Lecture 7
Model matching

This lecture follows Chapter 9 of Doyle-Francis-Tannemnbau

17013 — IOC-UPC, Lecture 7, November 23rd 2005 — p. 1/21



Model matching (1)

We study an hypothetical problem, the model matching
problem, which will be used in later lectures.

Let T} (s) andT;(s) be stable, proper, real-rational transfer
functions (.e. In Q).

Themodel matching problemis to find a stable transfer
function@(s) that minimizeg|7T; — T5Q)|| .-

Interpretation; is a model,l; is a real plant, and) is a
cascade controller such tHAL() approximateq?.

() Is required to be stable but not necessarily proper (this
makes the problem easier).

We will assume thals has no zeros on the imaginary axis.
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Model matching (Il)

Define the minimum model-matching error

Yopt = min HTl — TZQ‘ ‘ooa

where the minimum is taken over all the stajls. A Q)
achieving the minimum is said to logtimal.

If T} /75 is stable, the optima) is

Q="T/T

and/YOpt — O

Next in order of complexity is whefi; has only one zero In
the (open) right-half plane, say at sq, ®(sg) > 0. Now
T, /T is not valid because it is not stable.
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Model matching (Il

If () Is stable and () has finiteoo-norm (.e. 150 € O;
this means thdt,, restores the properness@f if () was
not proper), then by the maximum modulus theorem

[T — T2Q||oc = [T1(80) — T2(80)Q(s0)| = |T1(s0)l,

S07opt > | T (s0)|-

The function
0= 1 —51(30)
2
IS stable (there is pole-zero cancellatiors at s;) and
yields the valueT’ (s,)| for the model-matching error.

Henceyon: = |11 (s0)| and the giverg) is optimal.
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Model matching (1V)

Example. If
4 s — 2
Ti(s) = Ty(s) = 5+ 1)

s+ 3
we haveyqp = 11(2) = 4/5 and the optimal) (notice that
It IS not proper) Is

4(s +1)°

5(s+3)

This Is the best we can do to approximateby 750
uniformly over the imaginary axis(= jw).

Q(s) =

To solve the problem in general, we need the mathematics
of rational interpolation theory.
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Nevanlinna-Pick problem (1)

Let Q. denote the set of stable, propeomplex-rational
functions. For instance,

(1+7)s+2j
s+1-+7

belongs toQ...

Theoo-norm, maximum magnitude on the imaginary axis,
can be defined as we did for real-rational functions.

Let{a,as,...,a,} be asetof distinct points in the
J(s) > 0 region, and lef by, bs, ..., b,} be any set of
points in
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Nevanlinna-Pick problem (I1)

TheNevanlinna-Pick interpolation problem, ot the NP
problem for short, is to find a functio@ € Q. such that
1. ||G]|e < 1.

2. G(CLZ) — bZ,Z: 1,2,...,n.
The problem is not solvable for all dafa, b}. An obvious
necessary condition ig;| < 1,7 =1,2,...,n, because the

maximum module theorem can be appliedie&E Q. and
|Glle < 1 would be violated ifb;| > 1 for a giveni.

To state precisely when the NP problem is solvable, we
need some facts about complex matrices.
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Nevanlinna-Pick problem (llI)

Let M be a square complex matrix and Jet’ denote its
complex-conjugate transpose. Notice that’)" = M.

If M = MT, M is said to beHermitian .
The eigenvalues of an Hermitian matrix are all real.

If M Is Hermitian, it is said to beositive semidefinitelf
"Mz > 0 for all complex vectors;, andpositive definite
if "Mz > 0 for all nonzero complex vectors This is
denoted ag/ > 0 andM > 0 respectively.

One has thad/ > 0 iff all the eigenvalues are 0, and
M > 0 iff all the eigenvalues are 0 (this makes sense
because the eigenvalues are real).
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Nevanlinna-Pick problem (1V)

To the data of a given NP problem we can associate a
complex matrix}) whose element§),, are
1= b

ai+&j

Qij

This is called thé?ick matrix .
() Is Hermitian:

a; + a; a; + a;

Qji = = Qj-

Theorem (Pick’s theorem)

The NP problem is solvable iff) > 0
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Nevanlinna-Pick problem (V)

Pick’s theorem gives an easy way to check whether the NP
problem is solvable for given data: just constrgcand see
If its smallest eigenvalue is nonnegative.

It is easy to see thap > 0 implies|b;| < 1 for all ¢, which
we saw was a necessary condition.

The proof of the suficiency part illustrates in
system-theoretic terms how the Pick matrix arises. It has to
do with dissipative systemsi.e. systems for which the
outgoing energy is less than or equal to the incoming
energy. See DFT for detalls.
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Nevanlinna'’s algorithm (1)

We will see a procedure to construct a solution of \hE
problem when it is solvable. First the case- 1 will be
solved, and the case withpoints will be reduced to the
n — 1 points case.

Let D denote the open unit disk in |z| < 1, and letD
stand for the closed unit dislg| < 1.

