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Abstract

We review the construction of the KdV-type hierarchies of equations using the pseu-
dodifferential operator formalism of Gelfand and Dickey and present the corresponding
bihamiltonian structure.

Keywords: KdV hierarchy, Integrable systems, Bihamiltonian formalism



1 Introduction

Completely integrable systems of partial differential equations have been studied for many
years.[1] The best known example is the original Korteweg-de Vries equation
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This equation exhibits an infinite number of nontrivial conserved quantities and has analytic
solutions in spite on being nonlinear. Later, it was noticed that this was only a particular
equation in an infinite set of integrable systems, a process which culminated in the work of
Drinfeld and Sokolov [2], where a classification scheme based in a Lax-type formalism was
constructed. Recently [3][4], integrable systems have been shown to be related to Conformal
Field Theory (CFT) and this has sparkled a new interest in this field.

Here we review the KdV-type hierarchies of equations using the pseudodifferential op-
erator (PDO) formalism of Gelfand and Dickey. We emphasize the bihamiltonian structure
which seems to be the fundamental mark of integrable systems. Our presentation closely
follows [5].

In Section 2 we present the hierarchy of KdV equations in terms of the PDO formalism
and construct the infinite set of first integrals and the soliton solutions. In Section 3 we
give the algebraic scheme of an abstract hamiltonian formalism which is employed then in
Section 4 to derive the bihamiltonian structure of the KdV hierarchy. We show how the
second hamiltonian structure of the KdV equation gives rise to a classical representation of
the Virasoro algebra. Some lengthy demonstrations are given in the appendixes.
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2 KdV hierarchies

We are interested in systems of nonlinear partial differential equations which have analytic
solutions and an infinite set of conserved quantities. The linear differential operator

L=0"+ 20" 2+ 4+ u10+ ug, (2)

where u; = u;(z) and 9 = f—m, will prove to be relevant. First we need some technology.

2.1 Pseudodifferential operators

Let us consider the algebra of polynomials in ug, u1,..., u,—_2, and their derivatives of arbitrary

order: A
{ugj)}]:07...,+oo

i=0,0;n—2

with real or complex coefficients. In this algebra we define a derivation obeying

(fg) = (0f)g+ f(99),

811,(]) — u(j+1)

1 Y

and a differential algebra, A, is obtained.
Besides 9, other derivations £ may be defined. We only need to know the action of £ on
the generators of the algebra. Let

§u5j) = Q4 j-

Then, for any f € A,
of
§f = gk ai,kau(k).



Derivations commuting with ¢ will play an important role. For them we have
k+1 k k
aippr = &ul" = cou = ocul?) =y,

s0 a; = OFa; = al(»k), with a; 0 = a;. Thus, if [£,0] =0,

n—2 +oo
¢f = zzwaf

i=0 k=0
Let a = (ag,...,an—2) design a set of n — 1 elements of A and
NS0
0o = ; kZ:OaZ- o (3)

It is easy to see that this is a derivation in A. The set of all operators of this form is a Lie
algebra with the Lie bracket

[Oas O] = Oa,b—0yas (4)

Notice that 9,b is again a set of n — 1 elements of A, with
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(
J=0 k= U

and expression (4) makes sense. Sometimes we will refer to J, as a vector field, although no
manifold is present. This Lie algebra will be a fundamental ingredient in the construction of
the hamiltonian formalism. As a particular case, v’ = (u(, ..., u,,_,) and

n—2 400

'_ZZ (k+1

=0 k=0

:8.

We have the following
Proposition 2.1 The derivation 9, defined by (3) commutes with 0.

PROOF: First let us remark that this proposition has nothing to do with [0, d,/] = 0, which
is also true, where the bracket is the Lie bracket defined in (4). What we have to show is
that, for any f € A,

(00 — 00,)f = 0

In fact, due to the derivation properties, it suffices to take as f any generator of the algebra,
that is, f = ugj ). Then

n—2 +oo ) ) )
00, =" "0 = 9y = al*Y,
k

k=0 1=0

and, on the other hand,

2_: SO0 o

k=0 = 8uk

Our next step will be the definition of an integration. As long as we discuss the construc-
tion of the KdV-hierarchies, the class of functions u;(z) is not important and so, given f € A,



the definition of [ f only requires two properties: linearity and | f* = 0. Hence an integral
is an homomorphism of a linear space 4 onto another linear space £ such that 0.4 — 0. We
define

A= A/OA.

We call A — A the formal integral and denote it by

-1

Any explicit integral associates an element of £ to each class in A, and hence can be lead
through our formal integral. In other words, the formal integral of f € A is the equivalence
class of f modulo exact derivatives.

Proposition 2.2 The vector fields 0, act on the integrals according to

0.f = [t

PROOF: We only have to show that the result does not depend on the representative chosen.
If f, g € f, we have f — g = Oh for some h € A. Using proposition 2.1 we get

aaf - aag = 8a(f — g) = 0,0h = 00,h
and so d,f and J,g belong to the same class of equivalence.q

Proposition 2.3 The following relation holds

n—2
- 5f
Duf = / > <La
=0

where .
of R, of
5ui_k2:0( 0 5

is the standard variational derivative.

PROOF:

aafz/aaf:/gioag’“) of —/ni

(k)
i=0 k=0 u; i=0

(f(—awi)

k
k=0 a“z( )

where we have used k times the property [ fg' = — [ f'g.q
Let us consider the formal series

X = Z X;0°, (5)

with X; € A amd m being arbitrary. These series can be added and multiplied together
and multiplied by elements of A. This turns the set of all such series into a module over A,
which is called the ring R of pseudodifferential operators (PDO). The pseudo comes from the



negative powers of 0, which act as an integration. We will use the notations R4+ and R_ to
design the set of differential and integral operators, respectively:

Ry = ) X0,

R_ = {;Xc‘)}

Other notations such as

—2
R(—o0,-2) :{ > Xiai}
1=—00
will be also used. Projections of a PDO on its differential and integral parts will be also
denoted by the subscripts 4+ and —.
We will frequently use the following formula, which is a generalization of Leibnitz’s rule:

Pr=y (5) o0 (6)
i )
=0

with k € and f € A. Here

If k > 0, this series terminates because
k

< ) =0 ifi> k.
i

of = fo+f,
a2f — f82_|_2f/a_|_f//

For instance

For k < 0 the series is actually infinite and we have, for instance,
+OO . . .
871]@ _ Z(_l)lf(l)aflflv
i=0

where we have used

Using Leibnitz’s rule we can rewrite any PDO in the dual left form

X = Emj X}

1=—00

Definition 2.4 The residue of a PDO is the coefficient of 0~ in its right form:

res (Z Xiﬁi) =X_;.



