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Abstract

We study the number of periodic orbits of a family of planar differen-
tial equations that includes usual predator-prey systems and generalized
Liénard equations. More explicitly, we give conditions for non-existence,
uniqueness and hyperbolicity of periodic orbits and also for the existence of
centers. The main tool used is a generalization of the Filippov transforma-
tion. We apply the results on non-existence of periodic orbits and on the
existence of centers to some predator-prey systems found in the literature.
The result on uniqueness is applied to some generalized Liénard equations.
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N

1 Introduction

This paper studies the number of limit cycles surrounding the origin of the system:

% =bz) (F(z) - o(y)),

dy _ (1)
~ a(y)g(x).

As far as we know, this model was first introduced by Huang (see [19]) and, as we
will see, it includes some well-known predator-prey systems. On the other hand,
when b(z) = 1, a(y) = 1, and ¢(y) = y, system (1) becomes a Liénard system
(see [21]). This fact induces new applications since, as it is known, a wide class of
predator-prey systems can be transformed into Liénard equations (see [13], [27],
[28]). Rélated to this topic we also remark that another way to study systems of
type (1) could be a transformation into a generalized Liénard equation by means
of the change given by ¥ = [J _(T) du and dt = b(x Huang followed this way,
using Zhang’s theorem for generalized Llenard equations (see [35]) to study the
uniqueness of limit cycles of (1).

Here we give both an uniqueness criterion, based on a theorem of Conti for Liénard
systems, and results on non-existence of limit cycles and center problems. Al-
| these phenomena have special interest under a biological point of view because
the appearance of anyone of them usually implies the coexistence of species. Fur-
thermore, in case of having uniqueness, the hyperbolicity of the limit cycle is rel-
evant. Without having this property, the limit cycle could bifurcate under small
perturbations, and the dynamics of the population could be qualitatively modi-
fied. If a limit cycle is hyperbolic, it will persist under small Cl-perturbations.
Hence, the hyperbolicity of a limit cycle for (1) implies the non-appearance of
new periodic solutions near it and so, a similar behaviour for any C'-close system,
even if it is not of type (1).

In the next list, we provide some examples of predator-prey systems that can be
written in the form (1):

I The Lotka-Volterra system (see [24], [33]), where b(z) = z + =0,
¢(y) = By, a(y) =y +yo, g(z) = 7z, and (o, yo) is the point (£,

)=

F(z
5)-

II The Gause model (see [15]), where b(z) = p(z + z0), F(z) = % - Yo,

w(y) =y, a(y) =y+yo, 9(z) = —y + q(z + z0), and (z0, yo) is the solution
of the system ax — yp(z) = 0, —y + ¢(z) = 0 in the first quadrant.

IIT A generalization of (II), given by Kuang and Freedman (see [20]), where
b(z) = p(z + z0), F(a) = EERMER) o) = £(y + yo), aly) = n(y +

p(z+wo0)
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Yo), 9(z) = —v + ¢(z + z0), and (zo,y0) is the solution of the system
zh(z) — &(y)p(z) =0, —v + ¢q(z) = 0 in the first quadrant.

Observe that in the above examples, the critical point (which is in the first quad-
rant in usual predator-prey systems) is at the origin. These expressions lead us
to consider the following set of hypotheses for (1) in D = {(z,y) € R} z €
(z1,22),y € (Y1,¥2); 21,91 € R~ U {—~00};22,y2 € RY U {+00}} which will be
called hypothesis (H1) :

(a) F(z), g(x) and b(z) are C'-functions on the interval (zy,x2). On this
interval, zg(z) > 0 (zero only for ¢ = 0) and b(z) > 0. Furthermore,
F(0)=0.

(b) ¢(y) and a(y) are C'-functions on the interval (y;,y2). On this interval,
yp(y) 2> 0 (zero only for y = 0) and a(y) > 0.

The structure of this paper is as follows: in Section 2, we give the main state-
ments which will be proved in Section 4. The most useful tool in the proofs is a
generalization of the Filippov transformation, that will be studied in Section 3.
Section 5 is devoted to apply the results to some examples.

2 Main Results

Define the funciion (®)
= [ ==<ds.*
o) = [ 9 4 ®
The hypothesis (H1) implies that G(z) is always positive, decreasing for z €
(—0c0,0) and increasing for z € (0,+400), as it is shown in Figure 1. Given a
positive real number z, call z1(z) < 0 < z2(z) the two solutions of z = G(z), (see
Figure 1).

