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Outline and references

This file is an outline of the first session of Theme Il (models of neural
activity), from ionic channels modelling (reversal potentials given by Nernst
and Goldman-Hodgkin-Katz equations) to the different models of neurons.
It is important to have the following files in the appropriate folders (the
path given). Check if these links work:

e Externs/JosicBook.pdf
Externs/Izhikevich2006.pdf
../articles/Llinas-Science1998.pdf
../articles/Compte-JNP-2003a.pdf
../articles/Izhikevich-IEE-2004.pdf
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Nernst equation

In Section 2.1 of K. Josic’s notes this equation is deduced. We just

sketch the main steps.
Next two slides are related to the the Nernst equation:

o Different examples of reversal potentials obtained from the Nernst
equation.

o lllustrative graphic of different ionic concentrations in and out of the
cell and the corresponding reversal potentials.
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Examples of reversal potentials applying the Nernst

equation.

Table 2.1. Typical ion concentrations in cells. (From Johnstonand Wa).

Ion Inside Outside Equilibrium Potential
(M) (nM)

Frog Muscle T =20°C

K+ 124 2.25 58 log F¢ = —101mV

Na* 10.4 109 58 log 4% = +59mV

ci- 1.5 7.5 —58log T2 = —09mV

Ca+ 10-4 2.1 29 log 7ty = +126mV

Squid Axon T'=20°¢

K+ 400 20 ESlug% =—T75mV

Na* 50 440 58 log 42 = +55mV

ci- 40-150 560 =—00to —3ImV

Ca*t 10~ 10 29 log oy = +145mV

Mammalian T =37C

cell .

K+ 140 5 02log == = —89.4mV
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[[lustration of different ionic concentrations and the
corresponding reversal potentials.

Outside
7 Na* (145 mM)
Trmpon K* (3mM)
e KL (L0l Equilibrium Potentials
Ca’*(2.5-5 mM)

Inside AT (25mM) Na™ 62logl2 = 90 mV
Na' (5-15 mM) 62log 22 = 61l mV

K* (140 mM) "
Cl' (4 mM) K+ 62 log T’n = —90 mV

Ca+(0.1uM)

A (147 mM) Clm —62log % = -89 mV

Passive = 2.5
Redistribution C:a’+ 31 ]og “:J—_"i = 136 mV
311og #; = 146 mV

K* A” Na* Cl~
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|
Goldman-Hodgkin-Katz equation: resting potential

It is a weighted mean of all possible ions present in the membrane. It is
used to obtain the resting potential of a neuron.

VM _ E n PK[K+]out + PNa[Na+]out + PCI[CI+]in
F " Pk[KT]in + Pna[Nat]in 4+ Pa[ClH]out
Also deduced in Section 2.1 of K. Josic’s notes
For instance, in the squid axon, at rest: Pk : Pyny: Pcg=1:0.03:0.1,
[K, Na, Cl];» = 400, 50,40 mM, [K, Na, Cl]ou: = 10,460,540 mM. At
room temperature, thus, Vi ~ —74 mV.
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Mechanistic interpretation of the Goldman-Hodgkin-Katz

equation.

Rest
& 8.
8 8.
‘ 50 mv L s0my E e E
K cl Na Ca
.
==
Action Potential
: | e
B | .28
K Lgc J \‘ ﬂ
T T T T T
o E_E A S s0mv ‘ E womv  E
K <l Na Ca
Ve

Figure 2.4: Mechanistic interpretation of the resting membrane potential (2.4) as the
penter of mass. Na™ conductance increases during the action potential.
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Equivalent electric circuit, representing the presence of
many ionic channels.

outside

Figure 2.3: Equivalent circuit repre-
Ca EK EC[ -
T T sentation of a patch of cell membrane.

Toni G. (MA1-UPC) Mathematical Physiology Neuron models November 29th, 2013 8 /43



Basic equation of a circuit

From Faraday's law, g = C V/; derivating, we obtain:

dv
I(t)=C s
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Type of currents

The current /(t) can come from different sources:

@ Resting potential. A leak current, g, (V — E|), is always considered.
In absence of other currents, the membrane potential tends a V; (by
ionic pumpings...energy consuming).

@ lonic channels.

e Coupling among compartments of the same neuron (soma/dendrite
for instance).

@ Synapses.

e “External” current (electromagnetic stimuli, sensorial stimuli, noise,

).
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Type of currents

The current /(t) can come from different sources:
Taking also into account diffusion (see cable equation):

oV a 9V
E - ZW B /Ieak - IiOniC - lsynaptic + lext

The biophysical model of a neuron is obtained by adding the appropriate
components...dictated by the anatomical, physiological,
pharmacological,...data.
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lonic channels: the experiments of Hodgkin and Huxley

We explain how to extract information about the conductances with a
technique that clamps the voltage and records the current needed to
maintain it fixed. Them, from equation

Iion(t) - gion(t) (V - Eion)y
one can know the dynamics of gjon(t).

To extend your knowledge, you can read Section 2.1.5 of [E.M. Izhikevich,
“Dynamical systems in neuroscience”].
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Voltage-gated ionic channels.

a(V)
c =& O
BV)
w = fraction of open gates. Law of mass action:
d (V) —
=0 (0 (1= w) = v W) ==
- aw(v)
V)= ) + B
1
TW(V) - OZW(V) +ﬁW(V)’
-
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Voltage-gated ionic channels: sketch of voltage-clamp
technique.

____________________ I

-
¢« | analysis
. xon inject

Figure 2.5: Two-wire voltage-clamp experiment on the axon. The top wire is used |
monitor the membrane potential 1. The bottom wire is used to inject the current

7

proportional to the difference V, — V', to keep the membrane potential at V.
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Voltage clamp: determining the leakage conductance.

voltage clamp: allows the experimenter to hold the membrane potential at

a constant or holding level VC
2

space-clamp: — = 0.

closing voltage-gated channels at rest: Iy ~ g1 (Ve — E;)

time (msec)
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Voltage clamp: determining the ionic conductances.

Hodgkin and Huxley were able to isolate the K+ current by replacing Na™
ions in the external bathing solution with a larger, impermeant cation.
This eliminated the inward Na™ current. Now there are dozens of
compounds that selectively block different currents, many derived from
natural toxins. (For example, tetrodotoxin, which blocks NaC channels,
comes from the Pacific puffer fish, a tasty, if slightly dangerous, Japanese
delicacy called fugu.)

Ik =1Iy—11

By Ohm'’s law:

gK(t) = (\/IK_(tE)K)

izl
//
k 7
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Voltage clamp: determining the ionic conductances.

40
20

-20
> 40
-60
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20+ g
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Voltage-clamp to determine the dynamics of a sodium
channel.

