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Abstract

We consider a perturbation of an integrable Hamiltonian vector field with three degrees of freedom with a center–center–saddle
equilibrium having a homoclinic orbit or loop. With the help of a Poincaré map (chosen based on the unperturbed homoclinic
loop), we study the homoclinic intersections between the stable and unstable manifolds associated to persistent hyperbolic KAM
tori, on the center manifold near the equilibrium. If the perturbation is such that the homoclinic loop is preserved (i.e. the
perturbation also has a homoclinic loop inherited from the unperturbed one), we establish that, in general, the manifolds intersect
along 8, 12 or 16 transverse homoclinic orbits. On the other hand, in a more generic situation (the loop is not preserved; a
condition for this fact is obtained by means of a Melnikov-like method), the manifolds intersect along four transverse homoclinic
orbits, though a small neighborhood of the loop has to be excluded. In a first approximation, those homoclinic orbits can be
detected as nondegenerate critical points of a Melnikov potential defined on the 2-torus. The number of homoclinic orbits is
given by Morse theory applied to the Melnikov potential.
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1. Introduction and set-up

Consider on a smooth (C∞) symplectic manifold (M,Ω) with smooth symplectic 2-formΩ a three d.o.f. smooth
Hamiltonian vector fieldXH with a near integrable HamiltonianH = H0 + εH1. HereH0 defines an integrable
vector field, that is, we assume that there are two additional smooth first integralsF1, F2 such that the triple
(H0, F1, F2) forms an involutive set of functions (see, for instance[2,1]), and the differentials of these three
functions are independent on an open dense set inM. Our main assumptions forXH0 are the following.

Assumption 1. XH0 has a simple singular pointO of center–center–saddle type.

The latter means that:

1. The spectrum of the linearization matrixL of XH0 at O consists of two pairs of pure imaginary eigenvalues
±iω1,±iω2 and a pair of reals±λ, all of them nonzero.

2. The commuting matricesL,M1,M2, coming from the linearizations of the vector fieldsXH0, XF1, XF2 at O,
are linearly independent over the complex numbers and generate a Cartan subalgebra, i.e., the linear span of
L,M1,M2 with complex coefficients contains a diagonalizable matrix with different eigenvalues.

Under this assumption the Vey–Eliasson theorem[16,5] ensures that in some neighborhoodU of O there exist
smooth symplectic coordinates (x1, x2, x3, y1, y2, y3) (that is,Ω = dx ∧ dy = ∑

dxi ∧ dyi) such that the functions
H0, F1, F2 have the following representations:

H0 = h(ξ1, ξ2, η), F1 = f1(ξ1, ξ2, η), F2 = f2(ξ1, ξ2, η)

with h, f1, f2 smooth andξ1 = (x2
1 + y2

1)/2, ξ2 = (x2
2 + y2

2)/2, η = x3y3. This result for the analytic case was
proved by Vey[16] and was extended to theC∞-case by Eliasson[5].

The quoted result allows us to describe completely the structure ofXH0 locally nearO. The representation
obtained permits to write down the integrals in the following form where, without loss of generality, we can suppose
that all integrals vanish atO

H0 = ω1ξ1 + ω2ξ2 + λη+ · · · , F1 = ν1ξ1 + ν2ξ2 + µη+ · · · , F2 = κ1ξ1 + κ2ξ2 + ση+ · · · ,
(1)

here dots mean terms of higher order in the variables (ξ1, ξ2, η). In this form the simplicity condition for the point
O is equivalent to the condition

∆ =
∣∣∣∣∣∣
ω1 ω2 λ

ν1 ν2 µ

κ1 κ2 σ

∣∣∣∣∣∣ �= 0.

Below, without loss of generality, we regardλ to be positive and, for definiteness, supposeω1 > 0. In Vey–
Eliasson coordinates all local invariant manifolds throughO can be easily characterized. In particular, the local
one-dimensional stable manifoldWs is the axisx3, the local one-dimensional unstable manifoldWu is the axis
y3, the local four-dimensional symplectic center manifoldWc is the diskx3 = y3 = 0, the local five-dimensional
center–stable manifoldWcs is y3 = 0 and the center–unstable manifoldWcu is x3 = 0.

Our next assumption concerns the orbit behavior onWc. The restriction ofXH0 on Wc gives a two d.o.f.
Hamiltonian vector field with an elliptic singular point atO. This vector field is integrable, and the restriction of
any ofF1, F2 gives an additional integral. Moreover, sinceO is simple, it will also be simple for the vector field on
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Wc, since if∆ �= 0, then one of the determinants of the second order composed from the first and second columns
in ∆ does not vanish.

Assumption 2. The restriction ofXH0 onWc hasOas a singular point of general elliptic type (that is, nondegenerate
or isoenergetically nondegenerate).

LetH0|Wc = ω1ξ1 + ω2ξ2 + Aξ2
1 + 2Bξ1ξ2 + Cξ2

2 + · · · be the restriction ofXH0 onWc. Recall that the condi-
tion for an elliptic singular point to be of the general elliptic type requires that some quantities calculated in terms
of the fourth order in the normal form do not vanish. For our coordinates it gives either

∣∣∣∣A BB C
∣∣∣∣ �= 0 (nondegenerate) or

∣∣∣∣∣∣
A B ω1
B C ω2
ω1 ω2 0

∣∣∣∣∣∣ �= 0 (isoenergetically nondegenerate).

Thus we see that if the restriction ofXH0 onWs gives a point of general elliptic type, then this point persists for a
perturbed vector field on its local center manifold.

This ensures the existence of invariant two-dimensional KAM tori under the perturbation ofH0 on the related
persistent center submanifold[6]. They become hyperbolic tori for the whole three d.o.f. Hamiltonian.

Our third assumption (see below) is usually fulfilled for an integrable system with a (unique) singular point of
the type under consideration. It concerns the behavior of the global stable and unstable manifolds. We assume that
they coalesce forming a homoclinic loop. Indeed, locally nearO, the setWu consists of three orbits:O and two
semi-orbits which tend toOwhent → −∞. Suppose that the continuation int for positive time of one of these orbits
stays in a compact domain of the phase spaceM. Then, it can be shown[9,8] that, under some mild assumptions
on the behavior of the integrable vector fieldXH0, this orbit has to return into a neighborhood ofO and then should
tend toO whent → ∞, forming a homoclinic orbit toO (its closure is frequently called a homoclinic loopΓ ). We
assume that this is the case, namely the following assumption.

Assumption 3. XH0 has a homoclinic loopΓ to O.

Remark 4. The same words can be said for the second semi-orbit inWu, so usually for an integrable system without
discrete symmetries and with a compact Hamiltonian level of the pointO, two outgoing semi-orbits merge with two
ingoing semi-orbits forming the “figure eight” set.

Let us summarize the contributions of this paper, which are concerned with the behavior of the perturbed
HamiltonianH = H0 + εH1 on a neighborhood of one loop in the phase space.

We start, in Section2, by studying the behavior of the integrable HamiltonianH0 near the loopΓ . To this end,
we choose four local sections to orbits inWs andWu, defined by the equalities

Ns
± = {x3 = ±d}, Nu

± = {y3 = ±d}, (2)

respectively, and we describe the map fromNs± to Nu± (local map) defined by the flow. After that we discuss the
form of the map fromNu± toNs± defined by the flow along the global piece of the homoclinic orbit (global map).
Their composition gives us the Poincaré map near the homoclinic orbit.

In Section3, we consider the local map for the perturbed Hamiltonian. With the help of the center manifold
theory and KAM theory, we introduce new symplectic coordinates such that the persistent hyperbolic invariant tori
(on the perturbed center manifold near the equilibrium), as well as their stable and unstable manifolds, become flat.

We consider in Section4 the perturbed global map and study the existence of homoclinic intersections between
the stable and unstable manifolds associated to persistent hyperbolic tori on the perturbed center manifold. If the
perturbation is such that the homoclinic loop is preserved (this means that the perturbation also has a homoclinic
loop inherited from the unperturbed one) we show that, for a wide set of tori, the manifolds intersect along 8, 12
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or 16 transverse homoclinic orbits (Theorem 7). On the other hand, in a more generic situation in which the loop is
not preserved, the manifolds intersect along four transverse homoclinic orbits (Theorem 11).

In Section5 we use the Poincaré–Melnikov method and prove that a first approximation for the splitting dis-
tance between the invariant manifolds can be expressed in terms of a Melnikov potential defined on a torusT

2

(Theorem 13). Then, the transverse homoclinic orbits can be detected as nondegenerate critical points of the Mel-
nikov potential, and Morse theory allows us to obtain the results on the existence of such orbits in a more precise
formulation (Theorems 14 and 15). In concrete examples, the number of homoclinic orbits can be found by com-
puting the Melnikov potential explicitly.

It has to be pointed out that, for the validity of the Poincaré–Melnikov method, a small neighborhood of the loop
has to be excluded. This is due to the fact that when the homoclinic loop to the equilibrium in a perturbed system
is destroyed, this affects strongly on the behavior of stable and unstable manifolds of close to the equilibrium small
persistent KAM tori in the center manifold, and in fact, these manifolds may be not intersecting. To detect this
destruction, in Section6 we develop an alternative Melnikov approximation in order to study the splitting of the
loop itself (Theorem 16).

1.1. Some examples

We end this introduction with some concrete examples of integrable Hamiltonians for which the previous as-
sumptions are fulfilled. In symplectic (global) coordinates (x1, y1, x2, y2, p, q), consider

H0 = h0(ξ1, ξ2) + p2

2
+ V (q), h0(ξ1, ξ2) = ω1ξ1 + ω2ξ2 + Aξ2

1 + 2Bξ1ξ2 + Cξ2
2 + · · ·

with A, B, C as required inAssumption 2, and a given potentialV (q). This potential is assumed to have a nonde-
generate maximum atq = 0; sayV (0) = V ′(0) = 0,V ′′(0) = −1. Next, we provide some examples; the associated
homoclinic loops are parameterized by (0,0,0,0, q̇0(t), q0(t)) with q0(t) as given below:

1. Pendulum:V (q) = cosq− 1, q ∈ T; q0(t) = ±4 arctan et .
2. Duffing:V (q) = −q2/2 + q4/4, q ∈ R; q0(t) = ±√

2secht.
3. Cubic:V (q) = −q2/2 + q3/3, q ∈ R; q0(t) = (3/2) sech2(t/2).

