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Metal Hydride Storage Tank State of Charge
Estimation: A Switched Observer Approach
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Abstract—State of charge is an important indicator for metal
hydride storage tanks monitoring and operation. This indicator
cannot be directly measured, which motivates the design of
real-time estimators. Nonetheless, the development of model-
based estimators is a non-trivial task for this system, since
metal hydride storage tanks dynamics are characterized by being
nonlinear and hybride. To overcome these difficulties, this work
proposes a novel nonlinear switched observer for a metal hydride
storage tank system. Based on differential detectability and recent
results on contraction theory for switched systems, we present
sufficient conditions for the convergence of the observer under the
assumption that the observer and the plant have synchronized
switching. Additionally, to guarantee this synchronization, we
propose an unknown system dynamics estimator to determine
the current system mode. The algorithm is then validated in a
set of numerical simulations and in an experimental prototype.

Index Terms—Metal hydride storage tank, Nonlinear observer,
State of charge (SOC), Differential detectability, Switched system

I. INTRODUCTION

SOLID-state hydrogen storage is a prospective hydrogen
storage technology due to its potential of high hydrogen

densities at moderate temperature and pressure levels [1], [2].
Metal hydride (MH) hydrogen storage tanks have received a
wide range of attention as an important container for solid-
state hydrogen storage due to the slow and controlled rate of
hydrogen release from the metal hydrides that fill the tanks,
which provide a steady supply of hydrogen [3], [4].

In MH tanks, during a charge process, hydrogen enters the
tank from the outlet and reacts with the metal alloy to form
metal hydride, while, during a discharge process, the metal
hydride releases the stored hydrogen [5]. A general scheme of
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Fig. 1. General scheme of a MH tank

a MH tank can be found in Fig. 1. The maximum capacity of
the MH tank is a fixed value, thus overfilling the tank with
hydrogen would cause safety issues. Consequently, it is crucial
to monitor in real-time the amount of hydrogen stored in the
tank. This quantity is defined as the state of charge (SOC) of
the system.

However, real-time estimation of SOC remains a great
challenge due to the strong nonlinearity of MH tanks. Suárez
et al. [6] estimated the mass of hydrogen absorbed or desorbed
through an open-loop integration of the flow rate. Nonetheless,
this approach can only be used to estimate the remaining
hydrogen mass of the tanks when the initial hydrogen mass is
precisely known. In addition, the direct integration of the flow
signal is highly sensitive to sensor noise, while the cumulative
error introduced over long periods of monitoring has a non-
negligible effect on the results. Chabane et al. [7] proposed
an alternative method for estimating the SOC of MH tanks
by applying piezoelectric materials, the essence of which is
to establish a link between the voltage of the piezoelectric
material and the equilibrium pressure of the tanks, whereas
the relationship between the equilibrium pressure and the SOC
can be represented by the Pressure-Composition-Temperature
(PCT) curve, so that the SOC of MH tanks can be estimated
from the voltage of the piezoelectric material. The limitation
of this method is that the SOC can only be estimated for
MH tanks in equilibrium and not for MH tanks that are being
charged or discharged, which limits the application in most
practical situations. A real-time SOC estimation method was
proposed in [8], Zhu et al. designed a joint multi-classifier to
identify the state of the MH tank, which was subsequently
combined with the SOC model to calculate the SOC of the
MH tank in real-time. However, to train the joint multi-
classifier, a large dataset needs to be obtained. In addition,
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the computational cost required to train the classifier is large.
The main objective of this work is to develop a state

observer to estimate the hydrogen and MH densities of a MH
tank from easily measured signals, then, use these estimations
to compute the SOC of the system. This problem presents
several challenges that must be taken into account. First,
depending on the state of the system, three modes of MH
tanks exist: absorption, equilibrium, and desorption [9]. As
a consequence, the MH tank model is a switched nonlinear
system with state-dependent switching. Second, when the MH
tank is in equilibrium, the same pressure may correspond to
different MH densities. Therefore, among the three modes of
MH tanks, the equilibrium mode is non-observable, that is, the
MH tank model is a switched system with mixed observable
and non-observable modes. Consequently, although we may
be able to design stable observers for each observable mode,
proving the stability of the observers remains a challenge when
the system can momentarily evolve in the unobservable one.

With this in mind, the specific contributions of this work
are as follows:

1) Study the observability properties of the system using the
framework of differential detectability [10, Section IV].
Then based on the observability results, a novel switched
nonlinear observer for the MH tanks system only using
temperature, flow rate and pressure is proposed.

2) Design an estimator for the sorption rate of MH tanks
based on the unknown system dynamic estimator (USDE)
[11] and provide sufficient conditions for the stability
of the architecture based on recent results of contraction
analysis for switched systems [12].

3) Validate the observer through numerical simulations and
experimental prototype experiment.

The remainder of the paper is organized as follows. Section
II introduces the MH tank model, and formulates the observer
design and SOC estimation problem to be solved. In Section
III, the observability properties of the MH tank are introduced
and studied. Section IV proposes the nonlinear observer of the
MH tank model. Section V validates the algorithm through two
numerical simulations while Section VI validates the technique
in a real MH tank test bench. The conclusions are drawn in
Section VII.