D

b=
- _.__“_\',_,.
|A\\~ S j_-;\
.::'_{_ o ___‘_\r—/.
|\i = ey

ot el

_ —

=
| peak = he.o (V)
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Extracellular

g Closed Open Closed

(not activated) (activated) (inactivated)

Intracellular

Figure 2.8:;Structure of voltage-gated ion channels. Voltage sensors open an activation
gate and aﬁow selected ions to flow through the channel according to their electrochem-
ical gradients. The inactivation gate blocks the channel. (Modified from Armstrong
and Hille 1998.)
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Activation and time functions

Hodgkin and Huxley studied the dynamics of the gating variables and gave
next modelization (w can be h, m o n,...or others not seen yet):

dw L Weo(V) —w
— = ¢ (aw(v) (1 —w) = Bu(v) w) = ¢T(V)’ (2)
_ aw(v)
Woo(V) - OéW(V)-‘rﬁW(V)’
1
) = A

aw(v) =0.07 exp(—(v + 50)/10),

1
"~ 14+exp(—0.1 (v +20))
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Different phases of an action potential (main features of
the neurons and the Hodgkin-Huxley model)

E,
e
Membrane voltage (mV) depmammﬂ
100 rest —|
hyperpo\anzahonl
Excited
(regenerative)
e Repolarization Repolarization ]
small /
depolarization | Upstroke
\ large
\ / depolarization Action
B \ / ~ potential | Absolute Relative
MRest T (spike) | refractory refractary
’ \ARertyperoolartzation ]
el Vit)
activation deactivation
1
Gating variables hit)
0.5 n(t)
mt)
o : ph 1
inactivation deinactivation
Conductances (mS/cm?2) ™
20+ Iudt -
9,0
q f . T
500 LCurrents (wA/cm?) ol 2

a TnehL
-500 |- 10 4
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|
Voltage-gated channels

Types:
@ activating/opening channels (m-Na™, n-K™);
@ inactivating/closing channels (h).

The proportion of open channels in a large population is
p= m? hb

where a is the number of activation gates and b is the number of
inactivation gates per channel. The channels can be partially (0 < m < 1)
or completely activated (m = 1); not activated or deactivated (m = 0);
inactivated (h = 0); released from inactivation or deinactivated (h = 1).

@ b =0 — persistent currents.

@ b # 0 — transient currents.
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Activation of Persistent Currents

L — e
] -
@ ol @
50 my = »
sbp potentials z .
prestap =
v, =
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Figure 2.10: An experiment to determine m..(V). Shown are simulations of the per-
sistent Nat current in Purkinje cells (see section 2.3.5).

Figure: Initially, hold V = V4 so that all activation gates are closed and / = 0.
Then, step-increase V to V; > V until its asymptotic value, which is I;.
Repeating the experiment for various Vs, one obtains the entire steady-state

| — V relation.
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Activation of Persistent Currents

The dynamics of the activation variable m is described by the first-order
differential equation

m' = (Moo (V) = m)/mm(V),

where the voltage-sensitive steady-state activation function my, (V) and
the time constant 7,,( V) can be measured experimentally (voltage-clamp).
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Activation and time functions

16
10 i
14
038 12
‘.;.,_ Y £ 10
® 04 Z 08
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Figure 2.9: The activation function m..(V") and the time constant 7(V") of the fast tran-
sient Kt current in layer 5 neocortical pyramidal neurons. (Modified from Korngreen
and Sakmann 2000.)

Woo (V) = 1
<) = T ep((Vay — V)

_( Vmax - V)2
2

TW(V) = Chase + Camp exp pu
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Activation and time functions

m.(V)
Cbuse+cu|np
[
Cb;ls:
Vv
0 ——" : |4
2k Vin Viax

Figure 2.20: Boltzmann (2.11) and Gaussian (2.12) functions and geometrical inter-
pretations of their parameters.

1
WeolV) = )
M) = T e(Vip = VK
—(Vimax — V)?
TW(V) = Cpase + Camp eXp (302)
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Activation of Persistent Currents

e Smaller values of 7,,( V) result in faster dynamics of m.

@ Observe that (V) = gm(V)(V — E); i.e,,
ms(V) = 1(V)/(V — E) and normalized so that max my (V) = 1.

@ To determine the time constant 7,,(V/) one needs to analyze the
convergence rates.
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Inactivation of Transient Currents

Figure 2.11: Steady-state activation function
M. (V) from Fig.2.10, and inactivation function
h (V) and values h, from Fig.2.12. Their overlap
(shaded region) produces a noticeable, persistent
ik 50 40 20 - “window” current.

membrane voltage, YV (mV)
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Hyperpolarization-Activated Channels

@ Channels that are open by hyperpolarization and turn on currents.

e For biologists, it is “exceptional” or “weird": Ig (queer), I (funny),
I (hyperpolarization-activated), or Ix; (K™ inward rectifier).

@ Mathematically, they are “normal” transient currents with the
understanding that they are always activated (either a =0 or m = 1),
but can be inactivated by depolarization.
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|
Membrane potential in the Hodgkin-Huxley model

v = v(t) membrane potential:

dv
Cmg ==l — Ing = Ik = Isyn + lapp. (3)

lsyn synaptic current; /,,, applied current.

L =g (v—WV), leakage current
Ina = gna 13 h (v — V), sodium current
Ik =gk n* (v— Vk) potassiun current,

, m, n are the gating variables.
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|
Beyond the classical Hodgkin-Huxley model...

The HH model is based on experiments performed on the giant axon of a
squid, but there is a huge variety of neurons and animals. This paper is a
good reference to see many of them:

[R. Llinds, “Intrinsic Electrophysiological Properties Of Mammalian

Neurons: Insights into The Central Nervous System Function”]
In general,

1
T 1+ exp(Vajz — V)/K)’

- Vmax - V 2
TW(V) = Cpase + Camp exp <(O‘2)> .

Woo (V)
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Parameter values of several types of ionic channels (I)

Parameters (Fig.2.20)

Na™ currents Eq. (2.11) Eq. i2.12)
Vi k Vimax ¢ Camp  Cham
Fast transisnt* Freag = 3mik(V — Exg)
activation —40 15 38 30 048 0
inactivation —a2 -7 & W T4 12

Fast transient
activation
inactivation

Fast transient*
ackivation
inactivation

Fast persistent 4L
activation
imactivation

Fast persistent
activation
imactivation

Fast persistent *
activation
Fast persistent §

—42 4 — i
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—30 55 - e -

- —58 Sexp{{—40 - V'}/33)

Ty = D (VIR(V — Exg)
—28 8.5 - = — —
—g6 -5 dexpl({—30 - V')/20)

Trup =3m{V iV — Ey,)

—&0 4 - e -
—4a -10 66 35 dis s
Finp = gmoc{ V014 + 0EGANV — Era)

—&0 @ - - - -
= (3.2 + 25exp(—V/25.5)

=36 =7

Tep = §miV — Exa)
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Parameter values of several types of ionic channels (II)

Farameters (Fig.2.20)
K* currents Eq. (2.11) ‘ Eq {2.12)

Vijo k Vom ¢ Cump Com

Delayed rectifler’ i = 3 n¥(V — Ex)

activation —a3 i - a0 4Y 11

Delayed rectifler**  Jpr = gmh(V — Ex)

activation -3 10 —al a0 4r £l

inactivation —51 —-12 —ai 50 1000 300
M currenc® Ty = iV — Eyc)

activation -4 & —al 25 320 a0
Transient+ Iy = gmhiV — Ey)

activation -3 n =71 @0 082 034

inactivation —i —10 -1 a3 a0 &
Transient * Ix = gmA(V — Ex)

activation —28 n - - - -

inactivation -2 =i - - - 135
Transient® Ia = gmih(V — Ex)
Fast componant {605 of total conductsance)

activation —0 a5 —a8 25 2 03r

inactivation -8 —6 —é iz da b]
Slow component (40% of total conduetanca)

activation —3d o —58 25 2 037

inactivation —va —6 —Ta 25 45 10

To(V) =60 when ¥ = —73
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Parameter values of several types of ionic channels (III)

