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The decomposition (I)
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) Solution: , #'& ( � #'& ( , #> (

where

#& ( � ?A@ B C6 �D 7FE 9

dE

) SVD decomposition:
#& ( � G #'& ( < H #'& ( < ! I #'& (

, withG #'& ( . ! #'& (

orthogonal,
H #'& (
diagonal.

) Infinite-time Lyapunov exponents: eigenvalues

J 
 of
K � LM N8 O �QP
R I #'& ( #'& ( S TU C

NDES2001 — Technical University Delft, 21–23 june 2001 – p.3/14



The decomposition (II)

) VW

decomposition:

#'& ( � V #'& ( < W #'& (

, where

) V #'& (

is orthogonal

) W #& (

is upper-triangular and with positive diagonal
elements

X 
 #'& (

) It can be shown that

J 
 � LM N8 OP
Y

& L[Z \ X 
 #& (

) The

VW

formulation is optimal: it uses the minimum
number of variables.
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The decomposition (III)

) From

� � ; -< it follows

V I � V � �W W � � � V I< ; -< V : ]_^

) V

can be parameterized with ` # ` � Y (a b
angles

" 
c .

) One gets the separable equations

� X 
 � ] 
 
 # " ( X 
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plus the nonlinear equations
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for the buck converter (I)

) If

# � � #'& ( . � � #'& ( (

is a reference trajectory
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) Since ` � b

, there’s only one angle
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for the buck converter (II)

) The equations to be solved are

jlk Tk T � � mno Uqp � 7Fr � � 9o sut p mn o p � r v w 7Fx 7 8 9 � 4 6 78 9 9o sut p mn o p

jyk Uk U � �o sut Up � 7 � � r 9 mn o p o sut p � r v w 7 x 78 9 � 46 78 9 9 mn o p o sut p

jp � �o sut Up � mn o p o sut p � r 7 � � v w 7Fx 78 9 � 4 6 78 9 9 9 mn o Up

) With

X �{z h #'& ( � |} ~ J �{z h #'& (

, one has

� T 7 8 9 � � U 78 9

8 � � �

) If

J � #'& ( : J #& (

,
J #'& (a &

will asymptotically give the largest
Lyapunov exponent (LLE).
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LLE for the buck converter (I)

)

Numerical integration, step function approximated by an �� m � �t with high
coefficient
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Gives the LLE of the dominant attracting set.
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LLE for the buck converter (II)

) For a

�

-periodic orbit switching at
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) If � �  !a � �$ #'&�� ( � � � � #&�� ( �

one gets

�i � � M�� h i � � M� i � Z �i � #  � � g #'& � &�� ( ( � Z �h i

� J � � � Z �h i � #  � � g #'& � &�� ( � Y ( � M�� i � Z �i .

) Exact integration + discontinuities at
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LLE for the buck converter (III)

)

Recurrence relation for p�� � p 7 + I 9

and

�� � � 7 + I 9
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LLE for the buck converter (IV)

) Numerical iteration for

J + (left) and asymptotic values
ofi + and

J + (right) in terms of
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: linear + bounded oscillation

) When

#i + (

does not converge,

J � � Ya b

.
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Analytical results

)

The above results have been proved analytically and extended to higher period
orbits.)

Dominant attractor (numerical) +

I

-periodic (analytic) +

h I
-periodic (analytic)
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Summary and things to do

) VW

equations written for the buck converter

) Solved numerically for any value of

!

and analytically
for periodic orbits.

) Analytical results reproduce numerical one when the
attractor is periodic.

) Use results for periodic orbits to compute analytical
approximations of LLE in chaotic regime.

) Extend to higher order (corrections to linear LLE)
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