II. MH TANK MODEL AND PROBLEM FORMULATION

A. Mathematical Model of MH tanks
This paper utilizes the mathematical model of an MH

tank experimentally validated in our previous work [13].
Specifically, the model of the MH tank can be depicted in
the following state-space form:

ẋ = f (x,u) =


u2 − fr (x2, u1, ȳ(x1, u1))

vg

fr (x2, u1, ȳ(x1, u1))

vs

 , (1)

ȳ = h (x,u) = x1
u1R

MH2

. (2)

The state vector, x, is defined as: x = [x1, x2]
⊤ = [ρg, ρs]

⊤,
where ρg [kg/m3] is the density of hydrogen and ρs [kg/m3]

is the density of the metal hydride. The model includes two
measurable inputs, u = [u1, u2]

⊤ = [ttank, fin]
⊤, being the

temperature of the MH tank, ttank [K], and the normalized
mass flow rate of hydrogen, fin [kg/m3/s]. Finally, it is
assumed that there is a measurable output, ȳ, which is the
MH tank pressure, p [Pa]. The other parameters are: the
universal gas constant, R [8.314 J/mol/K] and the molar mass
of hydrogen, MH2 [2.016× 10−3 kg/mol].

Furthermore, the normalized sorption mass flow rate of
hydrogen, fr, is calculated through the following piece-wise
smooth function:


fr,a = cae

− Ea
R·ttank ln

(
p

peq,a

)
(ρss − ρs), p > peq,a,

fr,d = cde
− Ed

R·ttank

(
p−peq,d
peq,d

)
(ρs − ρs0), p < peq,d,

fr,e = 0, otherwise.

(3)

where ca [1/s] and cd [1/s] are the absorption and desorption
constants, Ea [J/mol] and Ed [J/mol] are the activation
energy for absorption and desorption, peq,a [Pa] and peq,d [Pa]
are the equilibrium pressure for absorption and desorption,
respectively. ρss [kg/m3] is the density of the metal hydride
when the absorbed hydrogen reaches its saturated density
and ρs0 [kg/m3] is the density of the metal alloy (with no
hydrogen).

The equilibrium pressures peq,a and peq,d that define the
boundaries for the function switching in (3) are computed as

peq,a = p0 ·e
(

∆Sd
R

− ∆Hd
R·ttank

+(φ+φ0) tan
[
π
(

ρs−ρs0
ρss−ρs0

−0.5
)]

+ β
2

)
, (4)

peq,d = p0 ·e
(

∆Sd
R

− ∆Hd
R·ttank

+(φ−φ0) tan
[
π
(

ρs−ρs0
ρss−ρs0

−0.5
)]

− β
2

)
, (5)

where p0 [Pa] is the atmospheric pressure, ∆Hd [J/mol]
and ∆Sd [J/mol/K] are the enthalpy change and the entropy
change for desorption, respectively. φ [-] and φ0 [-] are the
plateau flatness coefficients, β [-] is the plateau hysteresis
coefficient.

Finally, the saturated density ρss is computed as

ρss = ρs0 +
vH2 · ρH2

vMH · (1− ϵ)
(6)

where vH2
[m3] is the capacity of hydrogen that can be

absorbed by the tank, and ρH2
[kg/m3] is the density of

hydrogen (1 atm, 0 ◦C), which is considered a constant. vMH

[m3] and ε are the volume and porosity of the metal hydride.

B. Main objective

The main objective of this paper is to estimate the state
of the MH tank model, that is, the densities of hydrogen
and MH. In particular, we will solve this problem by means
of a nonlinear observer that uses the temperature, pressure
and flow rate as measured signals. Subsequently, the SOC of
the MH tank can computed from the obtained estimations.
Precisely, the SOC of the MH tank can be computed through
the following equation [8]:

soctank ≜
mH2

mtotal
, (7)
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where mH2
[kg] is the current hydrogen amount and mtotal

[kg] is the maximum hydrogen capacity of the MH tank.
From (1), it can be noted that vsẋ2+vgẋ1 = u2, so mH2 can

be calculated from the initial hydrogen mass and the integral
of flow rate:

mH2
(t) = mH2

(0) + vMH ·
∫ t

0

u2dt

= mH2(0) + vMH ·vs ·(x2(t)− x2(0))

+ vMH ·vg ·(x1(t)− x1(0))

(8)

where x2(0) is the initial density of the metal hydride and
x1(0) is the initial density of the hydrogen, mH2

(0) [kg] is the
initial hydrogen mass of the MH tank which can be calculated
as:

mH2(0) = vMH · vs · (x2(0)− ρs0) + vMH · vg · x1(0). (9)

Substituting (9) into (8), we can compute soctank as

soctank =
vMHvg
mtotal

x1 +
vMHvs
mtotal

(x2 − ρs0) . (10)

Since the variables x1 and x2 in the definition are unknown
(all the remaining ones are constants and assumed known)
the SOC estimation becomes a problem of estimating the
states x1 and x2 in real-time. Thus, we convert the problem
of estimating the SOC of MH tanks into an observer design
problem.