Parameters (Fig.2.20)

Cation currents Eq. (2.11) Eq. {2.12)
Viga k Vi ¢ Camp Chase

Iy eurrent In=ghiV — En), Ep=—-43mV
{opened by Ryperpolarization )

inactivation -7 —55 —75 13 1000 100
Iy, current # Iy =ghiV - Ep), Ey=-1mV

inact. (soma) ] -0 —7 @ s 10

imact. (dendritej —an -5 —75 0 40 10
Iy, currant * Iy =ghiV - Ep), Ep=-21lmV

fast inact. (655 ) —B7 -12 -5 a0 80 a0

slow mact. {35 —58 -4 —bs a0 300 100

1. Thalumic relay newrons (McCoemick and Pape 19%; Huguenard and McCoemick 1992),
2. Hippocampal pyramidal neurons in CAL (Magee 1958).
3. Entorhinal cortex Layer II neurons (Dickson et ol. 2000},
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Hodgkin-Huxley variations: types of ionic channels

Summary types of currents:

. voltage-gated currents ¢~ activation
1000 .
IEI [ inactivation
slow
100 —
w
E
=
&
g
8
2 10
14
fast
T low-thrashokd I T
100 w-thre 50 h»gh-lhmshokjﬂ

half-voltage, Vysz (mV)

Figure 2.21: Summary of current kinetics. Each oval (rectangle) denotes the voltage
and temporal scale of activation (inactivation) of a current. Transient currents are
represented by arrows connecting ovals and rectangles.
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Reductions of Hodgkin-Huxley: scheme

e Simplifications m = mu. (V).
o Wang's model:
“Calcium Coding and Adaptive Temporal Computation in Cortical
Pyramidal Neurons”, X.J.Wang, JNP 1998, used for the study of the
estimation of conductances.

@ Direct 2D models from Hodgkin-Huxley or similar. See Izhikevich, Ch.
5, minimal models|, or Chow-Kopell, NC 1999, p.34.

@ Morris-Lecar. See Section 3 of Toni G. “Una introduction a les
matematiques de |'activitat neuronal”. If you like it, you can read all
the paper, which is intented to faithfully reflect its title...!

@ “Geometrical” reductions: Fitzhugh-Nagumo model. Used, for
instance, in to study synchronization of oscillating neuron networks.
Very useful to study analytical properties.

o Integrate & fire models (I1&F, Lapicque 1907) and variants: QIF, EIF,
I&F with adaptation, EIF with adaptation, Izhikevich model,. ..
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-
Examples of possible reductions of the Hodgkin-Huxley
model

Remove h
and Leak

Transient Na Current {m,h) Persistent Na Current (m})

Leak Current Persistent K Current (n)

Minimal Models

h m n

Gating for Gating for Gating for

Inactivation Activation Astvalion

of Na Current of Na Current of K Gurrent
Leak Gurrent Gating variables
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Comparative

We go through (very cautiously!) Fig. 2, p. 1066, of
[E.M.Izhikevich, “Which Model to Use for Cortical Spiking Neurons?"]

Toni G. (MA1-UPC) Mathematical Physiology Neuron models November 29th, 2013 38 /43



An exemple of a “sophisticated” model

Observe the nuances of the models appearing in pages 2708-2709 of
[Compte et al., “Cellular and Network Mechanisms of Slow Oscillatory
Activity ( 1 Hz) and Wave Propagations in a Cortical Network Model"]; in
particular, the high dimensionality of a single neuron model when one
seeks a realistic representation.

It is also important to note that we take into account two compartments
for the excitatory neurons (pyramidal): soma and dendrite.
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FitzHugh-Nagumo equations

The Fitzhugh and Nagumo reduction isolates slow variables (gathered on
w and considered gating variables) and the fast variables (represented by
the membrane potential V).

The equations are the simplest ones giving rise to nullclines geometrically
equivalent to those of the classical Hodgkin-Huxley model.

{ dv/dt =—-V(V-1)(V —a)—w+ lapp
dw/dt =e(V —~vyw).

For our simulations, we take a = 0.14,¢ = 0.01,y = 2.54 and vary /,pp.
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|
FitzHugh-Nagumo: bifurcation diagrams

W
1.5
A
s '§g
Q
O 4
o]
=]
o}
&
-0.5
-0,1 Iapp 0.3
Br Pt Ty Lab lapp
§ -2 4B WY 7 0,1644
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FitzHugh-Nagumo: bifurcation diagrams

Y
1.5
o . . .
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L=}
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FitzHugh-Nagumo: bifurcation diagrams

Biparametric:

a

-2 lapp 0.5
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Foreword

@ Neurons live in a noisy environment, subjected to many sources of
noise.
e opening and closing of channels is a probablistic event
e spontaneous release of neurotransmitter which leads to random
bombardment of small depolarizations and hyperpolarizations

e In vivo, cortical neurons live in a high-conductance state due to the
asynchronous firing of the presynaptic cells.

We mostly concentrate on scalar models for the firing of action potentials,

such as the LIF, mostly to see the effects of noise on the subthreshold
properties of neurons.

Informal treatment, not into the It integral.
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Stochastic Differential Equations

dX = A(X,t)dt + B(X, t) dW.

with X € R", A: R" x R — R", B is an n x n matrix of functions,

Bjx : R" x R — R, and W; is a vector of independent Wiener processes.
In general, the equations that we get are not easily solved either
numerically or analytically, but the scalar equation is treatable:

t t

a(x(s),s) ds + / b(x(s),s) dWs,

to

x(t) = x(to) +/

to

an extension of the Picard formula with a second integral which is a
stochastic integral.
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Wiener process

W; is a continuous-time stochastic or random process (also called
Brownian motion) characterized by three properties:
e Wy =0.
@ The function t — W; is almost surely everywhere continuous.
@ The probability distribution W; is Gaussian; in other words, its density
function satisfies

Op(x.t) _ o® Pp(x, 1) _
ot - 7 8X2 ) ,D(X, 0) - 5(X)

e W; has independent increments with W; — W5 ~ N(0, t — s) (for
0 < s < t); equivalently,
e for any finite collection times t; < tp < --- < t,, the random variables
Wy, — W,,_,y are independent.
o E[W,]=0and E[(W, — W;)}] =0%(t—s) forall 0 <s <t
The Wiener process can be simulated by

Wirh = Wi + VhN(0,1).
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The Wiener Process (simulations)

. b
5 T T T T 0.6 . . . .
p(x.1)
A 1 0.5}
3 variance 0.4l
2 A LA 0.3y
Thewe N "f W .l
L A [ ¥ 1 02t
J"r n 'ff
i ¥ J
0 '-'\,NI '-LI—F‘- Wt innen 04t
Ty N mean
-1 1 2 3 3 5 05 L
time B

Simulated Wiener process, h = 0: 01. (a) Sample path and mean and variance of 1000 sample
paths. (b) Probability histogram for 100 000 sample paths starting at Wy = 0;
p(x, £) = 1/(v/2 £) exp(—x2/(2 1)).
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Langevin equation and discretization

Consider

dX = A(X, t) dt + B(X, t) dW,,
that can be solved numerically by
X(n+1) = X(n) 4+ hA(X(n), t,) + B(X(n), t,) Vh N(0,1),

where h is the discretization time step and N(0,1) is a vector of normally
distributed independent random numbers with unit variance.
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What does noise do to neurons?

