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Abstract

In this work we consider a saddle-center equilibrium for general vector fields as well as Hamiltonian 
systems, and we transform it locally into a polynomial normal form in the saddle variables by a change of 
coordinates. This problem was first solved by Bronstein and Kopanskii in 1994 [3], as well as by Banyaga, 
de la Llave and Wayne in 1996 [5] in the saddle case. The proof used relies on the deformation method 
used in [5], which in particular implies the preservation of the symplectic form for a Hamiltonian system, 
although our proof is different and, we believe, simpler. We also show that if the system has sign-symmetry, 
then the transformation can be chosen so that it also has sign-symmetry. This issue is important in our 
study of shadowing non-transverse heteroclinic chains (Delshams and Zgliczynski 2018 and 2024) for the 
toy model systems (TMS) of the cubic defocusing nonlinear Schrödinger equation (NLSE) on 2D-torus or 
similar Hamiltonian PDE, which are used to prove energy transfer in these PDE.
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1. Introduction

The main question addressed in this work is: Can a vector field near a center-saddle equi
librium be transformed into a polynomial normal form in the saddle variables by a change of 
coordinates? (finite smoothness is allowed). This problem has been solved by Bronstein and 
Kopanskii [3,4], as well as by Banyaga, de la Llave and Wayne [5] (they give a complete proof 
for maps, but the result also applies to ODEs) for a saddle equilibrium point, where it is also 
shown that the coordinate transformation can be chosen preserving the symplectic form, volume 
or contact if the original vector field preserves it.

In this work we consider a saddle-center equilibrium for general vector fields as well as Hamil
tonian systems, and we apply the deformation method as in [5]. These systems arose in our work 
on shadowing non-transversal heteroclinic chains [10,11]. Although the technique of the proof 
is inspired by the approach taken in [5], our proof is different and, we believe, simpler. We also 
show that if the system has sign-symmetry, then the transformation can be chosen so that it also 
has sign-symmetry. This issue is important in our study of shadowing non-transverse heteroclinic 
chains [10,11] for the toy model systems (TMS) of the nonlinear cubic defocusing Schrödinger 
equation on 2-dimensional torus (NLSE) or similar Hamiltonian PDE, which are used to prove 
energy transfer in these PDE.

The plan of the paper is as follows. We first prove the result on general vector fields and 
Hamiltonian systems, which is stated as Theorem 3 in Section 2. This proof is concluded in 
section 6. Later on we introduce some additional invariance requirements (the sign-symmetry) 
and we show in Theorem 30 that the transformation constructed in the general case also has these 
properties.

1.1. Notation

We will denote N , Z, R, C the natural, integer, real and complex numbers, respectively. We 
will assume that 0 ∈ N . For x ∈ R, we denote [x] its integer part, �x its real part and �x its 
imaginary part. For a matrix A we will denote A� its transposed matrix. Finally we will denote 
Bn(R) the ball of radius R centered at the origin of Rn.

If u= h(z) is a (local) diffeomorphism in Rn, expressing new coordinates u in terms of the 
old ones denoted by z, and Z(z) is a vector field, then it is transformed by u = h(z) to the 
pushforward vector field h∗Z defined as

h∗Z(u) :=Dh(h−1(u))Z(h−1(u)).

Conversely, given z= g(u) (for example g = h−1) expressing the old coordinates z in terms 
of the new coordinates u, Z(z) is transformed by z = g(u) to the pullback vector field g∗Z
defined as

g∗Z(u)=Dg(u)−1Z(g(u)). (1)

The action on functions is as follows

h∗Z(u)= Z(h−1(u)),

g∗Z(u)= Z(g(u)).
2 
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The commutator of two vector fields X,Y is given by

[X,Y ]i =
∑
j

(
∂Yi

∂zj

Xj − ∂Xi

∂zj

Yj

)
,

[X,Y ](z)=DY(z)X(z)−DX(z)Y (z). (2)

For a function g(ε, x) depending on ε, which is treated as a parameter, we will use the fol
lowing notations

gε(x)= g(ε, x),

Dgε(x)= ∂g 
∂x

(ε, x).

For g(z) ∈ Cr we will say that g(z)=Ok(|z|q) (for z→ 0�-this might not be written explic
itly) for some k ≤ r if

Djg(z)=O(|z|q−j ), j = 0, . . . ,min(k, q).

If z= (x, y) and g(z) ∈ Cr , we will say g(z)=Ok(|x|q) for z ∈W (bounded set) and x→ 0 for 
k ≤ r if

Djg(z)=O(|x|q−j ), j = 0, . . . ,min(k, q),

where D is the differentiation with respect to z= (x, y), i.e., all partial derivatives are involved.
Given a vector space V with the basis {ei}mi=1 and a multiindex α = (α1, α2, . . . , αm) ∈Nm, 

for a vector z=∑
i ziei we define zα by

zα = z
α1
1 z

α2
2 · · · zαm

m .

By |α| we will denote the degree of multiindex, defined by |α| =∑
i αi .

Often, when discussing normal forms we will use complex coordinates ck = xk + iyk , and 
then a part of the phase space will be described by Cr and the polynomials on Rm ×Cr will be 
of the following form

zαcβcβ∗ = z
α1
1 z

α2
2 · · · zαm

m · cβ1
1 · · · cβr

r · c1
β∗1 · · · cr

β∗r . (3)

In such situation the degree of the monomial zαcβcβ∗ is given by |α| + |β| + |β∗|.

1.1.1. Symplectic forms and Hamiltonian equations
By Ω we will denote a symplectic form (a closed non-degenerate differential 2-form) on some 

phase space V . A map is called symplectic (with respect to Ω) iff it preserves the form Ω.
The standard (real) symplectic form is given by

Ω=
∑

dxj ∧ dyj .
j

3 
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Occasionally we will use more general symplectic form, for example Ω′ = g∗Ω.
Given a real function H(t, z) for real t and z = (x, y), and a real symplectic form Ω the 

Hamiltonian vector field XH(t, z) is defined by [1]

Ω(XH (t, z), η)=DzH(t, z)η, ∀η ∈ TzV . (4)

Therefore the Hamiltonian equations can be written as

ż= J (z)∇zH(t, z) (5)

where ∇zH(t, z)= (DzH(t, z))� and J (z) is the regular antisymmetric matrix defined by (4).
In the case of the standard symplectic form the Hamiltonian equations of motion are just

ẋj = ∂H 
∂yj

, ẏj =− ∂H 
∂xj

. (6)

Since we are going to consider systems ż=Az+O2(z) in a neighborhood of an equilibrium 
point, it will be very convenient to consider complex variables cl = xl + iyl for some l ∈ L

associated to pure imaginary eigenvalues ν = ±iω, ω 
= 0, of the matrix A. Then the standard 
symplectic form Ω becomes

Ω=
∑
k∈K

dxk ∧ dyk + i

2

∑
l∈L 

dcl ∧ dcl.

In such case the Hamiltonian equations of motion (6) become

ẋk = ∂H

∂yk

, ẏk =−∂H 
∂xk

, k ∈K,

ċl =−2i
∂H

∂cl

, l ∈ L.

One can get a more compact notation introducing the complex variables ck = xk + iyk for the 
indexes k ∈K associated to real eigenvalues to get a canonical complex Hamiltonian system

ċj =−2i
∂H 
∂cj

associated to the standard complex symplectic form Ω= i

2

∑
j

dcj ∧ dcj .

In addition, in the presence of saddle variables associated to complex eigenvalues ν =±a ±
ib, ab 
= 0, of the matrix A, complex pairs of variables are handy and are of the form clm =
xl + ixm and glm = yl + iym. Then in the standard symplectic form the contribution of dxl ∧
dyl + dxm ∧ dym becomes 1

2dclm ∧ dḡlm + 1
2dc̄lm ∧ dglm so that Ω becomes

Ω=
∑

dxk ∧ dyk + 1

2

∑
′ ′′

(dclm ∧ dḡlm + dc̄lm ∧ dglm)+ i

2

∑
dcl ∧ dcl,
k∈K (l,m)∈L ×L l∈L 

4 
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and the equations of motion for the clm and glm variables are

ċlm = 2
∂H 
∂ḡlm

, ġlm =−2
∂H 
∂c̄lm

.

For a real system associated to a real Hamiltonian, the equations of motion of cl , clm and glm

are redundant and there is no need to write them, since they are conjugate to those of cl, clm, glm, 
respectively. Indeed

ċl = 2i
∂H

∂cl

, ċlm =−2
∂H 
∂glm

, ġlm =−2
∂H 
∂clm

.

1.2. Resonant monomials

Assume that we have a coordinate system (z1, . . . , zn) which brings matrix A ∈ Rn×n to its 
complex Jordan normal form. Let ν1, . . . , νn be the corresponding eigenvalues. In case some of 
them are not real, they appear within pairs of conjugate complex numbers, and the Jordan normal 
form for A takes complex values.

Let us denote by ej , j = 1, . . . , n the n-dimensional canonical basis, and consider a polyno
mial vector field

ż=Az+
∑

2≤r≤N

∑
|α|=r

(
p1

αzα, . . . ,pn
αzα

)
(7)

The following definition is taken from [3].

Definition 1. [3, Def. 2.4] Let j ∈ {1, . . . , n} and α ∈Zn+. The pair (j,α) as well as the monomial 
zαej of system (7) is called resonant (in the sense of Poincaré) if the following equality holds:

νj = 〈α, ν〉 :=
n ∑

k=1 
αkνk.

The integer r = |α| is called the order of resonance. 
We will denote by Res(A, k1, k2) the set of resonant monomials of equation (7) of order greater 
than or equal to k1 and of order less than or equal to k2.

We will occasionally say that zα is resonant for the j -th variable if zαej is resonant.
In the case that system (7) is a Hamiltonian of m= n/2 degrees of freedom

H =
∑

2≤|α|+|β|+|β∗|≤N+1

aαββ∗z
αcβcβ∗ , (8)

where z = (x, y) ∈ R2m−2r , c ∈ Cr and aαββ∗ = aαβ∗β for a real Hamiltonian, the eigenvalues 
(ν1, . . . , νm−r , νm−r+1, . . . , νm, νm+1, . . . , ν2m−r , ν2m−r+1, . . . , ν2m) := (ν+R , νC, ν−R , ν∗C) of the 
Hamiltonian matrix A appear in pairs with both signs and can be ordered, for example, so that 
the 2(m − r) complex ones, 0 ≤ r ≤ m, satisfy νi = ν̄m+i for i = 1, . . . , r . Then the resonant 
monomials of Hamiltonian (8) are those that satisfy 〈νR, α〉 + 〈β, νC〉 + 〈β∗, ν∗〉 = 0, where 
C

5 
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νR =
(
ν+R , ν−R

)
(see, for example, [18, Sec. 10.4]) We will denote by Res(A, k1, k2) the set of 

resonant monomials of Hamiltonian (8) of order greater than or equal to k1 and of order less than 
or equal to k2.

