ......
......

......
......

......
......

......
......

......
......

.....

Figure 7.1 Extreme separating planes.

Lower bound

The problem of computing all the feasible solutions has an 	�n log n� time
lower bound: take a blue point in the origin of the coordinates system and
a set of red points in a half circle on a plane Π parallel to the x-z-plane as it
is shown in Figure 7.2. From the region on the unit sphere defined by the
directions of all the separating planes between the blue point and the set
of red points it is not difficult to compute the convex hull of the red points
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and therefore the sorting of the red points by z-coordinate in the plane Π.
In fact, we can consider the 2D lower bound problem and treat it as a 3D
problem. Then, the solution to the 3D problem can be easily converted to
that of the 2D problem.

...

...

...
...........

........
...........

Π

Figure 7.2 Lower bound for all the feasible solutions of separating
planes.

By the above discussion we have the following theorem.

7.1 Theorem Let B and R be two point sets, each of size n, in �3. The set of
directions of all planes separating B and R can be computed in ��n log n� time.

For disjoint sets of segments or polyhedrons we can proceed analogously.
For disjoint sets of spheres the situation is as follows. The complexity of
the convex hull of a set of n spheres is ��n2� in the worst case and the
convex hull of a set of n spheres in dimension d can be computed in time
O�n�d/2� � n log n�, which is worst-case optimal in three dimensions [16].
This says that the above techniques does not apply for disjoints sets of
spheres and it is an open problem whether in this case we can compute all
the feasible solutions (separating planes) in O�n log n� time.
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7.3 Natural extensions in 3D

In this section we consider the natural extensions of the strip, wedge and
double wedge separability criteria in 2D.

7.3.1 Slice separability

A slice is defined as the space between two parallel planes. It can be consid-
ered as the natural extension of the strip separability in the plane. The slice
separability problem asks: is there a slice that contains all the red points
but does not contain any blue point or vice versa?

Before giving a solution to the problem, we address the following question.
Suppose that we have a slice separating the red points from the blue points
and the slice is given by two horizontal parallel planes. Let B1 and B2 be
the sets of blue points above and below the slice respectively. This gives
a partition of B. The question now is how many different partitions of B

corresponding to slice separations can exists? We show O�n2� upper and
lower bounds for this problem:

Upper bound. We show that there could be at most �n2� slice separators
with different partitions. Adding a red point only reduces the number of
slice separators. So let us assume that there is only one red point r. Thus
the slice separator is reduced to two planes passing through r. Hence the
number of different partitions we get using planes passing through r is an
upper bound. Any plane passing through r can be moved around without
changing the partition till it touches two blue points. Thus the number of
pairs of blue points is an upper bound on the number of different partitions.
The number of pairs of blue points is �n2�.
Lower bound. We show an example with O�n2� partitions. There is
only one red point at the origin of the coordinates system. Half of the
blue points are equally spaced on the segment x � �1, z � 0, y � ��1, 1�,
and the other half of the blue points are equally spaced on the segment
x � 1, y � 0, z � ��1, 1� (Figure 7.3). Consider the set of points mid way
between successive blue points on these segments. There are O�n� such
mid-way points on each segment. Now consider any triangle T formed by
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one mid-way point from each segment and the origin. There are O�n2� such
triangles. Let the plane containing T be Π. Two planes parallel to Π but
infinitesimally away from Π in opposite direction would form a separating
slice. And there would be a different partition for each triangle.

.................

.................

T

Figure 7.3 O�n2� triangles.

Now, we describe an O�n3� time algorithm for deciding the slice separabil-
ity between two disjoint sets of points and we show how we can compute
all the feasible separating slices in O�n3 log n� time.

7.2 Theorem Let B and R be two point sets, each of size n, in �3. Deciding
whether the sets are slice separable can be done in O�n3� time and computing all the
feasible solutions can be done in O�n3 log n� time.

Proof Assume that there exists a slice with direction given by the nor-
mal vector u separating the sets B and R such that R is inside the slice, B1 is
the set of blue points above the slice and B2 is the set of blue points below
the slice. Then a plane Π with normal vector u passing through any red
point r is a separating plane of B1 and B2. While keeping the point r on the
plane we can move u around with two degrees of freedom till it touches two
blue points b1 and b2 (Figure 7.4). There are three exclusive possibilities:
the points b1, b2 belong both to B1, both belong to B2 or one belongs to B1

and the other belongs to B2. Therefore, if there is a separating slice, it can
be found by the following algorithm:
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1) Choose a red point r.

2) For each pair of blue points b1 and b2 compute the plane Π passing
through b1, b2 and r.

3) Considering the above three possibilities, compute B1 (blue points
above Π), B2 (blue points below Π).

4) In O�n� time, by linear programming, determine if there exists two
parallel planes such that the first one separates B1 from R and the sec-
ond one separates R from B2.

.........................
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Figure 7.4 Slice separability.

This gives an O�n3� time algorithm for deciding whether exists a separating
slice because the algorithm computes all the possible partitions for slice
separability.

If we want to compute the directions of all the feasible slices we proceed
as above. Once we have found a partition B1, B2 of B producing a slice, we
compute the set of directions of slices for this partition as follows:

1) In O�n log n� time compute CH�B1� and CH�B2�.