We point out that in examples 1 and 2 there are two symmetric homoclinic loops; instead, in example 3 there is only
one loop (the second semi-orbit is not contained in a compact set).

In those examples, the symplectic (local) coordinates leading to the representations(1) are given by the well-
known transformation to Birkhoff normal form for a one degree-of-freedom Hamiltonian near a hyperbolic equi-
librium point [12]. First, the linear change

(
p

q

)
= 1√

2

(
1 1

−1 1

) (
x̃3
ỹ3

)

transforms, in the three cases, the termp2/2 + V (q) in H0 into

x̃3ỹ3 +




1

96
(ỹ3 − x̃3)4 − · · · ,

1

16
(ỹ3 − x̃3)4,

1

6
√

2
(ỹ3 − x̃3)3.
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Then, a symplectic change (˜x3, ỹ3) = (x3, y3) +O2(x3, y3) with a convergent expansion in a neighborhood leads to
a function ofη = x3y3. Note thatλ = 1 in the three examples. In all three examples we may take the first integrals
F1 = ξ1, F2 = ξ2. So, locally, we have as in(1)

H0 = ω1ξ1 + ω2ξ2 + η+ · · · , F1 = ξ1, F2 = ξ2, and ∆ = 1 �= 0.

Thus,O is a simple singular point for the integrable system.

2. The Poincaŕe map for the integrable system

First of all, we will distinguish two possibilities for the HamiltonianH0:

1. ω1ω2 > 0 (definite case);
2. ω1ω2 < 0 (indefinite case).

These two cases have different foliation into levelsH = c on the center manifold and in a neighborhood of the
homoclinic orbitΓ . Indeed, the restriction ofXH0 ontoWc gives an integrable system with two degrees of freedom
having a simple elliptic point atO. Its local orbit structure is easily seen from the representation(1) (see also[9]).
For the definite case, due to our choiceω1 > 0, we getω2 > 0 as well. Here each levelH0 = c, c > 0, onWc is a
3-sphere forc small enough, in this sphere the system has two linked periodic orbits, one from the symplectic disk
D1 = {x3 = y3 = x2 = y2 = 0} and another one from the symplectic diskD2 = {x3 = y3 = x1 = y1 = 0}. Other
orbits in this level belong to a one-parameter family of invariant tori foliating the sphere. The singular levelH0 = 0
consists of only pointO. Thus, for the definite case all tori inWc lie in levelsH0 > 0.

For the indefinite caseω1ω2 < 0 the singular levelH0 = 0 inWc containsO and topologically is a cone over
a 2-torus.1 Each levelH0 = c, c �= 0, inWc is topologically (and differentially) a manifoldD2 × S1 (solid tori),
whose center circle is a periodic orbit from oneDi-disk, other orbits belong to invariant tori, one diskDi belongs
to the setH0 > 0 and another disk to the setH0 < 0.

The local map preserves the integralsξ1, ξ2,η, as well asH0,F1,F2 being functions ofξ1, ξ2,ηwith nondegenerate
JacobianD(H0, F1, F2)/D(ξ1, ξ2, η). Let us write down the Hamilton equations

ẋi = − ∂h
∂ξi
yi, ẏi = ∂h

∂ξi
xi, i = 1,2, ẋ3 = −∂h

∂η
x3, ẏ3 = ∂h

∂η
y3. (3)

Since the functionhand its derivatives depend only onξ1, ξ2, η and are constant along a given orbit, we can integrate
(3) as linear equations with constant coefficients and get the local flow

xi(t) = x0
i cos(th0

ξi
) − y0

i sin(th0
ξi

), yi(t) = x0
i sin(th0

ξi
) + y0

i cos(th0
ξi

),

i = 1,2, x3(t) = x0
3 exp[−th0

η], y3(t) = y0
3 exp[th0

η], (4)

where lower indices byh mean derivatives with respect to related variables, and upper zeroes mark that the calcu-
lations inh are made atξ0

i = ((x0
i )

2 + (y0
i )

2)/2, i = 1,2, andη0 = x0
3y

0
3.

Thus, we see that the signs of the variablesx3 andy3 are preserved by the local flow. The local map on bothNs±
is disconnected, the discontinuity takes place along the trace ofWcs (y3 = 0). So the part ofNs+, wherey3 > 0 is
transformed ontoNu+, and the part withy3 < 0 is transformed ontoNu−. The same is true forNs−.

First we solve the equationh(ξ1, ξ2, η) = c in U. Sinceh(0,0,0) = 0 andhη(0,0,0) = λ �= 0, this equation can
be solved with respect toη for all values of variables inU (may be in some smaller neighborhood ofO which we

1 This means that one takes the direct productT
2 × I, I = [0,1], andT2 × {0} is identified to the point.
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will denote alsoU, as well),

η = a(ξ1, ξ2, c) = 1

λ
(c − ω1ξ1 − ω2ξ2 − · · ·),

a(0,0,0) = 0. We may always regardNs±, Nu± belonging toU, then using the inequality∂a/∂c �= 0 inU, we can intro-
duce coordinates (x1, y1, x2, y2, c) in Ns± (andNu±) instead of coordinates (x1, y1, x2, y2, y3) ((x1, y1, x2, y2, x3),
respectively) by formulaey3 = ±a(ξ1, ξ2, c)/d in Ns±, and similarly inNu± : x3 = ±a(ξ1, ξ2, c)/d. On each 4-
disk H0 = c in Ns+, coordinates (x1, y1, x2, y2) are symplectic with respect to the standard symplectic 2-form
dx1 ∧ dy1 + dx2 ∧ dy2, being the restriction ofΩ to this disk.

Now we describe how the trace of the stable manifold of a given torus inWc is represented inNs± in Vey–Eliasson
coordinates, and the same for the trace of the unstable manifold inNu±. The union of stable manifolds of all tori inWc

makes upWcs itself, it is given by the equationy3 = 0, the same is true for the union of unstable manifolds making
upWcu given asx3 = 0. The restrictions ofH0 onWcs andWcu in these coordinates have the same representations,
given by puttingη = 0 in h. To fix a definite torusT 2

0 in Wc one should assign definite values to the functions
ξ1 = ξ0

1, ξ2 = ξ0
2 and putη = 0. In coordinates (x1, y1, x2, y2, c) in Ns± the trace ofWs(T 2

0 ) is given asξ1 = ξ0
1,

ξ2 = ξ0
2, c = h(ξ0

1, ξ
0
2,0). The same setc, ξ0

1, ξ
0
2 determines the trace ofWu(T 2

0 ) in Nu±.
To write down the form of the local map, let us integrate equations(3) and find the passage time by orbits from

Ns± till Nu±. From formulae(4) for solutions we immediately derive that the passage time fromNs± till Nu± is equal
to

tp = 1

h0
η

ln
d

|y0
3|
.

Plugging this into the first four equations in(4) we get the local mapT0. The simplest form of this map is obtained
in the symplectic polar coordinates (ξ1, ξ2, ϕ1, ϕ2) onNu±(c) = Nu± ∩ {H0 = c}, and the same with zeroth upper
indices onNs±(c) = Ns± ∩ {H0 = c}, wherexi = √

2ξi cosϕi, yi = √
2ξi sinϕi:

ξ1
i = ξ0

i , ϕ1
i = ϕ0

i − ∂a(ξ0
1, ξ

0
2, c)

∂ξ0
i

ln
d2

a(ξ0
1, ξ

0
2, c)

(mod 2π). (5)

These polar coordinates degenerate on the planesx1 = y1 = 0 andx2 = y2 = 0, respectively, but these planes
x0

1 = y0
1 = 0 andx0

2 = y0
2 = 0 are transformed by the local flow onto planesx1

1 = y1
1 = 0 andx1

2 = y1
2 = 0, respec-

tively, so their traces onNs± andNu± are mapped into each other.
To study the global map we suppose, without loss of generality, that the outgoing local piece ofΓ in U coincides

with the semiaxisy3 > 0.
Global mapS0 : Nu+ → Ns± is defined by the flow of the vector fieldXH0 near a global piece ofΓ . Along orbits

of XH0 the values ofH0, F1, F2 are preserved. InsideU quadratic functionsξ1, ξ2, η are also integrals and they are
smooth functions ofH0, F1, F2, due to the conditionD(H0, F1, F2)/D(ξ1, ξ2, η) �= 0 in U. It implies that if at a
point inNu+ the functionsξ1, ξ2, η take definite values, then at the image of this point inNs+ (orNs−) the values of
these functions are the same, since the values of functions theH0, F1, F2 are preserved.

We stress that the choice of the sign inNs± depends on which cross-section of the two onesΓ returns to. In the
examples considered in Section1.1, it is not hard to check thatΓ returns toNs− in example 1, and toNs+ in examples
2 and 3.

For a fixedc the form of the global map in coordinates (ξ1, ξ2, ϕ1, ϕ2) is defined by the preservation of coordinates
ξ1, ξ2; that is, a torusξ1 = ξ0

1, ξ2 = ξ0
2 in Nu+(c) is transformed onto the torus inNs±(c) with the same values ofξ1,

ξ2, and the only thing we need to determine is the form of the map inϕi, i = 1,2. Since disksξ1 = 0 andξ2 = 0
are transformed to disks̄ξ1 = 0 andξ̄2 = 0, respectively, then, due to the smoothness of the global map, and its
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symplecticity, the map inϕi is of the form

ϕ̄1 = ϕ1 + ∂R

∂ξ1
(mod 2π), ϕ̄2 = ϕ2 + ∂R

∂ξ2
(mod 2π),

whereR = R(ξ1, ξ2, c). Thus, the global mapS0 : Nu+(c) −→ Ns±(c) is close to a fixed rotation on angles

γi = ∂R

∂ξi

∣∣∣∣
ξ=0

.

It will be convenient to change the coordinates inNu+(c) in such a way that this map becomes close to the identity.
To do this, with a rotation of coordinatesX = (x1, x2, y1, y2)T we introduce new coordinatesY = (u1, u2, v1, v2)T

in Nu+(c):

ui = xi cosγi − yi sinγi, vi = xi sinγi + yi cosγi, i = 1,2.