2. The polynomial normal form theorem for general vector fields and Hamiltonian system

2.1. Normal form around an equilibrium point, the Poincaré-Dulac theorem

Assume that we have a coordinate system (z1, . . . , zn) which brings a matrix A ∈Rn×n to its 
complex Jordan normal form, and consider the system

ż=Az+O2(|z|2). (9)

One would like to bring (9) to the simplest possible form. The first well-known result in this 
direction is the Poincaré-Dulac theorem [1].

Theorem 1. If the vector field (9) is CQ+1 with Q ≥ 2, then for any J ⊂ Zn+ such that 
Res(A,2,Q)⊂ J and 2≤ |α| ≤Q for α ∈ J , system (9) after finite number of analytic changes 
of variables, can be written as

ż=Az+NQ(z)+RQ+1(z),

where NQ(z) =∑α∈J NQ,αzα and the remainder vector field satisfies RQ+1(z) =OQ+1(|z|Q+1). 
Moreover, if system (9) is Hamiltonian, the changes of variables can be chosen symplectic, so 
that the transformed system is also Hamiltonian.

Regarding the notation zα , it should be noted that the n-dimensional variable z= (x, c) can 
contain both real variables x associated with real eigenvalues of the matrix A, as well as conju
gate variables c, c associated with complex eigenvalues of the matrix A, so any monomial zα is 
of the already mentioned form (3), i.e., zα = xα̂cβcβ∗ .

In [3] the authors show that also terms which are not weakly resonant can be removed, but 
then the transformation is of finite smoothness.

2.2. Normal form for an equilibrium point with the local center manifold

We will now consider a system around a saddle-center equilibrium, thus splitting the n× n

matrix A in complex Jordan normal form of (9) into two matrices, a nA × nA hyperbolic (just 
called saddle from now on) matrix A, whose eigenvalues have nonzero real part, and a nB ×
nB center matrix B whose eigenvalues have zero real part, with n = nA + nB . Since we are 
working with real systems, all eigenvalues of B appear in pairs and the Jordan normal form 
variables for B are complex variables c ∈ Cr , with 2r = nB , whereas the Jordan normal form 
variables for a matrix A with kA real eigenvalues and 2lA non-real eigenvalues are of the type 
z= (x, ζ ) ∈RkA ×ClA , with kA + 2lA = nA, so that the phase space of our system is described 
by (z, c)= (x, ζ, c):

ż=Az+Nz(z, c), z ∈RkA ×ClA ,

ċ= Bc+N (z, c), c ∈Cr ,
(10)
c

6 



A. Delshams and P. Zgliczyński Journal of Differential Equations 436 (2025) 113268 
with N(z, c)= (Nz(z, c),Nc(z, c))=O2(|z|2 + |c|2).
From now on we will denote our phase space as

P =
{
z ∈RkA ×ClA , c ∈Cr

}
. (11)

We now introduce some notation for the spectral gap of A.

Definition 2. Given a saddle matrix A (i.e., �λ 
= 0 for λ ∈ Sp(A)), there exist four positive real 
numbers delimiting two minimal intervals [−λmax,−λmin] and [μmin,μmax] such that �Sp(A)⊂
[−λmax,−λmin] ∪ [μmin,μmax]. For the sake of brevity, we will just call S=S(A) to the vector 
formed by these numbers characterizing the spectral gap of A:

S= (λmin, λmax,μmin,μmax) =⇒ �Sp(A)⊂ [−λmax,−λmin] ∪ [μmin,μmax].

Remark 2. This definition works well only for a genuine saddle matrix A possessing both 
eigenvalues with positive real part and eigenvalues with negative real part. In particular, if A
is a Hamiltonian matrix, then λmin = μmin and λmax = μmax. If �Sp(A) < 0 then the inter
val [μmin,μmax] is empty and S(A) = (λmin, λmax). Analogously, if �Sp(A) > 0, the interval 
[−λmax,−λmin] is empty and S(A)= (μmin,μmax).

We can now state the first main result of this paper.

Theorem 3. Consider system (10), such that (z, c)= 0 is a non-degenerate equilibrium point and 
the subspace {z= 0} is invariant, and let S be the spectral gap of A as introduced in Definition 2.

Then for any k ≥ 1, there exists Q0 =Q0(k,S), such that for any Q≥Q0 there exists q0 =
q0(Q,k,S), so that the following assertion of the theorem is valid.

If system (10) is Cq , with q ≥ q0 and if q − 1≥ P ≥Q and q ≥Q+ 3, then there exists a Ck

change of variables in a neighborhood of the origin, transforming it to the system

ż=Az+N (z, c)+R(z, c),

ċ= Bc+O2(|z|2 + |c|2),
(12)

with

N (z, c)=
∑

j=1,...,kA+lA,(
j,
(
α,α∗,β,β∗

))∈Res((A,B),2,P )

p
j
α,α∗,β,β∗ zαz̄α∗cβ c̄β∗ej ,

R(z, c)=
∑

j=1,...,kA+lA,
|α|+|α∗|=1,|β|+|β∗|=P+1−Q

g
j
α,α∗,β,β∗(z, c) z

αz̄α∗cβ c̄β∗ej

=OP+1−Q

(
|c|P+1−Q

)
O1(z),

where pj
α,α∗,β,β∗ are constants and gj

α,α∗,β,β∗(z, c) are continuous functions.
Moreover, if system (10) is Hamiltonian, the change of variables can be chosen symplectic, 

and therefore the transformed system is also Hamiltonian.
7 
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Our second main result, Theorem 30, is that if system (10) has sign-symmetry (see Section 7), 
that is, it is Ss -symmetric for any symmetry Ss(z+, z−, c1, . . . , cm) = (s+z+, s−z−, s1c1, . . . , 
smcm) and any choice of signs {s = (s+, s−, s1, . . . , sm)}, then the change of variables can be 
chosen such that the transformed system also has sign-symmetry.

Remark 4. The sign symmetry is a property introduced in [8], which guarantees that the vari
ational equations of system (10) along ingoing and outgoing orbits have a block diagonal 
structure, and are an essential property to prove that heteroclinic connections between differ
ent systems (10) can be shadowed, even when these heteroclinic connections are not transversal, 
see [11]. Theorem 30 is adapted in Lemma 31 to the toy model system derived in [8].

Remark 5. The assumption that the subspace {z = 0} is invariant could be easily satisfied. 
Namely, for a saddle-center fixed after a coordinate change where a local center manifold is 
set as {z= 0}.

Remark 6. The first results about polynomial normal forms in the saddle variables for saddle
center equilibria are due to Bronstein and Kopanskii [3]. In the pure saddle case the assertions 
of Theorem 3 are valid for P =Q and R(z)= 0 and were proved using the deformation method 
by Banyaga, de la Llave and Wayne [5] (in this second paper the authors give a complete proof 
for maps, but the result also applies to ODEs), showing the preservation of geometric (Hamilto
nian, contact, volume preserving) structures. Bronstein and Kopanskii [4] applied later on these 
methods to show also the preservation of geometric structures.

Remark 7. Bringing the remainder term to the form stated in the theorem (or removing it in the 
pure saddle case) does not require that N contains only the resonant terms, it fact it can contain 
any polynomial terms of order up to P .

Remark 8. In the transformed system (12), the term N (z, c) is the polynomial normal form up 
to degree P in both variables z and c provided by the Poincaré-Dulac Theorem 1, whereas the 
term R(z, c) contains the linear terms in the variable z with coefficients of order Q + P − 1
in the variable c of the remainder of Theorem 1. It is important to notice that, in general, the 
linear part of the z-equation in (10) cannot be reduced to a constant matrix (see, for instance the 
review [19] for sufficient conditions), since the frequencies in the matrix B are not assumed to 
be even incommensurable.

Remark 9. For a Hamiltonian system (10), the Hamiltonian associated to the transformed Hamil
tonian system (12) provided by Theorem 3 takes the form H = H1(c) + H2(z) + N(z, c) +
R(z, c), where H1(c) has nondegenerate quadratic part, H2(z) is quadratic (in a Hamiltonian 
Jordan form) and

N(z, z, c, c)=
∑

(α,α∗,β,β∗)∈Res((A,B),3,P+1)

Pα,α∗,β,β∗ zαz̄α∗cβ c̄β∗

R(z, z, c, c)=
∑

|α|+|α∗|=2,|β|+|β∗|=P+1−Q

Gα,α∗,β,β∗(z, z, c, c) zαz̄α∗cβ c̄β∗

=OP+1−Q

(
|c|P+1−Q

)
O2(z

2),
8 
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where Pα,α∗,β,β∗ are constants and Gα,α∗,β,β∗(z, c) are continuous functions.

Remark 10. The values of the constants Q,Q0, q0, k from Theorem 3 for the general vector field 
as follows

Q0(k)=max

(
k+

[
k
λmax

μmin
+ μmax

μmin

]
,

[
(k + 1)

μmax

μmin

])
+max

(
k +

[
k
μmax

λmin
+ λmax

λmin

]
,

[
(k + 1)

λmax

λmin

])
, (13)

and for the Hamiltonian case

Q0(k)= 2k+ 1+ 2

[
(k + 1)

μmax

μmin

]
. (14)

In both cases

q0(k,Q)=Q+ 3,

and in the pure saddle case q0(k,Q)=Q+ 2.

The comparison of Q0 and q0 with the numbers obtained in previous works [3--5] in the case 
of a saddle is discussed in Appendix C.

The proof of the above theorem has two parts. In the first part we will use the Poincaré-Dulac 
theorem to remove some non-resonant terms and in the second part we will remove the remainder 
using the deformation method following the idea from [5]. The proof of this theorem will start 
in the next section.

If the matrix A has only real eigenvalues, we have the following corollary.

Corollary 11. Under the same assumptions as in Theorem 3, assume further that all eigenvalues 
of A are real.

Then with the same k,Q,P as in Theorem 3, system (10) can be brought locally to the fol
lowing form

ż=Az+
∑

j=1,...,nA,(j,α)∈Res(A,2,P )

gj
α(c)zαej

+
∑

j=1,...,nA,|α|=1,|β|+|β∗|=P+1−Q

g
j
α,β,β∗(z, c)z

αcβ c̄β∗ej ,

ċ= Bc+O2(|z|2 + |c|2),

where gj
α(c) are polynomials and gj

α,β,β∗(z, c) are continuous functions.