2) In O�n� time compute the set of directions in the unit sphere of the
planes separating CH�B1� from CH�R� as we did in section 7.2. Pro-
ceed analogously for the planes separating CH�R� from CH�B2�. We
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obtain two connected regions on the unit sphere of complexity O�n�.
The projection of these regions on the plane z � �1 are two (not nec-
essary convex) polygons, since the edges of the polygons can turn left
or right.

3) Compute the intersection of these polygons, which is formed by a (not
necessarily convex) polygon with at most a linear number of edges
because the boundary corresponds to pairs of parallel planes which are
always touchingCH�R� and some blue point. Then it can be computed
in O�n log n� time using the Chazelle and Edelsbrunner algorithm [21],
since we know that the number of intersections is linear.

Then, in additional O�n log n� time, we can compute all the feasible solu-
tions for each good partition. The total time complexity of the algorithm
is O�n3 log n�. Note that different partitions give disjoint regions of slice
directions.

Open problem. It seems that the above algorithm can be improved
because we are solving O�n2� linear programs, but they are not unrelated.
Once we have solved one linear program, we can change only a constant
number of conditions and get the next desired linear program as follows:
Suppose we have just solved a linear program for the pair of blue points
b1, b2. Now we can discard b2, rotate the partitioning plane over the line
b1r until we touch another point blue b3 and solve the problem for the
pair b1, b3. The partition of blue points has changed by only one point.
In this way we can march through all pairs of blue points, modifying the
partition at each step by only a constant amount. We now do not need
linear time to solve this new linear program. We are looking for results
that can do this much faster, as for example in poly-log time using dynamic
linear programming.

Remark. Note that given a direction u we can decide in O�n� time
whether there exists a separating slice with direction u as follows:

1) Sweeping with a plane with normal vector u, in O�n� time we can
compute the first and the last red points, r1 and r2. Let Π1 and Π2 be
the planes with normal vector u passing through r1 and r2 respectively.
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2) In O�n� time check that there is not blue points in between the planes
Π1 and Π2.

7.3.2 Wedge separability

The natural extension of the wedge separability in the plane is the 3D
wedge which is defined as follows. Two intersecting planes divide the 3D
space into four quadrants. Any one quadrant is called a wedge. The wedge
separability problem is the following: is there a wedge that contains R but
does not contain any point from B or vice versa? An special case is when
we fix the angle of the wedge.

7.3 Theorem Let B and R be two point sets, each of size n, in �3. Deciding
whether the two sets are wedge separable can be done in O�n3� time.

Proof Assume that the sets are wedge separable. Let l be the line defined
by the intersection of planes Π1 and Π2 of a separating wedge, the line of the
wedge. The planes Π1 and Π2 can be rotated over l till they touch red points r1

and r2 of CH�R� respectively. Then, we can keep moving one of the planes,
for example Π2, rotating it over the line l� contained in Π2 perpendicular to
l and passing through r2 till the plane Π2 bumps into a new (red or blue)
point b. We rotate again the plane Π2 but now over line br2 till it bumps
into a new point (red or blue point). This ensure that a plane of the wedge,
a candidate, can be defined by three points, at least one of them being a red
point in CH�R� (Figure 7.5). By this characterization of the candidates of
possible solutions, we have the following O�n3� time algorithm:

1) For every pair of points (color does not matter), compute the line l1

passing through these points. Assuming a hierarchical representa-
tion of CH�R�, in O�log n� time compute the (at most two) supporting
planes between l1 and CH�R�. Take one of these planes as a plane Π of
the wedge (analogously for the other one) and assume that it is parallel
to the x-y-plane such that CH�R� is above the plane.

2) In O�n� time compute the set B1 of blue points above this plane and
compute (if it exists) a separating plane between B1 and CH�R�. It will
be the second plane of the wedge.
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This gives an O�n3� time algorithm for deciding whether there exists a sep-
arating wedge because the algorithm computes all the possible partitions
for the wedge separability.
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Figure 7.5 Wedge separability.

In order to compute all the feasible solutions given by the locus of the lines
of wedges we can do the following. Once we have checked that the plane Π
produces a solution, then in the second step of algorithm we can compute
all the feasible solutions associated with plane Π as follows:

1) Since plane Π produces a solution, then there exist separating planes
between B1 and R and between B2 � B � B1. and R.

2) In O�n log n� time compute the locus of the separating planes between
B1 and R. This region is defined by the extreme separating planes be-
tween B1 and R and some faces ofCH�B1� andCH�R� and its complexity
is O�n�. Analogously for the locus of the separating planes between B2

and R.

3) The intersection of both locus is the locus of the lines of the separating
wedges for the above partition of B.
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An open question is whether we can compute the intersection of the two
locus in O�n log n� time. If it is so, then the locus of lines of wedges for all
the feasible solutions can be computed in O�n3 log n� total time.

Upper and lower bounds. Note that, in order to determine how
many different connected components there are representing regions of
lines of wedges, the same arguments we did for the slice separability works
for the wedge separability, because adding a red point only reduces the
number of separating wedges and, any triangle in the above lower bound
construction produces a wedge.