More precisely, the observer design problem can be defined
as the problem of finding a dynamic system of the form

˙̂x = j(x̂, y,u), (11)

with state x̂ ∈ R2 and vector field j : R2 × R × R2 → R2,
such that for all initial conditions x(0) ∈ R2, x̂(0) ∈ R2,

lim
t→∞

∥x(t)− x̂(t)∥ = 0. (12)

Then, the estimation of SOC ˆsoctank is

ˆsoctank =
vMHvg
mtotal

x̂1 +
vMHvs
mtotal

(x̂2 − ρs0) . (13)

Now, before presenting the main result of the paper, that
is, the observer (11), we need to study whether the considered
estimation problem can be solved. That is, we need to analyze
if the measured signal ȳ in (1) contains enough information
to uniquely reconstruct the states x. Next section is dedicated
to this purpose.

III. OBSERVABILITY PROPERTIES OF THE MODEL

A. Preliminaries

Before presenting the structural conditions of system (1),
we need to introduce some concepts that will be utilized
throughout the work. To simplify the presentation, we consider
a generic nonlinear system in which the output map is linear:

ẋ = f (x,u)

y = cx,
(14)

where x ∈ Rnx is the state vector, y ∈ Rny is the output vector
and u ∈ Rnu is the input vector. Additionally, assume that the
vector field f is sufficiently smooth in its first argument and

piecewise-continuous in its second. Moreover, assume that the
system (14) is forward invariant and has a unique solution in a
compact set X ⊊ Rnx uniformly for all u ∈ U ⊊ Rnu where
U is also a compact set.

With this system in mind, we define the concept of differ-
ential detectability that will be used throughout the work as
follows.

Definition 1 (Differential Detectability [10]): The system
(14) is differentially detectable (with respect to an Euclidean
metric) uniformly on the input u if there exists a constant
positive definite symmetric matrix P ∈ Rnx×nx and some
constants µ, q > 0 such that

P
∂f

∂x
(x,u) +

∂f

∂x
(x,u)⊤P− µc⊤c ⪯ −qP (15)

for all x ∈ X and u ∈ U.
In plain words, differential detectability implies that for any

two trajectories of system (14), denoted as x(t), x′(t), in X,
indistinguishable from the output, that is cx(t) = cx′(t) for all
t ≥ 0 with the same input u ∈ U, the two indistinguishable
trajectories converge asymptotically to each other. For more
details on this property, see [10, Section IV].

Remark 1: Differential detectability does not imply that
the system is observable. Indeed, differential detectability
indicates that trajectories indistinguishable from the output
converge to each other, while observability implies that there
are no trajectories indistinguishable from the output. The
observability condition is stronger compared to differential
detectability.

Remark 2: Even though the Jacobian of the vector field
appears in (15), differential detectability is a global property.
Consequently, different to observers based on a linearization
as the extended Kalman filter [14], an observer designed
according to differential detectability does not require the
initial value of the observer to be close to the true value.

Additionally, we introduce the notion of a non-expansive
system, which has also been studied, albeit from a different
perspective, in [15].

Definition 2: The system (14) is non-expansive (with respect
to an Euclidean metric) uniformly on the input u if there exists
a constant positive definite symmetric matrix P ∈ Rnx×nx

such that
P
∂f

∂x
(x,u) +

∂f

∂x
(x,u)⊤P ⪯ 0 (16)

for all x ∈ X and u ∈ U.
A direct consequence of non-expansiveness is that the

distance between any pair of trajectories of the system remains
bounded. More precisely, for any two trajectories of system
(14), denoted as x(t), x′(t) in X, there exists a positive
constant a ∈ R such that for all t ≥ t0 ≥ 0

∥x(t)− x′(t)∥ ≤ a∥x(t0)− x′(t0)∥. (17)

For the case a = 1, this definition recovers the one presented
in [15] with respect to the Euclidean norm. We also remark
that non-expansiveness does not imply that the trajectories
converge one to the other.

Non-expansiveness contrasts with the property of contrac-
tion, which does actually imply that the trajectories of the
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system converge one to the other, and can be defined as
follows:

Definition 3: The system (14) is uniformly contracting if
there exists some constants a, b > 0 such that, for any two
trajectories of system (14), denoted as x(t), x′(t) in X, and
any input u ∈ U the following holds for all t ≥ t0 ≥ 0

∥x(t)− x′(t)∥ ≤ ae−b(t−t0)∥x(t0)− x′(t0)∥. (18)

More details on this contraction property can be found in [16].
Finally, we end the section by providing, in the following

remark, a convex strategy in order to evaluate conditions (15)
and (16).

Remark 3: Notice that conditions (15) and (16) require
solving a set of infinite matrix inequalities that depend on the
state x and input u. Nonetheless, we can obtain a finite set
of LMIs through convex relaxation, see e.g. [17]. Specifically,
let A = {A1, . . . ,AN} be a family of matrices in R2 such
that ∂f

∂x (x,u) ∈ ConvexHull(A) for all (x,u). Then, at each
(x,u) we have that ∂f

∂x (x,u) =
∑N

i=1 ϱi(x,u)Ai, for some
ϱi(x,u) such that

∑N
i=1 ϱi(x,u) = 1 for all (x,u). With this

in mind, inequality (15) reads as

N∑
i=1

ϱi(x,u)
(
PAi +A⊤

i P− µc⊤c
)
⪯ −qP.

Consequently, any symmetric positive definite matrix P that is
a solution of

PAi +A⊤
i P− µc⊤c ⪯ −qP, i = 1, . . . , N

is also a solution of (15). Then, (16) can be analyzed similarly.
With these definitions in mind, we proceed by analysing the

structural properties of the MH tank model (1) and (2).