Proof. First note that since A has only real eigenvalues, the variables z̄ do not appear.
Let us take a closer look at the sum of monomials in the first equation of (12). Since all 

eigenvalues of B are purely imaginary and those of A are real, then for any (j, (α,β)) ∈
Res((A,B),2,P ) we have that (j,α) ∈Res(A,2,P ). Therefore we have
9 
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∑
j=1,...,nA,

(j,(α,(β,β∗)))∈Res((A,B),2,P )

p
j
α,β,β∗ zαcβ c̄β∗ej =

∑
(j,α)∈Res(A,2,P )

gj
α(c)zαej

for the polynomials gj
α(c)= gj

α(c, c̄)=
∑

2−|α|≤|β|+|β∗|≤P−|α|
p

j
α,β,β∗ cβ c̄β∗ . �

Remark 12. For a Hamiltonian system (10), when all the eigenvalues of A are real, the Hamil
tonian associated to the transformed Hamiltonian system (12) takes the form H(z, c)=H1(c)+
H2(z)+N(z, c)+R(z, c), with

N(z, c, c)=
∑

α∈Res(A,3,P+1)

Pα(c, c̄)zα,

R(z, c, c)=
∑

|α|=2,|β|+|β∗|=P+1−Q

Gα,β,β∗(z, c) zαcβ c̄β∗ ,

where Pα(c, c̄) are polynomials and Gα,β,β∗(z, c) are continuous functions.

3. The first part of the proof of Theorem 3, removal of non-resonant terms up to some 
order

Let us fix P ≥Q≥ 2. Let us write a Taylor formula for the z-component of our vector field

ż=Az+
∑

j=1,...,kA+lA,
2≤|α|+|α∗|+|β|+|β∗|≤P

p
j
α,α∗,β,β∗ zαz̄α∗cβ c̄β∗ej +R(z, c), (15)

ċ= Bc+O2(|z|2 + |c|2), (16)

where

R(z, c)=OP+1

(
(|z| + |c|)P+1

)
. (17)

Using Theorem 1 we can remove the resonant terms of the z-component in system (15)--(16) 
up to order P to obtain (with a different remainder term which will denote again by R, and which 
satisfies (17))

ż=Az+N1(z, c)+R(z, c),

ċ= Bc+O2(|z|2 + |c|2),

with

N1(z, c)=
∑

j=1,...,kA+lA,(
j,
(
α,α∗,β,β∗

))∈Res((A,B),2,P )

p
j
α,α∗,β,β∗ zαz̄α∗cβ c̄β∗ej .
10 
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The remainder can be written as sum

R(c, z)=
∑

|α|=P+1

⎛⎝ 1 ∫
0 

(1− t)P

P ! DαR(t (c, z)) dt

⎞⎠ (c, z)α.

Now we collect in R2(z, c) the terms of R(z, c) of order greater than or equal to Q+ 1 in the 
variable z, and name R1(z, c) :=R(z, c)−R2(z, c). In other words, split the remainder term 
R(z, c) as

R(z, c)=R1(z, c)+R2(z, c)

R1(z, c)=OP+1−Q

(
cP+1−Q

)
O1(z), R2(z, c)=OQ+1(z

Q+1). (18)

Notice that for a general remainder R(z, c) it would simply follow that R1(z, c) =
OP+1−Q

(
cP+1−Q

)
. The special expression (18) comes from the fact that R(z, c) vanishes for 

z= 0.

Remark 13. By assumption (17), R(z, c) is of order P + 1 in the variables (z, c), so we could 
even write

R1(z, c)=OP+1−Q

(
cP+1−Q

)
O1(z)OQ−1

(
(|z| + |c|)Q−1

)
,

R2(z, c)=OQ+1(z
Q+1)OP−Q

(
(|z| + |c|)P−Q

)
,

but as we are going to bound the factors containing OQ−1 and OP−Q by constants later on, the 
estimates (18) will be enough for us. On the other hand, since R(0, c) vanishes for any c, the 
same happens to the O(|c|P+1) term in R(z, c)⎛⎝ 1 ∫

0 

(1− t)P

P ! D(P+1)
c R(tc, tz) dt

⎞⎠ cP+1.

As a result of these transformations we obtain the following system

ż=Az+N (z, c)+R(z, c), (19)

ċ= Bc+O2(|z|2 + |c|2), (20)

where

N (z, c)=N1(z, c)+R1(z, c),

R(z, c)=R2(z, c)=OQ+1(|z|Q+1). (21)

Moreover, due to the saddle character of the matrix A, it splits as

A=
(

Au 0
0 A

)
,

s

11 
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and the matrices Au, As , and B are written in an appropriate Jordan form with

ml(Au) > 0, μlog(As) < 0, μlog(B) < δ, μlog(−B) < δ (22)

for any δ > 0 small enough fixed in advance, where ml and μlog are the logarithmic norms 
recalled in Appendix A.

The logarithmic norm μlog(B) might be not equal to zero in the presence of non-trivial Jordan 
blocks, however in such situation it can be made arbitrarily close to 0, by choosing a linear 
coordinate system in the center direction so that the off-diagonal terms are very small.

In the Hamiltonian case, all these linear transformations to Jordan normal form can be chosen 
to be symplectic, see [20,2]. In order to have the vector field to be in the form (19)--(21) for 
Hamiltonian case we proceed as follows. For Hamiltonian H(z, c) − H(c,0) we consider the 
Taylor formula with remainder of order P + 2 (notice that we consider order greater than in the 
case of the general vector field, because the vector fields are obtained from the derivatives of 
Hamiltonian) and remove all or some non-resonant terms up to order P + 1 and then we split the 
reminder gathering all terms with order Q+ 2 or higher in z. As a result our Hamiltonian takes 
the following form

H(z, c)=Hc,2(c)+Nc(c)+H2(z)+Nz(z, c)+R1(z, c)+R2(z, c), (23)

with H2(z) and Hc,2(c) being quadratic Hamiltonians in suitable Jordan forms and

H(c,0)=Hc,2(c)+Nc(c)

Nc(c)=Oq+1(|c|3),
Nz(z, z, c, c)=

∑
(α,α∗,β,β∗)∈Res((A,B),3,P+1)

Pα,α∗,β,β∗ zαz̄α∗cβ c̄β∗

R1(z, z, c, c)=
∑

|α|+|α∗|=2,|β|+|β∗|=P+1−Q

Gα,α∗,β,β∗(z, z, c, c) zαz̄α∗cβ c̄β∗

=OP+1−Q

(
|c|P+1−Q

)
O2(z

2),

R2(z, c)=OQ+2(|z|Q+2), (24)

where Pα,α∗,β,β∗ are constants and Gα,α∗,β,β∗(z, c) are continuous functions.
Now our goal is to apply the deformation method to remove the remainder term R2 (or R2 in 

Hamiltonian setting). This starts in the next section.

4. Derivation of the cohomological equation

The process of removing the remainder term R in (19)--(20) through the deformation method, 
involves several stages and is concluded at the end of section 6. The first step is to derive a 
cohomological equation.

Consider a vector field dependent on a parameter ε

Zε =Z0 + εR(z). (25)
12 
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Following the idea of the deformation method taken from [5], to remove the term εR(z) from 
equation (25) we would like to find a family of diffeomorphisms gε such that

g∗εZε =Z0. (26)

Since gε is a smooth family of diffeomorphisms, we can find a family of vector fields Gε such 
that

d

dε
gε = Gε ◦ gε. (27)

This more carefully written means that

∂g

∂ε 
(ε, x)= G(ε, g(ε, x)),

so that

G(ε, x)= ∂g

∂ε 
(ε, g−1

ε (x)).

Note that (27) is a non-autonomous o.d.e.
In [5] the main focus was on diffeomorphisms and for vector fields the authors claim (without 

a proof) that for the pushforward (gε)∗ it holds that

d

dε
(gε)∗Zε = (gε)∗

(
[Zε,Gε] + d

dε
Zε

)
, (28)

which is not true, since the right formula is

d

dε
(gε∗)Zε = (gε∗)

(
[Zε,Gε] + dZε

dε 

)
+ [(gε∗)Zε,Gε − (gε∗)Gε].

However it turns out that equation (28) works for the pullback g∗. Namely, we have

Lemma 14. Assume that g ∈ C2 and G ∈ C1 are such that g0 = Id and

d

dε
gε = Gε ◦ gε. (29)

Assume that Z(ε, z) is C1. Then

d(g∗εZε)

dε 
= g∗ε

(
[Zε,Gε] + dZε

dε 

)
. (30)

Proof. From (29) we obtain

∂ ∂
g(ε, x)= ∂G

(ε, g(ε, x))
∂g 

(ε, x)=DGε(g(ε, x))Dgε(x). (31)

∂ε ∂x ∂x ∂x

13 
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Let us denote

Y(ε,u)= (
g∗εZε

)
(u).

Then by (1)

Dgε(u)Y (ε,u)=Zε(gε(u)).

Observe that Y(ε,u) is C1.
We differentiate the above equality with respect to ε. For the left hand side we obtain (we use 

(31))

d

dε
(Dgε(u)Y (ε,u))=

(
∂

∂ε
Dgε(u)

)
Y(ε,u)+Dgε(u)

∂Y

∂ε 
(ε, u)

= DGε(gε(u))Dgε(u)Y (ε,u)+Dgε(u)
∂Y

∂ε 
(ε, u)

=DGε(gε(u))Zε(gε(u))+Dgε(u)
∂Y

∂ε 
(ε, u),

while for the right hand side we have

d

dε
(Zε(gε(u)))= ∂Z

∂ε 
(ε, gε(u))+DZε(gε(u))

∂g

∂ε 
(ε, u)

= ∂Z
∂ε 

(ε, gε(u))+DZε(gε(u))Gε(gε(u)).

Therefore we obtain (we use also (2))

Dgε(u)
∂Y

∂ε 
(ε, u)=−DGε(gε(u))Zε(gε(u))+DZε(gε(u))Gε(gε(u)

+dZε

dε 
(gε(u))

=
(
[Gε,Zε] + dZε

dε 

)
(gε(u)).

This establishes (30). �
Therefore we obtain that the desired conjugation (26) is equivalent to the cohomological equa

tion

[Gε,Zε] = −R (or [Zε,Gε] =R),

which is now a linear equation for Gε .
14 
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4.1. Cohomological equation for Hamiltonian systems

Assume that we have a symplectic form Ω and let J (z) be the associated matrix defining the 
vector Hamiltonian vector field (see (4), (5)). We assume that we have an ε-dependent family of 
Hamiltonians Zε(z)= Z(ε, z) inducing a ε-dependent family of Hamiltonian vector fields Zε.

We would like to find a family of symplectic transformations (with respect to the form Ω) 
z= hε(u) such that

h∗εZε = Zε ◦ hε = Z0.

We will seek hε as the time shift ε along the trajectory of some ε-dependent Hamiltonian Hε.

Lemma 15. Assume that Z(ε, z) is C1 and Zε(z) = J (z)(DZε(z))
�. Assume that h(ε, z) ∈ C2

and H(ε, z) ∈ C2 are such that h0 = Id and

d

dε
hε = J · (DHε)

� ◦ hε.

Then

d

dε

(
h∗εZε

)= h∗ε
(

∂Zε

∂ε 
−DHε ·Zε

)
.