Questions: Can we characterize the locus of feasible solutions as we
did in 2D? We know that if we cut a region of the locus by a plane which
normal vector is the direction of a line of wedge in this region, we will ob-
tain a star-shaped polygon corresponding to vertices of separating wedges
for the projecting points in this plane (chapter 2). We are also interested in
computing the wedges with maximum and minimum angle. The wedge
with minimum angle is related to the slice separability and the wedge with
maximum angle is related to the linear separability.

Remark. In order to characterize all the feasible solutions we can give
either the locus of lines of wedges or the set of directions of lines of wedges.
We show the difference between the two ways.

1) If we know a possible direction u of a line of wedge then we can de-
cide in O�n log n� time whether there exists a separating wedge as fol-
lows:

a) Project the red and blue points on a plane with normal vector u.

b) In O�n log n� time check if there exists a wedge separating the sets
of projected points.

2) If we know the line l of a possible wedge, then in O�n� time we can
decide whether there exists a separating wedge as follows:

a) Let u be the direction of l. Project the red and blue points on a
plane with normal vector u. Let p be the projection of the line l.
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b) In O�n� time compute the supporting lines from p to the convex
hull of the projected red points (without computing this convex
hull). In O�n� time check that the wedge defined by these sup-
porting lines does not contain any blue point.

Therefore, the first way is the most adequate because it corresponds to the
general idea that a possible feasible solution can be checked in linear time.

Fixed angle wedge separability

A natural question to ask about wedge separability is what happens if we
fix the angle of the wedge. So the decision problem is: is there a wedge
with fixed angle Θ that separates R from B?

7.4 Theorem Let B and R be two point sets, each of size n, in �3. Deciding
whether the two sets are separable by a wedge with fixed angle Θ can be done in O�n3�
time.

Proof A fixed angle wedge has 5 degrees of freedom: three for one plane
and two for the line of intersection on this plane. If there exists a separating
wedge with a fixed angle Θ, we canmove the planes in parallel to themselves
till they touch the red convex hull in points r1 and r2. Then we rotate the
wedge over a line perpendicular to the plane Π1 and passing through r1

till the plane Π2 bumps into a new (red or blue) point b2 (Figure 7.6).
We proceed analogously with the another plane rotating the wedge over a
line perpendicular to the plane Π2 and passing through r2 till the plane Π1

bumps into a new (red or blue) point b1.

Now, we have still one degree of freedom to move the wedge such that
the planes Π1 and Π2 keep touching the lines r1b1 and r2b2 respectively and
the angle between them remains Θ. Thus at least one of the planes will
have three points on it such that at least one of them would be red. This
observation leads to the following O�n3� time algorithm:

1) For all pairs of points b1, b2, find the planes passing through line b1b2

and tangent to the red convex hull. For each of these planes Π, assume
that it is horizontal and the red convex hull is above Π.
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Figure 7.6 Wedge separability with fixed angle Θ.

2) Find the set of blue points B1 above Π. In O�n� time, using linear pro-
gramming, compute a separating plane between sets R and B1 which
makes an angle Θ with Π.

It is clear that the time complexity of the algorithm is O�n3�.

7.3.3 Diwedge separability

Two intersecting planes divide the 3D space into four quadrants. The union
of a pair of opposite quadrants is called a diwedge. The diwedge separabil-
ity problem is the following: is there a diwedge that contains R but does
not contain any point from B or vice versa? A special case is when the two
intersecting planes are required to be perpendicular to each other.

7.5 Theorem Let B and R two sets of points in �3. Deciding whether the two
sets are diwedge separable can be done in O�n4� time.

Proof Suppose that there exists a separating diwedge defined by two
intersecting planes (Figure 7.7a). The intersecting line of the planes is
the line of diwedge. Let u be the vector direction of the line of diwedge.
Projecting over a plane with normal vector u, we obtain a double wedge
separating the projected points. Let O be the intersection point of the
lines of the double wedge (Figure 7.7b). We can close these lines rotating
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clockwise over O one of the lines till it bumps into a red point r1. Then,
with center in r1, we rotate counterclockwise the same line till it bumps
into a point b (red or blue). Let l be the line passing through r1 and b.
l is the projection of a plane Π of the diwedge. Then, we rotate Π over
l till it bumps into a new point (red or blue). This ensure that if the
sets are diwedge separable then there exists an equivalent solution (same
bipartition of points) such that a plane Π of the diwedge is defined by three
points (one of them red). We call Π a candidate. There are O�n3� candidates.
By this characterization of the candidates of possible solutions, we have the
following O�n3� time algorithm:

1) For each candidate plane Π defined by three points (one of them red),
in O�n� time we classify the points as: R1 red points above Π, B1 blue
points above Π, R2 red points below Π and B2 blue points below Π.

2) The second plane of the diwedge can be obtained in O�n� time (if it
exists) by computing a plane separating R2 
 B1 from R1 
 B2.

This gives an O�n4� time algorithm. Note that, as we rotate a plane over
the intersecting line of the two planes, the rotational order of the colored
subsets of points has to be red/blue/red/blue since we can assume that the
sets are not line separable.

Π1

Π b
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O
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Figure 7.7 Diwedge separability.