For the images inNs±(c), we keep the coordinates̄X = (x̄1, x̄2, ȳ1, ȳ2)T. Then, the global map takes the form:

x̄i = ui cos
∂R1

∂ξi
− vi sin

∂R1

∂ξi
, (6)

ȳi = ui sin
∂R1

∂ξi
+ vi cos

∂R1

∂ξi
, (7)

whereR1 = R(ξ1, ξ2, c) − γ1ξ1 − γ2ξ2, (∂R1/∂ξi)|ξ=0 = 0. Expanding the right-hand sides of(6) and (7)atξ = 0,
the global mapS0 casts as follows:

X̄ = Y + F (Y, c), (8)

where the functionF begins with third order terms inY.
Now we are able to study properties of The Poincaré map which is the composition of local and global maps,

S0 ◦ T0. We consider first the definite caseω1ω2 > 0, that is, bothωi > 0. Γ returns after global travel either on
Ns− (case A) or onNs+ (case B). The difference between these two possibilities consists in the different topology
of the levelH0 = 0. For case A the disky3 = 0 (the trace ofWcs) in Ns− touches the diskH0 = 0 at only one point
ξ1 = ξ2 = 0, for other points of this levely3 > 0, and so, all these points are transformed by the local map toNu+.
Therefore, the local map has a discontinuity only at the trace ofΓ on this level, but can be determined by continuity
up to a homeomorphism of the disk. In particular, a neighborhood ofΓ in the levelH0 = 0 is homeomorphic to
D4 × S1.

For c > 0 the intersection of disksH0 = c andWcs (i.e.,y3 = 0) inNs− is a 3-sphereΣc given by solutions of
the equationh(ξ1, ξ2,0) = c. Points insideΣc are transformed toNu−, and points outsideΣc (but inside of some
larger sphere defined by the size ofU) are transformed toNu+, any transverse toΣc segment through the point on
Σc breaks. These considerations define a domain of the Poincaré map onNs−.

For c < 0 all points of some 4-disk centered at the origin inNs− are smoothly mapped by the local mapT0 onto
some 4-disk inNu+. Thus we get the following lemma.

Lemma 5. Supposeω1ω2 > 0. Then for case A andc = 0 the domain of the Poincar´e map is a punctured4-disk.
For c < 0 the domain is some4-disk, and forc > 0 the domain is a layer between two concentric spheres.

For case B (Γ returns toNs+) the situation is opposite. Namely, forc = 0 all points (inNs+) excepting the trace
of Γ in 4-diskH0 = 0, are mapped byT0 ontoNu− and lost (i.e. go out from the neighborhood under consideration).
If c > 0, then the points inside of the small sphereΣc determined byy3 = 0 are mapped ontoNu+, the points out of
Σc are lost. Forc < 0 all points of the 4-disk are lost.
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In the indefinite caseω1ω2 < 0, the situation is more complicated. To fix ideas, suppose thatΓ returns toNs+.
As was said before, the local map breaks at the points of the trace ofWcs onNs+ (they are given for differentc by
the equationh(ξ1, ξ2,0) = c or y3 = a(ξ1, ξ2, c)/d = 0). These traces are described for differentc as follows. If
c = 0, then this trace in 4-diskNs+(0) is diffeomorphic to a cone over torus. This set divides this 4-disk into two
regions,a(ξ1, ξ2,0) is positive in one region (these points are transformed by the local map toNu+) and negative
in another one (these points are transformed by the local map toNu− and are not considered further, sinceΓ
intersectsNu+). If c �= 0, the situation is the same as forc = 0, only the trace ofWcs given bya = 0 here is smooth
D2 × S1, it also divides 4-diskH0 = c into regions with opposite signs ofa, so only one of these domains is mapped
toNu+.

For the problem about homoclinic orbits to invariant tori inWc we only need to know how images under action
of the global map of traces of unstable manifolds of tori fromWc in Nu+ intersect traces of their stable manifolds in
Ns±.

Thus, we have got that for the integrable system all invariant tori inWc have their stable and unstable manifolds
coinciding, that is all orbits are homoclinic. As we will see later, in general for a perturbed system only a finite
number of homoclinic orbits to an invariant torus survive.

3. The perturbed local map

Now let us consider a perturbed Hamiltonian system with HamiltonianH = H0 + εH1, whereH0, as above, is
integrable with a homoclinic orbitΓ to a center–center–saddle singular pointO. Such singular point persists under
a perturbation and depends smoothly onε. Without loss of generality one can assume that this singular point does
not move under the perturbation. This will be assumed henceforth.

Using Vey–Eliasson coordinates in some neighborhood ofO one can consider the restriction of the perturbed
system toU. Then the system will be a perturbation of system(3). We take the same two cross-sectionsNs+ (orNs−),
Nu+ as for the integrable system. These cross-sections are determined by the integrable system therefore we omit
lower indices±. The local mapTε : Ns → Nu is a perturbation of the map(5). Similarly, we get the perturbation
of the global mapSε : Nu → Ns. We need to analyse the properties of these two maps.

We begin with the study of the local map. The principal difference with the integrable case consists in that, due to
KAM theory, the local center manifold fails to be filled with invariant 2-tori: only a Cantor set of a positive measure
is filled with tori. Stable and unstable manifolds of these tori survived cutNs andNu, respectively, giving related
Cantor sets of tori on them. For our purposes we use two known results: the theorem on the persistence of local
center–stable and center–unstable manifolds[3,7], and the KAM theorem by P̈oschel[13].

Forε = 0 the vector field has center–stable manifoldWcs : y3 = 0, center–unstable manifoldWcu : x3 = 0, and
center manifoldWc : x3 = y3 = 0. They are all flat, that is, pieces of the related coordinate subspaces. First what
we do is the flattening of the corresponding perturbed manifoldsWcs

ε ,W
cu
ε ,W

c
ε . Recall that, by the center manifold

theory[3,7], these manifolds exist and areCr-smooth (with arbitrary highr, if the neighborhood ofO where these
manifolds are defined is chosen sufficiently small). In the coordinates we use these manifolds can be represented
as graphs of the followingCr-functions:y3 = f (x1, y1, x2, y2, x3, ε) (for Wcs), x3 = g(x1, y1, x2, y2, y3, ε) (for
Wcu), (x3, y3) = w(x1, y1, x2, y2, ε) (for Wc). One-dimensional stable and unstable manifolds also persist, they
stay as smooth as the perturbation.

As was said before, we assume thatλ > 0 andω1 > 0. The spectrum of the linearized vector field atO is
(−λ(ε),±iω1(ε),±iω2(ε), λ(ε)). Thus, there are invariant linear subspaces of the tangent space atO for eigenvalues
(−λ(ε),±iω1(ε),±iω2(ε)) (it is the tangent space toWcs

ε at O), the same for (±iω1(ε),±iω2(ε), λ(ε)) (it is the
tangent space toWcu

ε atO) and (±iω1(ε),±iω2(ε)) (tangent space toWc
ε atO). Making previously a linear change

of variables one can suppose that the related linear invariant subspaces coincide with the coordinate planes. Then,
the functionsf, g,w begin with the terms of the second order in their variables. We assume this below.

To flatten the related manifolds we use the following assertion.
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Proposition 6. There is a canonical change of variables

(x1, y1, x2, y2, x3, y3) → (X1, Y1, X2, Y2, X3, Y3)

such that the Hamiltonian takes the form

H(X1, Y1, X2, Y2, X3, Y3, ε) = H1(X1, Y1, X2, Y2, ε) +X3Y3H2(X1, Y1, X2, Y2, X3, Y3, ε),

H2(0,0,0,0,0,0) = λ(ε),

where the expansion ofH1(X1, Y1, X2, Y2, ε) in spatial variables begins withω1(ε)(X2
1 + Y2

1 )/2 + ω2(ε)(X2
2 +

Y2
2 )/2.

Proof. We only make one step, namely we will flattenWcs. One can use a standard result from symplectic
geometry (see, for instance[10]) but here we are able to give an easy direct proof. The idea is the same as
for proving the Darboux theorem in[2]. Let y3 = f (x1, y1, x2, y2, x3, ε) be the representation ofWcs. Introduce
the variableY3 = y3 − f (x1, y1, x2, y2, x3, ε) (recall thatf is of the order 2 in spatial variables). TakeY3 as a
Hamilton function and consider the related Hamiltonian vector field. The hypersurfacex3 = g(x1, y1, x2, y2, y3, ε)
is transversal to the flow nearO, since at this point ˙x3 = −1. Take as the conjugated coordinate toY3 the function
X3(x1, y1, x2, y2, x3, y3, ε) defined as the time of reaching the point (x1, y1, x2, y2, x3, y3) for an orbit starting on the
hypersurfacex3 = g. It is evident thatX3 = 0 on this hypersurface. The Poisson bracket of these functions satisfies
{X3, Y3} ≡ 1. Therefore, the functionsX3, Y3 are independent and commute. The common levelX3 = Y3 = 0 is
a smooth symplectic 4-diskD. One can take a symplectic chart (X1, Y1, X2, Y2) at the pointO in D. Observe that
the commuting independent functionsX3, Y3 generate a Poisson action of the groupR

2, with two-dimensional
orbits being transversal toD. This means that one can extend Darboux coordinate functions given inD to some
neighborhood ofD in transverse direction obtaining the complete set of functions giving Darboux coordinates
nearO (see details in[2]). In these coordinates, due to the construction,Wcs is given by the equationY3 = 0, as
desired. �

Thus, after these transformations we get the Hamiltonian in the form we sought. The corresponding differential
system casts as follows:

Ẋ1 = −∂H1

∂Y1
−X3Y3

∂H2

∂Y1
, Ẏ1 = ∂H1

∂X1
+X3Y3

∂H2

∂X1
,

Ẋ2 = −∂H1

∂Y2
−X3Y3

∂H2

∂Y2
, Ẏ2 = ∂H1

∂X2
+X3Y3

∂H2

∂X2
,

Ẋ3 = −X3H2 −X3Y3
∂H2

∂Y3
, Ẏ3 = Y3H2 +X3Y3

∂H2

∂X3
.