B. Observability analysis

Before presenting the analysis, we will slightly reformulate
the MH tank model (1)-(2). First, it can be noted that the
output of the original system presents a bilinear term on x1 and
u1. For this reason, we introduce the following transformation
linearizes the output (2)

y = ȳ
MH2

u1R
= cx =

[
1 0

]
x. (19)

Since u1 is a strictly positive quantity, this transformation is
always well defined.

Second, considering the piece-wise function in (3), the
whole R2 can be divided into the following three subsets

Ω1 :
{
x ∈ R2,u ∈ R2 | p > peq,a

}
,

Ω2 :
{
x ∈ R2,u ∈ R2 | peq,a ≤ p ≤ peq,d

}
,

Ω3 :
{
x ∈ R2,u ∈ R2 | p < peq,d

}
.

(20)

Then, the original MH tank model can be rewritten as the
following switched system:

ẋ = fσ (x,u) ,

y = cx =
[
1 0

]
x,

(21)

Table I: Parameters of the MH tank model used in differential
detectability analysis

Symbol Value Symbol Value

ϵ 0.6992 vMH 0.353× 10−3 m3

ρs0 6350 kg/m3 ρH2
0.0897 kg/m3

R 8.314 J/(mol ·K) p0 101 325Pa
MH2 2.016× 10−3 kg/mol vH2 0.35m3

vtank 0.48× 10−3 m3 ∆Sd 112.3193 J/mol/K
∆Hd 2.6967× 104 J/mol φ 0.1770
φ0 0.0030 β 0.2779
ca 843.5713 1/s cd 3109.0 1/s
Ea 3.2573× 104 J/mol Ed 3.3151× 104 J/mol

where σ is a switching signal for system dynamics f with the
index set G := {1, 2, 3} that is equal to p when (x,u) ∈ Ωp.
The vector field fp with p ∈ G is defined as

f1 (x,u) =


u2 − fr,a (x2, u1, x1)

vg

fr,a (x2, u1, x1)

vs

 ,

f2 (x,u) =

u2

vg

0

 ,

f3 (x,u) =


u2 − fr,d (x2, u1, x1)

vg

fr,d (x2, u1, x1)

vs

 .

(22)

With this reformulation, we can now present the structural
properties of the model in each subset defined in (20). We
first consider the pressure equilibrium case, i.e. f = f2. In this
subset, we have that, for all (x,u) ∈ Ω2,

∂f2
∂x

(x,u) = 0. (23)

Consequently, it is trivial to see that the MH tank model
satisfies (16) for any positive and symmetric matrix P, thus,
is non-expansive in region Ω2 with a = 1. Besides, the model
does not satisfy any detectability and/or observability property
in this region, since the vector field of the model is independent
of the states and c is not invertible.

Next, we consider the absorption and desorption cases, that
is, regions Ω1 and Ω3. For these cases, we have checked
condition (15) with the convex relaxation approach discussed
in Remark 3. More precisely, for the analysis we consider u1 ∈
[275, 320] (K), u2 ∈ [−0.05, 0.13] (kg/m3/s), x1 ∈ [0.05, 2]
(kg/m3), x2 ∈ [6360, 6685] (kg/m3) and the parameters
presented in Table I. In absorption and desorption scenarios,
the constants have been fixed to µ = 40 and q = 10. The
matrix P has been selected as

P =

[
2 1
1 1

]
, (24)

which satisfies

P
∂f1
∂x

(x,u) +
∂f1
∂x

(x,u)⊤P− µc⊤c ≤ −qP, (25)

P
∂f3
∂x

(x,u) +
∂f3
∂x

(x,u)⊤P− µc⊤c ≤ −qP, (26)
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for the aforementioned sets and parameters.
As a conclusion of this observability analysis, we deduced

that, in the considered set of state and input values, the
following structural properties can be inferred for the MH tank
model (1): 

Ω1 : differentially detectable

Ω2 : non-expansive

Ω3 : differentially detectable

(27)

We highlight that the system (1) does not only present
the properties in (27), but, all differential and non-expansive
properties are satisfied with the same metric P, presented in
(24). This fact will be exploited in the following section in
order to design the observer.

IV. OBSERVER DESIGN OF THE MH TANK MODEL

A. Proposal

In this work, we propose the following observer

˙̂x = fσ (x̂,u) +
µ

2
P−1c⊤ (y − cx̂) , (28)

where fσ is the piecewise defined vector field, µ and the metric
P are defined in (24). A major assumption for the proposed
observer (28) is that the switching signal σ in the vector
field fσ is the same as the one in (21). In other words, the
observer and the MH tank have a synchronized switching. This
may be a very strong assumption, considering that part of the
state vector is completely unknown. Nonetheless, we offer a
strategy for achieving such synchronization in Section IV-B.
We remark that the observer feedback term does not switch.
Additionally, notice that, from the observer point of view,
σ is a time-varying signal which we will define here as
σ : [t0,∞) → G. In other words, while the system (21) has
a state/input-dependant switching, observer (28) has a time-
dependant switching.

It should be noted that even if the observer and the plant
have a synchronized switching, the estimation error may not
satisfy the convergence property in (12) for all the operating
region. This is a consequence of the region Ω2, where the
system only satisfies a non-expansive property and does not
satisfy any kind of observability/detectability analysis. This
fact is formalized through a Lyapunov argument in the fol-
lowing lemma.