Proof. We have

d

dε
Zε(hε(u))= ∂Z

∂ε 
(ε,hε(u))+DZε(hε(u)) · d

dε
hε(u)

= ∂Zε

∂ε 
(hε(u))+DZε(hε(u)) ·

(
J (hε(u))(DHε(hε(u)))�

)
= ∂Zε

∂ε 
(hε(u))−

(
J (hε(u))(DZε(hε(u)))�

)� · (DHε(hε(u)))�

= ∂Zε

∂ε 
(hε(u))− (Zε(hε(u)))� · (DHε(hε(u)))�

= ∂Zε

∂ε 
(hε(u))−DHε(hε(u)) ·Zε(hε(u)). �

Therefore the cohomological equation to be solved in the Hamiltonian context is

DHε ·Zε − ∂Zε

∂ε 
= 0. (32)

Observe that equation (32) does not depend on the particular formula for Ω. The only way Ω
factors in (32) is the relation between Z and Z .

Remark 16. In fact in the proof of the above lemma we obtained

d
Zε(hε(u))=

(
dZε + {Zε,Hε}

)
(hε(u)),
dε dε 

15 
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where the Poison bracket is given by

{Zε,Hε} =Ω(I (dZε), I (dHε)),

where Zε = I (dZε)= J · (dZε)
� and Hε = I (dHε)= J · (dHε)

� are defined by (4).

5. Strategy for solving the cohomological equation

In this section we represent the points of our phase space by z = (x, y, c), where c are the 
center variables and (x, y) the saddle variables, x unstable and y stable.

We set (compare to (19)--(20))

Zε(z)=
(
A(x,y)+Nx,y(z)+ εR(z),B(c)+Nc(z)

)
. (33)

From equation (30) in Lemma 14 (and (2)) it follows that to bring (33) to the normal form 
(i.e. to remove R) we need first to solve for Gε the following cohomological equation

DGε ·Zε =DZε · Gε −R, (34)

where with some abuse of notation we redefined R by setting R(z)= (R(z),0).
In the symplectic setting we assume that the Hamiltonian function Zε is of the following form

Zε(z)=A(z)+N(z)+ εR(z), (35)

where (compare (23)) A(z)=H2,c(c)+H2(x, y), N(z)=Nc(c)+Nz(x, y, c)+R1(x, y, c) and 
R(z)=R2(x, y, c).

The cohomological equation for a Hamiltonian Gε will be (see (32))

DGε ·Zε =R. (36)

In both equations (34) and (36) the variable ε plays a role of a parameter. In fact we have a 
family of equations parameterized by ε, but we want to construct the solution which will depend 
smoothly on ε. Observe that the solution of (34) (or (36)) cannot be unique, since we can always 
add f (ε)Zε (or f (ε)Zε) for any function f (ε) to get a new solution.

In the case of general vector field the strategy to construct the solution of the cohomological 
equation is as follows (for Hamiltonian system the procedure is analogous)

• Preparation of ``compact data''; after this step we will have a modified vector field Z̃ε and R̃, 
coinciding with the original one in some neighborhood of the origin, but with a linear vector 
field Z̃ε far from the origin and a remainder R̃ with compact support, see section 5.1. After 
this step, we will drop the tildes in the modified equations.

• Straightening of the local center-stable and center-unstable manifolds via a transformation Tε

(see Section 5.2). We obtain a new vector field Zε = Tε∗Zε and a new remainder Rε = Tε∗R.
• Splitting of the remainder term, T∗R=R1 +R2, where R1 =O
1+1(|x|
1+1)

and R2 =O
2+1(|y|
2+1) (see Sec. 5.3).
• Resolution of (34) (or (36)) with remainders R1 and R2 (see Section 6.2), obtaining G1(z)

and G2(z), respectively.
16 
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• Finally, the solution is given by G = (
T −1

)
∗ (G1 + G2).

The whole process of construction of solution is smooth in ε and other parameters if they are 
present in R and Zε . This is important, because the solution of the cohomological equation 
defines a vector field (depending on ε), for which the time shift from ε = 0 to ε = 1 along a 
trajectory defines the desired transformation (with ε being the time variable).

5.1. Preparation of compact data

Consider system (19)--(20) obtained at the end of the first part of the proof of Theorem 3 in 
Section 3. We intend to modify the vector field, away from the origin so that all nonlinearities 
will have a compact support.

Recall (see (11)) that our phase-space is P = {
(z ∈RkA ×ClA , c ∈Cm)

}
. We have the split

ting z= (x, y), where x ∈Rnu and y ∈Rns with kA + 2lA = nu + ns .
Let η :P→[0,1] be a C∞ function such that for some 0 < r0 < r1 it holds that

η(z)= 1, ‖z‖ ≤ r0,

η(z)= 0, ‖z‖ ≥ r1.

Let the constants Kη, KN be such that

‖Dη(z)‖ ≤Kη, ‖D2η(z)‖ ≤Kη ∀z ∈P

‖N(z)‖ ≤KN‖z‖2, if ‖z‖ ≤ r1,

‖DN(z)‖ ≤KN‖z‖, if ‖z‖ ≤ r1,

‖D2N(z)‖ ≤KN, if ‖z‖ ≤ r1.

Let σ > 0 be some small number. Let us set

Ñ(x, y, c)=N(x,y, c)η((x, y, c)/σ ), R̃(x, y, c)=R(x, y, c)η((x, y, c)/σ ).

The modified system is

ẋ =Aux + Ñx(x, y, c)+ εR̃x(x, y, c)=Aux + M̃x(ε, x, y, c), (37)

ẏ =Asy + Ñy(x, y, c)+ εR̃y(x, y, c)=Asy + M̃y(ε, x, y, c),

ċ= Bc+ Ñc(x, y, c). (38)

Let M̃(ε, x, y, c)= (M̃x(ε, x, y, c), M̃y(ε, x, y, c),0). Obviously, we have (see (21)) (where all 
the O(·) terms are for their arguments converging to 0)

M̃(ε,0,0, c)= 0, Ñx,y(0,0, c)= 0, (39)

M̃(ε, x, y, c)=O2(|(x, y, c)|2), Ñ(x, y, c)=O2(|(x, y, c)|2),
R̃(x, y, c)=OQ+1(|(x, y)|Q+1).
17 
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Note that we have defined M̃ as a notation for the nonlinearities appearing in the saddle 
directions. Indeed, M̃ also depends on ε, but since we have bounds that are uniform for ε ∈ [0,1], 
we will usually omit this dependence on ε in the sequel.

We have for σ ≤ 1 and any z (for suitable constant K ′
N )

‖Ñ(z)‖ ≤ sup 
‖z‖≤σr1

‖N(z)‖ ≤KNσ 2r2
1 ≤K ′

Nσ 2, (40)

‖DÑ(z)‖ ≤ sup 
‖z‖≤σr1

(
1 
σ
‖Dη(z/σ)‖ · ‖N(z)‖ + |η(z/σ )| · ‖DN(z)‖

)
≤ σ−1KηKNσ 2r2

1 +KNσr1 = σ(KηKNr2
1 +KNr1)≤K ′

Nσ, (41)

‖D2Ñ(z)‖ ≤ sup 
‖z‖≤σr1

(
1 
σ 2 ‖D2η(z/σ )‖ · ‖N(z)‖ + 2 

σ
‖Dη(z/σ)‖ · ‖DN(z)‖

+η(z/σ )‖D2N(z)‖
)
≤KηKNr2

1 + 2KηKNr1 +KN =K ′
N .

Analogously, for some constant KR, we obtain that for any w= (x, y, c)

‖R̃(w)‖ ≤KRσQ+1,

‖DR̃(w)‖ ≤KRσQ, (42)

‖D2R̃(w)‖ ≤KRσQ−1.

For the Hamiltonian system we do the following modification of the Hamilton function Z
(compare (35)):

Z̃(z)=A(z)+N(z)η(z/σ )+ εR(z)η(z/σ )=A(z)+ Ñ(z)+ εR̃(z). (43)

It is easy to see that the induced differential equation can be written as (37)--(38) satisfying 
conditions (39)--(42) for the nonlinear terms.

Let us denote

Wc = {z= 0}.

With some abuse of notation we will also treat Wc as the Cr component of P , for example 
in a lemma below we write [0,1] × Rnu × Wc as a domain of some function or in D(δ) =
Bnu(δ)×Bns (δ)×Wc to represent some neighborhood of Wc.

Lemma 17. Let us consider the system (37)--(38) and denote by ϕ(t, x, y, c) the induced flow. 
Let L < 1.

Then there exists σ0 > 0 so that, for any 0 < σ ≤ σ0, it holds that

• There exist functions yu : [0,1] ×Rnu ×Wc → Rns and xs : [0,1] ×Rns ×Wc → Rnu in 
Cq−1, such that for any ε ∈ [0,1]
18 
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Wcu = {(x, yu(ε, x, c), c), (x, c) ∈Rnu ×Wc},
Wcs = {(xs(ε, y, c), y, c), (y, c) ∈Rns ×Wc},

and for any ε1, ε2, c1, c2, x1, x2 and y1, y2, it holds that

‖yu(ε1, x1, c1)− yu(ε2, x2, c2)‖ ≤ L(|ε1 − ε2| + ‖c1 − c2‖ + ‖x1 − x2‖) , (44)

‖xs(ε1, y1, c1)− xs(ε2, y2, c2)‖ ≤ L(|ε1 − ε2| + ‖c1 − c2‖ + ‖y1 − y2‖) . (45)

• There exists a constant KW =KW(L,σ), such that for all j = 1, . . . , q − 1,

‖Djxs‖ ≤KW, ‖Djyu‖ ≤KW. (46)

This function K(L,σ) is non-decreasing with respect to L and σ .
• For any δ > 0, introduce the set D(δ)= Bnu(δ)×Bns (δ)×Wc . Then if (x, y, c) / ∈Wcs , then 

there exists t0 ≥ 0 such that ϕ(t, x, y, c) / ∈D(δ) for t ≥ t0 and ε ∈ [0,1]; and if (x, y, c) / ∈
Wcu, then there exists t0 ≤ 0 such that ϕ(t, x, y, c) / ∈D(δ) for t ≤ t0 and ε ∈ [0,1].

Proof. We will begin by proving that for any δ > 0 the set D(δ)= Bnu(δ)×Bns (δ)×Wc is an 
isolating block (see Definition 16 in Appendix B.2) for this system for any ε ∈ [0,1]. To prove 
this, we have to check exit and entry conditions, i.e. (157) and (158), from the Appendix.

We have for (x, y, c) ∈D(δ) (we use (154), (155) and (41), (42)) that

(Aux, x)≥ml(Au)‖x‖2,

(Asy, y)≤ μlog(As)‖y‖2,

‖Ñ(x, y, c)‖ = ‖Ñ(x, y, c)− Ñ(c,0,0)‖ ≤ ‖DÑ‖√2δ ≤√2K ′
Nσδ,

‖R̃(x, y, c)‖ = ‖R̃(x, y, c)− R̃(c,0,0)‖ ≤ ‖DR̃‖√2δ ≤√2KRσQδ.

