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Abstract

We give some characterizations of the classes PNP [O(logk n)]. First, we show that these classes
are equal to classes ACk−1(NP ). Second, we prove that they are also equivalent to some classes
defined in the Extended Boolean hierarchy. As a last characterization, we show that there
exists a strong connection between classes defined by polynomial time Turing machines with few
queries to an NP oracle and classes defined by small size circuits with NP oracle gates. With
these results we solve open questions that arose in [Wa-90] and [AW-90]. Finally, we give an
oracle relative to which classes PNP [O(logk n)] and PNP [O(logk+1 n)] are different.

1. Introduction

Wagner gave in his paper [Wa-90] some characterizations of the class Θp
2. One of them charac-

terizes Θp
2 as the class of languages recognized by polynomial time Turing machines which make

at most O(log n) queries to an NP oracle on inputs of length n. Another one characterizes Θp
2

as the class of languages obtained by placing polynomial bounds on the levels of the Extended
Boolean hierarchy.

Wilson introduced the notion of relativized circuits by allowing oracle gates in the circuits,
and he has studied properties of relativized versions of NC and AC. He defined an oracle gate
as a k-input, one-output gate which, on an input x of length k, will produce the value 1 on its
output edge if and only if x is in the specified oracle set. For NC classes each oracle gate counts
as a depth logarithmic in the number of its input wires, while for AC classes these gates count 1.
The motivations of these definitions are argued in [Wi-87] and [Wi-90] (compare also with the
notion of NC1-reducibility introduced in [Co-85]). In this paper we only consider relativizations
to sets in NP ; note that with this restriction we can only obtain classes of languages which are
included in ∆p

2. The first motivation of our work was to find relationships between these classes
and those mentioned in [Wa-90].

Below we show connections between classes of languages recognized by polynomial time
Turing machines which make polylog queries to an NP oracle and other classes defined on
different ways. More exactly, in section 3 we show that the class of languages defined by PNP

Turing machines with at most O(logk n) queries is the same as the class defined by ACk−1

circuits with oracle gates in NP . In section 4 we characterize the Extended Boolean hierarchy
for some superpolynomial bounding functions such as the classes just mentioned. In section 5
we show a last characterization as the class of languages which are reducible to languages in

∗
Work partially supported by the ESPRIT II Basic Research Actions Program of the EC under contract no. 3075,

project ALCOM.

1



NP via circuits of polylog size. With these results we solve questions asked by Wagner and by
Allender and Wilson in their papers [Wa-90] and [AW-90].

In the final section we prove that there is an oracle relative to which classes PNP [O(logk n)]
and PNP [O(logk+1 n)] are different for any integer k ≥ 1. Taking account of characterizations
showed in previous sections we prove that, relative to the same oracle, ACk−1(NP ) ⊂ ACk(NP ),
NCk(NP ) ⊂ ACk(NP ) and NCk(NP ) ⊂ NCk+1(NP ); where “⊂” denotes proper contain-
ment. With these results we improve the relativized separations for Θp

2 and ∆p
2 given by Buss

and Hay and by Lozano and Toran in their papers [BH-91] and [LT-91].

2. Definitions and notation

We fix the notation that we shall use in the following sections.

Definition For any class C, PC denotes the class of languages accepted by deterministic
polynomial time machines using a set in C as oracle.

L ∈ PC ⇐⇒ ∃B ∈ C : L ≤P
T B.

Definition For all k ≥ 1, PC [O(logk n)] is the class of languages in PC that are accepted by
machines that make at most O(logk n) queries on inputs of length n.

L ∈ PC [O(logk n)] ⇐⇒ ∃B ∈ C : L ≤P
T [O(logk n)] B.

Since queries to any oracle of NP can be translated into queries for SAT , PNP = PSAT .
We use these terms as synonyms and we also use the terms PNP [O(logk n)] and PSAT [O(logk n)]
as equivalent. For any string x, we write |x| for the length of x.

Definition PNP
‖ is the class of languages accepted by deterministic polynomial time Turing

machines which make one round of parallel queries to a set B ∈ NP . By a round of parallel
queries to B we mean that the Turing machine writes a set of strings separated by delimiters on
a query tape and then invokes an oracle for B; the oracle returns a string of YES/NO answers
on an answer tape which specify membership of each query string to B. Note that within one
round of parallel queries, all of them must be formulated before any answer are known. In
general, we denote by P‖O(f(n)) the class of sets recognized by deterministic polynomial time
Turing machines which make O(f(n)) adaptive rounds of parallel queries on inputs of length n.