Lemma 1: Consider system (21), observer (28) and assume
that conditions (25) and (26) hold for some matrix P = P⊤ >
0 and positive constants µ > 0, q > 0. Additionally, assume
that x̂(t) ∈ X for all t ≥ 0. Then, for each mode i ∈ G, the
Lyapunov function of the form Vi = (x− x̂)⊤P(x− x̂) such
that, for all (x,u) ∈ Ωi and all (x̂,u) ∈ Ωi, we have

V̇1 ≤ −qV1, V̇2 ≤ 0, V̇3 ≤ −qV3. (29)

The proof of Lemma 1 is postponed to Appendix A.
In other words, since we are in the constant metric case, ob-

server (28) is contractive, according to Definition 3, during the
absorption or desorption processes, while its non-expansive,

according to Definition 2, during the equilibrium process.
Consequently, there may be scenarios where the observer does
not present the convergence property (12). That is the case,
for instance, when the system is always at equilibrium and
σ(t) = 2 ∀t ≥ 0. Indeed, Lemma 1 by itself (and considering
that V1 = V2 = V3) only shows that the estimation error
x − x̂ is bounded, but not that is exponentially convergent.
Nonetheless, during the absorption and desorption processes,
the observer does present the convergence property (12).
Therefore, if system (21) remains in the observable modes for
a sufficiently long time, convergence of observer (28) can be
guaranteed. This fact is formalized in the following theorem.

Theorem 1: Consider system (21), observer (28) and assume
that conditions (25) and (26) hold for some matrix P = P⊤ >
0 and positive constants µ > 0, q > 0. Additionally, assume
that x̂(t) ∈ X for all t ≥ t0 ≥ 0. Moreover, denote Tp(ti, ti+1)
as the sum of the total time that σ(t) = p in the interval
[ti, ti+1). Then, for any switching signal σ : [t0,∞) → G and
corresponding switching instants: G := {t1, t2, . . . , tk, . . .}
such that

T1(t0, t) + T3(t0, t) ≥ c(t− t0), ∀t ≥ t0 (30)

holds for some constant 0 < c ≤ 1 and t1 > t0 ≥ 0,
the switched observer system (28) is uniformly contracting
according to Definition 3 and the observer error satisfies (12)
for all t ≥ t0 ≥ 0.
The proof of this theorem can be found in Appendix B.

Intuitively, (30) implies that the time spend by the MH
tank at a absorption or desorption process grows linearly
with the total time. We highlight that (30) implies that
limt→∞ T1(t0, t) + T3(t0, t) = ∞. Additionally, we remark
that the convergence of the observer is independent on the total
time spent in the pressure equilibrium mode or the amount of
times that the system switches to this mode. This a direct
consequence of the fact that the system and the observer are
non-expansive in this mode.

B. On synchronizing the switching between the observer and
the plant

It is worth noting that observer (28) has to be synchronized
to the system mode σ, thus, developing a method to determine
the mode of the system is a fundamental part of the algorithm.

We highlight that, based on (3), the mode of the system
can be determined by the sign of the value of the normalized
sorption mass flow rate fr. Consequently, if the function fr
can be estimated, then, the estimation, denoted here as f̂r, can
be used as a switching signal to tune the observer modes. In
other words, we propose the following switching mechanism
for the observer:

˙̂x =


f1 (x̂,u) +

µ
2
P−1c⊤ (y − cx̂) , f̂r > ϵtol,

f2 (x̂,u) +
µ
2
P−1c⊤ (y − cx̂) ,

∣∣∣f̂r∣∣∣ ≤ ϵtol,

f3 (x̂,u) +
µ
2
P−1c⊤ (y − cx̂) , f̂r < −ϵtol,

(31)

where ϵtol is a positive threshold included to consider poten-
tial errors during the estimation of fr.
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Thus, what remains is developing an estimator of the
normalized sorption mass flow rate fr. In this work, we pro-
pose using the unknown system dynamics estimator (USDE)
proposed in [11]. Precisely, consider the subsystem of (1):

ẏ =
u2 − fr

vg
, (32)

where y is the density of hydrogen which can be computed as
in (19). Assume that the normalized sorption mass flow rate
fr and its derivative are bounded, i.e. sups∈[0,∞)|ḟr(s)| ≤
λfr for a positive constant λfr > 0. This is a reasonable
assumption in MH tank systems, since all the states/inputs
of the system are bounded and fr is a piece-wise smooth
function. Moreover, consider the following low-pass filter for
the known variables y and measured u2:{

κu̇2f + u2f = u2, u2f (0) = 0

κẏf + yf = y, yf (0) = 0
(33)

where κ is the parameter of the low-pass filter which can be
tuned between the robustness and the convergence speed, u2f

and yf are the filtered version of u2 and y, respectively. Then,
we can design an estimator for the normalized sorption mass
flow rate fr as follows:

f̂r = u2f − vg ·
y − yf

κ
. (34)

The convergence of the estimator is formalized in the follow-
ing theorem.

Theorem 2 ([11]): Consider (32) and assume that
sups∈[0,∞)|ḟr(s)| ≤ λfr for a positive constant λfr > 0.
Then, the estimator (34), satisfies for all t ≥ 0

∥fr(t)− f̂r(t)∥ ≤
√
e−

t
κ ∥fr(0)− f̂r(0)∥+ κ2λ2

fr.