Hence, if (x, y, c) ∈D(δ)− (i.e. ‖x‖ = δ)

(ẋ, x)= (Aux, x)+ (Ñ(x, y, c), x)+ ε(R̃(x, y, c), x),

≥ δ2
(
ml(Au)−

√
2K ′

Nσ −√2KRσQ
)

,

and for (x, y, c) ∈D(δ)+ (i.e. ‖y‖ = δ)

(ẏ, y)= (Asy, y)+ (Ñ(x, y, c), y)+ ε(R̃(x, y, c), y)

≤−δ2
(
−μlog(As)−

√
2K ′

Nσ −√2KRσQ
)

.

Hence if σ is such that

ml(Au) >
√

2K ′
Nσ +√2KRσQ,

−μlog(As) >
√

2K ′ σ +√2KRσQ,
N
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then conditions (157) and (158) are satisfied and therefore D(δ) is an isolating block. In view of 
(22), this holds if σ is small enough.

To deal with Wcu and Wcs and their dependence on ε we add to system (37)--(38) the equation

ε̇ = 0. (47)

This allows us to obtain the dependence with respect to the parameter ε from the general ar
guments of [6,7] on the existence of a normally hyperbolic invariant manifold (NHIM) and its 
center-unstable and center-stable manifolds, which are recalled in the Appendix B. Note that the 
loss of one unit in the degree of differentiability of Wcu and Wcs comes in general situation from 
the loss of differentiability of the center manifold Wc.

Now we check the rate conditions (see Definition 18 and Theorem 52 in Appendix B.2) for 
system (37)--(38), (47) up to order q−1. To be in agreement with the notation used in Theorem 52
we set Λ= [0, ε] ×Wc. Hence the center direction denoted there by λ is now (ε, c).

On D̃(δ)= [0, ε] ×D(δ) we have

−−→μs,1 = μlog(As)+O(σ)+ 1 
L

O(σ), −−→μs,2 = μlog(As)+O(σ)+LO(σ),

−→
ξu,1 = ml(Au)−O(σ)− 1 

L
O(σ),

−−−→
ξu,1,P = ml(Au)−O(σ)− 1 

L
O(σ)

−−→μcs,1 = μlog(B)+O(σ)+LO(σ), −−→μcs,2 = μlog(B)+O(σ)+ 1 
L

O(σ)

−−→
ξcu,1 = −O(σ)−LO(σ),

−−−→
ξcu,1,P = −O(σ)−LO(σ),

−→
ξu,2 = ml(Au)−O(σ)−LO(σ),

−−→
ξcu,2 = −O(σ)− 1 

L
O(σ)

It is easy to see that for any k and L, there exists σ0 = σ0(k,L), such that for σ ≤ σ0 the rate 
conditions of order k are satisfied (we need k = q − 1).

Therefore yu and xs , which in the notation of Theorem 52 are wcu and wcs , respectively, 
satisfy the Lipschitz condition with constant L. This establishes inequalities (44), (45).

Since all partial derivatives up to the order of the regularity class of our modified vector field 
are globally bounded, we obtain condition (46) of Theorem 52.

The above arguments apply to local center-stable and center-unstable manifolds inside D(δ). 
But since δ is arbitrary and the bounds on derivatives of our vector field are global, then all the 
above estimates also apply to the global manifolds Wcs and Wcu. �
Lemma 18. There exists σ0 > 0 so that, for any 0 < σ ≤ σ0, the following holds:

There exist constants E and C, such that for any R > δ > 0 and for any ε ∈ [0,1] z =
(x, y, c) ∈D(R), holds

• if ‖x‖ ≥ ‖y‖, (x, y) 
= 0 and ϕ(t, x, y, c) ∈ D(R) for t ∈ [0, T ], then ‖πxϕ(t, x, y, c)‖ >

‖πyϕ(t, x, y, c)‖ for t ∈ (0, T ] and

d ‖x(t)‖ ≥E‖x(t)‖, t ∈ (0, T ]. (48)

dt
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In particular, T ≤ 1 
E

ln
(

R
‖x(0)‖

)
.

• if ‖x(t)‖ ≤ ‖y(t)‖, and ϕ(t, x, y, c) ∈D(R) for t ∈ [0, T ], then ‖y(t)‖ ≤ ‖y(0)‖e−tC .

In particular, if t > 1 
E

ln
( ‖y(0)‖

δ

)
, then ϕ(t, x, y, c) ∈D(δ).

Proof. To prove the first assertion we need to establish two facts. First, the forward invariance 
of the cone ‖x‖ ≥ ‖y‖ and second, the expansion in this cone. We have for ‖x‖ ≥ ‖y‖ (we use 
(154), (155)) (compare to the proof of Lemma 17).

We have

1

2

d‖x‖2

dt 
= (ẋ, x)= (Aux, x)+ (

Ñ(x, y, c)εR̃(x, y, c), x
)

≥ml(Au)‖x‖2 − (‖DÑ + ‖DR̃‖) · ‖(x, y)‖ · ‖x‖
and

1

2

d‖y‖2

dt 
= (ẏ, y)= (Asy, y)+ (

Ñ(x, y, c)+ εR̃(x, y, c), y
)

≤ μlog(As)‖y‖2 + (‖DÑ + ‖DR̃‖) · ‖(x, y)‖ · ‖x‖.
Therefore for (x, y, c) such that ‖x‖ ≥ ‖y‖, x 
= 0 (we use (41), (42)) holds

1

2

d

dt

(
‖x‖2 − ‖y‖2

)
≥ml(Au)‖x‖2 −μlog(As)‖y‖2 − 2

(‖DÑ + ‖DR̃‖) · ‖(x, y)‖ · ‖x‖

≥
(
ml(Au)−μlog(As)+ 2

√
2
(
K ′

Nσ +KRσQ
))
‖x‖2 > 0

if σ ≤ σ0. Therefore the cone ‖x‖ ≥ ‖y‖ is forward invariant.
Now we deal with the expansion in the x-direction. From previous computations we obtain in 

the cone ‖x‖ ≥ ‖y‖

1

2

d‖x‖2

dt 
≥ml(Au)‖x‖2 −√2(K ′

Nσ +KRσQ)‖x‖2 ≥E‖x‖2

where E =ml(Au)−
√

2(K ′
Nσ +KRσ

Q
0 ) > 0. We chose σ0, small enough for E to be positive. 

Observe that this implies (48).
Now we turn to second assertion about the decay in the cone ‖x‖ ≤ ‖y‖. In this cone from 

previous computations we obtain

1

2

d‖y‖2

dt 
≤
(
μlog(As)+

√
2K ′

Nσ +√2KRσQ
)
‖y‖2.

Since μlog(As) < 0 we can find σ0, such that C =−μlog(As)−
√

2
(
K ′

Nσ +√2KR
)

> 0. This 
implies the second assertion. �

We fix 0 < σ ≤ σ0 so that the assertions of Lemmas 17 and 18 hold true and from now on we 
work with the modified vector field, but dropping tildes.
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We will need some extra bounds for the functions yu and xs as well as for their derivatives 
up to order two. It is easy to see that if B does not contain any nontrivial Jordan blocks, then 
yu(x, c)= 0 and xs(y, c)= 0 if |c|> O(σr1). This is an immediate consequence of the following 
fact: as |πcϕ(t, x, y, c)= eBt c|> O(σr1) for t ∈R, the trajectory remains in the domain where 
the dynamics is just linear; x′ =Aux, y′ =Asy, c′ = Bc.

However, we want to include the situation with nontrivial Jordan blocks in the center direc
tion and we also need information about the derivatives of yu and xs with respect to x and y, 
respectively, when |x|→∞ and |y|→∞.

Lemma 19. In the context of Lemma 17,

|yu(x, c)| ≤ Lσr1 min

⎛⎝1,

( |x| 
σr1

) μlog(As ) 
μlog(Au)

⎞⎠ , ∀(x, c), (49)

|xs(y, c)| ≤ Lσr1 min

⎛⎝1,

( |y| 
σr1

)μlog(−Au)

μlog(−As ) 
⎞⎠ , ∀(y, c).

Moreover, for some wc > 1 and wz > 0 and w =min(wc,wz),∣∣∣∣∂yu

∂x 
(x, c)

∣∣∣∣≤min(L,LO(σw)(|c|wc + |x|wz)−1), (50)∣∣∣∣∂xs

∂y 
(y, c)

∣∣∣∣≤min(L,LO(σw)(|c|wc + |y|wz)−1),

and ∣∣∣∣∂2yu

∂2x 
(x, c)

∣∣∣∣≤min(M,O(σw)(|c|wc + |x|wz)−1))∣∣∣∣∂2xs

∂2y 
(y, c)

∣∣∣∣≤min(M,O(σw)(|c|wc + |y|wz)−1)).

Proof. It is enough to consider just yu, since the argument for xs is analogous, just reversing the 
time direction and changing x to y.

Let us denote by S the support of the nonlinearities in system (37)--(38). We know that

S ⊂ Bnu(0, σ r1)×Bns (0, σ r1)×B2m(0, σ r1).

Let (x, yu(x, c), c) ∈Wcu be such that in the x-direction we have |x| = σr1. Then |yu(x, c)| ≤
Lσr1 and its image forward in time does not enter S, hence is equal to (etAux, etAs yu(x, c), 
etBc) ∈Wcu, which means that

etAs yu(x, c)= yu(etAux, etBc).

Since the graph transform (used in proving the existence of Wcu) of Wcu is equal to Wcu, there
fore for (x̄, c̄) with |x̄|> σr1, there exists (x, c) such that
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(etAux, etAs yu,etBc,(x, c))= (x̄, yu(x̄, c̄)),

and therefore we get (because ‖eAst‖ ≤ eμlog(As)t < 1 for t > 0)

|yu(x, c)| ≤ Lσr1, ∀(x, c).

On the other hand, for |x|> σr1 the time to reach |x| from σr1 is estimated from below by 
1 

μlog(Au)
ln

( |x| 
σr1

)
, so we get

|yu(x, c)| ≤ Lσr1

( |x| 
σr1

) μlog(As ) 
μlog(Au)

.

Now we proceed to find the estimates for the derivatives of yu. It follows immediately from 
(44) in Lemma 17 that ∣∣∣∣∂yu

∂c 
(x, c)

∣∣∣∣ , ∣∣∣∣∂yu

∂x 
(x, c)

∣∣∣∣≤ L, ∀(x, c).

Consider a point p = (x, yu(x, c), c) ∈Wcu, p / ∈ S. Let t (p) > 0 be such that for t ∈ [0, t (p)]
ϕ(−t, p) / ∈ S. Then ϕ(−t, p)= (e−tAux, e−tAs yu(x, c), e−tBc) ∈Wcu, therefore

e−t (p)As yu(c, x)= yu(e−t (p)Aux, e−t (p)Bc),

and finally

yu(x, c)= et(p)As yu(e−t (p)Aux, e−t (p)Bc). (51)

Observe that t (p) is also good for all points in the neighborhood of p, so when differentiating 
the above equation we can treat t (p) as a constant, if needed.