Lemma 2.5 If a PDO X is rewritten in its left form one as X*; = X_;.

PrROOF: 071X*, = X* 07! 4 0(972), and no other term can contribute to 1.9

Proposition 2.6 For any PDOs X and Y there exists an h € A such that
res[X,Y] = Oh.

PrROOF: Due to the linearity of the above expression, it suffices to verify it for monoms
X =X;0'and Y = Yj@j (no summation implied). Moreover, we may restrict ourselves to,
say, 1 > 0, 7 < 0,7+ j > —1, since otherwise we may take h = 0 (or interchange i and j).
Then A is given by

. i+J
_ g _ya @)y (i+i-a)
h_<i~|—j+1>z( DX '

a=0
Indeed
X Y(k a]-i—z k Y ] 8Z+] —k
z() > (1
res[X,Y]=X;( ' )yUrth_y. b ecatans
j+i+1)7d + +1)77
But .
(o)
i+7+1 i+ +1
so, finally,

{ +it1 i +it1
res[X,Y] = (Z s 1) (X7 4 ()Y XYY — ong

Corollary 2.7

/res(XY) = /res(YX).

Proposition 2.8 If X =37 X;0" and X,,, = const. # 0, then X! and X1/m exist, are
unique, and commute with X.

ProoOF: We may put X,,, = 1 without loss of generality. Let us write
“l_gm 4 Y_m_laimil + Y_m_2afm72 4.

Then 1 = XX ! determines the unknown coefficients order by order. The first few orders
are

1 =1

0 = Y—m—1+Xm—1

0 = mYmel + X aYoma+Y o+ X o
We obtain a sequence of recurrence equations of the form Y_,,_r = —X,,_r + Qr where
Qy, are differential polynomials in {X;} and {Y;} with j > —m — k. The right reciprocal
can be computed and coincides with the left one. X'/™ is constructed in the same way
using (X/™)™ = 1. Further, [X, X! =1—-1=0. From X = X"/™... X¥/™ we obtain,
commuting both sides with X/ [X, XV/™] =0+ ..-+0=0.9
Corollary 2.9 For arbitrary p, the PDO XP/™ can be constructed. The highest term is &P
and [X, XP/™] = 0.



2.2 Lax pairs and KdV-type hierarchies

Let us introduce a coupling in the space of PDO’s:

(X,)Y) = /res(XY). (7)

If X = Z?:_OQ X0 € R(on—2), then dx will denote the derivation of the type (3) cor-
responding to the set of coefficients X = (Xj,..., X,,—2) (beware of the double meaning of
X).

Now we come back to the linear operator L defined in (2) and introduce, for any f € A,

o Za—l 1oL e Ry (®)

Let us explain the notation. ¢f/dL is, in fact, an integral operator with unbounded
negative indexes because the negative powers of 0 can be indefinitely pushed to the right
with the help of (6). Hence, it would be incorrect to write 6 f /0L € R(_,11,1). However, the
notation employed corresponds to the dual space of R ,_2) under the coupling (7). Indeed,
it is easy to see that if X € R(,_o) then no term of Y with a power of 071 greater than
n — 1 will contribute to the coupling (X,Y’). This is exploited in the following

8Xf:/res<X§—£> <X §—£>

Proposition 2.10

PROOF:
n—2 4oo
~ 0
oxf = [oxs= [ P2 . /
i=0 k=0
_i10f /
_ . i—1 “J
= /Zres (Xza 5%) res ( L)
1=0
Lemma 2.11
OxL = X.
PROOF:
n—2 ' n—2 n—2 400 3u '
OxL = 0x (Zuiawra"):Z Ox ;) 0 ZZX“ =0 Zxal
=0 1=0 i,k=0 =0
Let
P, = (Lm/”)+ = 17" € R m. (9)

Proposition 2.12 The commutator [Pp,, L] belongs to R ,,_2)-
PRrROOF: Obviously [P, L] € Ry. Furthermore
[P, L) = (L™ — L™ L] = — (L™, L).

In the right-hand we have the commutator of two operators of orders —1 and n, so the leading
term is, at most, of order n + (—1) — 1 = n — 2, which completes the proof.§



Definition 2.13 A differential operator P with coefficients belonging to A together with L
make up a Lax pair if [P, L] € R ).

Thus, for any m we have constructed an operator P, which, together with L, make up
a Lax pair. Since [P, L] € R(9,n—2), the derivation Jjp,, 1) can be defined and, according to
lemma 2.11, we get
Op,,,1)L = [P, L.

Now let {u;} depend on an additional parameter ¢t. We write a differential equation
atL = a[P"“L]L,

or

L =[Py, L) (10)

This is equivalent to a system of partial differential equations for {u;}i—o,... n—2 with indepen-
dent variables t and x. The system is determined by two integers, m and n.

Definition 2.14 The system of equations (10) with fixed n and all m is called the nth KdV-
type hierarchy of equations. The 2nd hierarchy is called the KdV hierarchy in the narrow
sense. For m = 3 the KdV hierarchy in the narrow sense yields the KdV equation (1).

Let us consider some examples.
1. The KdV equation. For n = 2 we have L = 9% 4+ u. We get

u/

LY?2 = g+ ga—l — <072 +0(07)
Py = I =0+ %u6+ Zu'

and

1 3
[P, L] = Zu/" + §uu/,

so the equation obeyed by L is

d 2 _1 " 3 /
dt(a +u)—4u +2uu,

and we finally get the original KdV equation

"

47 = u" + 6ud.

2. The Boussinesq equation. We consider now n = 3, with
L=0"+ud+v

and m = 2. We compute

L3 = 8+%u8_1+0(8_2)

2
P, = Li/s =0% + U
and 5 5
= (20 —u +v" = =-u — -uu.
[P27L] (2 / //)8 " 3 n 3 /



One gets thus the system of equations

. / "

U o= 20 —u,

. 2 2

) — ,U// _ _u/// _ _UU,.
3 3

One can eliminate v between the two equations and the result is the Boussinesq equa-

tion: 1 4
’ll — __u/// o _(uu/)/.