It allows them to fire in the presence of subthreshold inputs (the
addition of zero mean noise can induce a “silent” neuron to fire). We
consider a leaky integrate&fire model with constant noise:

dV = (I — V) dt + o dW,.

a 5]

3
L =1

TaL Simulation of the integrate-and-fire model with
additive noise. | = 0.95, 0 = 0.1, h = 0.01 with
V() s ‘ ’ h ” Euler method,

1 Vg1 = Vo + h(l = Vi) + o VA N(0,1). See
I 0 0 035 40 4R 5D
Mathematical Models in Biology Neurosciel
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In a Morris-Lecar model close to a HB

dv
7 = (v —E) —gkw(v—Ex) — gcameo(v) (v — Eca) + lapp,
dfw B ¢WOO(V) —w
d Tw(v)
where
moo(v) = (1+tanh((v — V1)/V2)) /2
Woo(v) = (1+tanh((v — V3)/V4)) /2
Tw(v) = (cosh((v — V5)/(2Va))) .
VL = —60, VK = —84-, VCa =120 en mV
Vi=-12, Vo =18, Vi =2, Vi =30
gL =2, gk =8.0, gc;=4.4 en mS/cm?

— 2 _ _ 2
C =20uF/cm* ¢ =10.04 lapp = 85 pA/cm=.
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e —
In a Morris-Lecar model close to a HB

dv

E = —8L (V - EL) — 8K W(V - EK) — 8Ca moo(V) (V - ECa) + Iappa
dw ¢WOO(V) - w

dt Tw(v)

M=
[Kinescope
Braphic stufs

[Bd-parans
Brdryval

-20 i 300

i norn ¥ period
2 93.86 2 ?5.27 2527 78.76

Br PtTy Lab
1 -29 HB

I'x=—118"392249 u=0.737884

Bifurcation diagram and simulation of the Morris-Lecar model without noise. Right panel,
— 8K

I
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e —
In a Morris-Lecar model close to a HB

dv
s =—gL(v—EL) — gk w(v— Ek) — gcamMoo(v) (v — Eca) + +lapp,

dw Woo(V) — w

= =0

0.6
" 0.5
| S . Y
ie0.1i71
0.4
i =
[Kinescope 0.6
[Graphic stuff
nUmerics 0.3
File ¥
[Parameters
Erase
Makewindow 0.2 02
[Text ,etc
[Bing pts
[Viewaxes o
i vs t 0.1
Restore
[Bo-params ~ - - - :
[Brdryval -80 -60 -40 -20 0 20 0 - N
—60 —40 -20 0 20 40

il V(t)

I'x=-118.992249 u=0.737884
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How does one detect a spike in a stochastically driven
model?

06 0.1 . . . ;
8 . . ~7 . # 009 ]
05t d 0.08 1
w(t) 0.07 1
0.4 0.06 ]
03 ] 0.05 p
, 0.04 g
02 0.03 ]
G 0.02 g
' : 0.04 -
e L L N L 0 '
-60 40 20 0 20 40 0 200 400 600 800 1000
V(i) ISI (msec)

Distribution of crossings of w=0:3. Right: Histogram of ISls, interspike intervals.

Remark: The trajectory will not be differentiable, so it could cross a fixed value arbitrarily many
times in a given time interval. This is not an issue with the 1&F model because of reset

conditions. In the ML model, a crossing level of w = 0.3 is a very reliable indicator-of a spike.
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From SDEs to the ODE rate equations through the
Fokker-Planck PDE |

The Fokker-Planck equation is a fundamental method to study SDEs. We
concentrate in the scalar case.

@ P(x,t) is the probability that a random variable X = x at time ¢.
@ We assume that the new state only depends on the current state.

o Let M(X/, x, t) dt be the rate at which the process whose state is
X = x’ at time t jumps to X = x at time t + dt.

The master equation is defined as
aP / / / /
E(X, t)= [ [M(x',x,t)P(x',t) = M(x,x', t)P(x, t)] dx'.
Equivalently (Q(y, x,t) = M(x,x + y, t)):

Ge00 = [ 100 x =y 0Pl = y.) — Qyox, tP(x. 1) d.
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From SDEs to the ODE rate equations through the
Fokker-Planck PDE Il

Assuming y small (realistic in synaptic events) and Taylor-expanding we
get the Kramers-Moyal expansion:

X X 2 9? X X
8'D()<7t):/dy |:(_y)aQ(Ya 7t)P( >t)+La Q(y, ,t)P( ,t)+”‘

ot Ox 2 Ox?
Defining
aj(x, t) = /dyyj Qy, x, 1),
oP _ Baa(x, t)P(x,t)  10%as(x, t)P(x, t)
T A » T2 e

Observe that o is the mean jump size and a; the variance.
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From SDEs to the ODE rate equations through the
Fokker-Planck PDE Il

In the case of Gaussian processes, all the moments of @ higher than two
vanish (m-cumulants of a Gaussian random variable are zero for m > 2).
Thus, we get the Fokker-Planck equation:

oP _ Oaa(x, t)P(x,t) 1 0?az(x, t)P(x, t)
E(X’ )= Ox T3 Ox?
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The Fokker-Planck equation for the Langevin equation

dx = a(x, t) dt + b(x, t) dW;

In the discretized SDE x(t + h) = x(t) + ha(x, t) + Vh b(x, t) N(0, 1), we
can think of ha(x, t) being the mean jump size and h b(x, t)? being the
variance.

Since the mean and the variance in the master equation are defined in
terms of the rate per unit time, we divide by h, and obtain the
corresponding FP equation:

oP _da(x,t) P(x,t)  102b(x,t)?P(x, t)
E(X’ t)=- Ox 3 Ix?
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The Fokker-Planck equation for the scalar with constant
noise SDE: dX = a(x, t) dt + o dW,

oP _da(x,t)P(x,t) 02 0*P(x,t)
E(X’ t)=- Ox + 2 9x2
which can be written as this conservation law:
oP oJ
—(x,t t) =
5 (6 )+ 5 (x ) =0,
02 OP(x, t)

for J(x,t) = a(x,t) P(x,t) — > , which is a current with a drift

or transport term and a diffusive part.

