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Abstract—State of charge is a crucial metric for monitoring
and controlling metal hydride storage tanks. However, designing
model-based estimators for this system is complex due to the
nonlinear, time-varying, and switched dynamics of metal hydride
storage tanks, along with operational modes where the system
becomes unobservable. This paper proposes a novel nonlinear
switched observer for metal hydride storage tanks. Leveraging
differential detectability and recent advances in contraction
theory for switched systems, we establish sufficient conditions
for the observer’s convergence, assuming synchronized switching
between the observer and the plant. Furthermore, to ensure
this synchronization, we propose an unknown system dynamics
estimator to identify the current operating mode. The proposed
approach is validated through a numerical simulation.

I. INTRODUCTION

Solid-state hydrogen storage is considered a promising
technology due to its ability to store hydrogen at high den-
sities under moderate temperature and pressure conditions
[1]. Among these technologies, metal hydride (MH) hydrogen
storage tanks have attracted considerable attention as key
components for solid-state hydrogen storage. This is mainly
because MH tanks provide a controlled and gradual release
of hydrogen, ensuring a steady supply of gas from the metal
hydrides contained within [2], [3].

In MH tanks, the maximum storage capacity is fixed, mean-
ing that exceeding this limit by overfilling with hydrogen can
lead to safety risks. As a result, it is essential to continuously
monitor the hydrogen content in real-time, which can be
quantified by the state of charge (SOC) of the system.

However, estimating SOC in real-time is challenging due
to the nonlinear behavior of MH tanks. Sudrez et al. [4] ap-
proached this problem by calculating the absorbed or desorbed
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hydrogen mass via an open-loop integration of the flow rate.
This method, though useful, requires precise knowledge of
the initial hydrogen mass, limiting its real-time application.
Moreover, integrating the flow signal directly is prone to
sensor noise, and accumulated errors over extended moni-
toring periods can significantly affect accuracy. Zhu et al.
[5] developed a real-time SOC estimation method, utilizing
a joint multi-classifier to determine the state of the MH tank.
This classifier was then integrated with the SOC model to
calculate SOC in real-time. However, this approach requires a
large dataset for training the classifier and involves substantial
computational costs.

This work aims to estimate the hydrogen and MH densities
of a MH tank using a state observer [6]-[8] based on easily
measured signals, from which the SOC can then be computed.
The main contributions of this paper are as follows:

1) A novel switched nonlinear observer for MH tank systems

is introduced.

2) An unknown system dynamics estimator (USDE) for the

MH sorption rate is designed [9].

3) The proposed observer is validated through numerical

simulation.

The rest of the paper is structured as follows: Section
IT presents the MH tank model and the SOC estimation
problem. Section III explores the observability properties of
the MH tank. Section IV introduces the nonlinear observer
design. Section V provides numerical validation, and Section
VI concludes the paper.

II. MH TANK MODEL AND PROBLEM FORMULATION
A. Mathematical Model of MH tanks

The model of the MH tank can be depicted in the following
state-space form [10]:

ug — fr (22, u1,7(z1,u1))
v
x=f(x,u):= g . (D
bow Jr (x2,u1,9(w1,u1))
Vs
UlR
MHQ.

g=h(x,u):=x;

)

The state vector, x, is defined as x = [x1,22]" = [pg, ps] "

where:

[l

e py [kg/m?] is the hydrogen gas density.
o ps [kg/m?] is the density of the metal hydride.



The model contains two measurable
[ur, u2] " = [tiank, fin] ', Where:

inputs, u =

o tyank [K] is the temperature of the metal hydride tank.
o fin lkg/m3/s] is the normalized mass flow rate of
hydrogen into the tank.

Additionally, the system assumes a measurable output, ¥,
which is the pressure in the metal hydride tank, p [Pa].
Other parameters included in the model are:

« the universal gas constant, R = 8.314 J/mol/K.
e the molar mass of hydrogen, My, = 2.016 X
103 kg/mol.
In addition, the normalized hydrogen sorption mass flow
rate, f,., is determined using the following piecewise smooth
function:

__Ea
fria = cae Fltank In (Pez a) (pss - p3)7 P > Peg,as
__Bg _
fr,d =cqe Tttank (pr%d,d) (,Ds - PsO)7 P < Peq,ds (3)
fre =0, otherwise.
where:

e ¢q [1/8] and c¢q [1/s] are the absorption and desorption
constants, respectively.

e E, [J/mol] and E; [J/mol] are the activation energies
for absorption and desorption.