3 3

2.3 First integrals
A first integral is a functional f = [ f, f € A, which is conserved by virtue of (10):

~ n—2 6f n—2 'n—2 ' 5f
0 = 8tf:/8tf:/2%ui:/res ZujaJZa—l—lﬁ
i=0 " j=0 i=0 !

/res (L'g—é) = /res ([Pm,L]g—D.

Lemma 2.15 For any k €

O L*™ = |P,,, LF/™.

PROOF: Let LY/" = 9 +v_107" 4 ---, where all the v; are differential polynomials in {u;}
and viceversa. If we guess an equation of motion for the v;, i.e. an expression for 9,L/™,
which gives the correct evolution for L, this will prove the correctness of our assumption. Try
8tL1/ " = [Py, LY "]. This works because both 9; and the commutator act as derivations on
R:

n—1
oL = at(Ll/n)n:Z(Ll/n)i<8tL1/n)(Ll/n)nfifl
=0
n—1 ' .
= D[P, (L) = [P, (EY)") = [P, L]
=0

as desired. Now the rest is easy. For k > 1 the relation can be proved using the previous
result and L¥/™ = (L)% while for —k < 0, using 8;(L~*/™LF/™) = 0, one gets

QLM = —LRM@ I LR = LRI P, LR L
LM Py = [P, L7419

Proposition 2.16 The functionals
Jy, = /reSLk/”, k=1,2,3,...

are first integrals of all the equations of the nth hierarchy.

PROOF:
Oy Jp = /res@th/” = /res[Pm,Lk/"] =0

due to corollary 2.7.9



Notice that if k£ is a multiple of n the first integral is trivial. As an example, we have, for
the KdV equation,
J1 = / u,

J3 = /UZ,

Js = /(2u3 — ().

2.4 Soliton solutions

Besides having an infinite set of first integrals, equations (10) possess exact, analytic solutions
the best known of which are the solitons. We will give a method to construct a differential
operator L obeying (10) whose coefficients will be explicit functions of x and ¢. In this way,
solutions wu;(x,t) will be obtained.

Let N be an arbitrary natural number (it will turn out to represent the number of solitons
of the solution). Let n and m be fixed and

yi(z,t) = Za’w exp(eapr + €"aj't) k=1,...,N. (11)
€

Here the summation is over the n nth roots of unity, that is, € = 1. {a} and {ay} are
complex numbers such that ay # oy if k # [ and usually ax; = 1 (this is just an overall
constant). We construct

Y1 YN 1
: i o Uy 0
0= A (N 1) (N: 1) : (12)
y V- gD g1
™ NI

where in the expansion of the determinant the differential operators of the last column do
not act on the elements of the other columns. A is the Wronskian of {y1,...,yn}.

Lemma 2.17 The functions {y;} have the following properties

Oy = 0"y, 0"y = agyi, Gy = 0.

PRrOOF: The proof is obvious.q
Now we construct L by dressing the operator 0" with the help of the operator ¢ and its
inverse:

L =¢d"¢ L. (13)

Proposition 2.18 L defined by (13) is, in fact, a differential operator with highest term 0™
and satisfies

L=[Pn 1]
with P, = L7/".



PRrROOF: First let us show that the highest term is indeed 9". We may rewrite (13) as
L = (¢0~N)0"(¢0~N)~1. Since ¢ is a differential operator of order N we may write

0N =1+a 10"+ +a_no

and N
(@0 ™M)1 =007, by=1.
1=0

Then

L=(1+a_10 '+ + a_Na_N)G” Z u; 0"

1=—00

with u, = 1. In order to show that L has no negative powers of 0, let us write L = L, + L_.
(13) becomes

Li¢—¢d" =—L_¢.

The right-hand side is an operator of order less than N, and thus so is the left-hand side,
which, in addition, is obviously differential. It has the property

(L+¢_¢8n)yk:07 k:177N

But if a differential operator of order less than N sends to zero N linearly independent
functions, it is identically zero. Thus L_¢ = 0 and, since ¢ is invertible, L_ = 0. Hence
L = L., a pure differential operator.

It remains to find the equation obeyed by L. Fiddling with (13) we get LY/™ = ¢,
L™/ = ¢9™m¢~1 and

L7y — gom = —L™"g,

Denote by @ the right-hand side of this equation. The order of @) is less than N and, looking
at the left-hand side, it is a differential operator. Let P, = L:Ln/ ", We have

P — ¢d™ = Q. (14)
Now we derive the identity ¢y = 0 with respect to ¢ and use lemma 2.17 and (14):
0 = ¢in + Sy = ¢0™ i + Sy = Sy + Pndyk — Qui = (6 — Q)yi-

The differential operator & — Q of order less than N sends to zero N independent functions
yi. Hence ¢ = @ and (14) becomes

P — ¢0™ = 6.
Finally
L = ¢0"¢ "t —¢0"¢ o

= (Png—¢0™)0"¢ " — ¢0"¢" (Prp — 0" !
= Pn¢d"¢ ' — ¢3¢ Py = [P, L].9

Let us give a couple of examples of this method of construction.
1. A solitary soliton of the KdV equation. Weset n =2, m=3, N =1 and

3 PN
y($,t):€ax+at+a€ fe%i3 at'

10



One gets

/

p=0-2L.
Y
Setting ¢ = %/ /y we compute ¢! to be
¢ =0+ 00+ (P =)0+ 0(07).
Then
$Ppt = 0% +2¢.

This is an exact calculation. The terms 0(9~%) in ¢! do not contribute. Thus we have
arrived at
u(z,t) = 2¢’.

An explicit computation gives

202

) = .
u@,t) cosh?(az 4 a3t — 1/2loga)

This a typical soliton profile propagating with constant velocity, which depends on «a.
Notice that the amplitude also depends on a.. This is quite meaningless in this situation,
but not in the next example.

. A two-soliton solution of the KdV equation. Again n = 2, m = 3 but now N = 2
and

yi(x,t) = et +ae™4
yo(z,t) = B 4be B
where A = ax 4+ o3t and B = Bz + 33t. Using the notations

AT = et 4ge 4
Bt = P 4pe B

the Wronskian can be expressed as A = SATB~ — oA~ BT and

e p— N e apy 2 _ 42
Now
pl=0"2-Co 3+ (C*+2C"—D)d* +0(07)
and
9*¢~! = 0" —2C".
Hence u(x,t) = —2C" but we do not give the explicit form, which is quite unmanageable.