To solve the Fokker-Planck differential equation we need boundary and
initial conditions. We are going to explore them in a LIF neuron model.
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|
The Fokker-Planck equation for integrate&fire models

Consider
dV =f(V,t)dt+ o dW;

with a reset condition: when V' reaches Vi, then V = Vieser.

il
M

0 5 10 15 20 25 30 35 40 45 50
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|
The Fokker-Planck equation for integrate&fire models

Consider
dV =f(V,t)dt + o dW,, V(t™) = Vgpike = V(t*) = V/eset-

Different f(V,t) give the different types of 1&F neuron models (LIF, QIF,
EIF,...)

oP 0J
E(V’ t) = _a—v(v, t) + 0(V — Vreset) J(Vspike, t),
a2 OP(V,t)
where J(V,t) =f(V,t) P(V,t) — I TV

o defined for V € (—o0, Vspike), and
@ with boundary conditions P(—o00,t) = 0 = P(Vspie, t).

Remark: J(Vipike, t) =: v is the firing rate of the neuron.
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|
The Fokker-Planck equation for integrate&fire models |

Stationary solutions:

(V)

0=—"4v

+ 5( vV — Vreset) J ( Vspike)
Thus,
Jo = —J(V) + J(Vspike) H(V — Vieset), H = Heaviside.

In fact, we can obtain Jy = 0 evaluating J at —oo since by definition
29P(—o0,t

J(—00) = F(—00) P(—o0, 1) = P00 g oid gy = — s(—o0)

Moreover, from P( Vsp,-ke) = 0, using again the definition at steady state:

02 dP(Vepike)

J( Vspike) - _? dv

V.
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|
The Fokker-Planck equation for integrate&fire models Il

Thus, we finally get a first order ODE:

02
FV)P(V) -5 dZ(VV) =

4 H(V - vreset)-

We have (using normalization):

F(VYP_(V)—=0c?/2P (V) =0, —o00< V < Vieser,
f(V)PJr( )_02/2P,( ) =V, <Vreset<v<vspik67
( OO) =0,
( reset) = P+(Vreset)a
( Sp/ke) =0,
Vresst Vsplke
/ P(V)dV+/ P.(V)dV =1.
—00 reset
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|
The Fokker-Planck equation for integrate&fire models Ill

Defining F(x) as F'(x) = f(x), we can obtain that:
2 Vreset VSP"ke
vt = exp(2 F(x)/0?) dx / exp(—2 F(y)/o?) dy

- 52
g — 00 Vieset

2 Vspike 5 Vspike 5
12 [ ewE(/et) [T (-2 F(y)/o) dy d
Vieset X

spike Vipike
= [ ewcre) | exp(~2 F(y)/0®) dy dx

maX(X7 Vieset
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The rate function for the LIF model, f(V)=1—-V

The firing rate for the leaky integrate-and-fire model, see [Fourcaud,

Brunel |, is:

Vreset -

Vil B ﬁ/\/spik:I esz(l + erf(s)) dS,

with erf(s) =

-1

0

]

2
I

3

4

5

F-I curves for the LIF model (Vspike =1, Vieset = 0. Solutions to the boundary value problem

and solutions to the Monte-Carlo simulations: o = 0.25 (left), o = 1.0 (right).
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|
Neuronal networks: outline (ELEMENTS)

@ We have seen that single neurons can have quite complex dynamics.
@ Now, we have to consider their connections (synapses).

@ Which kind of structures do the neuronal networks have?
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|
Neuronal networks: outline (CHALLENGES) |

@ How will the new dynamics be? This will depend on the type of
neuron, the strength of the synapses, the timing among the pre- and
post-synaptic neurons,... So, synchrony becomes an important
question to explore.

@ Does the structure of the network influence the dynamics? How?
This involves both statistical methods to extract information about
connectivity, but also graph theory to characterize each type of
network. This approach main leads to highly computational tasks.
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|
Neuronal networks: outline (CHALLENGES) Il

@ These complex networks, can be studied in a simple way? Is there a
way to capture the essence of the network dynamics to be able to give
rigorous results or, at least, make sure about the mechanisms
leading the overall dynamics? This question leads to reduced
models, mainly rate models, which are, in general, systems of
differential equations that can be derived in several ways
(Wilson-Cowan approach, Fokker-Planck approach,...).
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|
Overview on basic ELEMENTS when building up a network

[. Choice of neuron models.
[I.  Synaptic couplings.
[Il. Structure of the network (space and topology).

IV. Input current.
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Models' paradigm

Model extensions
(parts of the neuron,
lonic diversity,
variability)
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I. Choice of neuron models

I. Choice of neuron models
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I. Choice of neuron models

|. Choice of neuron features

Elements to take into account:
@ Both excitatory and inhibitory neurons?
@ Proportion exc/inh (= 4).
@ Type of models according to the desired biological plausibility (ionic
channels, compartments, adaptation, only spiking,. . .)

Toni G. (MA1-UPC) Mathematical Models in Biology Neurosciel October 23th, 2014 8 /80



Integrate and fire neurons (leaky)

Cdv

9 e (v — VL) + lapp(t),

V(t + 7_ref) = Vreset; if V(t) > Vthresh

-25 T T T

T T T T
Voltatge neurona landF: mV/msec

-30
-35
-40
-45
-50
-55
-60

-65

-70 | | | | | | |
700 710 720 730 740 750 760 770 780
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Integrate and fire neurons (quadratic)

cd

oo = 8 (v = Vi) (V) + Lapp(2),

V(t + Tref) = Vreset if V(t) > Vthresh
8L _ 2 _ _
b(v) = Sa7(v = V) alv = Vi) — It

(Ermentrout-Kopell 1986)
Does not capture either spike generation dynamics at ms time scale (too
slow)
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I. Choice of neuron models

Integrate and fire neurons (exponential)

dv

- e (v = Vi) + (V) + lapp(t),

V(t + Tref) = Vreset if V(t) > Vthresh

—V
(v) = g AT exp(~=T)

(Fourcaud-Trocmé et al 2003)

Captures quantitatively very well the dynamics of more realistic neurons,
because the activation curve of sodium currents can be well fitted by an
exponential close to firing threshold.
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Il. Synaptic couplings

Il. Synaptic couplings
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Il. Synaptic couplings

Networks: how many neurons and synapses?

Species Neurons Synapses

C Elegans 302 5000 w

Honey bee 100 10° TR

Mouse 108 1011 ”“
Cat 10° 1012-13 m

XX&““\

Fruit fly 10° 107

Human 101! 10%5
Toni G. (MA1-UPC) Mathematical Models in Biology Neurosciel October 23th, 2014
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Structure of a neuron and synapses

015

We have around 10! neurons and 10'° connections (synapses) among

them.
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Structure of a neuron and synapses

RESTING ACTIVATED T
NERVE TERMINAL NERVE TERMINAL Y e
presynaptic nerve Q S
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neurctransmitter  Ca'” CHANNEL
synaptic fopent
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Il. Synaptic couplings

Inhibition and excitation

]
poden ser hlperactlves en trasg'zg\com I'epil- IepS|a ]

Neurons and how they work, http://www.ted.com/talks/ed_boyden.html (Ed Boyden: A light

switch for the neurons)
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Il. Synaptic couplings

Inhibition and excitation

3

S ] ‘ AN T ™
de! esl-lula que sembla estar atrofiada en trastogn's com,l'esquizofrénia’}

)

Neurons and how they work, http://www.ted.com/talks/ed_boyden.html (Ed Boyden: A light

switch for the neurons)
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How far synapsis can go? Monosynaptic reflexes

A kick on the knee makes the
quadriceps to stretch. This
triggers a process leading to
the contraction of the
quadriceps and the
simultaneous relaxation of the
biceps. Then, there is an
extension of the leg.