Next we apply the KAM results of P̈oschel[13] to the restriction of the system to the center manifoldX3 = Y3 = 0:
there is a smooth symplectic change of variables (X1, Y1, X2, Y2) → (I1, θ1, I2, θ2) smoothly depending onε such
that in new coordinates HamiltonianH1 turns intoĤ1 = h1(I1, θ1, I2, θ2, ε), where the derivatives

∂h1

∂θ1
,

∂h1

∂θ2

vanish on a Cantorian set of (I1, I2) of a positive measure near the origin, that is, at these tori we getĤ1 = h1(I1, I2).
In [13] it is required the necessary smoothness to be greater than 3n− 1, wheren is the number of degrees of freedom.
For our case, we haven = 2 since the KAM result is applied on the center manifold. This necessary smoothness
can be reached in a sufficiently small neighborhood ofO.

We stress that the new coordinates (I1, θ1, I2, θ2) can be takenO(ε)-close to the polar coordinates(5).
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In the KAM coordinates (I1, θ1, I2, θ2, X3, Y3), the differential system turns into

İ1 = −∂h1

∂θ1
−X3Y3

∂H2

∂θ1
, θ̇1 = ∂h1

∂I1
+X3Y3

∂H2

∂I1
, İ2 = −∂h1

∂θ2
−X3Y3

∂H2

∂θ2
,

θ̇2 = ∂h1

∂I2
+X3Y3

∂H2

∂I2
, Ẋ3 = −X3H2 −X3Y3

∂H2

∂Y3
, Ẏ3 = Y3H2 +X3Y3

∂H2

∂X3
. (9)

Let us consider a torus from the Cantorian set inWc. From(9), settingX3 = Y3 = 0 we geṫI1 = 0, İ2 = 0. Thus, we
see thatY3 = 0, I1 = I0

1, I2 = I0
2 define the stable manifold of a preserved torusX3 = Y3 = 0, I1 = I0

1, I2 = I0
2.

The same is valid for the unstable manifold of such a torus, one only needs to replaceY3 byX3.
So, in order to find homoclinic orbits to the torus preserved, one needs to prove that the image under the global

mappingSε of the trace onNu of local unstable manifold of this torus intersects the trace of local stable manifold
onNs of the same torus.

4. The perturbed global map

Under a perturbation, in general, the Hamiltonian system loses integrability. In particular, it can lead to the
splitting of homoclinic loop to the center–center–saddleO. Nevertheless, there are perturbations which preserve the
homoclinic loop, that is, perturbed stable and unstable manifolds of the singular point coalesce. These perturbations
belong to a codimension 4 submanifold near the integrable HamiltonianH0 in the space of all smooth Hamiltonians
with Cr-topology,r is greater than 3n− 1 (with n = 2). Indeed, the local stable and unstable manifolds are one-
dimensional, their tracesms onNs andnu onNu, respectively, are points on the 4 disksNs ∩ {H = H(O)} and
Nu ∩ {H = H(O)}. The perturbation moves these traces on disks. The global map transformsnu to a pointmu
onNs. The distance betweenms andmu characterizes the splitting of the loop. It is clear that in order to make
related pointsms andmu coincident one has to have at least a 4-parametric unfolding of the initial Hamiltonian.
Thus, codimension of Hamiltonians with homoclinic loops to center–center–saddle is equal to 4. This can be proved
rigorously but we omit this here (see also Section6 for a related result). Let us denote the set of Hamiltonians with
loops nearH0 in the space of allCr-Hamiltonians asL.

The perturbed global map has the form of a perturbation of(8). So we get

X̄ = Y + F (Y, c) + εG(Y, c, ε).

Recall thatY = 0 corresponds to the trace ofΓ onNu. Let us expand functionG in Y at Y = 0 up to third order
terms. The linear term inY takes the form (E + εU(ε, c))Y with symplectic matrixE + εU. Therefore this close to
identity matrix can be written as the exponent of some Hamiltonian matrixεIA with a symmetricA (we denoteI
the standard symplectic matrix). Thus

X̄ = εα(ε, c) + exp[εIA(ε, c)]Y + F (Y, c) + εG1(Y, c, ε), (10)

where the expansion of functionG1 begins with the second order terms inY.
The case of unfolding lying inL is characterized by the condition

(L ) α(ε,0) ≡ 0.

Theorem 7. For case(L ) andε small enough there exists a region V in the positive quadrant of the plane(I1, I2)
near the point(0,0) such that the perturbed system has either8, 12or 16 transverse(on the related level of the
Hamiltonian) homoclinic orbits to every perturbed persistent Diophantine toriI1 = I0

1, I2 = I0
2, (I0

1, I
0
2) ∈ V , on

the center manifoldWc
ε .
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Remark 8. The regionV consists of the part of the quadrantI1 > 0, I2 > 0, where the functionR defined in(14)
is a Morse function, i.e. all its critical points are nondegenerate. This means thatV is the whole quadrant except for
small neighborhoods of some raysI1/I2 = const. In fact, this nondegeneracy condition forRcan be interpreted as
a condition on the first order deviation inε for the global map at the trace ofΓ onNu(0). In Section5, this deviation
is written in terms of the Melnikov potential.

Proof. Let us fix a torus inWc
ε : I1 = I0

1, I2 = I0
2, in the Cantorian set of persistent tori. Traces of its stable and

unstable manifolds onNs(c) andNu(c), as was shown above, have the same representationT 2
s = {Ī1 = I0

1, Ī2 = I0
2},

T 2
u = {I1 = I0

1, I2 = I0
2}. Let us findT 2

s ∩ Sε(T 2
u ). To this end, square both sides of the every equality in(10) and

sum up separately left-hand sides and right-hand sides for symplectically conjugated coordinates

1
2(x̄2

1 + ȳ2
1) = 1

2(u2
1 + v2

1) + ε(A1(Y, c) + εB1(Y, ε, c)),

1
2(x̄2

2 + ȳ2
2) = 1

2(u2
2 + v2

2) + ε(A2(Y, c) + εB2(Y, ε, c)),

where

A1(Y, c) = u1(α1(0, c) − a13u1 − a23u2 − a33v1 − a34v2) + v1(α3(0, c) + a11u1 + a12u2 + a13v1 + a14v2)

+ O(‖Y‖3),

A2(Y, c) = u2(α2(0, c) − a14u1 − a24u2 − a34v1 − a44v2) + v2(α4(0, c) + a12u1 + a22u2 + a23v1 + a24v2)

+ O(‖Y‖3).

To find the intersectionT 2
s andSε(T 2

u ) we set in the equalities obtained̄Ii = Ii = I0
i , Ii = (u2

i + v2
i )/2, i = 1,2.

Thus we get

ε(A1(Y, c) + εB1(Y, ε, c)) = 0, ε(A2(Y, c) + εB2(Y, ε, c)) = 0. (11)

Divide both sides of the equations(11)byε and take the limitε → 0. After introducing symplectic polar coordinates

ui =
√

2I0
i cosθi, vi =

√
2I0
i sinθi, the system takes the form

2
√
I0
1I

0
2(a12 sinθ1 cosθ2 + a14 sinθ1 sinθ2 − a23 cosθ1 cosθ2 − a34 cosθ1 sinθ2) +

√
2I0

1(α1(0, c) cosθ1

+α3(0, c) sinθ1) + I0
1((a11 − a33) sin 2θ1 − 2a13 cos 2θ1) + O(‖I0‖3/2) = 0,

2
√
I0
1I

0
2(a12 cosθ1 sinθ2 + a23 sinθ1 sinθ2 − a14 cosθ1 cosθ2 − a34 sinθ1 cosθ2) +

√
2I0

2(α2(0, c) cosθ2

+α4(0, c) sinθ2) + I0
2((a22 − a44) sin 2θ2 − 2a24 cos 2θ2) + O(‖I0‖3/2) = 0. (12)

For case (L ), the homoclinic orbit toO persists, soαi(ε,0) ≡ 0, therefore,αi(0, c) = cᾱi(0, c). Since we have fixed
the persistent torus, then in local coordinates the restriction of the Hamiltonian onWc

ε depends onI0
1, I

0
2 only,

that is,c = h1(I0
1, I

0
2) = ω1I

0
1 + ω2I

0
2 + O(‖I0‖2). Therefore, the terms containingαi(0, c) can be included into

O(‖I0‖3/2) terms. Divide both sides of the equations by
√
I0
1I

0
2 and denoter =

√
I0
1/I

0
2. As a result system(12)

takes the form

r((a11 − a33) sin 2θ1 − 2a13 cos 2θ1) + 2(a12 sinθ1 cosθ2 + a14 sinθ1 sinθ2 − a23 cosθ1 cosθ2

− a34 cosθ1 sinθ2) + O(‖I0‖1/2) = 0,

1

r
((a22 − a44) sin 2θ2 − 2a24 cos 2θ2) + 2(a12 cosθ1 sinθ2 + a23 sinθ1 sinθ2 − a14 cosθ1 cosθ2

− a34 sinθ1 cosθ2) + O(‖I0‖1/2) = 0. (13)
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Let us fix r and tendI0
1 → 0 andI0

2 → 0 along a rayI0
1 = r2I0

2 in the plane (I1, I2). The equations obtained are
written as

∇R = 0

with

R = −r
(
a11 − a33

2
cos 2θ1 + a13 sin 2θ1

)
− 1

r

(
a22 − a44

2
cos 2θ2 + a24 sin 2θ2

)
− 2(a12 cosθ1 cosθ2

+ a23 sinθ1 cosθ2 + a14 cosθ1 sinθ2 + a34 sinθ1 sinθ2)

= −r
(
a11 − a33

2
cos 2θ1 + a13 sin 2θ1

)
− 1

r

(
a22 − a44

2
cos 2θ2 + a24 sin 2θ2

)

− ((a12 − a34) cos(θ1 + θ2) + (a23 + a14) sin(θ1 + θ2) + (a12 + a34) cos(θ1 − θ2)

+ (a23 − a14) sin(θ1 − θ2))

= s1 cos(2θ1 − σ1) + s2 cos(θ1 + θ2 − σ2) + s3 cos(θ1 − θ2 − σ3) + s4 cos(2θ2 − σ4), (14)

where the (non-negative) coefficientssi depend onr, and the phasesσi do not depend onr. It is clear that this gradient
form of the system of equations is a direct consequence of the property that toriT 2

s andSε(T 2
u ) are Lagrangian.