Depending on whether |c| or |x| are larger than σr1 we can take the following expressions 
tx(p) or tc(p) for t (p)

tx(p)= 1 
μlog(Au)

ln

( |x| 
σr1

)
, tc(p)= 1 

μlog(B)
ln

( |c| 
σr1

)
.

By differentiation of (51)

∂yu

∂x 
(x, c)= et(p)As

(
∂yu

∂c 

(
e−t (p)Aux, e−t (p)Bc

))
· e−t (p)Au,

hence ∣∣∣∣∂yu

∂x 
(x, c)

∣∣∣∣≤ Let(p)(μlog(As)+μlog(−Au)).

For the second derivatives we obtain the following bounds (we use (46))
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∣∣∣∣∂2yu

∂2x 
(x, c)

∣∣∣∣≤KWet(p)(μlog(As)+2μlog(−Au)).

Observe that all exponents w appearing in et(p)·w are negative (if μlog(−B) is small enough).
Let us evaluate exponentials of the type et(p)·w for t (p)= tx(p), tc(p). We have

etx(p)w = (σ r1)
− w

μlog(Au) |x|
w

μlog(Au) ,

etc(p)w = (σ r1)
− w

μlog(B) |c|
w

μlog(B) ,

since for each exponent w ≤ μlog(As) + 2μlog(−B) < 0, hence wc = − w
μlog(B)

> 1 provided 
μlog(B) is small enough.

Regarding the decay with increasing |c| we see that the first order derivatives will be less than 
or equal to LO(σwc)|c|−wc , and for the second order we have a bound O(σwc)|c|−wc .

Let us see now what will be the decay in x direction.

• ∂yu

∂x 
(x, c). We have w= μlog(As)+μlog(−Au), so wz = −μlog(As)

μlog(Au) 
− μlog(−Au)

μlog(Au) 
,

• ∂2yu

∂xixj

(x, c). We have w= μlog(As)+ 2μlog(−Au), so wz = −μlog(As)

μlog(Au) 
− 2

μlog(−Au)

μlog(Au) 
.

In both cases it can happen that wz < 1. For example if μmin < · · · < μmax are eigenvalues of 
Au, then −μlog−Au = μmin, and wz = λmin/μmax +μmin/μmax. �
5.2. Straightening the invariant manifolds

We continue with the modified vector field obtained in Section 5.1. The center-unstable and 
center-stable invariant manifolds can be straightened in suitable coordinates. The following trans
formation does this

Tε(x, y, c)= (x − xs(ε, y, c), y − yu(ε, x, c), c). (52)

Lemma 20. Under the same assumptions as in Lemma 17, Tε(x, y, c) is Cq−1 and for every 
ε ∈ [0,1] the transformation Tε : P→P is a diffeomorphism. Moreover,

T −1
ε (x, y, c)= (x +O(Lσ), y +O(Lσ), c). (53)

Proof. The regularity follows from Lemma 17. We need to show that Tε is a bijection. To show 
that it is onto we fix c and observe that for ‖x‖ =R and ‖y‖ ≤R it holds that (we use (45))

‖πxTε(x, y, c)‖ ≥ ‖x‖ − ‖xs(ε, y, c)‖ ≥R −LR = (1−L)R,

and analogously for ‖x‖ ≤R and ‖y‖ =R, from (44) we get

‖πyTε(x, y, c)‖ ≥ (1−L)R.

From this inequality, using the local Brouwer degree argument, we obtain that
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Bnu((1−L)R)×Bns ((1−L)R)⊂ πx,yTε(Bnu(R),Bns (R), c).

Therefore Tε is onto.
Now we prove the injectivity. Take any (x1, y1) 
= (x2, y2). We have (we use (45), (44))

‖πx (Tε(x1, y1, c)− Tε(x2, y2, c))‖ ≥ ‖x1 − x2‖ −L‖y1 − y2‖,
‖πy (Tε(x1, y1, c)− Tε(x2, y2, c))‖ ≥ ‖y1 − y2‖ −L‖x1 − x2‖.

Since L < 1, if ‖x1− x2‖ ≥ ‖y1− y2‖, then ‖x1− x2‖−L‖y1− y2‖> 0 and analogously in the 
other case. Hence Tε is an injection.

Condition (53) follows immediately from (49) in Lemma 19. �
5.2.1. Cohomological equation after straightening

Observe that the transformation Tε given by (52) gives new variables in terms of the old ones, 
therefore to transform vector fields and Hamiltonians we use the pushforward Tε∗. We will often 
drop ε in the sequel.

Cohomological equation (34) becomes

[Tε∗Z, Tε∗G] = −Tε∗R

or in the Hamiltonian case, (36) becomes

(D(Tε∗G)) · Tε∗Z = Tε∗R.

Hence the cohomological equation retains its form, but the vector field Z and the remainder 
R (or R) change.

In the Hamiltonian case T might not be not symplectic in the presence of center variables. 
Therefore the transformed symplectic form T∗Ω no longer has the standard form. This influences 
the relationship between the Hamiltonian function and the induced vector field.

5.2.2. The vector field after straightening

Lemma 21. For a general vector field, Tε∗Zε and Tε∗R are Cq−2 as functions of (ε, x, y, c), 
whereas in the Hamiltonian case Tε∗Zε and Tε∗R are Cq−1.

The vector field Zε after straightening, i.e. Tε∗Zε , becomes

ẋ = gx(ε, x, y, c)x, (54)

ẏ = gy(ε, x, y, c)y, (55)

ċ= Bc+Mc(ε, x, y, c), (56)

where gx, gy ∈ Cq−3, Mc has compact support and

Mc(ε, x, y, c)=O2(|(x, y, c)|2), (57)

(gx, gy)(ε, x, y, c)= (Au,As)+O(L)+O(σ)+ (O(L)y,O(L)x). (58)
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All O() terms are uniform with respect to ε ∈ [0,1] in (57) and with respect to (ε, x, y, c) ∈
[0,1] ×P .

Moreover,

Tε∗R(x, y, c)=OQ+1(|(x, y)|Q+1), (59)

or Tε∗R(x, y, c)=OQ+1(|(x, y)|Q+1) in the Hamiltonian case.

Proof. Recall that in Theorem 3 we assumed that

q ≥Q+ 3. (60)

The regularity of Tε∗Zε and Tε∗R is an immediate consequence of Lemma 20.
The factorization of x in (54) and y in (55) is due to the fact that in the new coordinates 

Wcs = {x = 0} and Wcu = {y = 0}, respectively. For this we need that the transformed vector 
field is at least of class C1, so we need q − 2≥ 1, which is granted by (60).

The straightening implies that in the new variables we obtain the equations

ẋ = fx(ε, x, y, c)=
⎛⎝ 1 ∫

0 

∂fx

∂x 
(ε, c, tx, y)dt

⎞⎠ · x,

ẏ = fy(ε, x, y, c)=
⎛⎝ 1 ∫

0 

∂fy

∂y 
(ε, c, x, ty)dt

⎞⎠ · y,

ċ= fc(ε, x, y, c),

where

(fx, fy, fc)(ε, x, y, c)=DTε(T
−1
ε (x, y, c))Zε(T

−1
ε (x, y, c)).

In the sequel we drop ε because we have bounds which are valid for all ε.

Our first goal is the computation of 
∂

∂x

(
∂Tx

∂c 
(T −1(x, y, c))

)
, 

∂

∂x

(
∂Tx

∂x 
(T −1(x, y, c))

)
as 

well as of 
∂

∂x

(
∂Tx

∂y 
(T −1(x, y, c))

)
.

From (44), (45) in Lemma 17 it follows that∥∥∥∥∂xs

∂y 

∥∥∥∥ ,

∥∥∥∥∂xs

∂c 

∥∥∥∥ ,

∥∥∥∥∂yu

∂x 

∥∥∥∥ ,

∥∥∥∥∂yu

∂c 

∥∥∥∥≤ L. (61)

Recall that L is a parameter, which can be chosen arbitrarily small.
From (61) and (52) it follows that for any (x, y, c) it holds that

DT =
⎡⎣ Ix, O(L), O(L)

O(L) Iy, O(L)

0, 0, Ic

⎤⎦ , DT −1 =
⎡⎣ Ix +O(L), O(L), O(L)

O(L) Iy +O(L), O(L)

0, 0, Ic

⎤⎦ , 

(62)
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where by Ic, Ix, Iy we denote the identity matrix acting on c, x, y variables, respectively.

From Lemma 19 we can obtain better bounds for 
∂T−1

y

∂x 
(x, y, c) (and 

∂T −1
x

∂y 
(x, y, c)). Let us 

denote, for L,σ, c1, z1 ∈R,

E(L,σ, c1, z1)=min(L,Lσwz(c
wc

1 + z
wz

1 )−1),

where wz and wc are as Lemma 19. Then from (50) in Lemma 19 we have, using the formula 

(I −N)−1 = I +N +N2 + · · · with 
∂Tx,y

∂(x, y)
= Ix,y +N and N =

[
0 ∂xs

∂y 
∂yu

∂x 0

]
,

∣∣∣∣∣∂T −1
y

∂x 
(x, y, c)

∣∣∣∣∣=O(E(L,σ, |c|, |x|)). (63)

We compute ∂
∂x

(
∂Tx

∂c (T −1(x, y, c))
)

. From (52) we see that ∂T−1
c

∂x = 0 and ∂2Tx

∂c∂x
= 0, hence 

from (46), (62) and (63) we obtain

∂

∂x

(
∂Tx

∂c 
(T −1(x, y, c))

)
= ∂2Tx

∂c∂c
(T −1(x, y, c)) · ∂T −1

c

∂x 
(x, y, c)

+ ∂2Tx

∂c∂x
(T −1(x, y, c)) · ∂T −1

x

∂x 
(x, y, c)

+ ∂2Tx

∂c∂y
(T −1(x, y, c)) · ∂T −1

y

∂x 
(x, y, c)

=− ∂2xs

∂c∂y
(T −1

y,c (x, y, c)) · ∂T −1
y

∂x 
(x, y, c)

=KWO(E(L,σ, |c|, |x|))=O(E(L,σ, |c|, |x|)).

Using (46) and (63) we obtain

∂

∂x

(
∂Tx

∂y 
(T −1(x, y, c))

)
= ∂2Tx

∂y∂c
(T −1(x, y, c)) · ∂T −1

c

∂x 
(x, y, c)(= 0)

+ ∂2Tx

∂y∂x
(T −1(x, y, c))(= 0) · ∂T −1

x

∂x 
(x, y, c)+ ∂2Tx

∂y∂y
(T −1(x, y, c)) · ∂T −1

y

∂x 
(x, y, c)

=− ∂2xs

∂y∂y
(T −1

y,c (x, y, c)) · ∂T −1
y

∂x 
(x, y, c)=KWO(E(L,σ, |c|, |x|))=O(E(L,σ, |c|, |x|)).