Plotting this solution on a computer with convenient values of the constants (one has
to avoid singularities in u for all values of A and B) one gets two solitary waves of
the kind exhibited in the previous example, with velocities depending on the amplitude
(now this has an absolute meaning) and with the taller wave overcoming the shorter,
interacting and emerging again as two solitary waves with the same velocities as before
the collision.

11



3 Elements of a hamiltonian formalism

In this section we present the algebraic framework underlying any hamiltonian formalism,
without making any reference to manifolds. This is precisely what is needed for a hamiltonian
treatment of infinite dimensional systems. In the next section we will implement these ideas
to construct the bihamiltonian structure of the KdV hierarchy of equations. We omit most
of the proofs, which are quite straightforward.

To define a hamiltonian structure we need the following elements:

1. G, a Lie algebra.
2. Q0 a linear space in which the elements of G act as left operators:
£:0 —
[ — &f VEeg,

such that
(§162 — &&1) f = [€1,&2] f.

3. A set {QF }k=1,2,... of spaces of k-linear 0%-valued functionals on G:
w (&, &) € Q°
VEr, ... & € G, YwF e QF,
4. An inner derivation i(¢) : QF — QF~1 V¢ € G, such that i(¢)Q° = {0} and
(1(€)a) (€15 -+ &—1) = (&, €1, -5 Em1)

Vo € QF. In particular, if o € QF,
i(§)a = aff).

We assume the following non-degeneracy conditions: V¢ € G, £ # 0, there exists o € Q!
such that a(¢) # 0, and Ya € Q) a # 0, there exists £ € G such that a(¢) # 0. We
will use the notation (o, &) for a/(€), the coupling of elements of G and Q1.

5. An exterior derivation

d: QF — QM1

defined by the formula

k+1 .

(d@)(fl, <. 7€k+1) = Z(_l)lilgl(X(Eh cee 7§l7 cee 7§k+1)
=1
k+1 ) A
+ Z (_1)l+pa <[€l7£p]7§17”'75[7"'76])7"‘75}6-"-1)' (15)
l,p=1 I<p
In particular, if f € QO,
df (§) = &

Now we can start to construct the hamiltonian structure.

Proposition 3.1 The operator d has the property d* = 0.

12



Definition 3.2 The operator
Le = i(§)d + di(€)
is called the Lie derivative in the direction of £ € G.

In particular, if f € QO,
Lef =i(Q)df = df (§) =&f

would be, in a classical context, the derivative of the function f along &.
Proposition 3.3 Va € Q!,

E(al€rs-58k) = (Lea) (&1, -5 &k)

k

D € G, 6 8] G- )

=1

Proposition 3.4 The following relations hold
1. [LS’LW] = L[ﬁ,n] Vnaf S g7
2. [Le,i(n)] = i([&n]) Vn,£€G.

Consider now a linear skew-symmetric mapping H : Q! — G,
(Ha, ) = — (o, HB) Va,p € QL.
The Schouten bracket of two such mappings is the trilinear mapping
[H,K]: Q' x Q' x Q! — QY

defined by

[H, K] (a1, 9, a3) = (KLga,a2,a3) + (H Lk, a2, a3) + cyclic permutations.

Definition 3.5 A mapping H obeying [H, H| = 0 is called hamiltonian.
Proposition 3.6 The condition [H, H] = 0 is equivalent to

[Ho, HB) = H (i(Ha)df — i(HB)da + di(Ha)B) Yo, 8 € QL.

PROOF: Let v € Q. Using 3.2 and the skewness of H we have

(H(i(Ha)dp — i(HpB)do + di(Ha) ) — [Hay, HB], )
= (HLafB,7) + (i(HB)do, Hy) — ([Ha, Hf], )
But (i(Hp)da, Hy) = (i(HB)da)(Hvy) = (da)(HB, Hy) and, using (15), we get
(17) = (HLgaf,7)+ (HB)a(Hy) — (Hy)a(HB) — o[H, HA))
—([HO[, H/B]77>

= (HLnaB,v) — (HB)(y, He) — (H){a, Hf3)
_<[H/87H’Y}7a> - <[HC¥, H/B]77>

13
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Finally, using 3.3 to expand the second and third terms and using again the skewness of H,
we obtain

(18) = (HLpuaf,7)+ (HLupy,a) — (v, [HS, Hol)
+<HLH’YaaB> - <Oé, [H’Y,Hﬁb - <Oé, [Hﬁa H7]> - <’Y7 [HO(,HﬂD

1
= (HLpg.03,7)+ cyclic permutations = §[H, Hl(o, 8,7).9
Corollary 3.7 If H is hamiltonian then [ = ImH is a Lie subalgebra.

Definition 3.8 In [ we define a 2-form by the formula

w(Ho, HB) = (Ho, B) Vo, € QL.

Proposition 3.9 If H is hamiltonian then w is closed.
PRrOOF: Let & = Hay, i = 1,2,3. Then, using (15) and the definition of w,

dw(&1,82,83) = &§w(&e,§3) —w([&1,62],83) + c.p.
= Hon(Hag,a3) — ((Hay, Hao), asg) + c.p.

Now using 3.3,

dw(£17£27€3) = (Ha27LHa1a3> + c.p. = —<HLHQ10(3,O(2> + c¢.p.

_ %[H, H(ou, an, 3).q (19)

Proposition 3.10 Ifl = ImH is a Lie subalgebra of G and w is closed, then H is hamiltonian.

ProOF: If [ is a Lie subalgebra then (15) holds and the result follows from (19).4
Notice that H and w are inverses of each other in the following sense. We have, Vo, 3 € Q!,

w(Ha,HB) =i(HP)i(Ho)w = (HB,i(Ha)w),
but, on the other hand,
w(Ha,HB) = (Ha, f) = —{a, H) = (HB, —a)

which implies
(HB,a+i(Ha)w) =0 (20)

If HQ! = G, the nondegeneracy would imply o = —i(Ha)w, but this may not be the case.
What can be shown with no restriction is the following

Lemma 3.11
H(i(Ho)w) = —Ha, VYa e Q!

14



PROOF: We have, V3 € Q!
(H(i(Ho)w), B) = —(i(Ha)w, HB)
= —i(HPB)i(Ha)w = —w(Ha, HB)
= <_HO"B>

and the result follows from the nondegeneracy.q
To each f € QY we may assign an element of G according to

& = H(df) = Hdf. (21)
Definition 3.12 The Poisson bracket of two elements f, g € Q° is defined by
{f, 9} =&rg = (dg. &) = (Hdf,dg).