In order to compute all the feasible solutions given by the locus of the lines
of diwedges we can do the following. Assume that the plane Π gives a
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solution with the partition R1, B1, R2 and B2. Then in the second step of
algorithm we can compute all the feasible solutions associated with plane
Π as follows:

1) In O�n log n� time compute the locus of the separating planes between
R1 
 B1 and R2 
 B2. This locus is defined by the extreme separating
planes between R1 
 B1 and R2 
 B2 and some faces of CH�R1 
 B1�
and CH�R2 
 B2� and its complexity is O�n�. We proceed analogously
for computing the locus of the separating planes between R1 
 B2 and
R2 
 B1.

2) The intersection of both locus is the locus of lines of separating di-
wedges for the above partition of B and R.

An open question is whether we can compute the intersection of the two
loci in O�n log n� time. If it is so, then the locus of the lines of diwedges for
all the feasible solutions can be computed in O�n4 log n� total time.

Remark. In order to characterize the feasible solutions we can give ei-
ther the locus of lines of diwedges or the set of directions of lines of di-
wedges. We show the difference between the two ways.

1) If we know the direction u of a possible line of diwedge, then in
O�n log n� time we can decide whether there exists a separating di-
wedge as follows:

a) Project the red and blue points on a plane with normal vector u.

b) In O�n log n� time check if there exists a diwedge separating the
sets of projected points.

2) If we know the line l of the diwedge, then in O�n� time we can decide
whether there exists a separating diwedge as follows:

a) Let u be the direction of the line l. Project the red and blue points
on a plane with normal vector u. Let p be the projection of the
line l.

b) In O�n� time check that there exists a double wedge separating
the projecting points with apex in point p (see the remark below
theorem 4.17).
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Again the first way is the most adequate because a possible feasible solution
can be checked in linear time.

7.4 Separability with constant number of planes

In this section we consider other separability criteria which involve the
separability by a constant (� 3) number of planes.

7.4.1 Triplane separability

Three intersecting planes divide the 3D space into eight octants. The tri-
plane separability problem asks: are there three planes such that each of the
octants they define has points of only one color? A special case of this prob-
lem asks: are there three planes perpendicular to x, y and z axes respectively
such that each of the octants they define has points of only one color?

7.6 Theorem Let B and R two sets of points in �3. Deciding whether the two
sets are triplane separable can be done in O�n7� time.

Proof Assume that the sets are separable by three planes Π1, Π2 and Π3

such that the octants they define have points (at least one) of only one color.
It is clear that we can move around the normal vector of one of the planes,
for example Π1, till it does not bump into a point. Once Π1 bumps into a
point b1 (red or blue), if we want the plane to keep touching b1, we keep
moving till Π1 bumps into some other point b2 (red or blue). Now, we keep
rotating Π1 over the line passing through b1 and b2 till Π1 bumps into a new
point b3. This ensures that plane Π1 is defined by three points of the sets.
Then we proceed analogously with the plane Π2, obtaining also three points
which define it (at most two points can be shared by the two planes). The
two planes has to be no parallel. They define four quadrants which we label
from 1 to 4. Let Bi and Ri be the subsets of blue and red points located in
the quadrant i respectively, i � 1, 2, 3, 4. These subsets can be computed in
O�n� time.

Now, we have to find the plane Π3. Note that a previous and necessary
condition is that the subsets Bi and Ri has to be line separable, for i �
1, 2, 3, 4. If this condition is true then we have to select one of the constant
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number of combinations of the colors of each octant, and then, in O�n� time
we check the linear separability between the union of the corresponding
subsets of red or blue points that has to be in each sides of new separating
plane. If they are line separable, we obtain the plane Π3.

The time complexity of the algorithm is O�n7�, since we have to choose
three points for the plane Π1, three points for the plane Π2 and then compute
the plane Π3 in O�n� time.
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Figure 7.8 Triplane separability.

Special case. A special case of the triplane problem is deciding the
existence of three planes perpendicular to x, y and z axes such that the oc-
tants they define have points of only one color (Figure 7.8). It is equivalent
to the problem of determine the separability by three planes such that we
know the normal vectors of the planes. The problem can be solved as fol-
lows:

1) In O�n log n� time we sort the points by x-coordinate, by y-coordinate
and by z-coordinate. There are �n2� pairs of planes defined by the points
sorted by the x-coordinate (the first) and the y-coordinate (the second).

2) For each pair of planes, there are n planes defined by the z coordi-
nate. Using the z-coordinate order, we check in constant time per
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update/delete a point, whether the partition given by the three planes
has monochromatic octants.

This gives an O�n3� time algorithm for the special case problem.

Note that the locus of all the feasible solutions is formed by the locus of
points which are intersection of the three separating planes. Given a point
p, we can check in O�n� time whether it is a solution as follows:

1) Compute the planes perpendicular to x, y and z axes passing through p;

2) Compute the set of red and blue points in each octant defined by the
above three planes and, check that the sets of points in each octant are
monochromatic.

In fact, a connected component of the set of feasible solutions is formed by
an orthogonal box defined by six planes (perpendicular to x, y and z axes)
passing through consecutive points in the three respective orders.

7.4.2 Tetrahedral separability

Is there a tetrahedron that contains all the red points but none of the blue
points or vice versa?