We are seeking nondegenerate critical points of functionR(θ1, θ2, r) at a fixedr on the torus (θ1, θ2) (mod 2π).
The nondegeneracy at a critical pointp is equivalent to the inequality

det
∂2R

∂θ2
(p) �= 0,

whereθ = (θ1, θ2).
Let us observe that the functionRdepends only onθ1, θ2 andr. This means that for all tori on the rayI0

1 = r2I0
2

this function is the same. In particular, if we have found a torusI1 = I0
1, I2 = I0

2 such that all critical points ofR
on this torus are nondegenerate, then the same is true for all tori on this ray and for rays (i.e.r) sufficiently close to
this one.

Applying Lemma 9to the functionR(·, ·, r) we see that, if all its critical points are nondegenerate, the number of
such critical points must be 8, 12 or 16. Now let us restrictr, 0< r0 < r < r1. If, for a fixedr∗ in this interval, the
functionR has only nondegenerate critical points, then the same is true for some open interval ofr containingr∗.
Therefore, the setC of all r such that the functionR has only nondegenerate critical points is open and belongs to
the interval (r0, r1). For r belonging to the boundary ofC, the functionRhas at least one degenerate critical point.

Let us choose a compact set inC (for instance, a collection of a finite number of segments). Then for these
r ∈ C the implicit function theorem can be applied to system(11), expressed in polar coordinates and divided byε,
uniformly in r giving solutionsθi(I0

1, I
0
2, ε), i = 1,2, for all (I0

1, I
0
2, ε)-close enough to (0,0,0). The union of all

rays withr ∈ C gives us the setV of the theorem.
Finally, we select any torusI = I0

1, I = I0
2 inWc of the integrable system with a Diophantine set of frequencies

which persists for 0≤ ε < ε0. If theseI0
1, I0

2 such thatr =
√
I0
1/I

0
2 ∈ C then we can obtain intersection onNs(c)

of the stable and unstable manifolds of this torus (θ1(I0
1, I

0
2, ε), θ2(I0

1, I
0
2, ε), c = h(I0

1, I
0
2)). �

Lemma 9. LetR(θ1, θ2) be a scalar function onT2 of the form

R = s1 cos(2θ1 − σ1) + s2 cos(θ1 + θ2 − σ2) + s3 cos(θ1 − θ2 − σ3) + s4 cos(2θ2 − σ4)
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with given non-negative coefficientssi, and phasesσi. If R is a Morse function, i.e. its critical points are all
nondegenerate, then the number of such critical points is8, 12or 16.

Proof. In view of the invariance ofRunder the shift

(θ1, θ2) �→ (θ1 + π, θ2 + π), (15)

we carry out the following 2-to-1 linear change onT
2:

ψ1 = 2θ1 − σ1, ψ2 = θ1 + θ2 − σ2.

Its inverse is a “1-to-2 map”:

θ1 = ψ1 + σ1

2
+ ν, θ2 = ψ2 − ψ1 + σ1

2
+ σ2 + ν, ν = 0, π. (16)

With this change we obtain

R̃(ψ1, ψ2) = s1 cosψ1 + s2 cosψ2 + s3 cos(ψ1 − ψ2 − σ̂1) + s4 cos(ψ1 − 2ψ2 − σ̂2)

with σ̂1 = −σ1 + σ2 + σ3 andσ̂2 = −σ1 + 2σ2 − σ4. Since each critical point of̃R gives rise to two critical points
of R, we need to prove that̃R has 4, 6 or 8 critical points.

One can give a lower bound for the number of critical points ofR̃ from some results of Morse theory[11]. Recall
that the index of a critical pointp is the number of negative eigenvalues for the Hessian matrix forR̃ atp, and denote
asνk = νk(R̃) the number of critical points of the indexk, 0 ≤ k ≤ 2 (then, the amountsν0, ν1, ν2 are the number
of minima, saddle points and maxima, respectively). The Morse inequalities connect the number of critical points
of a given index and the Betti numbers (ranks of the homology groups of the manifold under consideration). For
the case of the 2-torus, the Morse inequalities are of the form

ν0 ≥ 1, ν1 − ν0 ≥ 1, ν2 − ν1 + ν0 = χ(T2) = 0,

whereχ is the Euler characteristics. Therefore, the minimal number of critical points ofR̃ (assuming that they are
all nondegenerate) is equal to 4, and for a function with the minimal number of critical points one gets the following
distribution of their types: a minimum, two saddles and a maximum. We also deduce that the total number of critical
points for a Morse function onT2 is even, sinceν0 + ν1 + ν2 = 2ν1.

To find an upper bound for the number of critical points ofR̃, we shall show that the critical points can be reduced
to zeroes of a trigonometric polynomial of one angle. We write

R̃ = λ0(ψ2) + λ1(ψ2) cosψ1 + λ2(ψ2) sinψ1, (17)

where we define

λ0(ψ2) = s2 cosψ2, λ1(ψ2) = s1 + s3 cos(ψ2 + σ̂1) + s4 cos(2ψ2 + σ̂2), (18)

λ2(ψ2) = s3 sin(ψ2 + σ̂1) + s4 sin(2ψ2 + σ̂2). (19)

The critical points ofR̃ are the solutions of the following system of equations:

∂R̃

∂ψ1
= λ2(ψ2) cosψ1 − λ1(ψ2) sinψ1 = 0, (20)

∂R̃

∂ψ2
= λ′

1(ψ2) cosψ1 + λ′
2(ψ2) sinψ1 + λ′

0(ψ2) = 0. (21)
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This can be interpreted as a linear system for cosψ1, sinψ1, whose determinant is

D(ψ2) = λ1λ
′
1 + λ2λ

′
2 = 1

2(λ2
1 + λ2

2)′.

If a critical point (ψ1, ψ2) satisfiesD(ψ2) �= 0, solving the linear system(20) and (21)we get

cosψ1 = − λ′
0λ1

λ1λ
′
1 + λ2λ

′
2
, sinψ1 = − λ′

0λ2

λ1λ
′
1 + λ2λ

′
2
, (22)

and the equality cos2ψ1 + sin2ψ1 = 1 implies thatψ2 must be a zero of the following trigonometric polynomial:

g(ψ2) = (λ1λ
′
1 + λ2λ

′
2)2 − (λ′

0)2(λ2
1 + λ2

2) = 0. (23)

One can easily check thatλ2
1 + λ2

2 is a trigonometric polynomial inψ2 of degree≤2 (indeed, one can use(18) and
(19) and check that all the terms of degrees 3 and 4 cancel). Taking a derivative it is clear that the same is true for
λ1λ

′
1 + λ2λ

′
2. Then, we see from(23) thatg(ψ2) is a trigonometric polynomial of degree≤4, which gives at most

eight possible values forψ2 (unlessg(ψ2) is identically zero; see below). Replacing each value ofψ2 into (22), one
single value ofψ1 is determined. This implies that the functionR̃ has at most 8 critical points withD(ψ2) �= 0.

Of course, additional critical points (ψ1, ψ2) with D(ψ2) = 0 may occur. But in this case we must have in(20)
and (21)thatλ1(ψ2) = λ2(ψ2) = 0 or λ′

0(ψ2) = 0. In both subcases, we see that(23) is also satisfied, now with
ψ2 as a double zero. Replacingψ2 into (20) and (21), we obtain at most two values forψ1 (unlessλ1, λ′

1, λ2, λ′
2

simultaneously vanish atψ2, but in this case one has a line of critical points). Then, even ifD(ψ2) = 0 for some of
the critical points, we deduce that the total number of critical points forR̃ cannot be larger than 8.

In the preceding discussion, one should consider the possibility thatg(ψ2) be identically zero. We are going to
show that, if this happens, then there appears a curve formed with critical points. Assumingg(ψ2) ≡ 0, ifD(ψ2) �= 0
in some interval, we deduce from(22) that for eachψ2 in this interval one value ofψ1 is determined, obtaining
a curve of critical points. Otherwise, ifg(ψ2) ≡ 0 andD(ψ2) ≡ 0, we deduce thatλ1(ψ2) = λ2(ψ2) ≡ 0 in some
interval, orλ′

0(ψ2) ≡ 0 in some interval. In the first case we see from(18) and (19)that s1 = s3 = s4 = 0, and
clearly there are lines of critical points. In the second case, we obtain from(20) and (21)that for eachψ2 two values
of ψ1 are determined, giving rise to two curves of critical points. Thus, ifg(ψ2) ≡ 0 there are always curves of
critical points, and this contradicts the assumption thatR̃ is a Morse function (for such a function, all critical points
must be isolated).

We deduce from these arguments that the number of critical points ofR̃must be 4, 6 or 8. After the linear change
(16), the number of critical points ofR is doubled: 8, 12 or 16. �

Remark 10. An alternative proof of this lemma can be given by showing, with algebraic arguments, that if a
homogeneous trigonometric polynomialR(θ1, θ2) of degreem is a Morse function, then it has on the torusT

2 at
most 4m2 critical points. To prove this, one considers the following system of four equations:

∂R

∂θi
= 0, cos2 θi + sin2 θi = 1, i = 1,2.

Introducing homogeneous coordinates and applying Bézout’s theorem[14], one can establish that the number of
(complex) solutions is either infinite, or equal to the product of the degrees of the equations: 4m2. Then, if one
considers only real solutions, one sees that the number of them has to be a multiple of 4, since the invariance(15)
implies that nonreal solutions appear in groups of four. We gave the previous proof, longer but more constructive,
since its method can be applied to determine the exact number of critical points in a concrete example (see Section5).
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In an analogous way toTheorem 7, one can study the case when, for anyc,2

(LL ) α(0, c) = d

dε

∣∣∣∣
ε=0

(εα(ε, c)) ≡ 0

(see(10)). This case is reduced to the preceding one, as terms containingαi(0, c) vanish and, after dividing by√
I0
1I

0
2, we get the same system(13).

Now consider a generic one-parameter unfolding. We will show here that the perturbed system has four transverse
(on the related level of the Hamiltonian) homoclinic orbits to every perturbed persistent Diophantine toriI1 = I0

1,
I2 = I0

2 on the center manifoldWc, if (I0
1, I

0
2) belong to some set in the plane (I1, I2).