® Peg,a [Pa] and pegq q [Pa] denote the equilibrium pressures
for absorption and desorption, respectively.

o pss [kg/ m?] is the density of the metal hydride when the
absorbed hydrogen reaches its saturated density, which
can be computed as:

UH2 .pHQ (4)

ss = Ps0 T+
p Ps0 varr - (L—¢)

where vg, [m?] is the capacity of hydrogen that can be
absorbed by the tank, and pg, [kg/m?] is the density of
hydrogen (1 atm, 0°C), which is considered a constant.
varg [m3] and € are the volume and porosity of the metal
hydride.

o pso [kg/m3] represents the density of the metal alloy
without hydrogen.

The equilibrium pressures peq,q and peq,q, Which establish
the boundaries for the function switching in (3), are calculated
as

Peq,a = po'e(ﬂ—ﬂ+(w+vo) tan[ﬂ(M_O‘S)}J’_g)

R Retiank Pss—PsO , (5)
ASy  AHy _ Ps—Ps0 _B
Peq,d = po.e( R Retiank +e=vo) tan[ﬁ(p;*pﬁ;o 0‘5)] 2 )7 6)

where:

e po [Pa] is the atmospheric pressure.

e AHy [J/mol] and ASy [J/mol/K] are the enthalpy
change and the entropy change for desorption, respec-
tively.

e ¢ [-] and ¢ [-] are the plateau flatness coefficients

o 3 [-] is the plateau hysteresis coefficient.

B. Main objective

The goal of this work is to estimate the SOC of the MH
tank which can be computed using the following equation [5]:

mH2

(7

A
SOCtank — )
Mtotal

where mpy, [kg] is the current hydrogen mass, and M1 [kg]
is the tank’s maximum hydrogen capacity.

From (1), vs&2 + vg21 = uy implies that mp, can be
calculated using the initial mass and the integral of the flow
rate:

t
mpyg, = mHz(O) + vy / uadt
0 ©)

=mm,(0) +vmm - vs - (22 — 22(0))
+UvMmH Vg - (xl - xl(o))7

where 22(0) and 21 (0) are the initial densities, and m g, (0)
[kg] is the initial hydrogen mass, given by:

M, (0) = varm - vs - (22(0) — pso) + vare - vg - 21(0). (9)
Substituting (9) into (8), the SOC can be expressed as:
UMHVg

SOCtank = x1 +

UM HUVs (
Mtotal

T2 = pso) - (10)

Mtotal

Since x1 and xo are unknown, the SOC estimation problem
becomes an observer design problem. In another word, the
goal of this work is to find a dynamic system of the form

(1)

with state X € R? and vector field F : R? x R x R2 — R2,
such that for all initial conditions x(0) € R?, %(0) € R?, we
have

x = F(%,y,u),

Jim [x(t) - ()] =0. 12)

Then, the estimation of SOC socg,,k can be computed as

UMHUVg . UMHUs , .
g$1—|— (

T2 — Pso) :

13)

SOCtank =

Mtotal Mtotal

III. OBSERVABILITY PROPERTIES OF THE MODEL
A. Preliminaries

To simplify the presentation, we consider a generic nonlin-
ear system in which the output map is linear:
x=f(x,u) (14)
y = Cx,
where x € R™= is the state vector, y € R™v is the output vector
and u € R™ is the input vector. Moreover, assume that the
system (14) is forward invariant in a compact set X C R"
uniformly for all u € U C R™* where U is also a compact
set.

Definition 1 (Differential Detectability, see [11]): The sys-
tem (14) is differentially detectable (with respect to an Eu-
clidean metric) uniformly on the input u if there exists a
constant positive definite symmetric matrix P € R"=*"= and
some constants (1, q > 0 such that

of of

P_—(x,u)+ —(x,u)' P - uC'C < —¢P

ox ox (15



for all x € X and u € U.

Differential detectability means that for any two system (14)
trajectories, denoted by x(¢) and x’(¢), which are indistin-
guishable based on the output — i.e., Cx(t) = Cx/(t) for all
t > 0 under the same input u € U — the trajectories will
asymptotically converge to each other. For more information
on this property, refer to [11, Section IV].

Additionally, we will introduce the notion of a non-
expansive system.

Definition 2 (Non-expansiveness, see [I2]): The system
(14) is non-expansive (with respect to an Euclidean metric)
uniformly on the input u if there exists a constant positive
definite symmetric matrix P € R"=*"= such that

of of ..
il el <
g (x,u) + (x,u) ' P =<0

P ox

(16)
forall x € X and u € U.