7.7 Theorem Let B and R two sets of points in �3. Deciding whether the two
sets are tetrahedral separable can be done in O�n7� time.

Proof Suppose that there exists a tetrahedron separating the sets (Fig-
ure 7.9). We can bring the four faces f1, f2, f3 and f4 closer until they touch
CH�R� at red points r1, r2, r3 and r4, respectively. If we want the face f1 to
keep touching the point r1, we move around the normal vector of f1 on r1

until f1 bumps into a point b1 (red or blue). Now, rotate f1 around the line
passing through r1 and b1 until the face f1 bumps into a new point b�1 (red
or blue). Analogously we can proceed with the other faces. This ensures
that the faces of the tetrahedron are defined by three points (one of them
is a red point in CH�R�). Three faces of a tetrahedron define a candidate.
By this characterization of the candidates of possible solutions, we have the
following O�n7� time algorithm:
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1) Determine the plane of a face f1 as follows: take a pair of points and
compute the line l1 passing through these points. Assuming a hier-
archical representation of CH�R�, in O�log n� time compute the two
supporting planes between l1 and CH�R�. Take one of these planes as
a plane Π1 of the face f1. Proceed analogously for two other faces f2,
f3. We get a constant number of candidates for a selection of 6 points.
This gives a total number of O�n6� possible candidates.

2) For each candidate, if the three planes intersect in a point forming
an infinite pyramid P, then in O�n� time compute the set B1 of blue
points inside this pyramid P and compute (if it exists) a separating
plane between B1 and CH�R�. It will be the fourth plane (face f4) of
the tetrahedron.
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Figure 7.9 Tetrahedral separability.

If the three points of a face are one blue point and two red points defining
an edge of CH�R�, we have O�n2� possible planes defining a face of the tetra-
hedra because there is a linear number of red edges in CH�R�. If the three
points are red points forming a face of CH�R�, we have O�n� possible planes
defining a face of the tetrahedron because there is a linear number of red
faces in CH�R�.
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This gives an O�n7� time algorithm for deciding whether there exists a sep-
arating tetrahedron because the algorithm computes all the possible parti-
tions for the tetrahedra separability.

7.5 Separability with no constant number of

planes

7.5.1 Prismatic separability

A prism is defined as the space swept by a convex polygon when it is moved
along a line perpendicular to its plane. The prismatic separability problem
asks: is there an infinite prism which contains all red points but none of
blue points or vice versa?

7.8 Theorem Let B and R two sets of points in �3. Computing all feasible
solutions for prismatic separability can be done in O�n3� time.

Proof A solution for prismatic separability can be described by the di-
rection normal to the base of the prism, the direction of the prism. The pres-
ence of a blue point rules out a certain set of direction vectors. This set
is given by the dipyramid whose apex is the blue point and whose planes
are tangent to the red convex hull. Each pyramid of this dipyramid rep-
resents a set of directions which cannot be the solution (Figure 7.10). On
the unit sphere these directions occupy two convex regions. We get two
such convex regions for every blue point. The complement of the union of
all these regions is the set of direction vectors that correspond to a solu-
tion. To simplify the computation of this set we can project the direction
vectors on unit sphere to two planes (actually one would suffice) at z � �1
and z � �1. The convex regions are now convex polygons. There are O�n�
convex polygons, each of size O�n�.

These polygons can be easily computed in O�n� time each, taking a total of
O�n2� time. The complexity of this algorithm would be dominated by the
time to compute the complement of the union of these polygons. One way
to compute the complement of the union of these polygons is by comput-
ing their arrangement. One way to compute the arrangement is by using
the Chazelle and Edelsbrunner algorithm [21] which time complexity is
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O�N log N � K�, where N is the total number of segments and K is the size
of the arrangement. In our case, N is O�n2� and K is O�n3�. Then we can
compute the arrangement and hence the union of the polygons in O�n3�
time. The complement of this union is the set of all feasible solutions.
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Figure 7.10 Prismatic separability.

However, it is not clear whether the following result from Aronov and
Sharir [6] can be applied to improve the above theorem: the maximum com-
plexity of the entire common exterior (the complement of the union) of K convex
polygons in the plane with a total of N edges is ��NΑ�K� � K2�. In our case N is
O�n2� and K is O�n�, therefore the maximum complexity of the complement
of the union is ��n2Α�n� � n2�, i.e., almost ��n2� for practical results.

Number of connected components. How many different regions
(connected components) corresponding to directions of separating prims
can exists? It is clear that the number of different regions is the number of
connected components of the complement of the union of polygons. In [6]
the following result by Katona [50] and Kovalev is mentioned: the common
exterior (complement of the union) of K compact convex bodies in the plane has at
most �K�1

2 � � 1 � O�K2� components, which in our case says that the number of
connected components is at most O�n2�.

Remark. Given the direction uwe can decide in O�n log n� time whether
it is a solution as follows:
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1) Project the points on a plane with normal vector u;

2) Compute a convex polygon (if it exists) separating the projected red
points from the projected blue points.

In fact, we can compute the minimum prism (minimum number of faces)
with direction u. This is equivalent to compute the minimum convex poly-
gon (minimum number of sides) separating the projected red points from
the projected blue points. This problem can be solved in O�n log n� optimal
time [34, 5].