The classes Θp
2 = PNP [O(log n)] and ∆p

2 = PNP are well known, and the first one has a lot
of different characterizations as it is shown in [Wa-90]. The Boolean hierarchy has been studied
independently by different authors who gave equivalent definitions for it. At the beginning of the
Section 4 we outline some interesting properties of this hierarchy. In the Section 6 of [Wa-90] it
is introduced the Extended Boolean hierarchy as the hierarchy of classes NP (r) (r is a function)
defined as follows:

A ∈ NP (r) ⇐⇒ ∃B ∈ NP such that cB(x, i + 1) ≤ cB(x, i) for all i, i ≤ r(|x|) and
cA(x) ≡ ∑r(|x|)

i=1 cB(x, i) mod 2;

where cA denotes the characteristic function of the set A. It was known that NP (nO(1)) = ΘP
2

and NP
(
2nO(1)

)
= ∆P

2 , but similar results for other superpolynomial bounding functions were
not known.
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For definitions and notation about circuits we follow Wilson [Wi-87] [Wi-90]. A Boolean
circuit with bounded fan-in is an acyclic directed graph whose nodes are labelled with an oper-
ator. Nodes of indegree zero are the input and constant ones, nodes of indegree one are labelled
by negations and nodes of indegree two are labelled by and and or operators. Circuits with
unbounded fan-in have no restriction on the indegree of nodes labelled and or or. Since we are
interested in deciding set membership, the circuits have only a single output gate; the circuit
accepts an input string if the length of the string in binary is the same as the number of input
gates of the circuit and the circuit outputs 1 when the string is given on its input gates.

The size of the circuit is the number of nodes of the circuit and its depth is the length of the
longest directed path from the input to the output in the graph. The size represents a measure
of the hardware resource and the depth is a measure of the parallel time. A circuit family {Cn},
n ≥ 1 accepts a set L if, for all n, Cn has n input nodes and accepts only those strings in L of
length n. Note that, if the nth circuit could be independent of the (n − 1)th circuit then there
would exist a family of circuits which would accept a nonrecursive set. Therefore, it is necessary
to require some kind of uniformity in the description of the circuits {Cn}, n ≥ 1. We shall use
in this paper one of the most frequently used concepts of uniformity:

Definition A circuit family {Cn} is O(log n)-uniform if there is a logspace deterministic
Turing machine which on any input of length n outputs an encoding of Cn.

Classes of languages NC =
⋃

k≥0 NCk and AC =
⋃

k≥0 ACk are defined as follows:

ÃL ∈ NCk(ACk) ⇐⇒ ∃{Cn}, n ≥ 1, bounded fan-in (unbounded fan-in) circuits O(log n)-
uniform with size O(nO(1)) and depth O(logk n) which recognizes L.

In this paper we work with relativized circuits. In these circuits oracle gates are allowed
which can determine the membership of a string in an oracle set. In an NC circuit an oracle gate
which has k input bits is defined to have size 1 and depth dlog ke. In an AC circuit (unbounded
fan-in) the size and depth of these gates is 1.

We shall use the notation ACk(A) for the class of languages recognized by a family of
unbounded fan-in circuits with polynomial size and O(logk n) depth using A as oracle; and we
define ACk

[i](A) as the class obtained if we restrict the circuits to at most i oracle gates on each
path from an input node to the output node.

3. Relating PNP [O(logk n)] with ACk−1(NP )

Let us begin characterizing Θp
2 as the class of languages recognized by families of circuits of

polynomial size, constant depth and with at most one oracle gate on each path from an input
node to the output node.

Proposition 1 PNP [O(log n)] = AC0
[1](NP ).

Proof Let MSAT be a fixed polynomial time Turing machine that makes at most c log n

queries to SAT on inputs of length n. We define the language:

L =
{〈x, y〉 ∣∣ the answer to the query number |y|+ 1 of MSAT running on x is “YES”

supposing that the string y records the answers to the first |y| queries
}

.