Toni G. (MA1-UPC) Mathematical Models in Biology Neurosciel
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Il. Synaptic couplings

Neurotransmitters and receptors

Neurotransmitters:
o Excitatory: Glutamate. It activates two kinds of receptors:
o AMPA. Fast synapsis (rise time is less than 1ms)
o NMDA. Slower than AMPA. Involved in short-term memory.
Both AMPA and NMDA receptors produce mixed-cation
conductances with reversal potential around OmV.
@ Inhibitory: GABA (+-aminobutyric acid). It activates two kinds of
receptors:
o GABA,. Fast. Produce a fast C/~ conductance.
o GABAg. Slower than GABA,. Activates the conductance indirectly

through an intracellular pathway (G-protein that activates a K
channel). It produces a slower and long-lasting K conductance.
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Neurotransmission, first issue: excitation or inhibition?

o Glutamate activates two kinds of receptors: AMPA (fast) and NMDA

(slow).
@ GABA (v-aminobutyric acid) activates two kinds of receptors:

GABA, (fast) and GABAg (slow).

° Isyn = Isyn,exc + Isyn,inh

Action
potential

0 ezurodad

£

5
5
z
<]

Voltage (mV)

Failed

Threshold -
initiations
Resting state

.55

=70
Refractory

‘it]muln-&f
period
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Il. Synaptic couplings

Neurotransmission, first issue: excitation or inhibition?

o Glutamate activates two kinds of receptors: AMPA (fast) and NMDA

(slow).
@ GABA (v-aminobutyric acid) activates two kinds of receptors:

GABA, (fast) and GABAg (slow).

° Isyn = Isyn,exc + Isyn,inh

e Excitation: lsyn exe = ge(t) (v — VE), VE ~ 0mV
o Inhibition: lsyn inn = gi(t) (v — Vi), V; ~ -80mV

u \l_]i‘.j'l]l!'lld.‘“

£
5
g
z
&,

Voltage (mV)

Threshold _ Failed
<53 initiations
Resting state

=70
‘it]muln-&f
Refractory
period
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Il. Synaptic couplings

First step in neurotransmission modelling: the ge (t)

° Isyn = /syn,exc + Isyn,inh
e Excitation: lsyn exe = ge(t) (v — VE),
o Inhibition: lsyn inn = &i(t) (v — Vi),

VE ~0mV
V/ ~ —80mV

The conductances gg i(t) depend on presynaptic neurons.

Action

potential

Voltage (mV)

55 | Threshold
Resting state

=70
stimutus?
Refractory

period

-
' 5

Time {ms)
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Il. Synaptic couplings

Simple modelling of conductances

The conductances depend only on the spiking times of the
presynaptic neurons.

g(t) = Bmax Z ot — t}()a

k€Epresyn,j

tf = time of the jth spike of the kth presynaptic neuron.

dgq a _ —
aft)= ——— (e7@ ' —e "),
dr — dqd
a,=rise rate; a,=rise rate;
Assuming a, = a4 (usual),

at) = a3 te ¢t

with constants chosen under some normalization criterion (e.g.,
Jp o(t) dt =1)
Mathematical Models in Biology Neurosciel October 23th, 2014

22 / 80



Il. Synaptic couplings

Simple modelling of conductances

kepresyn,j
a(t) =a%te %t

{g(t) =&max > at—tf),

o Very useful for networks (specially of I&F neurons). Indeed, a(t) is
a solution of z” + (a, + a4)z' + aragz = a,aqv(t), v(t) population
spiking rate.
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Il. Synaptic couplings

Simple modelling of conductances

kepresyn,j
a(t) =a%te %t

{g(t) =&max > at—tf),

o Very useful for networks (specially of I&F neurons). Indeed, a(t) is
a solution of z” + (a, + a4)z' + aragz = a,aqv(t), v(t) population
spiking rate.

o Difficulty in estimating spiking times.
@ Out of the spirit of voltage-gated-like modelling.
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Il. Synaptic couplings

lonic-channel-like conductance modelling

lsyn = gsynS(t) (V — Visyn)

Specific neurotransmission:
@ Fast excitation: Neuroreceptors AMPA: 7 = 2 ms, Vs, = OmV
@ Inhibition: Neuroreceptors GABA: 7 =10 ms, Vs, = —70mV

f

ds s
E:asf(vpre)(l_s)_?sv 0

400 80 B0 40 20 Fi

v presinaptica
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Il. Synaptic couplings

lonic-channel-like conductance modelling

lsyn = gsynS(t) (V — Visyn)

Specific neurotransmission:
@ Fast excitation: Neuroreceptors AMPA: 7 = 2 ms, Vs, = OmV
@ Inhibition: Neuroreceptors GABA: 7 =10 ms, Vs, = —70mV

f

ds s
E:asf(vpre)(l_s)_?sv 0

400 80 B0 40 20 Fi

v presinaptica

@ Slow excitation: Neuroreceptors NMDA (memory processes)

ds s dx X
E:asx(l—s)—;s7 E:Oéxf(\/pre)—g,

‘October 23th, 2014 24 / 80
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Il. Synaptic couplings

Rate of neurotransmitters release: (V)

ds s
loyn = 5 S(8) (V = V), 2 = s F(Vore)(1 = 5) = =
It is obtained from
f—a [T](1—s)—aqgs
dt = dr d >
where [T] = concentration of released neurotransmitters and s(t) is now
the fraction of open channels; we assume [T] = T« after a spike.
An usual model is
Tm X
[T]=:f(Vore) = 2

1+ exp(—(Vpre — 0)/kp)
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s(t) dynamics after a spike

a b
1
\
0.8 \ =
0.6 0.15
0.4 0.1
0.2 OIOS \
0 == 0 I e—
40 45 50 55 60 65 70 75 80 0 50 100 150 200 250 300 350 400
time (msec) time (msec)

(a) AMPA and GABAA conductance due to a single presynaptic spike.
(b) NMDA conductance due to a single spike and a burst of four spikes.
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Simplifications

Isyn = 8syn S(t) (V - Vsyn).

e Factor elimination (1 — s):

ds s
E = O f(Vpre) — 7’75
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Simplifications

Isyn = 8syn S(t) (V - Vsyn).

e Factor elimination (1 — s):

ds s
E = Qs f(vpre) - 7'75’
@ Substitution by a § function:
ds s
E = Qs 5(t — tspk) — ;S,
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Simplifications

Isyn = 8syn S(t) (V - Vsyn).

e Factor elimination (1 — s):

ds s
E = Qs f(vpre) - 7'75’
@ Substitution by a § function:
ds s
E = Qs 5(t — tspk) — ;S,

@ Direct effect in the synaptic current of the j-th neuron
(e.g.[Rubin-Terman, SIADS2002]):

i _ 1
Is(jj/z:gsynﬁ Z SOO(Vk)(VJ'_ES}/”)?

k€& presyn
Seo Sigmoidal, Heaviside,...
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Synaptic depression /facilitation (plasticity)

Isyn = 8synS (V - Vsyn)a

where , the release probability, can have its own dynamics:

d Po—
i Ow , Trel = 0.5 — 15,

(t;;k) = fp Prei(tyyy)
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Il. Synaptic couplings

P,e; dynamics
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Effects of the depression in a network

DA Raster Plot Raster Plot
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Effects of the depression in a network

fDA Raster Plot

Raster Plot
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Synaptic couplings

@ Dynamic coupling (sjj, s;j,..., or static.
ds s i
E:asf(vpfe)(l_s)_?s’ e

400 80 B0 40 20 FiR

v presinaptica

@ Adjacency matrix or weighted matrix.
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Example: a routine to establish a Gaussian connectivity
matrix in a ring of neurons |

@ Exclnh: index that stores the excitatory or inhibitory character of a
cell.