We will say that (wy,ws), z1 < wy < 0 < wy < z3, is a solution of (F,G) if
F(wy) = F(w;) and G(w;) = G(wz).

We also introduce

Fi(z) :== F(z:(2)), fori=1,2. (3)

With the above notations, we can state the first two results, which extend those
given for Liénard equations (see [5], [12], [31]) to system (1).

Theorem A. (Non-existence of limit cycles). Suppose that system (1) satisfies
the hypothesis (H1). Then,

(a) System (1) has no periodic orbits in D if (F,G) has no solutions.
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(b) System (1) has no periodic orbits entirely contained in the strip {(z,y) :
s1 < T < s2} N D, if there exists a solution (s1,s2) of (F,G) such that for
any other solution (wy,w;) of (F,G), we have w; < 83 < 0 < 83 < wy,

Theorem B. (Existence of centers). Suppose that system (1) satisfies the hy-
potheses (H1) and (H2), (H3)

(H2) F\(z) = Fy(z) for some positive neighbourhood of z = 0, where Fi(z), i =
1,2, is defined as in (3);

(H3) There ezists a neighbourhood U of (0,0) such that all the orbits in U turn
infinitely many times around the origin.
Then, the origin is a center for system (1).

We will see in Section 4 that hypothesis (H2) is a generalization of the well-
known condition of reversibility of Poincaré (see [29]).

We will also prove in that section that (H3) cannot be removed (see Lemma 4.1).
Observe that when the origin is an elementary critical point for system (1), then
(H3) holds if F'(0)? 4%(%&@2 < 0, while if this expression is positive, the
hypothesis is not satisfied. In case that F’(0)? 45@%%)1—@ = 0, we can decide
whether (H3) holds by desingularising the critical point by means of the blowing-
up technique (see [1], [2], [10]), assuming that the functions involved in (1) are
sufficiently smooth (see again Lemma 4.1). In addition, when (1) is a Liénard
equation, (H3) can be substituted by the simpler condition |Fi(z)| < v8z, i=
1,2, (see [12], [31]).

Some auxiliar functions are needed to give a clearer presentation of the following
theorem. Set

— =g()
L(z) = sgn x)\2/ b(f) d¢,

= 8gn (P(f) an
H(y) = sg (y)\2 ) d¢, d

Gi(z,y) = 2a(y)H'(y)z — H(y)(Fi(z) — ¢(y)), fori=1,2.

Theorem C. (Uniqueness of limit cycles). For system (1 ), consider the functions
L(z), H(y), Fi(z) and Gi(z,y), fori = 1,2. Suppose that this system satisfies the
hypotheses (H1), and (H{), (H5)

(H{) Gi(2,y)G2(2,y) # 0, for every pair (z,y) # (0,0), and L and H are real
C'-functions with L'(0) - H'(0) # 0;

(H5) (-l)ikéa—; (;(Hf;‘(z 2z))) <0 (>0), fori=1,2 and any real number k # 0.
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Then, system (1) has at most one periodic solution in D and, if it exists, 1t is
hyperbolic and stable (unstable).

The effect of hypothesis (H4) is to force the periodic orbits to turn around the
origin. However, for some special subclasses of system (1), it is not necessary that
hypothesis (H4) holds for all (z,y) in order to have uniqueness of limit cycles.
See Remark 4.7, Example 5.4 and also [25].

Note that when (y) = f¢ a(lu) du, then H(y) = ¢(y) and (H5) becomes H5’)
(-1)'Z (2) > 0 (<0).

Therefore, when (1) is a Liénard equation, (H5) can be substituted by (HS5’)
in Theorem C. This result improves ([6], Thm.III) because here we prove the
hyperbolicity of the limit cycle.

The Filippov transformation has been used for generalized Liénard equations to
get uniqueness of limit cycles in the previous papers [30], [34]. Another well-
known result on uniqueness of limit cycles is Zhang’s Criterion, (see [35]). In
Example 5.5 we give a system for which , using our theorem, we can prove the
uniqueness of limit cycles while the results obtained in the above papers do not
work.