We consider also the language:

L′ =
{〈x, a〉

∣∣ M accepts x using a as oracle string (the answer
to the kth query is interpreted as the kth bit of a)

}
.
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It is easy to see that the language L is in NP and the language L′ is in P . We shall use these
languages as oracles to simulate the machine MSAT by a family of circuits. The Figure 1 shows
the member of this family which operates on inputs of length n.

Input x

〈x, 00 . . . 0〉 . . . . . .〈x, 11 . . . 1〉〈x, λ〉 〈x, 0〉 . . . 〈x, 00 . . . 0〉 . . . . . . 〈x, λ〉 〈x, 1〉 . . . 〈x, 11 . . . 1〉

∈ L? ∈ L? . . . ∈ L? . . . . . . ∈ L? ∈ L? . . . ∈ L? ∈ L′? . . . . . . ∈ L′?

= = . . . = . . . . . . = = . . . =

0 0 0 1 1 1..............................................

....................................

..............................................

..............................................

..............................................

..............................................

∧ ∧

∧ . . . . . . ∧

∨
Selector circuit

Figure 1.

On input x, this circuit has a first level of queries 〈x, y〉 ∈ L for all y, |y| ≤ c log n; with the
answers it can determine the right answers to the queries of MSAT on x. Moreover, in the same
level, the circuit asks if 〈x, a〉 is in L′ for all a, |a| ≤ c log n. Note that in this level there are
only a polynomial number of queries because the length of y and a are logarithmic. When the
circuit knows what is the right string y of answers of MSAT on x, it chooses the suitable a with
the help of a selector circuit.

The other inclusion is trivial considering that AC0
[1](NP ) is included in PNP

‖ and this one
is equal to PNP [O(log n)] (Th. 3.4 [Wa-90]).

Buss and Hay [BH-91] showed that, for polynomial time Turing machines, a constant num-
ber of rounds of parallel queries to SAT can be reduced to one round of parallel queries. Using
this fact it is not difficult to prove that AC0(NP ) is equal to PNP [O(log n)]: observe that every
language belonging to the first class is recognized by a polynomial time Turing machine which
makes a constant number of rounds of parallel queries to SAT and then, by [BH-91] it can be
recognized by another one which makes only one round of parallel queries. Finally, considering
the equality PNP

‖ = PNP [O(log n)] mentioned before, we have:
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Proposition 2 PNP [O(log n)] = AC0(NP ).

Now, we shall generalize this last result by allowing more queries to SAT , more exactly, we
ask about O(logk n) queries to SAT . First we prove the following proposition.

Proposition 3 For all k ≥ 1, PNP [O(logk n)] ⊆ ACk−1(NP ).

Proof We proceed by induction on k:

k = 1, it is part of proposition 2.

We suppose that the result is true up to k − 1 by induction hypothesis. Fix a polynomial
time Turing machine M with at most c logk n queries to SAT on inputs of length n, and let us
consider the following languages:

L1,n =
{
y

∣∣ MSAT starting at the configuration y reaches after c logk−1 n

queries a configuration which has a 1 as the first bit
}

L2,n =
{
y

∣∣ MSAT starting at the configuration y reaches after c logk−1 n

queries a configuration which has a 1 as the second bit
}

. . .

Lp(n),n =
{
y

∣∣MSAT starting at the configuration y reaches after c logk−1 n

queries a configuration which has a 1 as the p(n)th bit
}

where p(n) is a polynomial bounding the length of configurations corresponding to inputs of
length n.

Note that in these languages there may exist configurations y such that MSAT does not
reach them on any input. It is clear that all these languages are in PNP [O(logk−1 n)] and then,
by induction hypothesis, all of them have ACk−2(NP ) circuits. Now, let Cn be the circuit on
inputs of length n described by Figure 2.
This circuit on input x computes in log n levels the configuration f of MSAT on x after all
the queries have been done. All the levels are equal and they are composed by ACk−2(NP )
circuits for L1,n, L2,n, . . . , Lp(n),n placed in parallel. The circuit Cn ends with a small circuit
O ∈ AC0(P ) which computes whether x ∈ L

(
MSAT

)
knowing what is the configuration f .