@ sigmaExc2: the rang of excitation squared, o2, .

@ sigmalnh2: the rang of inhibition squared, a?nh.

@ h: distance between adjacent neurons.

@ nDist: number of neurons apart from neuron npre to neuron npost.

@ npre, npost: index of the presynaptic and the postsynaptic neuron,
respectively.

@ NCon[npre]: counts the number of “projections” of neuron npre.

@ xi: a random number.
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Il. Synaptic couplings

Example: a routine to establish a Gaussian connectivity
matrix in a ring of neurons Il

for(npre=1; j<=nNeurons;npre++){ //1

NCon [npre] =0;

for (npost=1;npost<=nNeurons;npost++){ //2

if (npost!=npre){ //3

nDist=fabs(npost-npre);

if (nDist>nNeurons/2) {nDist=nNeurons-nDist;}

xDist=xDistx*h;

if (ExcInh[nprel==0){sigma2=sigmaExc2}else{sigma2=sigmaExc2}
eDist=exp(-xDist*xDist/sigma2/2);

xi=rnd01(Q);

if (xi<eDist)

{NCon[npre]++; P[npre] [NCon[npre]l]l = npost; NCon[nprel++;}
}}}r//321
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Il. Synaptic couplings

Example: a routine to establish a Gaussian connectivity
matrix in a ring of neurons Il

The adjaceny matrix can be derived from P.

HOOHROOOOH,OOO
[eNeoNelelNoelolNollolNollolollo]
HOHHOOOOOHKHOOO
HOOOOOOHrOOOO
OCOOHrHOOOOOOHHrO
O OO0OO0OO0OO0OO0OrOOO
HOOOODODOOOOOoOOo
OO O0OO0OO0OHHOOOOOO
HHREHEHOOOOORKIERO
[eNeoNeoNoNeNeNeNoNoll -t el
OO0OO0OO0OO0OHOODOOOO
[eNeoNeoNoNoNe NNl e NoNe)
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I11. Structure of the network

I11. Structure of the network
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Structure of the network (space and topology)

Depends on physiological data that can be obtained through several
methods: electrophysiological recordings (MUA?!), EEG2, MEG3, (f)MRI4,
DTI®, optogenetics, ...

'MultiUnit Arrays
2ElectroEncephaloGram
3MagnetoEncephaloGram
*(functional)Magnetic Resonance Imaging
®Diffusion Tensor Imaging
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Data acquisition methods: MUA
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Data acquisition methods: fMRI
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Data acquisition methods: MEG

yy ]

Toni G. (MA1-UPC) Mathematical Models in Biology Neurosciel October 23th, 2014 40 / 80



I11. Structure of the network

Data acquisition methods: EEG
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Data acquisition methods: DTI

Imaging techniques to obtain large scale structures. In this case, DTI (diffusion tensor imaging),
a method for characterizing microstructural changes or differences with neuropathology and
treatment obtained from measurements of the signal attenuation from water diffusion.

More about human connectome:

Human Connectome Project
Article about Connectoma at Scholarpedia

Talk/performance by Sebastian Seung at TED
Mathematical Models in Biology Neurosciel October 23th, 2014 42 / 80
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Structure of the network (space and topology)

Depends on physiological data that can be obtained through several
methods: electrophysiological recordings (MUA®), EEG’, MEG8, (f)MRI®,
DTI9, optogenetics,...

@ Invasive versus non invasive.
@ Anatomical data vs functional data.

@ Statistical methods and filtering techniques are required to analyze
the data and obtain the structure (topology) of the network.

@ Once the topology is obtained, we can use indicators of the network
(typically from graph theory).

5MultiUnit Arrays
"ElectroEncephaloGram
8MagnetoEncephaloGram
°(functional)Magnetic Resonance Imaging
°Diffusion Tensor Imaging

Toni G. (MA1-UPC) Mathematical Models in Biology Neurosciel October 23th, 2014 43 / 80



I11. Structure of the network

Structure of the network: general topologies |

o All to all.
e Random P% (P = 10,20,...).

e Gaussian with ranges (eventually distinguishing excitation /inhibition),
inspired by experimental data.

S —)
005 01 015
- 500 um t (sec)

Different ranges in layer 4Co of visual cortex, [MacLaughlin et al., PNAS 2000].
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I11. Structure of the network

Structure of the network: general topologies Il

e Fulfilling special statistics (the universe of graph theory and
complexity explodes here): Erdds-Renyi networks, power-law
degree distributions,. . . See also the SAGE file
MathModBio_Networks.sws, or the paper
BeggsPlenz-JNeuroscience2003.pdf in the Scientific
Articles section, or John. M. Beggs' webpage presentation
(http://www.indiana.edu/ iubphys/faculty /jmbeggs.shtml:), or .. .to
know more about.
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Example 1: C Elegans (some numbers)

302 neurons

279 neurons in largest connected network

6393 chemical synapses, for 2194 directed connections (average
7.9/neuron, connection probability 0.03)

890 gap junctions, for 514 connected pairs (average 3.7/neuron,
connection probability 0.01)

1410 neuromuscular junctions
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C Elegans -connectivity matrix

Sensory Neurons Interneurons Motor Neurons

Sensory Neurons

Interneurons

Motor Neurons
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Feed-forward, recurrent, feed-back connections
@ Feed-forward connections: S — I.S — M, | — M

@ Recurrent connections: S — S, | - IIM — M
@ Feed-back connections: | = S, M — S, M — |

Motor Neurons

Sensory Neurons Interneurons

Sensory Neurons

Interneurons

Motor Neurons
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I11. Structure of the network

Example 2: Medium scale (Parkinson’s disease)

entrada des del A
nucli estriat esquema

(inhibidora) m ( simplificat >
@ m \\\(model)//

-

entrada sensorial
(excitatoria)

DB s JRubin,D. Terman, Journal of Computational Neuroscience 16, 21-235, 2004

entrada des del nucli estriat

AT |On
N //// m

RN

STN

0" g

Computational model for the Parkinson's disease obtained from electrophysiological data,
[Rubin& Terman, J. Comp. Neurosc. 16, 211-235, 2004].
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I11. Structure of the network

Example 3: primary visual cortex (medium-scale)
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I11. Structure of the network

Local cortical circuits -some numbers

Size ~ cubic mm
Total number of cells ~ 100,000
Types of cells:

o pyramidal cells -excitatory (80%)
e interneurons -inhibitory (20%)

Total number of synapses ~ 1,000,000 (10,000 per neuron)

Cells connect potentially to all other cell types (E — E, E — I, | —
E.l —1)

e Connection probability ~ 10%
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I11. Structure of the network

Local structure: dimensionality reduction

Rings of neurons.