Proposition 3.13 The Poisson bracket has the following properties

1. {f7g} = _{fag}a

2. f{f,g} = [ffvfg]a
3. {f,{g9,h}} + cyclic permutations = 0.

PRrROOF: The first item in the proposition if obvious. With respect to the second, the closeness
of w implies that Yo € Q',

0 = (dw)(&s,&, Ha)

= &pw(&y, Ha) — u(&y, Ha) + Haw(Ef, §g)

—w([&r, &gl Ha) + w([§f, Hal, &) — w([&y, Hal, &f)

= —{pHag+EgHaf + Holf, g} —w([$r, &), Ha) + [§f, Halg — [&g, Ha f
—Halrg+ Hagyf + Ho{f, g} —w([§r, &l Ha)
—Ha{f, g} — (i([5, §)w) (Ha)
(=d{f, g} —i([§5, &)w) (Ha)
= (H(d{f, g} +i([sf,&])w) )

and, due to the nondegeneracy of the coupling,
H (d{f, g} +i([§5, &])w) = 0, (22)

But £,&, € | and, due to the fact that [ = ImH is a subalgebra, [{f,,] € [, so we can use
lemma 3.11 to conclude that

H(d{f,9}) = [§5,&]

and the result follows immediately.
With respect to the Jacoby identity, one has, using the previous result,

0 = (dw)(§h17§h27§h3)

= Ehlw(§h27£h3) - w([£h17§h2]7§h3) + ¢.p.
Eny{h2s hat — [Eny s Enslhs + cp.
{hlv {h27 h3}} - §{h1,h2}h3 + C¢.p.
{hl, {hz, hg}} - {{hl, hg}, hg} + c¢.p.
= 2{h1,{h2, hs}} + c.p.g

15



4 Bihamiltonian structure of the KAV hierarchies

Here we want to present a concrete realization of the general scheme developed in the previous
section. We will construct a couple of hamiltonian mappings such that the equations of the
KdV hierarchies are hamiltonian with respect to the hamiltonian structures defined by both
of them.

To start with, let us introduce an operator L more general than the one defined in (2):

L=0"4u, 10" + 1y 20" 2 + - 4+ w10 + uo. (23)

Later, we will discuss the reduction to u,—; = 0 and the Virasoro algebra will appear as a
by-product.

4.1 Hamiltonian elements for the KdV hierarchies

As a Lie algebra we consider the Lie algebra of “vector fields” £ = 0, defined in (3)

n—1 +oo k
= a k), (24)
i=0 k=0
with the Lie bracket
[0a, O] = Op,b—0ya- (25)

In Appendix A we prove that this bracket satisfies the Jacobi identity and thus we are dealing
indeed with a Lie algebra.

As the left module Q0 we take the space of functionals A. The action of the elements of
G on A is defined by

Ouf = / duf. (26)

In the appendix it is also shown that this action provides a realization on A of the Lie bracket
(25).

Now we have to construct the dual space Q!. The elements of G are determined by
sets a = (ag,a1,...,an_2,an_1), a; € A. Then the elements of Q! are determined by sets
X = (Xo,...,Xpn-1), X; € A. The coupling is

n—1
(X.0,) = X(8,) = / S ax, e (27)
i=0
This coupling can be expressed in a more convenient way. To each J, we can attach a
differential operator
Oy < a = an_lc‘)"*l +---4+ay € R(O,nfl)‘ (28)
Similarly, to an element X € Q! we can assign a PDO
X = (9_1X0 + (9_2X1 +.---+0"X,,_1 € R—/R(—oo,—n—l)' (29)

Then we can write
(X,04) = (X,a) = /res(aX). (30)

Let us stress that G is not R ,_1). We resort to R ,_1) just to work with a sometimes
more convenient expression of the coefficients a of d,. Notice that R,y with the natural
bracket is not even a Lie algebra (except for the cases n = 1,2). In an abuse of notation,

16



we may write something like G ~ R(,_1), but the previous comment must be taken into
account.
On account of lemma 2.11 we have

0L = a. (31)
Now we have to construct the exterior derivative d. In fact, only
d: Q" — Q!
is needed, and this is addressed by the following

Proposition 4.1 Iff~ = [ f is an element of QO then df € Q! is given by

PRrOOF: If 0, € G is arbitrary then

of
Su;

i

B B B n—1
(Ouvdf) =4 00) =0uf = [ S
=0

On the other hand,
n—1
of of of
(O, E> = /res(aﬁ) = /gazém.ﬂ]

The crucial point of this scheme is the hamiltonian mapping H : Q' — G, which in this
case is (remember the comment above)

H: R*/R(—oo,—n—l) - R(O,n—l)'
This is provided by the Adler mapping

X — H(X) = (LX).L-L(XL), (32)
= —(LX)_L+L(XL)_

Let us show that this mapping is well defined. The first form shows that it does not
matter which representative in the equivalence class we choose, because any term of order
n + 1 or higher in 7! is killed by the + projection. This also shows that the result is a
differential operator. Finally, from the second form we deduce that H(X) is at most of order
n — 1, because L, which is of order n, appears multiplied by the pieces of negative order
provided by the — projection.

A remark is in order. One may wonder why we have added to L the term in 0"~!. One
could argue that it is possible to work with G ~ Rg,_2) and Ol = R_/R(_s,_p)y and the
coupling (30) is still well defined. The answer is that in this case the Adler mapping would
not work correctly because, in general, H(X) would be in R ,_1) even though there is no
term 0" ' in L.

Suppose now that we deform the operator L in the following way:

L—L=L-), (33)

17



where ) is a (complex) parameter. It is obvious that the modified Adler mapping still works
(the deformation amounts to adding a constant to the zeroth order term of L) and so we may
consider

X — H(X) = (LX),L—-L(XL), (34)
= —(LX)_L+L(XL)_
Expanding in A and using X = 0 one gets
H(X) = HO(X) + AH™)(X), (35)
where
HO(X) = (LX)4L—L(XL); (36)
H>(X) = [X,L]+ (37)

All the properties of H will be valid for any value of A and, in particular, for A = 0 and
A = oo, when H reduces to H® and H(), respectively.
Now it rests to show that this mapping is indeed hamiltonian.