Non-expansiveness contrasts with the property of contrac-
tion, which can be defined as follows:

Definition 3 (Contraction, see [13]): The system (14) is
uniformly contracting if there exists some constants a,b > 0
such that, for any two trajectories of system (14), denoted as
x(t), x'(t) in X, and any input u € U the following holds
forallt >ty >0

%(t) = x' (&) < ae™"[|x(to) — x'(to)]- 17

B. Observability analysis

Given that the output of the original system contains a
bilinear term involving x; and wu;, we apply the following
transformation to linearize the output (2):

My,
UlR

y=1 :CX:[I O]X. (18)

Since u; is strictly positive, this transformation is always well-
defined.

Considering the piecewise function in (3), the entire space
R? can be partitioned into the following three subsets:

le{xeRz,u€R2|p>peq,a}»
(25 : {X € RQ,U € R? |peq,a <p< peq,d}a 19)

93 : {X€R2,UER2|p<peq7d}7

then the original MH tank model can be rewritten as the
following switched system:

X:fU(Xﬂl),

y=Cx= [1 0} X, 20)

where the o is a switching signal for system dynamics f with
the index set G := {1,2,3} that is equal to p when (x,u) €

Table I. Parameters of the MH tank
differential detectability analysis

model used in the

Symbol Value Symbol Value
€ 0.6992 VMH 0.353 x 1073 m?
Ps0 6350 kg/m3 PH, 0.0897kg/m?

R 8.314J/(mol - K) Po 101 325 Pa
Mpg, 2016 x 1073kg/mol  vp, 0.35m3
Viank 0.48 x 1073 m3 ASy 112.3193 J/mol/K
AHyg 2.6967 x 10% J/mol © 0.1770

©o 0.0030 B 0.2779

Ca 843.57131/s cq 3109.01/s

E, 3.2573 x 10% J/mol Eq 3.3151 x 10* J/mol

{2,. The vector field f, with p € G is defined as

(U2 — fra (22, u1,21)
v
f (Xau) = ! s
fr,a (anulvxl)
L Vg
=
£ (x,u)=|Y |, 21
L O
fug — fr.d (2, u1,21)
v
f3 (x,u) = I

L Vs

We first consider the pressure equilibrium case, i.e. f = f5.
In this subset, we have that, for all (x,u) € {29,

%(x, u) =0. (22)
Thus, it is straightforward to confirm that the MH tank
model satisfies (16) for any positive and symmetric matrix P,
indicating that the system is non-expansive within the region
{25. Moreover, the model lacks detectability and observability
properties in this region because its vector field is independent
of the states.

Now, let us examine the absorption and desorption sce-
narios, corresponding to regions (2; and f(25. For these re-
gions, we verify condition (15) using the convex relaxation
method [14]. Specifically, in the analysis, we consider the
ranges u; € [275,320] (K), ug € [—0.05,0.13] (kg/m3/s),
x1 € [0.05,2] (kg/m?), x5 € [6360,6685] (kg/m?), and the
parameters presented in Table I.

In both absorption and desorption conditions, constants are
set to p = 40 and ¢ = 10. The matrix P is chosen as:

2 1
P= L 1] , (23)
which satisfies the inequality:
of; of; T T
P o (x,u) + o (x,u) P—puC C< —¢P, (24)

with j := {1, 3} for the defined sets and parameters.



In summary, from this observability analysis, the MH tank
model (1) shows the following certain structural properties:

(21,823 : differential detectable
(25)
2y : non-expansive

IV. OBSERVER DESIGN OF THE MH TANK MODEL
A. Proposal

In this work, we propose the following observer

£ (%,u)+ 2P1CT (y — Cx), (26)

2
where f, is the switched vector field defined in (21), u and
the metric P are defined in (23).

Assumption 1: The observer (26) and the MH tank (20) have
a synchronized switching.

Remark 1: This may be a very strong assumption, con-
sidering that part of the state vector is completely unknown.
Nonetheless, we offer a strategy for achieving such synchro-
nization in Section IV-B.

Lemma 1: Consider the system described in (20), along
with the observer defined in (26). Assume that condition (24)
holds for symmetric positive definite matrix P =P T > 0 and
positive constants p > 0 and q > 0. Then, for each mode
i € G, the Lyapunov function V; = (x — %) " P(x —X) satisfies
the following inequalities for all (x,u) € §2; and (%,u) € (2;:

x = F,(%,y,u) :=

Vi <—qVi, Va<0, Vz<—qVs 27)

Proof: Let x := x — X. Given that f; is continuously
differentiable for all ¢ € G, the following identity holds for all
1€G:

L of;

£,(x,u) — f;(%,u) = ( =

for all (x,u) € £2; and (%x,u) € {2;. Using this identity, we
will now prove the first inequality in (27). By differentiating
and applying (28), we get for all (x,u) € £2; and (%X, u) € (2;:

Vi = 2x"P (fy(x,u) — fi(%,u))

25<TP(/ oh
0

X

L(X + sx, u)ds) (28)

Ry O u)ds)

<x'

—qV1,

where the last inequality is derived from (24). The other two
inequalities can be proved similarly.