Clearly, the language accepted by the family of circuits {Cn}, n ≥ 1 is L
(
MSAT

)
, this

family is logspace uniform, have polynomial size and O(logk−1 n) depth.

Now, we shall see that the inclusions in proposition 3 are actually equations.

Theorem 4 For all k ≥ 1, PNP [O(logk n)] = ACk−1(NP ).

Proof We only have to prove that ACk−1(NP ) ⊆ PNP [O(logk n)]. Given a circuit with
oracle gates we define the level of a query as follows: queries at the first level are the queries
that depend on no other queries, queries at the second level all depend on some query at the
first level, and so on.

Let {Cn} be a family of circuits in ACk−1(NP ) with depth d(n) ∈ O(logk−1 n) and p(n)
a polynomial bound on the number of queries in each level. We define X as the set formed by
sequences 〈x, i1, i2, . . . , id(n), o〉 belonging to {0, 1}∗×{0, 1, . . . , p(n)}d(n)×{0, 1} (where n = |x|)
such that there exist strings A1, A2, . . . , Ad(n) in {0, 1}≤p(n), each of them representing possible
answers to the queries at levels 1, 2, . . . , d(n) respectively and verifying the following:

Ad(n) has jd(n) “YES” answers and these answers are correct if the inputs to queries of level
d(n) are computed from x,A1, A2, . . . , Ad(n)−1.
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Input x

Initial configuration of MSAT on x

circuit circuit circuit
for for for
L1,n L2,n Lp(n),n

. . . . . .

Configuration of MSAT on x after c logk−1 n queries

circuit circuit circuit
for for for
L1,n L2,n Lp(n),n

. . . . . .

Configuration of MSAT on x after 2 · c logk−1 n queries

· · · · · · · · ·
· · · · · · · · ·

Configuration of MSAT on x after c logk n queries

Circuit O

Figure 2.

Ad(n)−1 has jd(n)−1 “YES” answers and these answers are correct if the inputs to queries
of level d(n)− 1 are computed from x,A1, A2, . . . , Ad(n)−2.
. . .

. . .

A1 has j1 “YES” answers and these answers are correct if the input to the circuit is x.
Finally, 〈j1, j2, . . . , jd(n), o

′〉 ≥ 〈i1, i2, . . . , id(n), o〉, where ≥ denotes the lexicographical order
and o′ ∈ {0, 1} is the output of the circuit Cn on input x taking A1, A2, . . . , Ad(n) as the
answers to the queries.

Facts:

1. X ∈ NP .

2. X is closed by lexicographical ≤ order: if 〈a1, a2, . . . , ad(n), oa〉 ≤ 〈b1, b2, . . . , bd(n), ob〉 and
〈x, b1, b2, . . . , bd(n), ob〉 ∈ X, then 〈x, a1, a2, . . . , ad(n), oa〉 is also in X.

3. Fixed x of length n, we define

〈m1,m2, . . . , md(n), om〉 = max
{〈i1, i2, . . . , id(n), oi〉

∣∣ 〈x, i1, i2, . . . , id(n), oi〉 ∈ X
}

.

This maximum verifies:
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m1 is the number of “YES” answers of Cn on input x at the first level of queries.
m2 is the number of “YES” answers of Cn on input x at the second level of queries.
. . . . . .

md(n) is the number of “YES” answers of Cn on input x at the d(n)th level of queries.
om is the value computed by the circuit.

Fact 1 is easy to prove if we note that the circuits have polynomial size and, in each level
of queries, we only have to check the “YES” answers (of queries to SAT ) supposing that it is
known what were the answers of queries in previous levels.

Fact 2 is an easy consequence of the definition of X.
To show fact 3 just observe that the tuple 〈k1, k2, . . . , kd(n), ok〉 where k1 is the number of

“YES” answers of Cn on input x at the first level of queries, k2 is the number of “YES” answers
of Cn on input x at the second level of queries. . . and ok is the value computed by Cn on input
x, satisfies that 〈x, k1, k2, . . . , kd(n), ok〉 ∈ X. Moreover, if there was 〈x, i1, i2, . . . , id(n), oi〉 ∈ X

such that 〈x, i1, i2, . . . , id(n), oi〉 > 〈x, k1, k2, . . . , kd(n), ok〉 it would imply that either

∃ j, 1 ≤ j ≤ d(n) : i1 = k1, . . . , ij−1 = kj−1, ij > kj

or otherwise oi > ok. In the first case, i1 = k1, . . . , ij−1 = kj−1 implies that the queries answered
“YES” in the first j − 1 levels of queries must be exactly the same (remember the meaning of
kl’s). Therefore, queries to oracle gates of level j are the same in both cases and ij > kj is
an obvious contradiction. On the other hand, in the second case, if oi > ok and for all j,
1 ≤ j ≤ d(n) is ij = kj , using a similar argument we also get a contradiction.