Theorem 11. There areε0 > 0 and some open set D in the quadrantI1 > 0, I2 > 0 such that for(I0
1, I

0
2) ∈ D

a persistent Diophantine torusI1 = I0
1, I2 = I0

2 has exactly four transverse(in the related level of Hamiltonian)
homoclinic orbits to this torus.

Proof. To find homoclinic orbits to a persistent invariant torus, given byI1 = I0
1, I2 = I0

2, we need to find inter-
sections between its stable and unstable manifolds or equivalently, as inTheorem 7, solutions of system(12).

Dividing the first equation of system(12)by
√

2I0
1, and the second one by

√
2I0

2, the system casts into the form

α1(0,0) cosθ1 + α3(0,0) sinθ1 + O(‖I0‖1/2) = 0, α2(0,0) cosθ2 + α4(0,0) sinθ2 + O(‖I0‖1/2) = 0.

(24)

Tending in(24) to the limit I0
1 → 0, I0

2 → 0, we obtain the system

α1(0,0) cosθ1 + α3(0,0) sinθ1 = 0, α2(0,0) cosθ2 + α4(0,0) sinθ2 = 0

(notice that, as in the proof ofTheorem 7, this system can be put in gradient form). We assume (it is the condition
of the general position) that

(LLL ) α1(0,0)2 + α3(0,0)2 �= 0, α2(0,0)2 + α4(0,0)2 �= 0.

Then, the system has four solutionspk = (θk1, θ
k
2), k = 1,4 (we stress that, in this case, the solutions do not depend

on the ray to which (I0
1, I

0
2) belongs). Due to (LLL ) the implicit function theorem is applicable to(24), and gives

four solutionspk = (θk1(I0
1, I

0
2), θk2(I0

1, I
0
2)), k = 1,4. In fact, only a positive measure Cantorian set of tori persists,

but the implicit function theorem works here uniformly inI out of some neighborhood of the former homoclinic
orbit. �

5. The Melnikov potential

The method of detecting homoclinic orbits to invariant tori presented in the previous section is, in a sense, blind: it
is rather hard to apply it to concrete Hamiltonians and perturbations. Now, we are interested in detecting the effective
existence of transverse homoclinic orbits for concrete perturbationsεH1, as well as in obtaining a first approximation
for (the traces inNs of) these orbits. The standard procedure for this purpose is the Poincaré–Melnikov method,

2 The sense of this identity is that one considers a one-parameter unfolding ofH0 such that the related path in the space of all Hamiltonians is
tangent at the pointH0 toL.
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which provides the Melnikov function as an approximation to the splitting distance (i.e. the distance between the
stable and unstable manifolds of a given torus).

The transverse homoclinic orbits are usually approximated as simple zeroes of the (vector) Melnikov function
but, as in[4], the Hamiltonian character of the equations allows us to look for nondegenerate critical points of the
(scalar) Melnikov potential, whose gradient is the Melnikov function.

For the sake of simplicity, we restrict ourselves to the case of an unperturbed HamiltonianH0 as in the examples
considered in Section1.1, plus a perturbationεH1(x1, y1, x2, y2, p, q).

We know from Section3 that the persistent tori and their invariant manifolds become transparent in the local
KAM coordinates introduced there. However, since the Melnikov function will be defined with the help of integrals
along trajectories on the global unperturbed homoclinic manifold, it is natural to use the global original coordinates
z = (x1, y1, x2, y2, p, q) in order to deduce an expression for the Melnikov function. To be more precise, we are
going to use the coordinatesζ = (ξ1, ξ2, ϕ1, ϕ2, p, q), i.e. we change to the polar coordinates introduced in(5).

The reason for using polar coordinates is that the Melnikov function will provide a first approximation for
the splitting distance along the actionsξ = (ξ1, ξ2), which are first integrals ofH0. Notice that the unperturbed
homoclinic manifold of a torus is given by{ξ = const., p = 0}, and it will be enough to give a measure for the
splitting along theξ-directions due to the conservation of energy.

First, we describe the parameterizations to be used. We denoteTa persistent Diophantine torus inWc, with actions
I0 = (I0

1, I
0
2). This torus can be parameterized byθ = (θ1, θ2) ∈ T

2 in the coordinates provided by KAM theorem
in Section3. Let Z∗(I0, θ, ε) be the parameterization of the torusT in the coordinatesζ, and letI∗(I0, θ, ε) =
(I∗1(I0, θ, ε), I∗2(I0, θ, ε)) denote itsξ-components:Z∗ = (I∗1, I

∗
2, . . .).

Let us denoteAs, Au the traces of the torusT on the transverse sectionsNs, Nu (i.e. the intersection of the
stable and unstable manifolds ofT with Ns, Nu). Notice that these traces are two-dimensional tori. Recall that the
transverse sections have been defined in(2) by a numberd, not depending onε. Thisd can be chosen small enough
in such a way that the traces are contained in the domain of validity of the KAM results of Section3. We use for the
tracesAs,u the same parameters as for the torusT: as before, we denoteZs,u(I0, θ, ε) the whole parameterization,
andIs,u = (Is,u

1 , I
s,u
2 ) their ξ-components. We see from KAM Hamiltonian equations(9) that the anglesθ ∈ T

2 in
the parameterizationsZ∗, Zs, Zu can be taken in such a way that the trajectory starting at the pointZs(I0, θ, ε) is
asymptotic fort → ∞ to the trajectory starting atZ∗(I0, θ, ε), and the trajectory starting atZu(I0, θ, ε) is asymptotic
for t → −∞ to the trajectory starting atZ∗(I0, θ, ε).

Now we consider the image ofAu through the global mapSε : Nu → Ns, and denotēZu(I0, θ, ε) the param-
eterization ofSε(Au) inherited fromAu, i.e. Z̄u is the point where the trajectory starting atZu intersectsNs. As
before, we denotēIu = (Īu

1, Ī
u
2) theξ-components of the point̄Zu. As a measure for the splitting distance, we are

going to take the distance between the toriAs andSε(Au), restricted to theξi-directions. Nevertheless, the phase
drift that occurs along any trajectory has to be taken into account in order to measure this distance correctly.

Since the trajectories on the invariant manifolds of the torusT are close to the unperturbed homoclinic trajectories,
we look at the caseε = 0 in order to choose the phases. Recalling the functionq0(t) in the examples given in
Section1.1, a homoclinic trajectory toT for H0 is given by

ζ0(t) = ζ0(t, I0, θ) = (I0, θ + tω̃, q̇0(t), q0(t)), (25)

where we have denoted ˜ω = (ω̃1, ω̃2), with

ω̃1 = ∂h0

∂ξ1
(I0

1, I
0
2) = ω1 + 2AI0

1 + 2BI0
2 + · · · , ω̃2 = ∂h0

∂ξ2
(I0

1, I
0
2) = ω2 + 2BI0

1 + 2CI0
2 + · · · .

It is clear that trajectory(25) is asymptotic fort → ±∞, with exponential estimates, to the following trajectory on
the unperturbed torus:

ζ∗0(t) = ζ∗0(t, I0, θ) = (I0, θ + tω̃,0,0).
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Let T1, T2 > 0 constants such thatζ0(−T1) ∈ Nu, ζ0(T2) ∈ Ns. We haveT1, T2 ∼ ln(1/d), whered is the number
(chosen small enough) defining the sectionsNs,Nu.

Remark 12. It is worth stressing the fact that atε = 0, the HamiltonianH0 in the examples considered is the sum of
two independent sub-Hamiltoniansh0 andp2/2 + V (q) (decoupled subsystems). In this case all homoclinic orbits
to a fixed torus inWc possess the property of the same asymptotics (the same orbit on the torus) ast → +∞ and
t → −∞. For the case of coupled integrable Hamiltonians these asymptotic orbits are different generically, and this
has to be taken into account for the Melnikov potential, which becomes the sum of two distinct integrals fort < 0
andt > 0. In fact, the Poincaré–Melnikov method for more general unperturbed HamiltoniansH0 was developed in
[4] introducing an alternative single integral expression for the Melnikov potential (a previous work in this direction
was[15]).

Now, we can define the following (vector) function as an exact measure for the splitting distance:

M(I0, θ, ε) = (Ī u(I0, θ − T1ω̃, ε) − I s(I0, θ + T2ω̃, ε)).

The next theorem provides a first order approximation for the functionM in terms of the gradient of a scalar
function, called the Melnikov potential, defined as follows:

L(I0, θ) = −
∫ ∞

−∞
[Ĥ1(ζ0(t)) − Ĥ1(ζ∗0(t))] dt, (26)

whereĤ1(ζ) denotes the perturbationH1 expressed in the coordinatesζ. The integral is absolutely convergent since
ζ0(t) is asymptotic fort → ±∞ to ζ∗0(t) (with exponential estimates).

Theorem 13. For the splitting distance along theξi-directions, the following first order approximation holds:

M = ε∇θL+O(ε2). (27)

Proof. For anyθ = (θ1, θ2), let us consider the trajectoriesζs,u(t) = ζs,u(t, I0, θ, ε) such thatζu(−T1) = Z u(I0, θ −
T1ω̃, ε) and ζs(T2) = Z s(I0, θ + T2ω̃, ε). The trajectoriesζs(t) and ζu(t) areO(ε)-close toζ0(t) for t ≥ T2 and
t ≤ −T1, respectively, due to that these parts of the trajectories are contained in the domain of validity of the KAM
results, and they are asymptotic to the torus ast → ±∞. Extending these estimates to−T1 ≤ t ≤ T2 (an interval
whose length is∼ ln(1/d), outside of the scope of KAM results), we see from Gronwall inequality that the trajectory
ζu(t) isO(ε/dα)-close toζ0(t) for someα > 0.3 However, since the numberd does not depend onε, it follows that
ζu(t) is O(ε)-close toζ0(t) for all t ≤ T2. Using this estimate, and the fact that the trajectoryζu(t) intersectsNs

transversely, we deduce thatZ̄u = ζu(T2 +O(ε)) and, for the actions,̄Iu
i = ξu

i (T2) +O(ε2) sinceξ̇i = O(ε).
On the torusT, let ζ∗(t) = ζ∗(t, I0, θ, ε) denote the trajectory to whichζs(t) is asymptotic fort → ∞, with

ζ∗(T2) = Z∗(I0, θ + T2ω̃, ε). This trajectoryζ∗(t) is O(ε)-close toζ∗0(t) for all t ∈ R. The trajectoryζu(t) is also
asymptotic fort → −∞ to the trajectoryζ∗(t).