A Mobius function is a complex-rational first-order
function of the form

z—b
Mb(z)zl—z@

foranyb € satisfying|b| < 1.
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Nevanlinna’s algorithm (1)

Mobius functions have the following properties:

1. M, is analytic inD.

2. If|z] = 1then|My(z)| = 1.

3. M, mapsD ontoD, i.e. if |z| < 1then|M,(z)| < 1.
4. The inverse map (in the sense of composition) is

_ z+0b
M, 1(2) — 1+ 2b = M_(2),

and hence it i1s also a Mdbius function.

We will also use the all-pass function

s—a
Aus) = . R(a) > 0.
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Nevanlinna’s algorithm (l1)
We will first solve the NP problem for the dada, b;.

If |b;| = 1, a solution is given by the constant function
G(s) = by. Using the maximum modulus theorem it can be
seen that this solution is unigue.

If |b1| < 1, there are an infinite number of solutions, which
are characterized by the following
Lemma 1 The set of all solutionsis

G 0 G(s) = Moy, (G1(5) Ay (5)), G € Qe [|Galfo0 < 1}

If G, Isall-pass, soisG.
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Nevanlinna’s algorithm (V)

Now we turn to the NP problem with points. The
problem is assumed to be solvable.

If |b;| = 1, we have again that the unique solution must be
G(s) = by and, since the problem is solvable, the datest

satisfyb; = by = --- = b,,.
If || < 1, consider a new NP problem (call it NP’), with
then — 1 data pointsi,, as, . . ., a, andb;, bs, ..., b, where
My, (b;) .
b = A ), i =2,...,1n.

Z Aa1 (a’t)
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Nevanlinna’s algorithm (V)

Now we have the main result

Lemma 2 The set of all solutionsto the NP problemis
given by the formula

G(S) = M_y, (Gl(S)Aal (S))a

where (G; ranges over all solutions of the NP’ problem. If
(G 1sall-pass, sois .

Since the solution for = 1 can be choosen to be all-pass,
the NP problem always has an all-pass solution.
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Nevanlinna’s algorithm (VI)

In our application of the NP theory to the model-matching
problem, the datda, b} will have conjugate symmetry; that
is, if a;, b; appears, so will the conjugate pair b;. Then
we will want a real-rational solution instead of complex.
The solutionGG to the NP problem can be written uniquely
as

G(s) = Gr(s) + jGi(s)

where both7  andG'; are real-rational. We have then

Lemma 3 For conjugate-symmetric data, Gr € Q and Gr
IS a solution to the NP problem.
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Model-matching solved (1)

Let us use now NP theory to solve the model-matching probkamsimplicity we will
assume thals has no repeated zerosit(s) > 0.

The minimum model-matching erroyept, €quals the minimuny such that

Ty — 1>
1Ty — T2Qlo <, oOF H Q|| <1
Y 00

for some stablé&).

Fix v > 0 and consider all the stable functions of the form
1

Now the problem is to find the minimumsuch that|G||c < 1 with G € Q. However,
there arg’’s of the above form i@ such that) is not stable, and we must exclude them
when computing this minimum. This is where the NP probleneenthe scene.

If z;,4=1,...,n are the (non repeated) zerosiefin R(s) > 0 then, if

1
G(zi) = ;Tl(zi), i=1,...,n,
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Model-matching solved (ll)

Summing up, we have to find the minimuy> 0 so that
G € Q and

This is a NP problem with dat@; = z;,b; = v 'T1(2;)).

The corresponding Pick matrix can be written as
A — 7_23

whereA and B have elements

1 b;b;
and 2
a; + a; a; + a;

respectively.
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Model-matching solved (llI)

From Pick’s theorem, we know thag,: equals the
minimum- such that

A—~"2B>0.

It can be shown that the matrik is positive definite (this is
because the; are distinct), and that a square root matrix
A'7? such thatd'/2AY2 = A can be computed. Denote its
inverse byA—'/2. Then we have the following lemma,
which is a simple result in matrix theory:

Lemma 3 o, equals the square root of the largest
elgenvalue of the matrix

ATYEBATIZ,
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The algorithm (1)

Tracing backwards, we get the following procedure for sujvi
the model-matching problem:

InpUt: 17, 15.

Step 1: Determinéz;,» = 1,...,n}, the (distinct) zeros df;
in RN(s) > 0.

Step 2: Definé; = T1(z;) and form the matrices

1 b.
A:< ) andB:(”zbﬂ).
Zi—|—2j Z@'—|—Zj

Step 3: Compute,,: as the square root of the largest
eigenvalue ofA=1/2BA~1/2,
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The algorithm (1)

Step 4: Solve the NP problem with d&tg, v,,;0; }. Denote the
solution byG.

Step 5: Set

17 — ’YoptG
15 '

Q) =

Since the solutiodr in Step 4 can always be chosen to be
all-pass, for the optimal) the error transfer functioi; — 750
equalsyyp: times an all-pass function.
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