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The buck converter
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u = 1 < closed )
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In adimensional variables (v ~ z, ¢ ~ y)

r = —x+vy
= —yz+yVO(r(t) — x)




The QR decomposition (1) v

* System in R™ and its tangent map with respect to a
trajectory zy(t), z = x — z((t),

dx dz OF
a_F(g;;,t)7 = z=DF(t) -z

To (t)

* Solution: z(t) = M (¢)z(0) where M(t) = Telo PF(s)ds

* SVD decomposition: M(t) = U(t) - A(t) - V¥ (t), with
U(t),V(t) orthogonal, A(t) diagonal.

* Infinite-time Lyapunov exponents: eigenvalues \; of

1

' A= Tim (MT(£)M(#)*




The ()R decomposition (11) v

* @R decomposition: M (t) = Q(t) - R(t), where
* Q(t) is orthogonal
* R(t) is upper-triangular and with positive diagonal
elements A;(t)

* It can be shown that

1
Ai = lim —log A;(?)

t—oo 1

* The QR formulation is optimal: it uses the minimum
number of variables.




The QR decomposition (111) l'
* From M = DF - M it follows
Q"TQ+RR'=Q"-DF-Q=S.

* () can be parameterized with n(n — 1)/2 angles 6.

* One gets the separable equations
plus the nonlinear equations

0i = 9i(0), i>j




()R for the buck converter ( I)v

* If (xo(t),yo(t)) is a reference trajectory

DF — —1 1
( (1 + V(r(t) — zo(1)) 0 )

* Since n = 2, there’s only one angle 6,5(t) = «a(t) and

o ( 0 a) Rt — (Al(t) ra(®) )
—a 0 0  As(t)




QR for the buck converter (11

* The equations to be solved are

A

A_l = —cos’a+ (y—1)sinacosa +~vV(r(t) — zo(t)) sin o cos o
1

A2 . 2 . .

A, = —sin a+ (1 —~)cosasina —vVé(r(t) — xzo(t)) cosasina
2
& = —sin®a—cosasina —~(1+ Vé(r(t) —zo(t)))cos? a

* With A;5(t) = exp A1 2(t), one has

() + Ao (t) _
t

—1

° If A (2) = A(t), A(t)/t will asymptotically give the largest
Lyapunov exponent (LLE).




L LE for the buck converter (I

® Numerical integration, step function approximated by an arctan with high
coefficient
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¢ Gives thl LLE of the dominant attracting set.




L LE for the buck converter (I

* For a T-periodic orbit switching at ¢ = ¢,

1
|7;(tc) o jjO (tc) ‘

° Ifv =~V/|r(t.) — 2o(t.)| One gets

O(r(t) — wo(t)) = o(t — tc)

& = sina+sinacosa+ (y+vi(t—t.)) cos’a

A = —cosla+ (y+vé(t—t,)—1)sina cosa,
* Exact integration + discontinuities at ¢t = ¢,:

tana(t]) —tana(t;) =

| AED) = A7) =




L LE for the buck converter (IT1)

¢ Recurrence relation for a, = a(nT) and A, = A(nT):

A+ B+ r,
Tn =
i 1— AB — Arp,
1 (tan2 Qant1 + 1) (tan2 an + tanag, + 'y)
Ant1 = <=lo

2 & (tan? apy, + 1) (tan? ap41 + tanap41 + )

M, 24+ M, 1
(My, +v)% + +”+7)——T+An
(M%+Mn ‘|"Y) 2

+ log

where y = /v —1/4, A = tanuT, B =v/u, My, = pr, — 1/2 and

tan ay, + 1/2)

rn = tan (,utc + arctan
7
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L LE for the buck converter M

* Numerical iteration for \,, (left) and asymptotic values
of a,, and A, (right) in terms of V:

T T
OM\M
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* A\(t): linear + bounded oscillation

* When («,,) does not converge, A = —1/2.




Analytical results

¢ The above results have been proved analytically and extended to higher period
orbits.

¢ Dominant attractor (numerical) + T-periodic (analytic) + 27"-periodic (analytic)

2.5

15

05

0 —\\\
05 - --

CENTENARI

19%]

2"J".J ]

E U P V G




Summary and things to do v

()R equations written for the buck converter

Solved numerically for any value of V' and analytically
for periodic orbits.

Analytical results reproduce numerical one when the
attractor is periodic.

Use results for periodic orbits to compute analytical
approximations of LLE in chaotic regime.

Extend to higher order (corrections to linear LLE)
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