For the components of the functionM, we write

Ī
u
i − I s

i = (Ī u
i − I ∗

i ) − (I s
i − I ∗)

i = (ξu
i (T2) − ξ∗i (T2)) − (ξs

i (T2) − ξ∗i (T2)) +O(ε2). (28)

To obtain the first order approximation, we use thatξ1, ξ2 are first integrals ofH0 in a neighborhoodU of the singular
pointO:

ξ̇i = ε{ξi, Ĥ1} = −ε∂Ĥ1

∂ϕi
= ε

(
yi
∂H1

∂xi
− xi ∂H1

∂yi

)
. (29)

3 Thisα is given by the Lipschitz constant for the Hamiltonian vector field associated toH0; it can be obtained from a bound (on a compact
set) for the second derivatives ofH0.
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For the “stable” term in(28), we obtain

−(ξs
i (T2) − ξ∗i (T2)) =

∫ ∞

T2

[
ξ̇s
i (t) − ξ̇∗i (t)

]
dt = −ε

∫ ∞

T2

[
∂Ĥ1

∂ϕi
(ζs(t)) − ∂Ĥ1

∂ϕi
(ζ∗(t))

]
dt

= − ε
∫ ∞

T2

[
∂Ĥ1

∂ϕi
(ζ0(t)) − ∂Ĥ1

∂ϕi
(ζ∗0(t))

]
dt +O(ε2),

where we have used theO(ε)-closeness of the perturbed trajectories to the unperturbed ones, fort ≥ T2. The integral
involved is absolutely convergent, sinceζs(t) is asymptotic fort → ∞ to ζ∗(t) with exponential estimates. For the
“unstable” term in(28), we can proceed analogously (although we integrate in a “longer” interval, this does not
make the estimates worse, because the length of the additional interval−T1 ≤ t ≤ T2 does not depend onε), and
we obtain

ξu
i (T2) − ξ∗i (T2) =

∫ T2

−∞
[ξ̇u
i (t) − ξ̇∗i (t)] dt = −ε

∫ T2

−∞

[
∂Ĥ1

∂ϕi
(ζu(t)) − ∂Ĥ1

∂ϕi
(ζ∗(t))

]
dt

= − ε
∫ T2

−∞

[
∂Ĥ1

∂ϕi
(ζ0(t)) − ∂Ĥ1

∂ϕi
(ζ∗0(t))

]
dt +O(ε2).

Replacing in(28) the approximations obtained, we obtain an integral
∫ ∞
−∞ (the Melnikov function) that gives a first

order approximation to the functionM, with an error termO(ε2). This integral is the gradient in (θ1, θ2) of the
Melnikov potential defined in(26). �

Since the splitting distance is approximated by the gradient of the Melnikov potentialL, the nondegenerate critical
points inθ = (θ1, θ2) of L will give rise to transverse homoclinic orbits. We point out that, in related cases, it can be
shown[4] that the whole splitting distance (and not only its first order approximation) is also the gradient of a scalar
function, called the splitting potential (due to the Hamiltonian character of the equations, which implies Lagrangian
properties for the invariant manifolds). This fact is very useful in order to ensure the existence of homoclinic orbits
in degenerate (nontransverse) cases, but we do not need it here.

Now, we are going to study the nondegenerate critical points inθ of the Melnikov potential. This requires explicit
computations and, to give an illustration, we only consider the case of the pendulum (example 1, among the three
ones considered in Section1.1), and a more concrete perturbation:

H1 = (cosq− ν)f (x1, y1, x2, y2), (30)

whereν is a parameter. It is not hard to see that forν = 1 all tori persist with their local invariant manifolds, whereas
for ν �= 1 we have a majority of persistent Diophantine tori from KAM theory. In both cases, the global invariant
manifolds may not coincide, and to study their transverse intersections we use the Melnikov potential. Applying
(26)and using that

cosq0(t) − 1 = − 2

cosh2 t
, (31)

we obtain the following expression for the Melnikov potential, which does not depend on the value ofν:

L(I0, θ) = 2
∫ ∞

−∞
f̂ (I0, θ + tω̃)

cosh2 t
dt,

wheref̂ (ξ1, ξ2, ϕ1, ϕ2) denotes the functionf expressed in the coordinatesζ.
In the next two theorems, two different types of functionsf are considered in the perturbation(30), and the

existence and number of transverse homoclinic orbits for such a perturbation is studied. First, inTheorem 14, we
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considerf = O2(x1, y1, x2, y2), and writing down the Hamiltonian equations one easily checks that the homoclinic
loop Γ persists (to be more precise, it is kept unchanged). Instead, inTheorem 15we consider a more general
function f and, in general, the loop will not be preserved. Their statements are similar to those ofTheorems 7 and
11, but now we provide a condition that can be checked for concrete examples.

We recall that a scalar function on a manifold is called a Morse function provided all its critical points are
nondegenerate.

Theorem 14. Letf = O2(x1, y1, x2, y2) in the perturbation(30), denotef2 its quadratic part(i.e.f = f2 +O3).
For any actionI0 = (I0

1, I
0
2), let us denoteL2(I0, ·) the part of the Melnikov potential coming fromf2, and letB

be the set of actionsI0 such thatL2(I0, ·) is a Morse function ofθ ∈ T
2. Then, for I0 in an open subset ofB, andε

small enough, there exist either8, 12or 16 transverse homoclinic orbits.

Proof. Let f = b1x
2
1 + b2x1y1 + b3x1x2 + b4x1y2 + b5y

2
1 + b6y1x2 + b7y1y2 + b8x

2
2 + b9x2y2 + b10y

2
2 +

O3(x1, y1, x2, y2). In polar coordinates, this function becomes

f̂ (ξ1, ξ2, ϕ1, ϕ2) = ξ1[(b1 + b5) + (b1 − b5) cos 2ϕ1 + b2 sin 2ϕ1] +
√
ξ1ξ2[(b3 − b7) cos(ϕ1 + ϕ2)

+ (b4 + b6) sin(ϕ1 + ϕ2) + (b3 + b7) cos(ϕ1 − ϕ2) − (b4 − b6) sin(ϕ1 − ϕ2)]

+ ξ2[(b8 + b10) + (b8 − b10) cos 2ϕ2 + b9 sin 2ϕ2] +O(‖ξ‖3/2).

Inserting this expansion into the integral and taking into account that integrals of odd functions vanish, and using
also thatω̃i = ωi +O(‖I0‖), we get

L(I0
1, I

0
2, θ1, θ2) = 2I0

1[2(b1 + b5) + J2ω1((b1 − b5) cos 2θ1 + b2 sin 2θ1)]

+ 2
√
I0
1I

0
2[Jω1+ω2((b3 − b7) cos(θ1 + θ2) + (b4 + b6) sin(θ1 + θ2))

+Jω1−ω2((b3 + b7) cos(θ1 − θ2) − (b4 − b6) sin(θ1 − θ2))] + 2I0
2[2(b8 + b10)

+J2ω2((b8 − b10) cos 2θ2 + b9 sin 2θ2)] +O(‖I0‖3/2), (32)

where we define

Ja =
∫ ∞

−∞
cosat

cosh2 t
dt = πa

sinh(πa/2)
, a �= 0, (33)

computed by residue theory. We have also used thatJ0 = 2. The Melnikov potential(32)becomes a generic function
of the type

L = L2 +O(‖I0‖3/2),

L2 = s0 + s1 cos(2θ1 − σ1) + s2 cos(θ1 + θ2 − σ2) + s3 cos(θ1 − θ2 − σ3) + s4 cos(2θ2 − σ4), (34)

where the (non-negative) coefficientssi are homogeneous linear polynomials inI0
1,

√
I0
1I

0
2, I0

2, and the phasesσi do

not depend onI0. Since we are interested in the critical points ofL with respect toθ1, θ2, we can obviously assume
s0 = 0.

By Lemma 9, if L2 is a Morse function it has 8, 12 or 16 critical points. This result can be extended to the whole
Melnikov potentialL in (34)provided‖I0‖ is small enough, excluding a neighborhood of the raysI0

1/I
0
2 = const.,

where the Morse condition is not fulfilled. As inTheorem 7, the critical points tend to a constant along each ray, as
(I0

1, I
0
2) → (0,0). �
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Although this theorem does not give explicit conditions determining the number of homoclinic orbits, it is
possible to study this in concrete examples. As an illustration, we consider the perturbation(30)with the function

f = 1

8J2ω1

(x2
1 − y2

1) + β

4Jω1+ω2

(x1x2 − y1y2) + β

4Jω1−ω2

(x1x2 + y1y2) + 1

8J2ω2

(x2
2 − y2

2)

with ω1, ω2 fixed, andβ > 0 as a parameter (recall thatJa has been defined in(33)). The Melnikov potential in
(32)becomes

L = L2 =
√
I0
1I

0
2

(
r

2
cos 2θ1 + β cos(θ1 + θ2) + β cos(θ1 − θ2) + 1

2r
cos 2θ2

)
(35)

with r =
√
I0
1/I

0
2. Removing the term

√
I0
1I

0
2 (that does not influence the critical points ofL, unless it vanishes),

the coefficients considered in the proof ofLemma 9becomes1 = r/2, s2 = s3 = β, s4 = 1/2r, and the phases are
all σi = 0. After the linear change(16), we obtainL̃2(ψ1, ψ2) as in(17), with

λ0(ψ2) = β cosψ2, λ1(ψ2) = r

2
+ β cosψ2 + 1

2r
cos 2ψ2, λ2(ψ2) = β sinψ2 + 1

2r
sin 2ψ2.

After some computations, we see that the trigonometric polynomial in(23)can be written as

g(ψ2) = (1 − β2) sin2ψ2

(
cos2ψ2 + β

(
r + 1

r

)
cosψ2 + β2

)
.