Theorem 1: Consider the system (20) and observer (26).
Suppose condition (24) holds for some symmetric positive
definite matrix P = PT > 0 and positive constants ji > 0
and q > 0. Let T}, (t;,ti4+1) denote the total time that o(t) = p
during the interval [t;,t;11). Then, for any switching signal
o [to,o0) — G and corresponding switching instants
& = {tl,tg,..., ,} lf

Tl(t(), t) —+ Tg(to, t) Z C(t — to), Vt Z tQ (29)

81 afl ~ - T
{/0 <P8X(x+sx u)+ax(x+sx,u) P)ds]x

holds for some constant 0 < ¢ < 1, then the switched observer
system (26) is uniformly contracting according to Definition 3,
and the observer error satisfies (12) for all t > to > 0.
Proof: This proof is inspired by the developments in
[15]. Starting from the switched observer (26), consider the
following family of time-varying linear switched systems for

all p e G:
O e — (P sy Lo
(xy, ){-(ax(x,u) 2/LP C

where £ € R%2, X € R%2, u € R?, and y € R.

Define the Lyapunov function V,,(¢) = ¢ "P¢ forall p € G,
with P as in (23). Considering the dynamics (30), along with
(22) and (24), a straightforward calculation yields:

5—

C) £ (30)

Vi(€) < —qVi, Va(€) <0, V5(€) < —qVa.

Since the function V), remains the same for all p € G, for
all £ € R?, we have:

Vo) (&(ts) = Vo, (E(ts)),

Therefore, for any ¢ € [¢;—1,t;) and p = o(t;—1), we have:

d )
V(&) = Vp(€).
Hence, by using (31) and (32), for any t € [t;_1,t;), we get:

% P
Vo) (€(ti) = Vor, 1) (§(t:))
< eqp(tift“l)va(ti,l)(5(%‘—1)%
where we set ¢; = g3 = ¢ and g2 = 0. Applying this inequality

recursively, for any ¢ € [t;, t;41), we obtain:

Vo) (€(1) < o () Voto) (€(t0)),

3D

Vt, € & \ to. (32)

(33)

where:

i—1
co(t) = edp(t—ti) H ep (b1 —tk)

k=0
— H eqPTp(tO»t)
pEG
— o~ 01 T1(to,t)—gs3-T3(to,1t)

< S*Q(Tl(to,t)JrTs(tn,t)) < ech(tfto)’
Here, we used condition (29) in the final step.

- Additionally, since the Lyapunov functions satisfy, for all
pEG:

Amin (P)[I€]* < V(&) < Amax(P)[I€]I*,

where Apin(+) and Apax(-) are the minimum and maximum
eigenvalue of the matrix, respectively, we conclude that for all

S [ti, ti+1)3

1€(2)

(34)



which shows that (30) is uniformly globally exponentially
stable if (29) holds.

By [15, Proposition 3.1], since (30) is uniformly globally
exponentially stable, observer (26) is uniformly contracting
according to Definition 3. That is, for any input u € U and
any two observer trajectories X(¢) and x’(t) in X, there exist
constants a,b > 0 such that:

I1%(t) = %' ()] < ae™|[x(to) — %' (to)- (36)

Since the switching signal o is the same for both the plant (26)
and observer (26), x(t) = x(t) for all ¢ > t¢ is a solution of
observer (26). Thus, (36) implies (12), completing the proof.

|

B. On synchronizing the switching between the observer and
the plant

It is important to note that observer (26) must be synchro-
nized with the system mode o. Thus, developing a method to
determine the system’s mode is a fundamental aspect of our
proposal.

We highlight that, based on (3), the system’s mode can be
identified by the sign of the normalized sorption mass flow
rate f,. Consequently, if the function f, can be estimated, the
estimation — denoted as fr — can serve as a switching signal
to adjust the observer modes. In other words, we propose the
following switching mechanism for the observer:

f1 (%, u) + 2P7ICT (y — CR), fr > o,

Xx={f (% u)+ 4P 'CT (y—CR), |f|<eor, GD

fs (%, u) + LP7ICT (y — CR), fr < —€tor,

where €, is a positive threshold included to account for
potential errors during the estimation of f,..