3 'The Generalized Filippov Transformation

The transformation we use in this paper is a generalization of the Filippov trans-
formation, which was originally designed for Liénard equations. The basic idea of
the Filippov transformation is to take advantage of some symmetries, in order to
compare solutions lying in different parts of the plane. The generalized Filippov
transformation for system (1) is given by the change of variables

2= G(z) = ; %(%)- ds. (F)

Then, system (1) splits into two C'-systems:

{ % = gl(z)(Fl(z) - (P(y)), (1.11)
% = g1(2)a(y), and,
£ = g,(2)(Fal2) - o)), :
{ Zu i} LAt (1.2
2 = 92(2)a(y),
where g;(z) = g(zi(z)), and can be also considered as:
fl_‘?_: - w(l/l =: Hi(z,y), and, (1.1)

dy a(y)
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éf _ Fy(z) “P_(y_) = z
dy — a(y) iz "

From hypothesis (H1), this change of variables is well-defined between (1™ =
{(z,y) : ¢ < 0} and R = {(z,y) : z > 0}, giving equation (1.1), and between
Ot = {(z,y) : > 0} and R, giving equation (1.2) and both having uniqueness
of solutions. The system has been split into two different ones according to a
reflection of the part of the trajectories laying in §2~ onto the right-hand side
of the plane, plus a deformation related to the function %(%1. So, it allows to

compare both sides of any periodic orbit (see Figure 2).

Remark 3.1 Fi(2*) = Fy(2*) if and only if there exist some 37 < 0 < 37 such
that F(s1) = F(s2) and G(s1) = G(s2) = z*.

The above result allows to distinguish Theorems A and B according to the relation
between Fi(z) and Fy(z). Hence, the non-existence of periodic orbits is related
to Fy(z) # Fy(z) for all z, and the existence of centers to Fi(z) = F,(z) in some
neighbourhood of the origin. So, the existence of limit cycles needs the equality
Fi(z) = Fy(z) to be true for some z > 0.

Apart from the work of Filippov (see [12]) and Sansone and Conti (see [31]),
the Filippov transformation has been successfully used also in [5], [30], [35] and
[34], for instance. Other authors (see [7], [11]) have used a similar change of
variables for Liénard equations, using of a symmetry with respect to the straight
line z = zo, in the case that there exists a unique zo such that F'(zq) = 0 (a
condition often satisfied in predator-prey systems of type (1)).

4 Proofs of the Theorems and related results

Proof of Theorem A.

(a) f C(R*) N C(R™) = 0 then, from Remark 3.1, Fi(z) # Fy(z), for all z > 0.
Assume, for instance, that Fi(z) < Fy(z).

Splitting (1) by (F), we obtain (1.1) and (1.2).

Suppose that there exists a periodic solution of (1), v C R?, and take y,, =
min{y : (z,y) € v} and yur = max{y : (z,y) € v}. After applying the general-
ized Filippov transformation, see Figure 2, v is divided into z;(y) and 22(y) which

are, respectively, solutions of the boundary value problems (1.1) and (1.2) with
common boundary conditions z1(yx) = 22(ym) = 0 and 21 (ym) = 22(ym) = 0.

Since, Hy(z,y) < Ha(z,y), z1(y) is a solufion of % < Ha(z,y). Then, by the

theory of differential inequalities (see [17], pp.30-32) , z1(y) < z2(y) In [Ym, ym).
If we prove that the inequality is strict, i.e. 2z1(y) < 22(y) in (Ym, ym), we will
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get a contradiction to the fact that z;(y) and 22(y) are solutions of the boundary
varlue problems.

Assume that for some yo, Yo € (Ym,yar), 21(yo) = z2(yo0). For all y in a neigh-
bourhood (yo — €, y0) of yo, we have that

a(y) — za1(w) | 2(y) = =)
Y —Yo Y=Y
and so, gf—l«(yo) > ff":(yo). Similarly, in the right-hand side, we obtain ji-ji“(yo) <
g;f;(yo). Hence, z1/(yo) = 22'(yo). But, recalling that z1'(y0) = Hi(21(y0), y0) <
Hy(22(y0), ¥o) = 22'(yo) and z1(yo) = 22(Yo), a contradiction arises. Consequently,
z1(y) < 22(y), for y € (Ym, ynr). (4)

In order to show that z;(ya) < z2(ym), take a point y1 € (ym,ym). By (4),
z1(y1) < 22(y1). Consider the two following Cauchy problems:

&= H(zy), £ = Hy(z,y),
2(y1) = z2(y1); z(1) = 22(1)-

Let Z7(y),Zz(y) be their respective solutions. In fact, Z3(y) = 22(y). Again, by
the theory of differential inequalities, Z7(y) < z2(y) for all ¥ > y;. In particular,
ff(?/M) < Zz(yM)- On the other hand, 21(?/1) < z(p) = ?f(yl) Then, by
the uniqueness of solutions of (—‘fi = Hy(z,y), we have that z;(y) < Zi(y) for all
y € [y1,yu] and, consequently, z1(yam) < Zi(ym) < z2(ym)-

Case (b) follows in a similar way.