7 - Exclhln\r-y\‘n_‘ ——
population ™ ~inhibitory.
S BB population ™

OO
et A )

6= 0y
G = T

-
" Excilaiory conneciion (AMPA, NMDA)
s — Inhibitory connection [GABA,)
d - dendritic @i Eleciical coupling

Neuronal arrays, [Benita et al., Frontiers in Comp. Neuroscience, 2013].
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IV. Input current

IV. Input current
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Types of input current

@ Gaussian input, mostly for theory as in the Fokker-Planck approach.
@ Localized stimuli as in the working memory example (ww.crm.cat).

@ Poissonian current (more realistic).
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Example: Poisson input train

The input current follows a first order dynamics
dl = _I/Tnoise +S Z 5(tstimulus - t)7
@ > O(tstimuius — t) follows a Poisson statistics at rate vy KHz.

@ S: single input strength.

@ Thoise: Characteristic noise decaying time.
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IV. Input current

Example: Poisson train, programming routine |

@ S: single input strength.

@ h: integration step (in ms).

@ nu0: Poisson rate (e.g., = 2.0KHz).

o taulNoise: characteristic noise decaying time.
@ |: input current of a single neuron.

@ Irand: a random number.

expNoise=exp(-h/tauNoise); //Decaying noise constant (aux)
I=IxexpNoise; //Input current dynamics

Irand=rnd01(); //Random number in [0,1]

if (Irand<nuOx*h){I+=S/tauNoise;}
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Neuronal networks: outline (CHALLENGES) |

@ How will the new dynamics be? This will depend on the type of
neuron, the strength of the synapses, the timing among the pre- and
post-synaptic neurons,... So, synchrony becomes an important
question to explore.

@ Does the structure of the network influence the dynamics? How?
This involves both statistical methods to extract information about
connectivity, but also graph theory to characterize each type of
network. This approach main leads to highly computational tasks.
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Neuronal networks: outline (CHALLENGES) Il

@ These complex networks, can be studied in a simple way? Is there a
way to capture the essence of the network dynamics to be able to give
rigorous results or, at least, make sure about the mechanisms
leading the overall dynamics? This question leads to reduced
models, mainly rate models, which are, in general, systems of
differential equations that can be dervied in several ways
(Wilson-Cowan approach, Fokker-Planck approach,...).
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Challenges: graph theory, complex systems

Challenges: graph theory, complex systems
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Challenges: graph theory, complex systems

Challenges: structure estimations, graph theory, complex
systems

@ Are they differences between pacients and healthy subjects?

@ Does the structure of the network influence the dynamics? How?

This involves both statistical methods to extract information about
connectivity, but also graph theory to characterize each type of network.
This approach mainly leads to highly computational tasks and largely
overlaps with the theory of complex systems.

See Hagmann et al., Rubinov-Sporns and Iglesia et al. from the
Scientific Articles folder.
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Challenges: graph theory, complex systems

Structural and functional connectivity: motivation

Structural (left and center) and functional connectivity map of human brain.

@ The brain consumes approx. 20% of the body's energy consumption.

@ A specific cognitive task may use 5% of the brain’s total metabolic
expenditure.

@ What is the brain doing meanwhile? Intrinsic activity!

@ It is currently understood that higher cognitive functions are not
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Structural and functional connectivity: motivation

@ Both methods tracking physical connections (structural connectivity)
and methods recording time-correlated activations (functional
connectivity) are used to study brain’s connectivity.

o Consolidating the knowledge gleaned from various studies is a serious
challenge that the neuro-scientific community faces today.

@ Dysfunctions are no longer attributed to focal lesion or the alteration
of a single brain area, but to complex disorders of connectivity
between components of large-scale networks.
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Link between brain connectivity and graph theory

LR wLANONDOD SRR P NDD S bmgwmmqag?é:SAam»m@r; dg. bc, pe T
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be Betweenness
cc Clustering
pe Participation
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O. Sporns, Nature Neuroscience Reviews, May 2014
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http://www.nature.com/neuro/journal/v17/n5/abs/nn.3690.html

Challenges: graph theory, complex systems
Graphs

Non-directed Directed Weighted

e

(@) (b) ©
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Challenges: graph theory, complex systems

Quantifying network properties

e

node degree
c
“ o
O o =
motifs

module 2

module 1 o
o hub
[ g e .
W

community structure — modules and hubs
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Challenges: graph theory, complex systems

Quantifying network properties

C dg, be, pc T
cc T 18
& cc |

11

dg |
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Erdos-Rényi network

Network of N nodes, with connection probability p.

In- and out- degree distributions:

P(k) = Cl_1p*(1—p)N-1¥

Clustering coefficient: C =p

Shortest path length: P(L =1) = p;
P(L=2)=(1-p)(1—(1—p*)N=2); ...
Average shortest path length:

L =2—p,p>1/VN;

In N
<1/vN
ol P < /VN

~
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Scale-free, small-world

Small-world network?

@ Short mean path length

Scale-free network @ High clustering coefficient

?Most of the nodes are not neichhors of
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Challenges: graph theory, complex systems

Properties of small-world networks
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Analysis of C-Elegans network

@ Degree distribution (in, out degree) with a power-law tail

in-degree survival function
out-degree survival function

mean=T7.85 mean=T.86

10" 10'
in-degree out-degree

@ Mean shortest path length 3.5 (for a random network: 2.9)
o Clustering coefficient 0.22 (for a random network: 0.08)
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Motifs in C-Elegans network
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Macaque brain: large-scale connectivity
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Challenges: graph theory, complex systems

Human brain: large-scale connectivity

Human Cerebral Cortex — Right Hemisphere Random Network
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Challenges: graph theory, complex systems

Resting state:

identification of modules and hubs

Betweennass
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“Rich-club” structure of large-scale connectivity

Q@0

15 >I0 5 conmections
T ___ fiber pathway
g < in >75% subjects

perior pariets = . S r superior parietal
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Differences in connectivity in Alzheimer Disease
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Challenges: synchrony

Challenges: synchrony
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Challenges: synchrony

How will the new dynamics be? This will depend on the type of neuron,
the strength of the synapses, the timing among the pre- and post-synaptic
neurons,... So, synchrony becomes an important question to explore.
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Challenges: rate models

Challenges: rate models
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Challenges: rate models

Big challenges: rate models

These complex networks, can be studied in a simple way? Is there a way
to capture the essence of the network dynamics to be able to give rigorous
results or, at least, make sure about the mechanisms leading the overall
dynamics? This question leads to reduced models, mainly rate models,
which are, in general, systems of differential equations that can be derived
in several ways (Wilson-Cowan approach, Fokker-Planck approach,...).
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