Next, we need to develop an estimator for the normalized
sorption mass flow rate f,.. In this work, we propose using the
Unknown System Dynamics Estimator (USDE) introduced in
[9]. Specifically, consider the subsystem of (1):

j=t2—lr (38)

Vg

where y is the density of hydrogen, computed as in (18). We
assume that the normalized sorption mass flow rate f,. and its
derivative are bounded, i.e.,

sup | fr ()] < Agr

t>0
for a positive constant Ag. > 0. This assumption is entirely
reasonable in MH tank systems, as all system states and
inputs are bounded, and f, is a piecewise smooth function.
Additionally, consider the following low-pass filter for the
known variable y and the measured input usg:

UQf(O) =0
yr(0) =0

where x is a tunable parameter of the low-pass filter that
balances robustness and convergence speed, and uzy and yy

ey 2y = (39)

KYf +Yf =Y,

are the filtered versions of us and y, respectively. Based on
this, we can define an estimator for the normalized sorption
mass flow rate f,. as follows:

Yy—Ys

S = Ugf — Uy - .
f’r 2f g P

(40)

The convergence of this estimator is formalized in the follow-
ing theorem.

Theorgm 2 ([9]): Consider (38) and assume that
sup;solfr(t)| < Apy for some constant Ay, > 0. Then, for
all t > 0, the estimator (40) satisfies

112 = Fr)ll < \Je £ 170) = F ()] + 23,

It is worth noting that decreasing x improves the conver-
gence rate of the estimator. Additionally, we have:

Jim [1£,(6) — (1)) < mhgr. (41)

This implies that the estimation error decreases in proportion
to the reduction in . Based on this result, the threshold in (37)
should be selected so that €;,; > KAy, and ¢y in Theorem 1
(the time when the observer begins operation) should be large
enough to ensure that ¢~ || £,.(0) — £.(0)]| = 0.

V. NUMERICAL SIMULATIONS

In this section, a numerical simulation is conducted to
validate the feasibility of the proposed observation scheme.
The temperature evolution is derived from the thermodynamic
model of MH tanks, as described in [10]. The parameters
utilized in this simulation are listed in Table I, along with
additional parameters for the thermal model provided in Table
II.

Table II: Thermodynamic model and additional parameters.

Symbol Value Symbol Value
AH, 2072 x10*J/mol  tump 298.15 K
Cpg 148907/ (kg - K) Cps 6255.4J/(kg - K)
Egmb 0.7485 J /(s - K) Psi 6363.7 kg/m3
kp 0.8487 Miotal 0.0315 kg

The observer parameters are set to ;x = 40 and ¢ = 10. The
matrix P is selected as follows:

2 1
P-[i]
which fulfills condition (24).

In the simulation, it is assumed that the initial condition of
the MH tank is in the absorption phase, with a switch between
charging and discharging occurring within the first 80s. The
system inputs, including the normalized mass flow rate f;,
and the tank temperature t;q,%, are depicted in Fig. 1. The
initial temperature is set at t;q,%(0) = 298.15 K.

The initial conditions for the system are specified as
21(0) = 0.3253kg/m?3 and x5(0) = 6363.7kg/m3, while
the observer initial conditions are set to #1(0) = 0.6 kg/m?
and 7(0) = 6390kg/m3.

The simulation results are illustrated in Fig. 2. As indicated,
the estimation of the sorption rate fr and the estimate I

(42)
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Fig. 1. Evolution of f;;, and t;4,) for the system (20) in the
simulation.
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Fig. 2. Comparison of estimator, observer, and SOC estimation
results with true values in the simulation.

converge rapidly at the start of the simulation. Moreover, the
estimate %o exhibits a stepwise convergence towards x5, which
corresponds to the switching of fr between contractive and
non-expansive regions. After around 315s, although the system
eventually enters the equilibrium region (25, the observation
error remains bounded due to the non-expansive property.
Finally, it can be found that the estimation of SOC has the
same trend as the estimation of xs.

VI. CONCLUSION

This study proposes a nonlinear observer aimed at estimat-
ing the density of hydrogen and metal hydride within the MH
tank, facilitating further calculations of the tank’s SOC. The
analysis confirms that the dynamics of the MH tank exhibit
differential detectability concerning an Euclidean metric in
certain operational regions, while also demonstrating non-
expansive behavior in some other. These properties are the
foundation for the design of a nonlinear switched observer.
Additionally, it has been shown that, under specific switch-
ing conditions, the switched observer synchronised with the
system, is uniform contraction. The efficacy of the proposed
observer and the SOC estimation framework has been verified
through a numerical simulation.
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