Proof of Theorem B.

Using the Filippov transformation, system (1) is divided in systems (1.1’) and
(1.2’). From (H2), their solutions coincide although they may have different
parameterizations. By (H3), the orbits of (1.i’), for ¢ = 1,2, join the positive and
negative y-axes. Therefore, the theorem is proved.

We would like to stress the necessity of hypothesis (H3) in Theorem B. We give
an example of system (1) satisfying (H2) but not (H3), such that its critical point
is not a center.

Lemma 4.1. Hypothesis (H3) cannot be removed from the hypotheses of Theorem
B.

Proof. Consider the Liénard system:

2 =F(z)—y =az’—y,
4 = g() = ba®.
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where a and b are positive real numbers.

It is easy to check that (H1) is fulfilled. The Filippov transformation, in this
bz
4

Fi(z) = F(zi(2)) = a\/gb—;, for z = 1,2, and so, Fl(z) = Fy(z). Hence, (H2) is
satisfied.

case, is given by z = or, inversely, z; = (—1)'y} 4" , for i = 1,2. Therefore,

In order to know whether (H3) is satisfied or not, we desingularise the critical
point using the technique of quasi-homogeneous blowing-up (see [2], pp.182-190).
Applying the change z = r cos#, y = r?sin 0, the Liénard system is transformed

(after omitting the common factor Tam7g) into:

E =7 cos #((a + bsin @) cos® § — sin §),

d— = bcos*0 — 2acos®fsinf + 2sin? 6.

A(,cordmg to the critical points on r = 0, the three followmg situations arise:
if a® —2b < 0, the above system has no critical pomts if a®> — 2b = 0, it has
two critical points; and it has four critical points if a? — 2b > 0. All the critical
points can be studied using [1], Sec.7 and Thm.65. Their phase portraits and
those obtained without the blowing-up are given in Figure 3, where we can see
that the origin is:

- a.n equilibrium point with an elliptic sector and a hyperbolic one, when
—2b2> 0, and

- a focus or a center, when a2 — 2b < 0.

(In this particular case, we could have obtained the same result from [1],5ec.22,
but the method used here is much more general).

The most important aspect is that only in the case a2 — 2b < 0 the orbits of the
Liénard system turn around the origin and so, (H3) holds. Therefore, under this
inequality, the above dilemma between focus or center is solved smce by Theo-
rem B, we can conclude that the origin is a center. However, when a2 — 2b > 0,
the Llena,rd system satisfies (H1), (H2) and its origin is not a center. Hence, the
lemma is proved.

On the other hand, hypothesis (H2) in Theorem B is strongly related to the
concept of reversibility, see [36], as we pointed out in the previous section. This
relation can be stated as follows.

Lemma 4.2. Set 2 = z5(z1) the solution of the equatzon G(z1) = G(z,) satis-
fying z1z3 < 0, see Figure 1. Suppose that Fy(z) = Fy(z). Then, if (z1(t),y(t))

is a solution of (1), there exists a change of time T = 7(t), given by % = f—((:—:g%,
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such that (z2(7),y(7)) is also a solution of (1).
Proof. Since G(z2(z1)) = G(z1), we have that z(z;) = Z—%—:—f%g{%. Then,

dx;t(t) _ xg(xl(t))dx(;;t) =,ng8§zglggb(‘“(t)) (F(z1(t)) — (y(1)))
_ %%L@(F(zﬂt))-%(y(t))),
d_-f;(ti) = a(y(t))g(z:(t)).
Applying the above change of time, we have
dz;if) = b(zy(1)) (F(z2(7)) — (y(7))),
W) a(y()alealr)),

and so the lemma follows.

Remark 4.3. Assume that g(z) is an odd function and b(z) an even function.
Therefore, from Lemma 3.1, if (z(t),y(%)) is a solution of (1), then (—z(—t), y(—t))
also is a solution. This is the condition of reversibility given by Poincaré to study
center points (see [29]).