We highlight that the convergence rate of the estimator can be
increased by reducing the parameter κ. Additionally, notice
that we have

lim
t→∞

∥fr(t)− f̂r(t)∥ ≤ κλfr. (35)

Thus, the estimation error decreases proportionally to the
decrease of κ. Considering this, we can see that the threshold
in (31) should be selected such that ϵtol > κλfr and t0
in Theorem 1 (the time that the observer starts operating)
should be considered sufficiently large such that e−

t0
κ ∥fr(0)−

f̂r(0)∥ ≈ 0.

V. NUMERICAL SIMULATIONS

In this section, two numerical simulations are designed to
validate the feasibility of the proposed observation scheme.
The first simulation assumes that the initial state of the MH
tank is at equilibrium (case I), while the second simulation
considers that the tank starts in the absorption phase (case
II). In both two case scenarios, the temperature evolution is
generated using the thermodynamic model of MH tanks, as
detailed in [13]

ṫtank =
fr

∆H
MH2

+ frttank(cpg − cps) +
kamb·(tamb−ttank)

vMH

vgcpgρg + vscpsρs
,
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Fig. 2. Evolution of fin and ttank for the system (21) in the
simulation Case I.

where cpg and cps are the specific heat of hydrogen and MH,
respectively. kamb is the overall heat exchange coefficient
between the ambient air and the MH tank, and tamb is the
ambient temperature. The parameters listed in Table I are used,
with additional parameters provided in Table II for the thermal
model. In both case scenarios, as analyzed in the above section,

Table II: Thermodynamic model and rest parameters.

Symbol Value Symbol Value

∆Ha 2.072× 104 J/mol tamb 298.15K
cpg 14 890 J/(kg ·K) cps 6255.4 J/(kg ·K)
kamb 0.7485 J/(s ·K) ρsi 6363.7 kg/m3

kp 0.8487 mtotal 0.0315 kg

the observer parameters have been fixed to µ = 40 and q = 10.
The matrix P has been selected as

P =

[
2 1
1 1

]
, (36)

which satisfies the condition in (25) and (26). The low-pass
filter parameter κ in (34) is fixed to κ = 1 · 10−1 and the
threshold in (31) is chosen as ϵtol = 1 · 10−5.

A. Case I

In the first case, we assume that the initial condition of the
MH tank is in equilibrium. The system inputs, the normalized
mass flow rate, fin, and the tank temperature, ttank, are shown
in Fig. 2. Initial value of temperature is ttank(0) = 298.15K.
In this case, the system belongs to the non-expansive region
in the initial state. The system initial conditions are taken
as x1(0) = 0.3253 kg/m3, x2(0) = 6363.7 kg/m3, and the
observer initial conditions are taken as x̂1(0) = 0.6 kg/m3,
x̂2(0) = 6390 kg/m3.

The results of the simulation are illustrated in Fig. 3.
As observed, the estimation of the sorption rate f̂r and the
estimation x̂1 converge quickly within the first 5s while the
estimation x̂2 remains constant at the first 220s and, then,
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Fig. 3. Comparison of the USDE and observer estimation with
true values for the simulation in Case I.
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Fig. 4. Comparison of SOC estimation with true values for
the simulation in Case I.

converges quickly after 220s, once the system has switched to
an observable region.

Finally, the SOC estimation of the MH tank ˆsoctank is
shown in Fig. 4. It can be found that the estimation of SOC
has the same trend as the estimation of x2.

B. Case II

In the second case, we assume that the initial condition of
the MH tank is in an absorption process and switch between
charge and discharge within first 100s. The system inputs, the
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Fig. 5. Evolution of fin and ttank for the system (21) in the
simulation Case II.

Fig. 6. Comparison of estimator and observer results with true
values for the simulation in Case II.

normalized mass flow rate, fin, and the tank temperature,
ttank, are shown in Fig. 5. Initial value of temperature is
ttank(0) = 298.15K. Unlike the first case, in the second case
the system belongs to the contractive region in the initial state.

The system initial conditions are taken as x1(0) =
0.3253 kg/m3, x2(0) = 6363.7 kg/m3, and the observer
initial conditions are taken as x̂1(0) = 0.6 kg/m3, x̂2(0) =
6390 kg/m3.

The results of the simulation are illustrated in Fig. 6.
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Fig. 7. Comparison of SOC estimation with true values for
the simulation in Case II.

Fig. 8. View of the MH tank test bench environment.

As observed, the estimation of the sorption rate f̂r and the
estimation x̂1 converge in a very short time at the beginning
of the stage. Besides, the estimation x̂2 shows a stepwise
convergence to x2 which corresponds to the switching of f̂r
between contractive and non-expansive regions. After 300s,
although the system still enters the equilibrium region Ω2

subsequently, the observation error is still bounded due to the
non-expansive property.

The SOC estimation of MH tanks ˆsoctank computed as in
(13) is shown in Fig. 7.

VI. EXPERIMENTAL VALIDATION

The proposed observer and SOC estimation has been val-
idated in a real experimental setup depicted in Fig. 8. The
main components of the setup are a commercial MH tank
(H2planet® MyH2 SLIM 350), several mass flow meters (F-
111B), pressure sensors (PR-21Y) and thermocouples. All the
sensors are connected to a real-time platform (NI sbRIO 9629)
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Fig. 9. Experiment measurable variables (charge): pipe pres-
sure ppipe, tank temperature ttank and flow rate Fin.

to store and process all the data. All the unknown parameters
are identified using the same method proposed in [13].