Summarizing, we get

∂
(

∂Tx
(T −1(x, y, c))

)
=O(E(L,σ, |c|, |x|)), (64)
∂x ∂c 
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∂

∂x

(
∂Tx

∂x 
(T −1(x, y, c))

)
= 0, (65)

∂

∂x

(
∂Tx

∂y 
(T −1(x, y, c))

)
=O(E(L,σ, |c|, |x|)). (66)

In order to compute T∗Z(x, y, c)) we will treat separately the linear part of Z and the nonlin
ear one given by M̃ . The linear part is given by L(x, y, c)= (Aux,Asy,Bc), and it is immediate 
that

(T∗L)c(x, y, c)= Bc.

For the x-component (for y-component the computations are analogous) we get

(T∗L)x(x, y, c)= ∂Tx

∂c 
(T −1(x, y, c))Bc+ ∂Tx

∂x 
(T −1(x, y, c))(AuT

−1
x (x, y, c))

+∂Tx

∂y 
(T −1(x, y, c))(AsT

−1
y (x, y, c)).

We are interested in the derivative of (T∗L)x(x, y, c) with respect to x. Let us investigate each 
term of the above sum separately. For the first term we have following estimate (we use (64))

∂

∂x

(
∂Tx

∂c 
(T −1(x, y, c))Bc

)
=O(|c|E(L,σ, |c|, |x|))=O(L).

For the second term we have (we use (62), (65))

∂

∂x

(
∂Tx

∂x 
(T −1(x, y, c))(Au(T

−1
x (x, y, c)))

)
=Au

∂T −1
x

∂x 
(x, y, c)=Au +O(L).

For the third term we get

∂

∂x

(
∂Tx

∂y 
(T −1(x, y, c))(AsT

−1
y (x, y, c))

)
= ∂

∂x

(
∂Tx

∂y 
(T −1(x, y, c))

)
·AsT

−1
y (x, y, c)

+∂Tx

∂y 
(T −1(x, y, c)) ·As

∂T −1
y

∂x 
(x, y, c),

and from (66) and (53) we have

∂

∂x

(
∂Tx

∂y 
(T −1(x, y, c))

)
·AsT

−1
y (x, y, c)=O(E(L,σ, |c|, |x|))As(y +O(σL))

=O(L) · y +O(σ 2L2),

∂Tx
(T −1(x, y, c)) ·As

∂T −1
y

(x, y, c)=−∂xs

(T −1
c,y (x, y, c))AsO(L)=O(L2)
∂y ∂x ∂y 
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Therefore we obtain

∂

∂x
((T∗L)x(x, y, c))=O(L)+ (Au +O(L))+ (O(L)y +O(L2))=Au +O(L)y +O(L).

From bounds (40), (41), (42) it easily follows that

T∗M̃(x, y, c)=O(σ 2),

DT∗M̃(x, y, c)=O(σ),

and T∗M̃(x, y, c)) has compact support.
This finishes the proof of (54), (55), (56), (57), (58).
It remains to prove (59). We will start with the function R, because the result is valid also for 

components of the vector field R.
From (52) and inequalities (46) in Lemma 17 one can easily infer that there exists a constant 

K1, such that

‖DjT ‖ ≤K1, ‖DjT −1‖ ≤K1, j = 1, . . . , q − 1. (67)

Since T −1(c,0,0)= (c,0,0) we obtain from (62) that

T −1(x, y, c)= (x +O(L) · (x, y), y +O(L) · (x, y), c),

hence there exists a constant K2, such that

‖πx,yT
−1(x, y, c)‖ ≤K2‖(x, y)‖. (68)

From this it is immediate that

|T∗R(x, y, c)| ≤K‖πx,yT
−1(x, y, c)‖Q+1 ≤KK

Q+1
2 ‖(x, y)‖Q+1.

Observe that the derivatives of T∗R are of the following form, for j = 1, . . . ,Q+ 1,

DjT∗R =DjR()(DT −1)j +Dj−1R()(DT −1)j (D2T −1)+ · · · +DR()(DjT −1).

Using (67) and (68) we see that (59) holds for the function R.
From this we also have that in the case of the vector field R

R(T −1(x, y, c))=OQ+1(|(x, y)|Q+1).

The x-component of T∗R is given by (recall that Rc = 0)

(T∗R)x(x, y, c)=R(T −1(x, y, c))x + ∂Tx

∂y 
(T −1(x, y, c))R(T −1(x, y, c))y.

Observe that due to (67) the function ∂Tx

∂y (T −1(x, y, c)) has bounded derivatives up to order q−2
(condition (60) gives us the needed regularity). Hence we can infer in the same way as in the case 
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of functions that (T∗R)x(x, y, c) = OQ+1(|(x, y)|Q+1). The same holds for the y-component. 
This finishes the proof of (59) for the vector field R. �
Definition 3. Let r̃1 be such that the support of T∗R (or T∗R in Hamiltonian case) is contained 
in E(r̃1) = Bnu(0, r̃1) × Bns (0, r̃1) × B2m(0, r̃1) for all ε ∈ [0,1]. Then we denote by χ the 
indicator function for E(r̃1): χ(z)= 1 if z ∈D(r̃1) and χ(z)= 0 otherwise.

5.2.3. Consequences of straightening of invariant manifolds
Let Z be the vector field obtained after straightening and let ϕ(t, z) be the local flow induced 

by it. Let us define

Au(ε, c)= gx(ε,0,0, c), As(ε, c)= gs(ε,0,0, c),

where the functions gx and gy defined in Lemma 21.
From Lemma 21 it follows that there exists functions h1(L)=O(L) and h2(σ )=O(σ), such 

that for all ε ∈ [0,1] it holds that

ml(Au)− h1(L)− h2(σ )≤ inf 
c∈Wc

ml(Au(ε, c))≤ sup 
c∈Wc

μlog(Au(ε, c))

≤ μlog(Au)+ h1(L)+ h2(σ )

ml(As)− h1(L)− h2(σ )≤ inf 
c∈Wc

ml(−As(ε, c))≤ sup 
c∈Wc

μlog(−As(ε, c))

≤ μlog(−As)+ h1(L)+ h2(σ )

where ml(A) and μlog(A) are the logarithmic norms defined in Appendix A in Definition 6.
We assume that the numbers μmin,μmax, λmin, λmax are such that (we decrease L and σ if 

needed)

0 < μmin ≤ml(Au)− h1(L)− h2(σ ), μlog(Au)+ h1(L)+ h2(σ )≤ μmax, (69)

0 < λmin ≤ml(As)− h1(L)− h2(σ ), μlog(−As)+ h1(L)+ h2(σ )≤ λmax. (70)

Observe that the numbers μmin, μmax, λmin, λmax can be made arbitrarily close to the numbers 
μmin(A), μmax(A), λmin(A), λmax(A) given in Definition 2 if we take L and σ small enough.

Definition 4. Let N ⊂P . For z ∈N we define T ±N (z) by

T +N (z)= sup{T ∈R+ ∪ {∞} : ϕ(t, z) ∈N, t ∈ [0, T )},
T −N (z)= inf{T ∈R− ∪ {−∞} : ϕ(t, z) ∈N, t ∈ (T ,0]}.

Lemma 22. For any δ > 0 let N =D(δ) = Bnu(δ)× Bns (δ)×Wc and let μ′1 be any constant 
such that 0 < μ′1 < μmin (see (69)).

Then there exists a constant Cx(μ
′
1,N) such that for all z ∈N it holds that

|πxϕ(t, z)| ≤ Cx(μ
′ ,N)|x|eμ′1t , t ∈ (T −(z),0]. (71)
1 N
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Proof. From Lemma 21 we have

ẋ = gx(ε, x, y, c)x = (Au +O(L)+O(σ)+O(L)y)x. (72)

Let us fix δ. If we take 0 < δ′ ≤ δ, such that ml(Au +O(L)+O(σ)+O(L)y) > μ′1, then we 
obtain for all z ∈D(δ′)

|πxϕ(t, z)| ≤ |x|eμ′1t , t ∈ (T −
D(δ′)(z),0]. (73)

Observe that the set D(δ′) isolates Wc (i.e., it is a maximal invariant set in N ), hence all backward 
orbits starting in N either converge to Wc or leave it. From Lemma 18 it follows that each 
backward orbit starting in z ∈N can be split into at most three parts: 1) for t ∈ [0, T1] ϕ(−t, z) / ∈
D(δ′) and ϕ(−T1, z) ∈D(δ′), 2) for t ∈ [T1, T2) with T2 =∞ for z ∈Wcu ϕ(−t, z) ∈D(δ′), 3) if 
T2 <∞, then there exist T3 such that for t ∈ (T2, T3] ϕ(−t, z) ∈N \D(δ′) and ϕ(−t−η, z) / ∈N

for η > 0 arbitrary small.
Moreover, the time spent in the first and third parts is bounded from above by some constant 

T13 and due to (72) we would have the following estimate on first part (if present)

|πxϕ(−t, z)| ≤ |x|eμlog(−gx(N))t t ∈ [0, T1],

and analogously for the third part (if needed). This combined with (73) plus bounds on T1 and 
T3 − T2 gives us (71) for a suitable constant Cx(μ

′
1,N). �

Lemma 23. Let us take any δ > 0. Then for any μ′1, λ′1 such that 0 < μ′1 < μmin and 0 < λ′1 <

λmin, there exist constants Cx(μ
′
1) and Cy(λ

′
1), such that for all z ∈D(δ),

|πxϕ(t, z)χ(ϕ(t, z))| ≤ Cx(μ
′
1)|x|eμ′1t , t ∈ (−∞,0],

|πyϕ(t, z)χ(ϕ(t, z))| ≤ Cy(λ
′
1)|y|e−λ′1t , t ∈ [0,∞). (74)

Proof. We use Lemma 22 with N =D(r̃1). The proof of (74) is analogous. �
5.3. Preparation of R1 and R2

We will not make any difference between the vector field case, where the remainder R(z) is 
a vector, and the Hamiltonian case, where R(z) is a real number. In both cases we will use the 
same letter R. Below our R is Tε∗R.

Lemma 24. Assume that R(ε, z) ∈ Cq , and Q, q , 
1, 
2 are such that

q ≥Q+ 1, (75)

R(ε, z)=OQ+1(|(x, y)|Q+1),


1 + 
2 ≤Q, (76)

2
2 + 1≤Q. (77)
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Then there exist functions R1(ε, z) and R2(ε, z) such that

R1,R2 ∈ Cq−
2 ,

R1(ε, z)=O
1+1(|x|
1+1), R2(ε, z)=O
2+1(|y|
2+1), (78)

R(ε, z)=R1(ε, z)+R2(ε, z).

Moreover, the supports of R1 and R2 are contained in the support of R.