Now, using facts 1, 2 and 3, it is easy to prove that ACk−1(NP ) ⊆ PNP [O(logk n)]. Given
an input x of length n to the circuit Cn we can determine if Cn accepts x with a Turing machine
which proceeds as follows:

Using binary search, it determines

〈m1,m2, . . . , md(n), om〉 = max
{〈i1, i2, . . . , id(n), oi〉

∣∣ 〈x, i1, i2, . . . , id(n), oi〉 ∈ X
}

;

this can be done with at most d(n) log p(n) + 1 queries to X (observe that d(n) log p(n) ∈
O(logk n)). Then it accepts x iff om = 1. This Turing machine recognizes the language accepted
by the circuits.

Finally, knowing that X ∈ NP by fact 1, we may conclude that

L ({Cn}, n ≥ 1) ∈ PNP [O(logk n)].

Similar sets, but simpler, were defined by Buss and Hay to show that, for reducibility to
the NP -complete problem SAT , polynomial time truth-table reducibility via Boolean circuits
is equivalent to logspace truth-table reducibility via Boolean formulas (Th. 2 [BH-91]).

Corollary 5 For any integer k ≥ 1, PNP [O(logk n)] = PNP
‖O(logk−1 n)

.

Proof (⊆) Observe that ACk−1(NP ) ⊆ PNP
‖O(logk−1 n)

, therefore this direction follows directly
from theorem 4.

(⊇) (sketch) Given a polynomial time Turing machine M that makes at most O(logk−1 n)
rounds of parallel queries on inputs of length n, we can define (doing a few evident changes) the
set X as in the proof of theorem 4 and verifying the same properties. Now, this direction is also
clear.
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4. The Extended Boolean hierarchy with superpolynomial bounding functions

Cai and Hemachandra introduced the Boolean hierarchy in [CH-86]. They considered the
boolean functions:

h1(x1) = x1

h2k(x1, x2, . . . , x2k) = h2k−1(x1, x2, . . . , x2k−1) ∧ ¬x2k

h2k+1(x1, x2, . . . , x2k+1) = h2k(x1, x2, . . . , x2k) ∨ x2k+1

for all k, k ≥ 1. With these functions they define the classes of languages NP (k):

A ∈ NP (k) ⇐⇒ ∃B1, . . . , Bk ∈ NP such that
cA(x) = hk(cB1(x), . . . , cBk

(x)) for all x.

Finally, they defined the Boolean hierarchy

BH =
⋃

k≥1

NP (k).

Köbler, Schöning, Wagner and Wechsung gave in their papers [KSW-87] and [WW-85]
different definitions of the Boolean hierarchy. With the results presented in [WW-85] it could
be proved that all three definitions are equivalent; they gave the following characterization for
NP (k):

A ∈ NP (k) ⇐⇒ ∃B ∈ NP such that cB(x, i + 1) ≤ cB(x, i) for all i, i ≤ k and
cA(x) ≡ ∑k

i=1 cB(x, i) mod 2.

From these results and those presented in [Be-87], it could be proved that the Boolean hierarchy
coincides with the constant query classes:

BH = PNP
‖ [O(1)] = PNP [O(1)].

The Extended Boolean hierarchy considers classes NP (r) for non-constant bounding func-
tions r. Naturally, classes NP (r) are defined as

A ∈ NP (r) ⇐⇒ ∃B ∈ NP such that cB(x, i + 1) ≤ cB(x, i) for all i, i ≤ r(|x|) and
cA(x) ≡ ∑r(|x|)

i=1 cB(x, i) mod 2.

It is shown in [BH-91] and [Wa-90] that NP
(
nO(1)

)
= Θp

2. Also, in the second paper it is proved
that

NP
(
2nO(1)

)
= ∆p

2.