A. Case I

The first experiment is a charging experiment. The pressure
is controlled by the pressure regulator and increases gradually
in steps. It is important to note that the flow peaks caused by
each pressure increase do not exceed the maximum measuring
range of the flow meter.

Fig. 9 shows the evolution of measurable variables during
the first experiment: pipe pressure ppipe, tank temperature
ttank and flow rate Fin.

The low-pass filter parameter κ in (34) is fixed to κ = 1 and
the threshold in (31) is chosen as ϵtol = 1 ·10−5. To verify the
designed observer can converge with different initial values,
we set two different initial conditions corresponding to the
cases of absorption and desorption. The initial conditions of
the observer for absorption are taken as x̂1(0) = 1 kg/m3,
x̂2,ab(0) = 6400 kg/m3 and the initial conditions for desorp-
tion are taken as x̂1(0) = 1 kg/m3, x̂2,de(0) = 6355 kg/m3.
The observer parameters have been fixed to µ = 40 and

P =

[
2 1
1 1

]
. Fig. 10 shows the results of the estimator (34).

Since the true value of fr cannot be measured directly, here
we use fin for comparison. Indeed, since the total mass is
conserved, the evolution of fin and fr should be very similar
during the transients and the same value at steady-state. It can
be seen that the designed USDE is able to track the evolution
of fin well. However, it is particularly noteworthy that the
error between f̂r and fr is related to the derivative of fr
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Fig. 10. Estimator results obtained for the experimental results
(charge).

according to (IV-B). For instance, at around 350s, there exists
error in the estimate of fr due to the large derivative, so the
value of f̂r changes from positive to negative and the observer
mode switches directly from region Ω1 to region Ω3 based
on observer mode switching mechanism (31). This transient
error causes small periods of non-synchronization between
the observer and the system. Nonetheless, this sporadic non
synchronization does not have any apparent effect on the
estimation. Fig. 11 shows the evolution of the estimation of
ρg . The estimation x̂1 converges within 1s. It is important to
emphasize that x̄1 is directly calculated from the measurable
pressure and temperature signals, making it highly sensitive to
measurement noise. In contrast, x̂1 exhibits a smoother profile
compared to x̄1. Additionally, Fig. 11 also shows the evolution
of the estimation of ρs with different initial conditions.

Finally, Fig. 12 shows the evolution of the SOC estimation,
ˆsoctank,ab and ˆsoctank,de. Since it is computed from x̂1 and
x̂2, the convergence time depends on the convergence time of
both x̂1 and x̂2. The equation (8) has been used to obtain an
approximation of soctank as the true value cannot be directly
measured. It should be noted that since the initial soctank,
mH2

(0), is unknown, a posteriori value, α, has been estimated
from the PCT curve (given by the providers of the MH
tank) at equilibrium pressure. We highlight that approximate
calculation of soctank can only be done off-line when all
the data is available, while the proposed observer can be
implemented on-line. As it can be seen from the figure that
ˆsoctank,ab and ˆsoctank,de converge to soctank within 100s

which shows the effectiveness of the proposed SOC estimation
framework.

B. Case II

The second experiment is a discharging experiment. In
discharging process, the valve of the discharge pipeline is
opened to keep the flow rate steady.
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Fig. 11. Observer results obtained for the experimental results
(charge).

Fig. 13 shows the evolution of measurable variables during
the second experiment: pipe pressure ppipe, tank temperature
ttank and flow rate Fin.

Similar to the first experiment, two different initial condi-
tions are set. The initial conditions of the observer for absorp-
tion are taken as x̂1(0) = 1 kg/m3, x̂2,ab(0) = 6560 kg/m3

and the initial conditions for desorption are taken as x̂1(0) =
1 kg/m3, x̂2,de(0) = 6410 kg/m3. While the other parameters
are the same as in Case I. Fig. 14 shows the results of the
estimator (34). It can be seen that the designed USDE, after
some transient, is able to track the evolution of fin well. Fig.
15 shows the evolution of the estimation of ρg and ρs. The
estimation x̂1 converges within 1s.

Finally, Fig. 16 shows the evolution of the SOC estimation,
ˆsoctank. As it can be seen from the figure that ˆsoctank,ab and
ˆsoctank,de converge to soctank within 800s which also shows

the effectiveness of the proposed SOC estimation framework.
The factor soctank has been computed following the same
procedure as in the previous section.
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Fig. 12. SOC estimation : comparison between the observer
estimation and an offline estimation (charge).
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Fig. 13. Experiment measurable variables (discharge): pipe
pressure ppipe, tank temperature ttank and flow rate Fin.

VII. CONCLUSION

This work has presented a nonlinear observer for estimat-
ing the density of hydrogen and metal hydride in the MH
tank to further estimate the SOC of the MH tank. It has
been demonstrated that the MH tank dynamics satisfy the
differential detectability property with respect to an Euclidean
metric in some operating regions and a non-expansive property
in some other. These properties have been used to design a
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Fig. 14. Estimator results obtained for the experimental results
(discharge).

nonlinear switched observer. Furthermore, it has been shown
that under some switching conditions, the switched observer,
synchronised with the system, is uniformly contracting. The
proposed observer and SOC estimation framework has been
validated through two numerical simulations and in a practical
setup.