4.2 Hamiltonian property of the Adler mapping

In this subsection we will use Proposition 3.10 to show that the mapping defined in (35) is
hamiltonian and a Poison bracket can be constructed from it. We have to prove that H is
skew symmetric, that ImH is a subalgebra and that w defined by 3.8 is closed.

Proposition 4.2 The mapping H is skew symmetric.
PROOF: For any A, B € R one has
res(AyB) =res(AyB_) =res(AB_).

Using this and corollary 2.7 one gets

(H(X),Y) = /res(H(X)Y):/res ((LX)+

I
\
=
D
»n
—

~
>
=
3
I

|
>
E>
+
~

~— ¥/> ~

— [ res (X(@Y)-L - (XD)(VE)-

_ /res (x () L-Levi)))

— —/res(XH(Y)) =—(X,H(Y)).9
Proposition 4.3 | = ImH is a Lie subalgebras

[081(x), O (v)] = OH(IX Y1100 0x)Y 0113 X)»

where

X,Y], = (—X(£Y)+ v (Xi)_y) (X oY),

18



PROOF: See Appendix B.q

Proposition 4.4 The 2-form defined on ImH by

w(@rx) Dracry) = (H(X),Y) = / res(H(X)Y)
is closed.

PROOF: See Appendix C.q
Propositions 4.3 and 4.4, together with proposition 3.10, imply that H is hamiltonian. In
particular, the 2-forms

o By Omoy)) = [ res((EX)1L - LXD))Y) (33)

) (O D)) = [[res (X LLLY) (39)

are closed. These forms are referred to as the second and first hamiltonian structures of the
KdV hierarchy, respectively.
4.3 Poisson brackets for the KdV hierarchies

The elements of Q¥ will be called hamiltonian functions or simply hamiltonians. According
to (21), the vector field corresponding to a hamiltonian f = [ f is

;=0 :
& =%
Proposition 4.5 The Poisson bracket of two hamiltonians is

{f.a}=¢9= <H(E)7§_§> = /res <H<§_£)§—Z> '

ProoOF: Obvious from proposition 4.1 and the general theory.q

For H(*) it is not difficult to write down an explicit expression of the Poisson bracket
in terms of the coeflicients of the operators X = Z?:_ol 071X, and L = Y1 ju;0, with
Uy, = 1.

Proposition 4.6

HX)= 3 (lgaXa)d’,
0<a+8<n—1
where lg, = —Zga + [;ﬁ and
n—l—a—0
- 7+ 6
loa = Z ( 3 >Ua+ﬁ+~f+1m
=0
n—l—a—0 v+ a
o = Z ( o )(—3)7ua+ﬁ+v+1a
v=0

and the operators [ act only on the coefficients of X .
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n—1 n
H(Oo)(X) = [X,L]+:Z (8_1_1Xiuj83—ujc??&_l_lXi)+
=0 j
n—1 n +o0 Z—-l ‘
= > (Z L)@ (K ujaﬂ“Xi)
=0 j=0 \k O 4
n—1 n J—i— 1
-3 <a’f<XuJ>>aﬂ ik
=0 j =0

+

=0

oo

Jk (] >8kzX>a]zlk>

>y (7 ) e
_<J ; u](akX)> aﬂ’—i—l—k)+

NS IJ_il(( > (0 (Xyuy)) (j_li”)uj(akxi)) gi=i-1-k,

]: 1=0

k
Writing j —i—1—k =0, k=7, i = a, which imply a =0,...,n—1, 6=0,...,n— 1, with
0<a+pf<n—1l,and0<~vy<n-—1-—a— 0, and using

(ﬁ + 7) _ (6 + 7)
gl g
—a—1 _ a+ -y
() = e ()
we get the desired result.q

A similar formula can be worked out for H©), but it is quite cumbersome.
According to propositions 4.5 and 4.6, the Poisson bracket defined by H(*®) is given by

NS 5 i 5
{f,g} = /res Z (lgai)aﬂkz:o@_k_lé—g

Uk
0<a+p<n—1

RN Or

0<a+p<n—1

[e=]

For n = 2 we have (o, ) = (0,0),(0,1),(1,0) and loo = u1 + 0, loy = 1 = lho, Iy = uy — 9,
l5p =1=15y, so loo = =20, lp1 = lip = 0 and the Poisson bracket is

o=z (L) 2 (41)

4.4 Reduction to u,_; =0 and Virasoro algebra

We have extended the operator L by adding a term u,,_10" ! and the hamiltonian mapping
has been constructed under this assumption. What happens if we require u,—1 = 07 This
condition must be compatible with the dynamical equations, i.e. Op(x)un—1 = 0. Things are
casy for the first hamiltonian structure H(®):

20



Proposition 4.7 H(*)(X) is an operator of order n — 2 at most and so
I (x)un—1 =10

because H(*)(X) has no term in "', If X = Z?;ol 071X, then H®™)(X) is independent
of X,,_1. Thus the first hamiltonian structure reduces to u,_1 = 0 automatically.

PrOOF: We have H(®)(X) = [L, X],. The commutator of the operator L of order n with
the operator X of order —1 has an order not greater than n—1—1 = n—2. The commutator
of L with the term 97" X,,_1 has an order not greater than n —n — 1 = —1, and hence it
gives no contribution to [L, X|;.q

The situation with the second structure is more interesting.

Proposition 4.8 The vector field 8H(0)(X) is tangent to the “submanifold” u,_1 = 0 iff

res|L, X] = 0.

PROOF:

=
=
I

—(LX)_L+ L(XL)_

= —(res(LX)07 4+ 0(072))(8" + 0o(0™ 1))
(0™ + 0(0" 1)) (res(XL)O™! 4 0(872))

= —res[L, X]0" ! + 0(0"2).

Therefore, H(®(X) is of order not greater than n — 2 iff res[L, X] = 0.9

Proposition 4.9 For X = Z?;ol 0~ X; the condition res|L, X| = 0 is equivalent to

Z Z (k> (=1)* M (upXp_a) @Y = constant,
«

k=1a=1

from which X,,_1, which appears only once and without any derivative, can be expressed as
a differential polynomial in {X;}i—o,.. n—2.