Wagner asked in his paper [Wa-90] what could be said about other superpolynomial bounding
functions. We answer this question below, using ideas from the proof of theorem 4.

Theorem 6 For all k ≥ 1,

PNP [O(logk n)] = NP
(
nO(logk−1 n)

)
.
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Proof (⊇) Given a set A ∈ NP (b(n)), where b(n) ∈ nO(logk−1 n), we know by definition that
there exists a set B ∈ NP such that

cB(x, i + 1) ≤ cB(x, i) for all i ≤ b(|x|) and

cA(x) ≡
b(|x|)∑

i=1

cB(x, i) mod 2.

We consider a Turing machine M with oracle B which on input x works as follows:

First, it determines the maximum i such that 〈x, i〉 ∈ B. By the first property of B this
can be done with a binary search with only log b(|x|) queries to B.

Second, using the second property of B, M accepts x iff i is odd.

Clearly, L(M) = A, M works in polynomial time and makes at most O(logk n) queries on
inputs of length n.

(⊆) By the theorem 4, it is sufficient to prove that ACk−1(NP ) ⊆ NP
(
nO(logk−1 n)

)
.

Given {Cn}, n ≥ 1 a family of circuits in ACk−1(NP ) with depth d(n) ∈ O(logk−1 n) and
p(n) a polynomial bound on the number of queries in each level, we define the set X as in the
proof of theorem 4. Remember facts 1, 2 and 3 that this set verifies. From fact 3, it is easy to
see that

x ∈ L(Cn) ⇐⇒ (
m = max

{〈i1, i2, . . . , id(n), oi〉
∣∣ 〈x, i1, i2, . . . , id(n), oi〉 ∈ X

})
is odd.

Obviously,

m ≤ 2p(n)d(n) ∈ nO(logk−1 n).

Now, considering B =
{〈x, i〉

∣∣ 〈x, i〉 = 〈x, 〈i1, i2, . . . , id(n), oi〉〉 ∈ X
}

and using facts 1 and 2,
we may conclude that

L ({Cn}, n ≥ 1) ∈ NP
(
nO(logk−1 n)

)
.

5. PNP [O(logk n)] and circuits of small size

Allender and Wilson showed in their paper [AW-90] that for functions b(n) bounded by a poly-
nomial in n, NP (O(b(n))) is equal to the class of languages which are reducible to languages
in NP via reductions of size log b(n) + O(1). Thus, as a consequence, they obtained circuit
characterizations of PNP [O(log n)]. However, it was not know whether similar results hold for
other kinds of bounding functions. Now, we shall prove that the same results remain true for
bounding functions b(n) ≤ 2nO(1)

.

Proposition 7 For any bounding function b(n) ≤ 2nO(1)
, NP (O(b(n))) is equal to the class

of languages which are reducible to languages in NP via reductions of size log b(n) + O(1).
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Proof (⊆) This direction can be done following exactly the (left to right) proof of theorem 4
of [AW-90]. Given A ∈ NP (b(n)) let B be the set in NP such that

1. x ∈ A ⇐⇒ max
{
i ≤ b(n)

∣∣ 〈x, i〉 ∈ B
}

is odd.
2. If 〈x, i〉 ∈ B, then 〈x, i− 1〉 ∈ B.

First, query if 〈x, 10 . . . 0〉 is in B; call the answer to this query b1. Next query if 〈x, b11 . . . 0〉 is
in B. It is clear how to proceed. Note that exactly dlog b(n)e gates are necessary.

(⊇) Let A be reducible to SAT via circuits {Cn}, n ≥ 1 of size log b(n)+O(1). Let d(n) be
the depth of circuit Cn and let p1(n), p2(n), . . . , pd(n)(n) be the number of queries of that circuit
on levels 1, 2, . . . , d(n) respectively. Note that these functions can not be superpolynomial and:

p1(n) + p2(n) + · · ·+ pd(n)(n) ≤ log b(n) + a,

where a is a constant. We define the set X as in the proof of theorem 4 (but with the new
bounds p1(n), . . . , pd(n)(n) on the levels of queries). Clearly, facts 1, 2 and 3 remain true. Now,
as in the proof of theorem 6, we have

x ∈ L(Cn) ⇐⇒ (
m = max

{〈i1, i2, . . . , id(n), oi〉
∣∣ 〈x, i1, i2, . . . , id(n), oi〉 ∈ X

})
is odd;

where ij ≤ pj(n). Thus

m ≤ 2p1(n)p2(n) · · · pd(n)(n) ∈ O(b(n)).