7.5.2 Pyramidal separability

Join all the vertices of a convex polygon to a point in space to get a pyramid.
The convex polygon is called the base of the pyramid while the point is
space is called its apex. An infinite pyramid is one whose base is at infinity.
The pyramidal separability problem asks the question: is there an infinite
pyramid that contains all the red points but none of the blue points or vice
versa?

7.9 Theorem Let B and R two sets of points in �3. Computing the set of
all feasible solutions for pyramidal separability can be done with a randomized
algorithm whose expected running time is O�n3 log2 n�.

Proof A solution to pyramidal separability can be stated by the apex
point of the pyramid. The presence of a blue point rules out a certain
region in 3D where the solution can not be there. Consider the dipyramid
subtended by the blue point on the red convex hull (Figure 7.11). The
pyramid of this dipyramid that does not contain the red convex hull can
not contain the solution. Also if we consider the blue point as a light
source, the shadow of the red convex hull can not contain the solution.

The complement of the union of these ruled out unbounded convex regions
for all the blue points gives the set of all feasible solutions. There are O�n�
3D unbounded convex regions each of complexity O�n�. The complexity of
computing the union of these unbounded convex regions would dominate.

One way to compute the union is by the following result from Aronov,
Sharir and Tagansky [8]: the number of vertices, edges and faces of the union



7.5 Separability with no constant number of planes 259

of K convex polyhedra in three dimensional space, having a total of N faces is
O�K3 � NK log K�. This bound is almost tight in the worst case, as there exists
collections of polyhedra with 	�K3 �KNΑ�K�� union complexity. They also describe
a rather simple randomized incremental algorithm for computing the boundary of
the union in O�K3 � KN log K log N� expected time. In our case K is O�n� and
N is O�n2�, therefore the complexity of the union of the above unbounded
convex regions (convex polyhedra) is O�n3 � n3 log n�. Applying this re-
sult we compute the boundary of the union of these convex polyhedra in
O�n3 log2 n� expected time. The complement of this union is the set of all
feasible solutions.

.........................................

........................................

Figure 7.11 Pyramidal separability.

Number of connected components. How many different regions
(connected components) corresponding to apices of separating pyramids
can exists? It is clear that this number is the number of connected com-
ponents of the complement of the union of the above convex polyhedra. A
result by Katona [50] says that the complement of the union of K convex polyhe-
dra in d-space has at most O�Kd � connected components, which in our case says
that the number of regions of apices of separating pyramids (connected
components) is at most O�n3�.

Remark. Given a point p we can decide in O�n log n� time whether it is
a solution as follows:
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1) Compute the pyramid subtended by p on the red convex hull;

2) Check that there are not blue points inside this pyramid.

7.5.3 Dipyramidal separability

We now consider dipyramidal separability, which has the same definition as
pyramidal separability except that we now have two symmetrical pyramids
having the same apex.

If there exists a separating dipyramid then each one of the two pyramids
contains antipodal points r1 and r2 of CH�R� (each pyramid contains at least
a point). Let l be the line joining the points r1 and r2. The direction of
the line l, u, is contained in the set of the direction of lines defined by the
opposite cones of the dipyramid. Now, we can sweep with a plane with
normal vector u sorting the red points (we can sort also the blue points),
obtaining a sequence r1, ..., rn.

Since we are sure that a plane with normal vector u passing through the
apex of the dipyramid gives the right partition of R, then the possible
partitions R1 and R2 of R produced by a dipyramid has to be one of the
following: R1 � �r1, ..., ri�, R2 � �ri�1, ..., rn�, for i � 1 to n � 1. There are
O�n2� possible pair of antipodal points and for each pair, a linear number of
different partitions of R. So, at most n3 red partitions.

The following question is still open: How can we compute the apex of a
possible separating dipyramid if we know the partition of R?

7.6 Conclusions and open problems

There are many more interesting questions on separability in 3D as com-
pared to 2D. We have shown algorithms for some of them. The follow-
ing list of problems will be considered in a future work on separability in
3D:

1) Cylindrical separability: Is there an infinite cylinder (swept circle)
which contains all the red points but none of the blue or vice versa?
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2) Conical separability: Is there an infinite cone which contains all the
red points but none of the blue or vice versa?

3) Diconical separability: Is there an infinite pair of symmetrical cones
having the same apex that separate the red and blue points?

The following table summarizes the results.

Separability criteria Decision All feasible solutions

Linear O�n� O�n log n�
Slice O�n3� O�n3 log n�
Wedge O�n3� O�n3 log n�
Diwedge O�n4� O�n4 log n�
Triplane O�n7�
Tetrahedral O�n7�
Prismatic O�n3� O�n3�
Pyramidal O�n3 log2 n� O�n3 log2 n�
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Conclusions and open problems

Although we have mentioned the conclusions and open problems in each
chapter of this thesis, we will describe here the more general ones in order
to give a wide view of the more relevant open problems and the possible
lines of research for future work.