PRrROOF: Standard manipulations give

res[L, X] = — Zn: Zn:(—l)a <;> (Xi—aui)(a)

and so, if res[L, X] = 0,
n n . /
i
> 2 (—1)°“1< )(Xi_aun(“—l)) =0
(i:l a=1 a

from which the desired result follows immediately.q
We have then the following procedure for computing the vector field associated to the
second hamiltonian structure when u,_1 = 0. Given

f:/f(uo,...,unQ),
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if we want to compute H(O)(df) then X; = 65’ 1 =20,...,n — 2, as usual, while X,,_; is
expressed in terms of the {X;};—0_. n—2 by means of proposition 4.9. Let us illustrate this in
the case n = 2, u; = 0, L = 8% 4+ up. We have to compute

~ of . o
o fm (o)
with f = f(uo), g = g(uo) and

HOOh @y Lol

but

5f Za 1—1 5f 6_1 gf a—ng

and to compute H(O)(§f/5L) we need to express 6 f/év using proposition 4.9. In the case at
hand, that gives (we put the constant equal to zero)

32 (e () o

=la=1

and ,

L L o0F (Of\

Vsu T 50 T (5u> =0
which, on v = 0, allows us to write

of 1oy
v 2\ du
Thus
o g3t

5L_ (
), - 2(5)
). - %a—%(%

SO O)

(6 (50) e () 5o

CORS R

22
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Using this expression one gets

of
-
(25
of ¢
oL

) (o

0L

( O (3199

and

5 L 6L
Finally

—
st
Qz

N | =

-/



Equation (42) is, in fact, a classical representation of the Virasoro algebra. In order to
express it in a more familiar way, let’s think now of v as an explicit function of a complex
variable on the unit circle, u = u(x), |z| = 1, and expand it in a Laurent series

+oo

u(r) = Z Trx F2 (43)
k=—0o0
1

T, = — ¢ dau(x)zhH? (44)
2me

Let’s compute (42) for the local functionals f = u(z), § = u(y):

{u(x),u(y)} fdz <%(5’”(2 —x)+2u(2)8(z —x) + §(2 — ar)z/(z)) 5z —vy)

_ _%y"(x — ) — 2u()d (z — y) + 0z — Y (y)

= _%5”’@ —y) — 2u(z)d (x — y) — v/ (z)5(z — y) (45)

This implies, for the coefficients of the Laurent series,

(1,1} = (i)  dedye 1y (o), o)

211

S ((r — )Ty + %(r?’ - r)5r+s> , (46)

211

that is, the well-known Virasoro algebra (with central charge 12 x % = 6). It must be noticed
that the bracket corresponding to the first hamiltonian structure for this case is just a free
oscillator. Indeed, one has, using (41),

{u(z), u(y)} = 2 74 A28z — 2)5(z — y) = 26'(x — ),

and expanding u(z) = Y12 __apr ¢, we arrive at

1
{ay,as} = ;T6r+3.

4.5 Hamiltonians for the KdV hierarchies

Up to now we have constructed a bihamiltonian structure but the relation with the KdV
equations has not been elucidated yet. In this subsection we will present the hamiltonians
whose associated vector fields generate the equations of the KdV hierarchies.

= / rest /= L (1)

Lemma 4.10

Proor: We have
n—1 n—1
) ) ) . SLT/m
_ r/n _ —i—1 r/n _ —i—1
97 / resL ;:08 5 / resL ;:0 0 / res( 5 ) .
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Now, using repeteadly corollary 2.7,

/ o 5L7"/n B
' 5UZ -

ﬂ

(o)

(L('r n/n Ll/n)zéLl/ (Ll/n)n i— 1)

S

ou;

G ) = res (L0000

—21

res

/
/

Lr n)/n

I3 303

Hence

0 / rest7/" = . a—z B A O I

—i—1 n
=0

Now we are in a position to show that the equations of the KAV hierarchies
L=1[Pn L], Pn=L"" (47)
can be given a hamiltonian form with respect both the first and second hamiltonian structures.

Proposition 4.11 Equations (47) are hamiltonian with respect to the first hamiltonian
structure. The hamiltonians are

ﬁm S /resL(m+”)/".
n—+m

Proor: Using lemma 4.10 we have

— =—-L
oL ’
and then
H®)(dh,y,) = H<°°>(‘Zl—£”) = L™ L)

= (z@mm—ry) - (@ -

= [L, L+ [ L) = (L L)y = (L L) = [P, L.

Hence the equations of motion are
5hm

L =H®)( 57 )

= [Pn,L].q

Proposition 4.12 Equations (47) are hamiltonian with respect to the second hamiltonian
structure, with hamiltonians
n
G, = —/resLm/”.
m
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ProoOF: Now we have 0§,,/dL = L=/ Then

+
— (LL(m—n)/n)+L _ L<L(m—n)/nL)+
_(LLSrm_n)/n)+L + L(L(er—n)/nL)+
Y T
= [Pn,L].9

Jr

Proposition 4.13 The preceeding hamiltonians are in involution, that is, for fixed n,

{pr Bq}(w) = {gpvgq}(o) =0.

PROOF:
-~ 3 (c0) o Sh, . 6h
)

= /res ([Lljr/n,L}L(i/n)

= - / ves (5" LLa/m — LLY/" L9/
= - / ves (25" L0/ — X" L") = o,

and similarly for {gp, gq}(oﬁ.ﬁ{
For fixed n, gmyn = —hm and so, in fact,

{ﬁpvgq}(OO) = {ﬁpvgq}m) = {gpqu}(oo) = {i‘pvﬁq}(m = 0. (48)

Notice that the hamiltonians with fixed n are nothing but the first integrals of a given
(n,m) system of equations. For instance

n
g m (49)

Thus, every first integral of a given equation in the nth hierarchy generates the hamiltonian
evolution of an equation of the hierarchy.
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A Lie algebra defined by [0,, 0y = 05,5-8,a

First, we want to show that
[Oa, [Op, Oc]] + c.p. = 0.

Consider for instance the piece

[0a; (05, Ocl] = [Oa; Oaye—ocb] = Do, (0yc-0.6)—0aycs0a-

We have to prove that
0a(Opc — Ocb) — Og,c—a,pa + c.p. = 0.