To demonstrate Theorem C we will use a general result on uniqueness and hy-
perbolicity of limit cycles which is already proved in ([16], Proposition 2). Here,
we give a different proof.

Proposition 4.4. Consider the differential equation

dp

40 = 5(p,0). (5)

on the cylinder {(p,0) : p € R*,0 € R/[0,27]}, for S a real C'-function. Assume
that there ezists a C'-function, w : RY — R*, such that %(w(p)S’(p, 6)) < 0(> 0).
Then, there is at most one periodic orbit for system (5), which is hyperbolic and
stable (resp., unstable) when it exists.

Proof. Consider a new variable p defined by %’; = w(p). With this new variable,
equation (5) becomes

dr drdp

@ dpds w(p(r))S(p(r),0). (8)

Let 7 be a periodic solution of (5), that is a solution p(0) such that p(0) = p(2).
After the change of variables, it will be transformed into a periodic solution 4’ of
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(5), which will have the same stability character as v. Take (p,0) = (z,0) the
intersection point between 4’ and 8 = 0. Let h(z) be the Poincaré map associated
to 4. From [23], we know that the stability character of 4’ is given by the sign
of (h'(z) — 1), where

K(z) = exp / - ((p(r(6,2)))S(p(r (6, 2)), ) db.

On the other hand,

2 NS0 = 5 e0)S(0,0) 3
0 1

Since w(p) > 0, the proposition is proved.

Remark 4.5. Proposition 4.4 also holds if the function a% (w(p)S(p, 0)) vanishes
on some rays through the origin.

Remark 4.6. Applying Proposition 4.4 with w(p) = %, we can prove that the

equation E’S = W has at most one limit cycle, which is hyperbolic, in

the region where 8 does not vanish if (f(8)b(8) — a(8)g(6)) does not change sign.
This result (without proving hyperbolicity) can be found in (3].

Proof of Theorem C. Consider the change of variables u = L(:c), v = H(y).
Its Jacobian is L'(z)H'(y) and therefore, from hypothesis (H4}; it is well-defined.
In these variables, system (1) reads

{ 2 — 38 (F(u) - ¢(v)),

where for any function f, f(u) = f(z(u)) and f(v) = f(y(v)). Note that, agam
from hypothesis (H4), —(uﬂ and M are defined at zero because 111% —%—l = 240

(o)
s efy) _ ¢'(0)
and I 5% = 70

In order to apply Proposition 4.4, we take polar coordinates (p,8). The system
is transformed into

v 2w () . P (6)
§=M<g@;ﬁuame)
t u v P 4 R

where u = pcosf and v = psin 6.
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Straightforward computations give that for » = 1,2,

Gilz,y) = p? (‘?(U) B F(u)sin 0)
T v p )

because u? = 2z and v = H(y). Hence, from hypothesis (H4), system (6) can be
written as:
dp  sinfcos OF (u)
do pgé(v) F(u)sin?0

= S(p,0).

Note that

LAV
".‘(?“ <M> = sinf cos ()Lp(l) 9 (u
dp p (p(v) — F(u)sin 0)

Then, using Proposition 4.4 with w(p) = % and Remark 4.5, we have that system
(1) has at most one limit cycle, which is hyperbolic in case it exists, if

sin @ cos @ <¢,(1,)ag§; 1) )((?t,o(u)> -

does not change sign and vanishes only on some rays.

In order to provide a more intelligible condition we write this last expression
. - . - RN . . )
using the Filippov variable z = -, Tedious but casy computations give that (7)

is equivalent to

\ Oz o(H-1(kV2z))
where & = (—1)" tan §. Then, {from hypothesis (H5), the theorem follows.

Remark 4.7. From the above proof, it is easy to show that when we remove the
condition Gi(z.y)Ga(z,y) # 0 from Theorem C, we have the following result: Let
M; and E be connected components of {Gi(z,y) # 0} C {(z,y) : = > 0} and

{Ga(z,y) # 0} C {(z,y) : = = 0}, respectively, with intersection on the y-axis.
Then Lwre s at n Jost one hmlt cycle of (1) entirely contained in M = {(z,y) :
m:ml(‘)?(:‘J t*u } U {171/ “‘:‘7'2( )‘(:’U)GMZ}

Remark 4.8. With the same notation as in the above remark, we have that if all
the periodic orbits he in one connected componcm of the set M, the uniqueness
and hyperbolicity of limit cycles in all the phase plane follows.
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5 Examples

Example 5.1. (Non-existence of limit cycles). Consider the system

3:3 = az — f(z — k)y, (8)
y=6(z—k)—y,

where z and y are positive numbers representing, respectively, the prey and the
predator populations, and «, 8, v, § and k are positive constants.