The research presented in this thesis addresses the study of many separabil-
ity criteria for two or more sets of disjoint geometric objects, basically for
sets of points, but also for sets of segments, polygons and circles. Our crite-
ria are natural alternatives to the linear separability when this separability
is not possible. These criteria can have interesting applications in some
fields like image analysis, statistics, and other fields in which discrimina-
tion and/or classification is required. The main results are concerning the
separability with two lines or two half-lines under its different versions as
wedge, strip or double wedge separability. In all these cases, optimal al-
gorithms both for decision problem and for the problem of computing all
feasible solutions are given.

It is very curious that when we jump from linear separability (one line)
to separability involving two lines (including also some additional infor-
mation), we have to pay a log n factor in the complexity of the algorithms,
both for the decision problem and for the problem of computing all feasible
solutions. We ask about whether there exists some threshold which makes
them fall into one of the two categories, i.e., the separability problems
which can be decided in linear time and the separability problems which
require 	�n log n� time. We ask about the existence of some category of



264 Conclusions and future work

separability problems between the two categories, for example, some sepa-
rability problem which can be computed in optimal O�n log log n� time.

The problem of computing the minimal constant turn polygonal line sep-
arating two given sets of objects in the plane has special interest as com-
paring it with the NP-complete problem of the minimum-link red-blue
separability. The former can be considered as the separability by a flat
polygonal line and it is a good alternative to the linear separability.

An interesting question arises when we consider the separability of two
disjoint point sets in the plane by parallel lines. We have shown O�n log n�
time algorithms for the separability with at most three parallel lines, and
the same time complexity for a special case of separability with four par-
allel lines. It contrasts with the O�n2 log n� time algorithm for computing
the minimum number of parallel lines separating the sets. There exist ex-
amples with O�n2� different feasible solutions for the four lines separability.
So, there is a gap between these complexities that has to be explained.

We have considered separability criteria for k disjoint sets of points. The
results have to be extended for sets of segments and circles. The segment
case seems to be easy to extend, but for circles case we will need some basic
results; more concretely, we ask whether the computation of all the feasible
solutions for the linear separability of two disjoint sets of circles can be
done in linear time. The separability of disjoint sets of points by three
lines has been considered; the results are closely related to the shattering
problem.

Some of the above results have motivated the study of several variants on
problems related to the Erdös-Szekeres Theorem about subsets in convex
position, when additional chromatic constraints are considered [29].

Finally, we have extended some of these separability criteria in the plane
to the three dimensional space. There are many more interesting questions
on separability in 3D as compared to 2D. We have shown algorithms for
solving some of them. As an immediate future work, we would like to
improve some of the results given for the separability in 3D, studying also
some new criteria that have not been considered in this thesis. Special cases
to be considered in the future are the dypiramidal, cylindrical, conical and
diconical separability criteria.
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Future lines of research

Working on separability with Joe Mitchell at Stony Brook, he introduces
some separability problems which are closely related to the material pre-
sented in this thesis. In particular, the 2-level decision tree problem sug-
gests trying to find a line l0 that splits a set of red and blue points into
two sets, each of which is linearly separable. This arises in trying to define
a 2-level linear decision tree on a set of red and blue sample points (Fig-
ure 7.12). We formulated many cases, some of which are easy and follow
from the results on wedges; several other cases require further work. We
also spoke about k-level decision trees.

�

� �

�

� �

l0

l11

l11

l12

l0

l12

Figure 7.12 2-level decision tree.

We noted that wedge separability is a form of 2-link separation. What
about 3-link separation? If the 3 links are in convex position, theorem 2.16
solves the problem in optimal O�n log n� time; however, if the 3 links are
not in convex position the separation problem has to be optimally solved
(Figure 7.13). For any fixed k, one can do the k-link separability in O�nO�k��
time; this may be close to the best one can expect, since Fekete has shown
that for general k the problem is NP-hard.

Another line of future research is solving some of the problems proposed
by Hurtado in the Workshop on Equitable Subdivisions, which took place
in Barcelona in June of 2001. More concretely, he sets up the following
problems. Given two disjoint colored sets of points in the plane:
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Figure 7.13 3-link separation.

1) Is there an isothetic rectangle (or a square or a triangle) separating the
sets in an equitable way (half of each color)? One can consider both
the decision problem and the problem of computing all of the feasible
rectangles.

2) How many circles (triangles or wedges) exist separating the two sets
in an equitable way?
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274 Bibliography

12, 1977, pp. 77–80.

[51] D. Kirkpatrick, Optimal Search in Planar Subdivisions, SIAM Journal
of Computing, Vol. 12, No. 1, 1983, pp 28–35.

[52] D. G. Kirkpatrick, R. Seidel, The Ultimate Planar Convex Hull Al-
gorithm?, SIAM Journal of Computing, Vol. 15, No. 1, (1986) pp.
287–299.

[53] H. T. Kung, F. Luccio, F. P. Preparata, On Finding the Maxima of a
Set of Vectors, Journal of ACM, 22(4), 1975, pp. 469–476.

[54] D. T. Lee, F. P. Preparata, Euclidean Shortest Path in the Presence of
Rectilinear Barriers, Networks, 14, 1984, pp. 393–410.

[55] D. T. Lee, Y. F. Wu, Geometric Complexity of Some Location Problems,
Algorithmica 1, 1986, pp. 193–211.