It is clear thatg(ψ2) hasψ2 = 0, π as double zeroes, which give rise from(20) to (21) to 4 critical points: (0,0),
(0, π), (π,0), (π, π), for the functionL̃2. Besides, there can exist additional critical points for this function, associated
to zeroesψ2 given by cosψ2 = −β/r and cosψ2 = −βr. The number of such zeroes can be 0, 2 or 4 (excluding
degenerate cases), and we deduce that the Melnikov potential(35) may have 8, 12 or 16 critical points. More
precisely, we have:

• For 0< β < 1, there are 16 critical points ifβ < r < 1/β, r �= 1, and 12 critical points ifr < β or r > 1/β.
• Forβ > 1, there are 12 critical points ifr < 1/β or r > β, and 8 critical points if 1/β < r < β, r �= 1.

Assumingε small enough, each critical point gives rise to a homoclinic orbit, though a neighborhood of the rays√
I0
1/I

0
2 = 0,1/β,1, β,∞ have to be excluded.

In the next theorem we study a more general case (i.e. not assumingf = O2), and establish the number of
transverse homoclinic orbits, in a much simpler way.

Theorem 15. Consider an arbitrary f in the perturbation(30). Under generic conditions the coefficients of order1
of f, for an open subset of actionsI0 = (I0

1, I
0
2), andε small enough, there exist exactly four transverse homoclinic

orbits.

Proof. Let

f = a0 + a11x1 + a12y1 + a21x2 + a22y2 +O2(x1, y1, x2, y2). (36)

Computing the Melnikov potential as in the proof ofTheorem 14, we obtain

L = 4a0 + 2
√

2I0
1Jω1(a11 cosθ1 + a12 sinθ1) + 2

√
2I0

2Jω2(a21 cosθ2 + a22 sinθ2) +O(‖I0‖),
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and it has 4 critical points provideda2
11 + a2

12 �= 0 anda2
21 + a2

22 �= 0 (compare with condition (LLL ) in Section4).
Such critical points tend to constant as (I0

1, I
0
2) → (0,0) (in this case, the constant is the same for all raysI0

1/I
0
2 =

const.). �

Although theθi-derivatives ofL tend to 0 as (I0
1, I

0
2) → (0,0), this does not imply the persistence of the homoclinic

loopΓ for ε �= 0, since the splitting of this loop may appear in the higher order terms in(27). In the same way, the
4 critical points predicted by the Melnikov potential may not give true homoclinic intersections if (I0

1, I
0
2) is very

close to (0,0) (to be more precise, a neighborhood of the linesI1 = 0, I2 = 0, of widthO(ε2), has to be excluded
from the open set in the statement ofTheorem 15). Thus, the usual Poincaré–Melnikov method, as introduced at
the beginning of this section, does not apply in a small neighborhood of the loop.

6. A first approximation for the splitting of the loop

Finally, we show that the splitting of the loopΓ can be detected with a modified version of the Poincaré–Melnikov
method, that can be applied to the examples introduced in Section1.1. Due to the degeneracy of the polar coordinates
defined in(5), we develop the method directly in the original coordinatesz = (x1, y1, x2, y2, p, q).

We are going to obtain a first approximation for the splitting distance between the (global) invariant man-
ifolds Wu, Ws inherited from the initial loopΓ . The unstable manifoldWu is given by a trajectoryzu(t) =
(xu

1(t), yu
1(t), xu

2(t), yu
2(t), pu(t), qu(t)) that tends to the singular pointO for t → −∞, and analogously with the

stable manifoldWs for t → ∞. Both trajectorieszu(t), zs(t) areO(ε)-perturbations of the loopΓ , given by
z0(t) = (0,0,0,0, q̇0(t), q0(t)) (notice that this is the limit of the homoclinic trajectory(25) as (I0

1, I
0
2) → (0,0),

for any (θ1, θ2)).
To give a measure for the splitting distance betweenWu andWs, we can restrict ourselves to the coordinates

(x1, y1, x2, y2). Indeed, the distance alongp is then determined (on a sectionq = const.) by the conservation of
energy.

Theorem 16. Consider in the perturbation(30) an arbitrary f, written as in(36). Then, for ε small enough the
following approximations hold:

xu
i (t) − xs

i (t) = −2εJωi (ai1 cosωit − ai2 sinωit) +O(ε2), (37)

yu
i (t) − ys

i (t) = −2εJωi (ai1 sinωit + ai2 cosωit) +O(ε2), i = 1,2. (38)

Proof. We first consider the unstable manifoldWu. We writexu
i (t) = εx

u,∗
i (t) +O(ε2), yu

i (t) = εy
u,∗
i (t) +O(ε2),

which satisfy the Hamiltonian equations

ẋu
i = −ωiyu

i +O3(xu
1, y

u
1, x

u
2, y

u
2) − ε∂H1

∂xi
(xu

1, y
u
1, x

u
2, y

u
2, p

u, qu),

ẏu
i = ωix

u
i +O3(xu

1, y
u
1, x

u
2, y

u
2) + ε∂H1

∂yi
(xu

1, y
u
1, x

u
2, y

u
2, p

u, qu). (39)

Taking theO(ε)-terms in these equations, we obtain thatx
u,∗
i (t), yu,∗

i (t) satisfy the linear equations

ẋ
u,∗
i = −ωiyu,∗

i − ∂H1

∂xi
(0,0,0,0, q̇0(t), q0(t)), ẏ

u,∗
i = ωix

u,∗
i + ∂H1

∂yi
(0,0,0,0, q̇0(t), q0(t)).

Then, from the variation-of-constants formula we get the expressions

x
u,∗
i (t) = gu

i1(t) cosωit − gu
i2(t) sinωit, y

u,∗
i (t) = gu

i1(t) sinωit + gu
i2(t) cosωit, (40)
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where

gu
i1(t) =

∫ t

−∞

(
− cosωis · ∂H1

∂xi
(z0(s)) + sinωis · ∂H1

∂yi
(z0(s))

)
ds, (41)

gu
i2(t) =

∫ t

−∞

(
sinωis · ∂H1

∂xi
(z0(s)) + cosωis · ∂H1

∂yi
(z0(s))

)
ds. (42)

Using equality(31), we see that

∂H1

∂xi
(z0(s)) = − 2ai1

cosh2 t
,

∂H1

∂yi
(z0(s)) = − 2ai2

cosh2 t
,

and this implies that the integrals(41) and (42)are absolutely convergent.
We can proceed in a similar way for the stable manifoldWs, and obtain expressions analogous to(40)–(42), but

now
∫ t
−∞ is replaced by− ∫ ∞

t
. Their difference is given at first order by

x
u,∗
i (t) − xs,∗

i (t) = Dgi1 cosωit −Dgi2 sinωit, y
u,∗
i (t) − ys,∗

i (t) = Dgi1 sinωit +Dgi2 cosωit

with Dgij as in(41) and (42), but now with
∫ ∞
−∞. Computing the integrals as in(32), we obtainDgij = −2aijJωi ,

and this gives the first order approximations stated in(37) and (38). �

Remark 17.

1. In this approach, we have measured the splitting along the coordinates (x1, y1, x2, y2), which are not first integrals
of the unperturbed HamiltonianH0 (unlike the approach followed in(29)). But the fact that, inH0, the variation
of such coordinates can be described by linear differential equations allowed us to obtain a first approximation
analogous to the Melnikov function also in this case.

2. As a consequence ofTheorem 16, the distance betweenWs andWu along the first integralsξi = (x2
i + y2

i )/2 is
O(ε2). This explains why the splitting of the loopΓ (as well as for tori close toΓ ) could not be detected from
the Melnikov approximation considered inTheorem 15.

3. The loop is not preserved if at least one of the coefficientsaij does not vanish. This agrees with the fact that the
setL of Hamiltonians with homoclinic loops has codimension 4, as explained at the beginning of Section4.
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[4] A. Delshams, P. Gutiérrez, Splitting potential and the Poincaré–Melnikov method for whiskered tori in Hamiltonian systems, J. Nonlinear
Sci. 10 (4) (2000) 433–476.

[5] L.H. Eliasson, Normal forms for Hamiltonian systems with Poisson commuting integrals—elliptic case, Comment. Math. Helv. 65 (1)
(1990) 4–35.

[6] S.M. Graff, On the conservation of hyperbolic invariant tori for Hamiltonian systems, J. Diff. Eqs. 15 (1974) 1–69.
[7] M.W. Hirsch, C.C. Pugh, M. Shub, Invariant Manifolds, Lecture Notes in Mathematics, vol. 583, Springer-Verlag, Berlin, 1977.
[8] L.M. Lerman, Isoenergetical structure of integrable Hamiltonian systems in an extended neighborhood of a simple singular point: three

degrees of freedom, in: L. Lerman, G. Polotovskiı̆, L. Shilnikov (Eds.), Methods of Qualitative Theory of Differential Equations and Related
Topics, Supplement, vol. 200 of American Mathematical Society Translation Series 2, American Mathematical Society, Providence, RI,
2000, pp. 219–242. Adv. Math. Sci. 48.

[9] L.M. Lerman, Ya.L. Umanskiy, Four-dimensional Integrable Hamiltonian Systems with Simple Singular Points (Topological Aspects), vol.
176 of Translations of Mathematical Monographs, American Mathematical Society, Providence, RI, 1998.

[10] D. McDuff, D. Salamon, Introduction to Symplectic Topology. Oxford Mathematical Monographs, 2nd ed., Oxford University Press, New
York, 1998.

[11] J. Milnor, Morse Theory. Annals of Mathematics Studies, vol. 51, Princeton University Press, Princeton, NJ, 1963.
[12] J. Moser, The analytic invariants of an area-preserving mapping near a hyperbolic fixed point, Commun. Pure Appl. Math. 9 (1956) 673–692.
[13] J. P̈oschel, Integrability of Hamiltonian systems on Cantor sets, Commun. Pure Appl. Math. 35 (5) (1982) 653–696.
[14] I.R. Shafarevich, Basic Algebraic Geometry. 1. Varieties in Projective Space, 2nd ed., Springer-Verlag, Berlin, 1994.
[15] D.V. Treshev, Hyperbolic tori and asymptotic surfaces in Hamiltonian systems, Russ. J. Math. Phys. 2 (1) (1994) 93–110.
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