This system (see [18]) describes a predator-prey model in which the prey has a
refuge; that is, a fixed number k of prey is not subject to predation. Here we
give a proof of the non-existence of periodic orbits for system (7) different from
Harrison’s.

The system has a critical point (zo,y0) = (k + 1 i'ﬂ*ﬁl) in (0, +00) x (0, +00).
Translating this point to the origin, system (7) becomes

& = Bla + o) (2tzeth _y —y),

9
¥ = (y + yo)éz. ®

Clearly, this system is of type (1), defined in D = (—zqg, +00) X (—yo, +o0) and,
moreover, it satisfies hypothesis (H1). Then, in order to apply Theorem A to
ensure the non-existence of limit cycles, we only need to prove that there are no
solutions (wl, ws), wy < 0 < wy, of the system (F, G), where F(z) = aztsotk) .0

B(z+zo)
and G(z) = z —ZIn 6”’“

From F(z) = F(y), we ea.sxly get that wy = w,. Hence, system (F,G) has no
solutions with w; < 0 < w, and so, (8) has no limit cycles.

Example 5.2. (Non-existence of limit cycles). Consider the predator-prey sys-
tem

=v(1-2)z- f(z),
y=y(cf(z) —m),

where z and y are positive numbers represénting, respectively, the prey and the
predator populations, and «, ¢, m and k are positive constants. Assume also that
f(z) is an increasing C''-function in [0, +c0).

(10)

There exists a unique critical point (zo,%o0) in R* x R*, where zo = f~'(%) and

e 20y
Yo = ——-"LI——-L Of course, the condition z¢ < k must be satisfied in order to have
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yo > 0. By a translation of this point to the origin, system (9) is transformed in:

. I+ “‘f‘ﬁﬁ
x:f(:c+xo)(<l(——%i(%%;—)—"——l—yo> —y),

¥ = (y + o) (cf(z + o) —m).

(11)

This system is of type (1), defined in D = (—aq, +00) X (—yo, +00) and it satisfies
hypothesis (H1). We obtain that

(o + z0)(1 — =)

— 4o, d
f(z + o) voran

F(z) =
)= [° m ds — ¢ ds
J(w)—j)(c—m) s-cx-—m/o 7ot 20)

From now on, we will consider several examples of predator-prey systems of type
(9) studied in the current literature, changing in each case the function f(z).

Example 5.2. (a). Take f(z) = ﬁ%, with a a positive constant; that is, Holling
type III functional response (see also [8],[9],[19]).

The values zq, yo are given by

zo = y/am/(c—m) and yoz%g(l —-%) To.

So, we assume that ¢ > m. Here, system (F, G) can be written as

(u)1+wz)—-k2%‘—n'—c+2 o — ().

c—m

{ wywy + (’UJl + ’wz)dfo = 0,

We are interested in the case that the origin is an attractor. According to the
relations among the parameters, there are two possibilities to have an attractor:
(a) 0 <m < ¢ <2m, k< (2my/am)/ ((2m - c)\/E'-—m); and,
(b) 2m < ec.
Starting from (F, G), we get that

am  k(2m — c)y/am
c—m myc—m

In both cases, (2,) and (b), we arrive at the same contradiction: wyw, > 0. So,
when f(z) = == and the parameters satisfy either (a) or (b), system (10) has

a+z?
no periodic orbits in the first quadrant.

W1Wy = 2

This predator-prey model has been widely studied in [8],[9], but without any
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mention of the Filippov transformation.

Example 5.2. (b). Take f(z) = a2, with & > 0 and § > 1 real numbers (see
[4])-
The values of zg and yp are in this case
xnzar_n_ and yozjf(l——x—o):co.
ca m

System (F, G) becomes

g 28

(1 — =) (wy + 20)!F = (1 — 2220 (wy + z0)' 7,
wy — ff_{’ﬁ(wl + xo)l—ﬁ = Wy — lfﬁ(wg -+ Ilo)l-ﬁ.