Now, from theorem 6 and proposition 7 we have a new characterization for PNP [O(logk n)].

Corollary 8 For all k ≥ 1, PNP [O(logk n)] is equal to the class of languages which are
reducible to languages in NP via circuits of size O(logk n).

This corollary gives a strong connection between classes defined by polynomial Turing
machines with few queries to an NP oracle and classes defined by small size circuits with
NP oracle gates.

6. Separation with oracles

In [LT-91] there is exhibited a set A such that the classes Θp
2 and ∆p

2 are different relativized to A

(this is also shown in [BH-91]). Here, applying similar methods, we extend that result by showing
that there exists a relativized world where PNP [O(logk n)] is different from PNP [O(logk+1 n)]
for any integer k ≥ 1. As a consequence, we can obtain relativized separations between some
circuit classes.

Theorem 9 There exists a recursive set A so that for any integer k ≥ 1:

PNP (A)[O(logk+1 n)]− PNP (A)[O(logk n)] 6= ∅.

10



Proof We will introduce a language Lk+1(A) with the property that for any A, Lk+1(A) ∈
PNP (A)[O(logk+1 n)]. Afterwards, a specific oracle A will be constructed so that for all k ≥ 1,
Lk+1(A) /∈ PNP (A)[O(logk n)]. Let Lk+1(A) be the set defined as follows:

Lk+1(A) =
{

0n
∣∣ A=logk+1 n = ∅ or the minimum word of length logk+1 n in A is even

}
.

First, we can see that for any A, Lk+1(A) ∈ PNP (A)[O(logk+1 n)]: Note that the language
S =

{
y

∣∣ ∃x ∈ A, |x| = |y|, x ≤ y
}

belongs to NP (A), and for any integer m ≥ 0, it verifies:
i) min S=m = min A=m

ii) if z and y are words of length m such that z ≥ y and y ∈ S, then z belongs to S.
Now it is clear how to proceed, doing a binary search over the words of length logk+1 n we only
have to do logk+1 n queries to S to find the minimum.

Second, we construct a specific oracle A such that Lk+1(A) /∈ P
NP (A)

‖O(logk−1 n)
. Note that this

class is the same as PNP (A)[O(logk n)], as it is shown in corollary 5. Let us consider M1,M2, ...

and N1, N2, ... enumerations of the deterministic and nondeterministic Turing machines respec-
tively, where a machine i has running time bounded by a polynomial pi. It is well known that,
for every set B, the set:

K(B) =
{〈j, y, 0t〉

∣∣ Nj with oracle B accepts y in at most t steps
}

is complete for the class NP relative to B. So, we can suppose that deterministic machines
always make queries of type 〈j, y, 0t〉 to the oracle K(A).

A is constructed in stages. At stage s = 〈i, k, c〉, if the machine Mi on input 0ns makes
at most c logk−1 ns rounds of parallel queries, we will add words of length logk+1 ns to A,
diagonalizing away from the language recognized by Mi. We will also keep a list A′ of words
that will never be included in A: for every query q = 〈j, y, 0t〉 of Mi to K(A) answered positively,
we will include in A′ the list of words that are not in A and are queried in a certain accepting
path of Nj on input y.

Let us suppose that Mi makes at most c logk−1 ns rounds of parallel queries (otherwise, we
finish stage s). We say that machine Mi behaves correctly with input 0ns and oracle K(A) if it
accepts (rejects), and the minimum word of length logk+1 ns in A is even (odd). If so, we will
add a new odd (even) word w to A of length logk+1 ns and smaller than the existing ones, in
such a way that it does not affect the positive answers of the queries to K(A). Machine Mi, with
the new oracle, either behaves incorrectly or has a round of queries r, (1 ≤ r ≤ c logk−1 ns) such
that, at any previous round r′, 1 ≤ r′ < r, the answers to the queries remains the same, but at
round r there is, at least, one more query answered positively. In other words, if we denote by
〈a1, a2, ..., ad(ns)〉, d(ns) = c logk−1 ns, the sequence of numbers of queries answered positively
in each round by the machine Mi with oracle K(A), the new sequence 〈b1, b2, ..., bd(ns)〉, corre-
sponding to Mi with the new oracle K(A∪{w}), will be greater (in lexicographical order) than
〈a1, a2, ..., ad(ns)〉. Since the number of different sequences is pi(ns)d(ns) ≤ 2b logk ns , repeating
the above procedure 2b logk ns many times we can diagonalize away from Mi.