[56] N. Megiddo, Linear-Time Algorithms for Linear Programming in �3

and Related Problems, SIAM Journal of Computing, Vol. 12, No. 4,
1983, pp. 759–776.

[57] J. S. B. Mitchell, Approximation Algorithms for Geometric Separation
Problems, Technical Report, State University of New York at Stony
Brook, 1993.

[58] K. Mulmuley, Computational Geometry, An Introduction Through Ran-
domized Algorithms, Prentice Hall, 1994.

[59] S. C. Nandy, Shattering a Set of Objects in 2D, Proceedings of the 11th
Canadian Conference on Computational Geometry, 1999

[60] J. O’Rourke, Computational Geometry in C, Cambridge University
Press, 1993.

[61] J. O’Rourke, Finding Minimal Enclosing Boxes, International Journal
of Computer and Information Sciences, Vol. 14, No. 3, 1985, pp.
183–199.

[62] J. O’Rourke, S. R. Kosaraju, N. Megiddo, Computing Circular Sepa-
rability, Discrete Computational Geometry, 1 (1), 1986, pp. 105–
113.



Bibliography 275

[63] J. Pach, New Trends in Discrete and Computational Geometry, Springer-
Verlag, 1991.

[64] J. Pach and P. Agarwal, Combinatorial Geometry, J. Wiley, New York,
1995.

[65] F. P. Preparata, S. J. Hong, Convex Hulls of Finite Sets of Points in
Two and Three Dimensions, Communications of ACM, 20, 1977, pp.
87–93.

[66] F. P. Preparata, M. I. Shamos, Computacional Geometry, An Introduc-
tion, Springer-Verlag, 1988.

[67] P. Ramanan, Obtaining Lower Bounds Using Artificial Components, In-
formation Processing Letters, 24, 1987, pp. 243–246.

[68] D. Rappaport, A Convex Hull Algorithm for Discs, and Applications,
Computational Geometry: Theory and Applications, 1, 1992, pp.
171–187.

[69] D. Rotem, J. Urrutia, Circular Permutations Graphs, Networks, 11,
1982, pp. 429–437.

[70] J.-R. Sack, J. Urrutia, Handbook of Computational Geometry, North-
Holland, Elsevier, 2000.

[71] M. I. Shamos, Computational Geometry, Ph.D. Thesis, Yale Univer-
sity, 1978.

[72] M. Sharir, P. K. Agarwal, Davenport-Schinzel Sequences and their Geo-
metric Applications, Cambridge University Press, 1995.

[73] J. Stoer, C. Witzgall, Convexity and Optimization in Finite Dimension
I, Springer-Verlag, New York, 1970.

[74] R. Tamassia, P. K. Agarwal, N. Amato, D. Z. Chen, D. Dobkin,
R. L. Scot Drysdale, S. Fortune, M. T. Goodrich, J. Hershberger,
J. O’Ruorke, F. P. Preparata, J-R. Sack, S. Suri, I. G. Tollis, J. S.
Vitter, S. Whitesides, Strategic Directions in Computational Geometry,
Working Group Report, ACM Computing Surveys 28(4), 1996, pp.
591–606.



276 Bibliography

[75] R. E. Tarjan, C. J. Van Wyk, An O�n log log n�-Time Algorithm for
Triangulating Simple Polygons, SIAM Journal on Computing, 1988.

[76] S. Tokunaga, Intersection number of two connected geometric graphs, Infor-
mation Processing Letters, 59 (6) (1996) pp. 331–333.

[77] G. T. Toussaint. Computing Geodesic Properties inside a Simple Polygon,
Revue D’Intelligence Artificielle, Vol. 3, No. 2, 1989, pp. 9–42.

[78] G. T. Toussaint, Solving Geometric Problems with the Rorating Calipers,
Proceedings of IEEE MELECON’83, 1983.

[79] G. T. Toussaint, Computational Geometry and Computer Vision, in Vi-
sion Geometry, Contemporary Mathematics, Vol. 119, American
Mathematical Society, 1991, pp. 213–224.

[80] G. T. Toussaint, What is Computational Geometry?, Proceedings
IEEE, Vol. 80, No. 9, September, 1992, pp. 1347–1363.

[81] G. T. Toussaint, On Separating Two Simple Polygons by a Single Transla-
tion, Discrete and Computational Geometry, vol. 4, 1989, pp. 265–
278.

[82] G. T. Toussaint, Movable Separability of Sets, in Computational Ge-
ometry, Ed. G. T. Toussaint, North-Holland, 1985, pp. 335–375.

[83] G. T. Toussaint, H. A. ElGindy, Separation of Two Monotone Polygons
in Linear Time, Robotica, Vol. 2, 1984, pp. 215–220.

[84] D. P. Wang, R. C. T. Lee, An Optimal Algorithm for Solving the Re-
stricted Minimal Convex Nested Polygonal Separation Problem, Proceed-
ings og the 5th Canadian Conference on Computational Geometry,
1993, pp. 334–339.

[85] A. C. C. Yao, Lower Bounds for Algebraic Computation Trees with In-
teger Inputs, Proceedings of the 30th Annual IEEE Symposium on
Foundations of Computer Science, 1989, pp. 308–313.