APPENDIX A
PROOF OF LEMMA 1

Denote x̃ = x − x̂. Then, since fi is a C1 function for all
i ∈ G, we have the following identify for all i ∈ G

fi(x,u)−fi(x̂,u) =

(∫ 1

0

∂fi
∂x

(x̂+ sx̃,u)ds

)
x̃ (37)

for all (x,u) ∈ Ωi and (x̂,u) ∈ Ωi. With this identity in
mind, we will begin by proving the first inequality in (29).
Differentiating V1 and using the identity in (37) we obtain for
all (x,u) ∈ Ω1 and (x̂,u) ∈ Ω1

V̇1 = 2x̃⊤P
(
f1(x,u)− f1(x̂,u)−

µ

2
P−1c⊤Cx̃

)
= 2x̃⊤P

(∫ 1

0

∂f1
∂x

(x̂+ sx̃,u)ds− µ

2
P−1c⊤c

)
x̃

= x̃⊤

[∫ 1

0

(
P
∂f1
∂x

+
∂f1
∂x

⊤
P− µP−1c⊤c

)
ds

]
x̃

≤ −qV1 ,

where the last inequality comes from (25). The other inequal-
ities can be proven in a similar manner.

APPENDIX B
PROOF OF THEOREM 1

This proof is inspired by the developments in [12]. More
precisely, starting from the switched observer (28), we con-
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Fig. 15. Observer results obtained for the experimental results
(discharge).

sider the following family of time-varying linear switched
systems for all p ∈ G:

ξ̇ =
∂Fp

∂x̂
(x̂, y,u)ξ =

(
∂fp
∂x

(x̂,u)− 1

2
µP−1c⊤c

)
ξ, (38)

where ξ ∈ R2, x̂ ∈ X , u ∈ U and y ∈ R. The first part of the
proof consists in showing that, if the switching signal satisfies
the time condition (30), the system (38) is uniformly globally
exponentially stable.

To do so, first, define the set of Lyapunov functions
Vp(ξ) = ξ⊤Pξ for all p ∈ G, where P is defined in (24).
Now considering the dynamics (38), equation (23) and the
inequalities (25) and (26), repeating the same computations as
in Lemma 1 proof shows that,

V̇1(ξ) ≤ −qV1, V̇2(ξ) ≤ 0, V̇3(ξ) ≤ −qV3. (39)

Since the function Vp is fundamentally the same for all p ∈ G,
for all ξ ∈ R2

Vσ(ti)(ξ(ti)) = Vσ(ti−1)(ξ(ti)), ∀ti ∈ G \ t0. (40)
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Fig. 16. SOC estimation : comparison between the observer
estimation and an offline estimation (discharge).

Then, for any t ∈ [ti−1, ti) and p = σ(ti−1),

d

dt
Vp(ξ) = V̇p(ξ).

Therefore, in view of (39) and (40), for any t ∈ [ti−1, ti), we
have

Vσ(ti) (ξ(ti)) = Vσ(ti−1) (ξ(ti))

≤ eqp(ti−ti−1)Vσ(ti−1) (ξ(ti−1)) ,

where we defined q1 = q3 = q and q2 = 0. Additionally,
by applying recursively this inequality we get for any t ∈
[ti, ti+1),

Vσ(ti) (ξ(t)) ≤ cσ(t)Vσ(t0) (ξ(t0)) (41)

with

cσ(t) = eqp(t−ti)
i−1∏
k=0

eqp(tk+1−tk) =
∏
p∈G

eqpTp(t0,t)

= e−q1·T1(t0,t)+0·T2(t0,t)−q3·T3(t0,t)

≤ e−q(T1(t0,t)+T3(t0,t)) ≤ e−qc(t−t0)

where we used the condition (30) in the last line.
Furthermore, since the considered Lyapunov functions sat-

isfy, for all p ∈ G,

λmin(P)∥ξ∥2 ≤ Vp(ξ) ≤ λmax(P)∥ξ∥2, (42)

where λmin(·) and λmax(·) are minimum and maximum
eigenvalue of the matrix, respectively, we have that, for all
t ∈ [ti, ti+1),

∥ξ(t)∥ ≤ 1√
λmin(P)

V
1
2

σ(ti)
(ξ(t))

≤

√
1

λmin(P)
e−

qc
2 (t−t0)V

1
2

σ(t0)
(ξ(t0))

≤

√
λmax(P)

λmin(P)
e−

qc
2 (t−t0)∥ξ(t0)∥,

(43)
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which shows that (38) is uniformly globally exponentially
stable if (30) holds.

Now by means of [12, Proposition 3.1], since (38) is
uniformly globally exponentially stable we have that observer
(28) is contractive uniformly on the input according to Defini-
tion 3. That is, for any input u ∈ U and every two trajectories
of observer (28), denoted as x̂(t), x̂′(t) in X, there exists some
constants a, b > 0 such that,

∥x̂(t)− x̂′(t)∥ ≤ ae−bt∥x̂(t0)− x̂′(t0)∥. (44)

Finally, considering that the switching signal σ is the same for
the plant (28) and observer (28), we get that x̂(t) = x(t) for
all t ≥ t0 is a solution of observer (28). Thus, we conclude
that (44) implies (12), which ends the proof.
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