stage 0
A(0) := ∅
n0 := 0

11



endstage
stage s = 〈i, k, c〉

Let ns be the smallest integer such that
(1) logk+1 ns is larger than anything queried or added to A at any previous stage
(2) 2 · (2b logk ns · p2

i (ns) + 2b logk ns) < 2logk+1 ns

Check that Mi(0ns) has at most c logk−1 ns rounds. If not, skip the stage
A′ := ∅
A(s) := A(s− 1)
d := 1; ud := 1logk+1 ns

repeat
A(s) := A(s) ∪ {ud}
compute all the queries made by Mi on input 0ns and oracle A(s)
for all the queries ql = 〈jl, yjl

, 0tjl 〉 do
if Njl

with oracle A(s) accepts yjl
in less than tjl

steps then
A′ := A′ ∪ {words queried in the minimum accepting

path for N
A(s)
jl

that are not in A(s)}
endif

endfor
d := d + 1
ud := max{x : |x| = logk+1 ns and (x is even ⇐⇒ ud−1 is odd)

and x /∈ A′ and x < ud−1}
until 0ns ∈ L(Mi,K(A(s))) ⇐⇒ 0ns ∈ L(Mi,K(A(s) ∪ {ud}))
if Mi(K(A(s))) behaves correctly then

A(s) := A(s) ∪ {ud}
endif

endstage.

Note that the selected word ud included in A(s) in each iteration always exists since in A′

there are at most 2b logk ns ·p2
i (ns) reserved words and before including ud we could have included

at most 2b logk ns words of length logk+1 ns in A.

Corollary 10 There exists an oracle A such that:
1. AC0(NP (A)) ⊂ AC1(NP (A)) ⊂ · · · ⊂ PNP (A)

2. For any integer k ≥ 1: NCk(NP (A)) ⊂ ACk(NP (A))
3. NC1(NP (A)) ⊂ NC2(NP (A)) ⊂ · · · ⊂ PNP (A)

where “⊂” denotes proper containment.

Proof The first statement follows directly from theorem 4 and theorem 9. For the second
point we only give an outline of the proof: it is not difficult to prove that NCk(NP ) ⊆
PNP
‖O(logk n/ log log n)

. Now, note that the set A constructed in the proof of theorem 9 gives,

in fact, a relativized separation between PNP
‖O(logk n/g(n))

and PNP [O(logk+1 n)] for any function
g(n) ∈ ω(1): the condition (2) of the algorithm over ns will be also satisfiable if on the left
hand of the inequality we change logk ns by logk+1 ns/g(ns). Finally, the third statement is an
obvious consequence of the previous ones.
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Conclusions

We have shown different characterizations for some complexity classes between Θp
2 and ∆p

2. In
particular, we have determined what the classes of languages ACk reducible to NP are and we
have obtained circuit characterizations for the Extended Boolean hierarchy with superpolynomial
bounding functions. However, all the circuit characterizations are based on ACk circuits or on
circuits of small size; we have not obtained characterizations based on NCk circuits, but will
continue our work in this direction.

It seems an interesting problem to study the NCk complexity classes with oracle gates in
NP and to show relationships between these classes and those present in this paper. Concretely,
it would be nice to show that NC1(NP ) = Θp

2: in this case the well known inclusions AC0 ⊂
NC1 ⊆ L would collapse when the relativized versions to NP were considered, in contrast with
the general relativized case (see [Wi-87]). On the other hand, if the equality NC1(NP ) = Θp

2

fails we would find an irregular situation: while it holds that AC0 ⊂ NC1 ⊆ L unrelativized,
the first and the last relativized to NP counterparts would coincide, but the middle one would
not.
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