Taking into account the cyclic permutations, the pieces proportional to, let’s say, ¢;, are
(summation over repeated indices is implicit)

6b£fl) aC' (k) 820-
(0a(Bpe)); = alP)2m Ty W0 G
! 8u§-k) (’3u7(yll) ! 0u<k)8u%)

(k) 8(17(72) 801‘ (k) 0 8201‘

—(0(0ac))i = —b; ou® ou) amm
ab; " oc
—(Opp0)i = — <a"? au§?> 8u§-;)
Oac) = [p02% Y o,
OpaC)i = ( m (‘)u%)) aug,k)

The second order derivatives of the first and second pieces cancel each other while the surviv-
ing terms are canceled by the third and fourth pieces due to the fact that, using [9,, 9] = 0,
we have, for instance,

(k) (k)
1024 ) = (00)® = oy(a® = 4 2T
8u£fl) 3U££L)

Next we want to prove that the action of d, on A is a representation of the algebra.
Explicitly

[aaa 8b]f = (aaab - 8baa)f-
It suffices to show that this holds for the generators of the differential algebra A. We have

[0, OJul” = Bpp-oattt’) = (Bub — Opa)”
(4)
_ Cll(k) ob; _bl(k) da; J
ol " oul®

i) )
B G) _ N oA Gy Ok Oa;
(8aab abaa)ui _8a(bi ) 0b(ai )_al au(k) bl aUZ(k)a

and

and the equality follows again from [0, 0] = 0.
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B Proof of Proposition 4.3

We have
[081(), O1(v)| = Qo) HOY) 0113y H(X) -

Then, using 8H(X)f/ = H(X),

OnxyH(Y) — OnyyH(X)

= Oux)(—(LY)-L+L(YL)-) — (X = Y)

= —(H(X)Y)_L—(LY)_H(X)+ H(X)(YL)_ + L(VH(X))_
+H(Oux)Y) — (X «Y)

= ((LX)_LY ~L(XL)_Y)_ L+ (LY)_((LX)_L—-L(XL))
st e

a

1 1 3

~((LX)_L—L(XL)_)(YL)- — L(Y((LX)_L — L(XL)_))_
3 2 2

+H(8H(X)Y) — (X «Y).

Pieces marked by 3 cancel out when terms coming from (X < Y') are taken into account.
Moreover, terms marked by 1 and 2 give rise to the following pieces:

(LX)-LY)- + (LY)- (LX) )L - (X < Y)
(LX)_LY — (LX)_(LY)_)_L — (X < Y)
= (LX)-(LY)1)-L— (X = Y) = (LX(LY)})-L - (X = Y),

1

[

and
2 ~ L(XL)_(Y ) +LIYL(XL).). — (X < Y)
= L((XL) (YL) -+ YL(XL)_)- — (X < Y)
= L(—(YL)_ (XL) +YL(XL).). — (X < Y)
= L((YL) (XL)-)- = (X = V) = —L(XL)+(YL)-)- = (X = Y)
= —L(XL):YL)- = (X <)
Then

a = (LX(LY)y)-L—-L(XL),YL)_ —(L(XL)_Y)_L
+L(X(LY)_L)_ + HOpx)Y) — (X < Y)
(L(X(LY)y = (XL)-Y))-L = L(((XL),Y = X(LY)-)L)-

Now consider the term
(XL),Y —X(LY). = (XL—(XL)_)Y —X(LY — (LY)4)
= X(LY), —(XL)_Y.
Putting this into the above expression one gets finally
a = (L(X(LY)y —(XL)_Y))_L—L((X(LY)y — (XL)_Y)L)_
= —(LIX,Y])-L+ L(X, Y] L) - + HOpx)Y — Onv)X)
= H([X,Y]L+0ux)Y — 0 X) -9
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C Proof of Proposition 4.4

Let X,Y,Z € Q. Then

dw(aH(X)7 aH(Y)7 8H(Z)) = 8H(X)w(8H(Y)a 3H(Z)) - w([aH(X)u aH(Y)]’ 8H(Z)) + c.p.

Let’s compute

(1)

Il
Q
=z
s’
E\
Q
E
Q’)
=
ke
\
=
%

= /res(H(XxY(ﬁZ) —(ZL)-Y + 2(LY)+ — (Y1).2))
+ / res(—H(Z)0u(x)Y + H(Y)0u(x)Z)

= /res(H(X)(—Y(£Z)+ +(YL)_Z = (ZL)_Y + Z(LY))
+ / res(—H (Z)dux)Y + H(Y)dux)Z)

= /res(H(X)[Y, Z]L)—|-/res(—H(Z)BH(X)Y—i—H(Y)aH(X)Z),

and
(2) = —w(Prx)%H1)) OH(z))
= w(Om(2), OH((X,Y]L+0mx)Y ~Os(v) X))
— [ res(HE)HXY )+ DY = Dury X))
Hence
O, O, az) = (1 + () + ep. =2 [ res(HOOY. Z1) + .
Furthermore,

(3) = / res(H(X)[Y, Z]1) + cp. = / res(H(X)(Y(LZ)y — (YL)_Z)) + p.

where we have rearranged the terms and now p. means all the (signed) permutations. Ex-
panding H(X) in the above expression one gets

6) = [res((-(EX)-L+LXD))Y(L2):)

4 / res((— (EX) L +E(XE) )(YE)_2Z) + p.
N—_——
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The underbraced terms are

(4) = / res(L(XL)_Y(12), — (EX)s L(YE)_2Z) + p.

= / res((LZ)+ L(XL)_Y — (LX), L(YL)_Z) + p.
= 07
while the rest of the terms are

(5) = / res(—(EX)_ LY (E2)}) + / ves(ZE(XL), (YE) ) + p.

This expression vanishes if the following lemma is used:

Lemma C.1 For any A, B,C € R,

/ res(AB.C_) + c.p. = / res(ABC).

PROOF:
/res(AB+C) + cp. = /res(A+B+C +A_ByC_)+ c.p.

= /res(A+B+C +A_BC_—-A_B_C_—-A;B.C})+ cp.

res(AL B C +A_BC_)+ c.p.

I'GS(2AB+C_ + A+B+C + A_BC_) + C.p.

\wlwwlw W~ wlr—~ wl»—*\

res(2AByC_+ CA. By + BC_A_) + c.p.

TGS(QAB+C, + AB+C+ + Achf) + C.p.

res(ABLC + ABC_) + c.p. = %/res(AB+C +BC_A)+ cp

— e — — —

1
res(AByC + AB_C)+ c.p. = 3 /res(ABC) + c.p.
res(ABC).q

Using this one gets indeed

(5) = / res(LY (L.2)4 (EX)_) / res(ZL(XL), (VL)) + p.
= /res (LYLZLX) —|—/res ZLXLYL)+ up.

= /res (ZLXLYL) +/res ZLXLYL)+ wp.

= 04+ u.p.
= 0,

where here u.p. demotes the (signed) uncyclic permutations.
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