This system can be transformed into the shorter form

Wy = h(wl),
w; = h(ws),
2P
%0
(1-B)(z+mz)1=F"

Call A =w; + 29, B=wy+z9and § = f— 1. From the above system, we get
the following relation

where h(z) =k — 2o —

k(A® — B®) = AB(A*' - B*1). (12)
Suppose that there exists a solution (wy,w,) of (F,G) with w; < 0 < w,. Conse-
quently, 0 < B < z¢ < A.
We divide the study into two cases:

If § € [0,1], k(A® — B®) > 0 and AB(A*™* — B*!) < 0. So, the equality (11)

cannot hold.
If § > 1, we have that

wWiWe

: i 11
(A= a0)(B—0) = AB — (A+ B)zo+ 22 & (1)

AS— B
1
= g (KA = B°) = (A + B)eo(A™" = B 4 (4!~ B*7Y)
1

e ((k — 20)(A° — B®) + wo((A — 50) B + (z0 — B)A"™)).
(AS-1 — Bo-1)
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Takiug into account that 0 < B < zo < A and zo < k, we get that wiwy > 0.
This is a contradiction to wy; < 0 < ws.

Hence, system (F, &) has no solutions such that w; < 0 < wy if § 2 0 or,
equivalently, if 8 > 1. Therefore, by Theorem A, we have proved the non-
existence of periodic orbits.

Example 5.2. (c). Take f(z) = (1 — e™**), with @ a positive constant, and
k=c=1 (see also [32]).

The condition zo < k is equivalent to 0 < m < d(a) =1 — e™* and so, the origin
is a critical point of system (10). In this case, the functions F'(z) and G(z) are
given by

(1 — z — zo)(z + z0)
| — 6—0.(:':—{-3:0)

~ Yo, G(z):l‘_mhll——(lwm)e .
a

F(z)=

me~2%

Unfortunately, we have not been able to prove the non-existence of a solution of
system (F,G) such that w; < 0 < wy. Anyway we have reduced the question of
non-existence of limit cycles to a problem of solving a system of equations. In [14]
we have studied the above system numerically for some values of the parameters.

In the following example, we give an easy application of Theorem B:

Example 5.3. The Lotka-Volterra system (see Introduction) has a center around
the origin.

In the region {(z,y): 2z > -4, y > —%} (in fact, the only one with biological
meaning), this system satisfies the hypothesis (H1), while (H2) holds everywhere
since Fy(z) = Fy(z) = 0. Moreover, since F'(0)* — 4%@ = ~~49‘ul2 < 0,
the origin is an elementary critical point of focus or center type. Hence, (H3) is
satisfied and by Theorem B, the origin is a. center for the Lotka-Volterra system.

Example 5.4. Consider the planar system

& = azz® + a1z — (y + ), (13)

y=1z,
where a;, az and ¢ are real constanis with ¢ > 0.

The associated functions defined in Section 2 are, in this example: L(z) = «z,

H(y) = yy1+ c%z— and Fi(z) = (—1)'v/22(a; + 2a3z). It can be easily checked
that hypothesis (H1) is satisfied. Furthermore, F3(z) — Fi(z) = 2v/2z(a; + 2a32).
Since z is always positive, from Theorems A and B we have:

Result 1. System (12) has no limit cycles if ajas > 0 and has a center if
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a1:a3=0.

On the other hand, to check hypothesis (H5), we compute

Fi(z) _(=1)'v2z(ay + 2a32) _ (=1)'v2z(ay + 2a3z)

PUHHEV22) g (sgn(k)y/ Db L) sgn(k) L T 4o

Consider the change of variables w = /1 + 4ck?z. Then,

w0 (B
(~1k5 ( e k\@)))
_ 0 (w;; (o1 + as't )) ow
611) S(]TL / 1w
= _\/_i_qu (V“’+ 1(a1 + a3’ 20k2 )) 2ck?

2 ow w

- m ((2a3 — dayck?) + (a3 — 2a;ck®)w + 2azw? + 3a3w3> ,
w3/w

and hence, if aja3 < 0, (H5) is fulfilled.

Observe also that L'(0)H'(0) = 1. But, unfortunately, in this case the expression
of Gi(z,y), for i = 1,2, is very complicated and we have not been able to prove
condition Gi(2,y)G2(z,y) # 0. Then, as we pointed out in the Remark 4.7, we
can conclude:

w

Result 2. If ajas < 0, then there is at most one limit cycle, which is hyperbolzc,
in each set of the form M = {(z,y) : ¢ = z:1(2),(2,y) € My} U {(z,y) :
z2(2), (2,y) € My}, where My and M, are connected components of {G1(z,y) # 0}
and {Ga(z,y) # 0}, respectively, with intersection in the y-azis.

In the case that ¢ = 0, we can go further and ensure the uniqueness of limit cycles
in all the phase space since we can study the components of type M. Applying
the same changes of variables as in the proof of Theorem C and the Filippov
transformation, we have that for ¢ = 0,

9 — gy cos?0p + as cos? 0p°,
{ a — GLEOS P Ga €08 TP (12.9)

& = (~1)" — (a1 cos 0 sin @ + a3 cos® sin Op?), for i =1,2.

Consider K; = { z,y) : Gi(z,y) = 0}, for ¢ = 1,2, and define K = {(z,y) :
21(2), (2,9) € K1} U{(2,y) : © = 22(2),(2,9) € Kz} If we know K, we will also
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have a description of its complementary (the union of the components of type

M). Note that

Qi(Z,y) =0 % :0<:>p2 _ (_l)i"al COS@sin{).

asz cos3 fsin 0

Depending on the values of a; and a3, & can have the different shapes depicted in
Figure 4. The most important feature of these sets is that the shadowed regions
(the regions {(p,0) : 6 < 0}) are positively or negatively invariant under the
flow of (12) (see [3]). Hence, periodic orbits cannot cross them and must lie in
{(p,0) : 6 > 0} (see also [3]).

Summing up these facts, from Theorem C and Remark 4.8, we obtain:

Result 3. If ajaz < 0 and ¢ = 0, then there is at most one limit cycle, which
is hyperbolic, for system (12). Moreover, if a3 < 0 (> 0), then the limit cycle is
stable (unstable).

In fact, it is already known that system (12, ¢ = 0) has at most one limit cycle,
see [22], and that there are cases in which the system actually has a limit cycle.
However, here we have also proved its hyperbolicity. In Figure 5, we show some
orbits of the phase portrait when a; = 1, a3 = —1, ¢ = 0, and also the limit cycle.

In the following example we show the independence of Theorem C compared to
some other known results.

Example 5.5. Consider the following system, introduced by Conti in [6]:

cx?-1

Y,
cz? 41 y (14)

y ==,

T==x

where ¢ is a real positive constant.

It is clear that system (13) satisfies the hypothesis (H1). Using the same notation
as in Theorem C, we have that L(z) =z, H(y) = y, Fi(z) = (—l)i\/g%ffﬁ- and
Gi(2,y) = 22 — Fi(2)y + y?, for 1 = 1,2. We notice that Gi(z,y) can be seen as
a quadratic polynomial in the variable y. From this, it is easily seen that the
hypothesis (H4) of Theorem C follows.

In addition,

i (Gare) — O (i)

_(2(2cz——1>_ 4c 0
9z \2ez +1) ~ ez 12
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and so, hypothesis (H5) is fulfilled. We conclude, by Theorem C, that system
(13) has at most one limit cycle and, if it exists, it is hyperbolic and unstable.

In fact, system (13) is a simple Liénard system, but it is a good example to
compare Theorem C to other results on uniqueness of limit cycles for systems
of Liénard type. For instance, to apply Zhang's theorem (see [35]) we would

Fi(z) __ czt+t4cc?-1
g(z) = z(cz?41)? )
Similarly, the hypothesis that F;(z)F!(z), is non decreasing ¢ = 1 or 2, of Zeng’s
theorem (see [34]) does not hold here. Moreover, system (13) neither satisfies
some hypotheses of Rychkov’s theorem (see [30], Lemma 2); for instance, that

Fi(z) < 0.

need to prove that is monotone; but, in this case it is not.
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Fignre 1 The graph of G(z) and the definition of @;(z), for i = 1,2

y

/ z=G(x)
e
K y

Figure 2 The Filippov transformation divides the periodic

orbit in two orbits in the half-plane = > 0

&#-2b>0 a%-2b =0

Figure 3. In the first row, the phase portraits obtained after applying the
quasi-homogeneous blowing-up are shown. In the second row, we give

those of the Liénard system when a® — 2b > 0 and a® — 2b < 0, respectively.
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>0

6> 0

K

(a) : (b)

Figure 4. Region 6 > 0 for system (12, ¢ = 0), with a1a3 < 0.
(a) a1 € [0,2]; (b) a1 > 2.

IFigure 5.