Proof. Below we will not write ε, c in the arguments of R and its derivatives.
For a given x consider a Taylor formula with an integral remainder for the function y �→

R(x, ·)

R(x, y)=

2∑

j=0 

1 
j !D

j
yR(x,0)(y)j +Rem(x, y)(y)
2+1, (79)

where Rem(x, y)(y)
2+1 is given by

Rem(z)=
⎛⎝ 1 ∫

0 

(1− t)
2


2! D
2+1
y R(x, ty)dt

⎞⎠ (y)
2+1,

where D
2+1
y R(x,p)(y)
2+1 is the (
2 + 1)-linear map D
2+1

y R(x,p) at y = p applied to the 
argument (y, . . . , y) with y appearing 
2 + 1 times.

We have for s = 0, . . . , 
2

Ds
yR(x,0)(y)s ∈ Cq−s , Ds

yR(x,0)(y)s =OQ+1−s

(
|x|Q+1−s

)
.

We set

R1(x, y)=R(x,0)+DyR(x,0)y + · · · + 1 

2!D


2
y R(x,0)(y)
2 .

Then

R1 ∈ Cq−
2 , R1(x, y)=OQ+1−
2(|x|Q+1−
2).

Since from (76) we have Q+ 1− 
2 ≥ 
1 + 1, then R1(x, y)=O
1+1(|x|
1+1).
Since R2 =R −R1 we get

R2(x, y)= Rem(x, y) ∈ Cq−
2 .

It remains to show that R2(x, y)=O
2+1(|y|
2+1). Observe that

R2(x, y)= I (x, y)(y)
2+1, I (x, y) ∈ Cq−
2−1.
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From (75), (77) we have that q − 
2 − 1≥ 
2 + 1, so that I (x, y) ∈ C
2+1. From this we obtain 
the second condition in (78). �
6. Solving the cohomological equation

Before we begin let us comment that to solve the cohomological equation we use the method 
of characteristics. The only difficulty is around Wc, but we ask for R (or R) to vanish on Wc, 
which makes it possible to solve it. Once a solution in the neighborhood of Wc is obtained we 
can in a unique way extend it to some neighborhoods of Wcs and Wcu.

To deal with the cases of a general vector field and Hamiltonians in a uniform way, from now 
on we will not use different fonts for the vector fields. The nature of each object will be clear 
from the context.

We consider the equation (see (34), (36))

DG(z)Z(z)=M(z)G(z)+R(z), (80)

where z ∈Rn, G :Rn →Rm, Z :Rn →Rn, M(z) ∈ Lin(Rm,Rm) and R :Rn →Rm. Z, M , R
are given functions, and we are looking for G.

In our case we have either n=m and M(z)=DZ(z) for a general vector field or m= 1 and 
M(z)= 0 for the Hamiltonian case.

We assume that

Z ∈ Cq(Z), R ∈ Cq(R).

We apply the method of characteristics with characteristic lines given as solutions of

ż= Z(z). (81)

Let ϕ be a local flow induced by (81). It is well known that ϕ(t, z) is in Cq(Z).
Let S(t, z) ∈ Lin(Rm,Rm) be a solution of

d

dt
S(t, z)=−S(t, z)M(ϕ(t, z)),

with initial condition S(0, z)= I . In the Hamiltonian case S(t, z)= 1.
Observe that

S(t, z)=Dϕ(t, z)−1, (82)

where Dϕ(t, z) satisfies the following equation

d

dt
Dϕ(t, z)=M(ϕ(t, z))Dϕ(t, z).

Assume that G satisfies (80), then

d
(S(t, z)G(ϕ(t, z)))=−S(t, z)M(ϕ(t, z))G(ϕ(t, z))+ S(t, z)DG(ϕ(t, z))

d
ϕ(t, z)
dt dt
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= S(t, z) (DG(ϕ(t, z)Z(ϕ(t, z))−M(ϕ(t, z))G(ϕ(t, z)))

= S(t, z) (DG ·Z −M ·G)(ϕ(t, z))= S(t, z)R(ϕ(t, z)),

hence we obtain

d

dt
(S(t, z)G(ϕ(t, z)))= S(t, z)R(ϕ(t, z)) (83)

and therefore

S(t2, z)G(ϕ(t2, z))− S(t1, z)G(ϕ(t1, z))=
t2∫

t1

S(w, z)R(ϕ(w, z))dw. (84)

Observe that if G is smooth and G satisfies (83) or (84), then G solves (80).

6.1. Estimates on 
∂rS

∂zr
and 

∂rϕ

∂zr

The goal of this section is to derive bounds on ∂
rS

∂zr and ∂
rϕ

∂zr .
Note that from (82) it follows that (for the case of a general vector field)

S(t, z)= ∂ϕ

∂z 
(−t, z),

therefore estimates for S(t, z) and its derivatives can be obtained from those on 
∂ϕ

∂z 
.

Lemma 25. Let N ⊂P be any convex set. Assume that

μlog(DZ(z))≤ α 
= 0, z ∈N. (85)

Then for any z ∈N and for any k ∈Z+, such that 1≤ k ≤ q(Z), it holds that

• if α > 0

∣∣∣∣∂kϕ

∂zk
(t, z)

∣∣∣∣≤ Cke
kαt , 0≤ t ≤ T +N (z),

• if α < 0

∣∣∣∣∂kϕ

∂zk
(t, z)

∣∣∣∣≤ Cke
αt , 0≤ t ≤ T +N (z),

for some constants Ck , with C1 = 1.
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Proof. Observe that DjZ for 1≤ j ≤ q(Z) are bounded on N .
The variational equations of increasing orders are

d

dt

∂ϕ

∂z 
(t, z)=DZ(ϕ(t, z))

∂ϕ

∂z 
(t, z)

d

dt

∂2ϕ

∂z2 (t, z)=DZ(ϕ(t, z))
∂2ϕ

∂z2 (t, z)+D2Z(ϕ(t, z))

(
∂ϕ

∂z 
(t, z),

∂ϕ

∂z 
(t, z)

)
.

For higher orders we have

d

dt

∂kϕ

∂zk
(t, z)=DZ(ϕ(t, z))

∂kϕ

∂zk
(t, z)+Rk(t, z),

where Rk is the sum of terms of the following form

Rk,j (t, z)= CDmZ(ϕ(t, z))

(
∂k1ϕ

∂zk1
(t, z),

∂k2ϕ

∂zk2
(t, z), . . . ,

∂kmϕ

∂zkm
(t, z)

)
,

where C is a constant, ki > 0 and 
∑m

i=1 ki = k.
We will use formula (153) from Theorem 43 in the Appendix A applied to the variational 

equations of k-th order to estimate 
∥∥∥ ∂kϕ

∂zk (t, z)

∥∥∥.

For 
∂ϕ

∂z 
(t, y) we obtain from (85) and Theorem 41

∥∥∥∥∂ϕ

∂z 
(t, z)

∥∥∥∥≤ eαt

and then inductively (observe that DjZ for 1 ≤ j ≤ q(Z) are bounded on N and the initial 

condition for 
∂kϕ

∂zk
vanishes for t = 0)

∥∥∥∥∂kϕ

∂zk
(t, z)

∥∥∥∥≤∑
j

t∫
0 

eα(t−s)
∥∥Rk,j (s, z)

∥∥ds.

For α < 0, from our induction assumption it follows that each term Rkj will give a contribution 
bounded by

C̃

t∫
0 

eα(t−s)
(
eαs

)k
ds ≤ C̃eαt

t∫
0 

eα(k−1)sds ≤ C̃eαt

−α(k − 1)
.

For α > 0 this contribution will be bounded by

C̃

t∫
eα(t−s)

(
ekαs

)
≤ C̃eαt

t∫
eα(k−1)sds <

C̃ekαt

α(k − 1)
. �
0 0 
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Remark 26. If the vector field Z depends smoothly on parameters, the above bounds also apply 
to partial derivatives involving parameters at the price of taking arbitrary α′ > α, α′ > 0 and 
increasing constants Ck .

Proof. We add equation ε̇= 0 to the system. In a suitable norm on the extended phase space P×
Λ, where Λ is some compact set in parameter space we will have α = 

supε supz∈N μlog(DZε(z)) to be approximately equal to α′ = sup
ε

sup 
z∈N

μlog

(
∂Zε(z)

∂(z, ε) 
(z, ε)

)
. �

Remark 27. If N = Bnu(δ)× Bns (δ)×Wc is a neighborhood of Wc, then in the above lemma 
instead of α = supz∈N μlog(DZ(z)) we can take any α′ > supz∈Wc μlog(DZ(z)) at the price of 
increasing the constants Ck .

Proof. The argument is the same as in the proof of Lemma 23. �
6.2. Solving for particular remainder—backward in time

We solve (80) with R1(z)=O
+1(|x|
+1). We set (in the case of a general vector field)

M(z)=DZ(z), M(z) ∈ Cq(Z)−1,

and in the Hamiltonian case

M(z)= 0.

We are in the setting discussed at the beginning of this section and we use (84) with t2 = 0 and 
t1 →−∞. Let us assume that

S(t1, z)G(ϕ(t1, z))→ 0, t1 →−∞, (86)

which has to be verified later, and then we obtain

G(z)=
0 ∫

−∞
S(t, z)R(ϕ(t, z))dt. (87)

Lemma 28. Assume that Z = Zε and R =Rε =R1 are as obtained after straightening of invari
ant manifolds and the decomposition of T∗R described in Lemma 24. Let μmin,μmax, λmin, λmax
satisfy (69)--(70).

Assume that for some positive integer 
 it holds that

q(R)≥ 
+ 1, (88)

R(z)=O
+1(|x|
+1), (89)

Z(z) ∈ Cq(Z).
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Assume that for the general vector field


+ 1≤ q(Z)− 1, (90)

and in the Hamiltonian case


+ 1≤ q(Z). (91)

Assume that k ≥ 1 satisfies

• for the general vector field

k < min

(
μmin(
+ 1)−μmax

μmin + λmax
,
μmin(
+ 1)−μmax

μmax

)
, (92)

• for the Hamiltonian vector field

k <
μmin(
+ 1) 
μmin + λmax

. (93)

Let us define Gε by (87) for all (ε, z) ∈ [0,1] ×P . Then G(ε, z) ∈ Ck and Gε is a solution of 
(80).

Moreover,

G(ε, z)=Ok(|x|
+1), for |x| → 0, (94)

‖G(ε, z)‖ ≤K|x|
+1, ∀z, (95)

‖DG(ε, z)‖ ≤K|x|
, ∀z. (96)

Proof. In this proof we consider ε as a part of the phase space, hence it enters as one of the 
components in the variable z and with the vector field Z, G,R extended so that it vanishes in the 
ε direction. On this extended space the cohomological equation is still a cohomological equation 
with respect to variables (ε, z).

Let ξ = 1 for a general vector field and ξ = 0 in the Hamiltonian case.
Let α ≈ μmin, γ ≈ λmax be such that

0 < α < μmin, γ > λmax, β > μmax.

Let γ be a bound on the logarithmic norm for the backward in time evolution close to Wc, 
which should be close to μlog(−As(c))= λmax ≈ μlog(−As)= λmax(A), γ > λmax and let β be 
a logarithmic norm for forward in time evolution close to Wc, which should be > μmax but close.

For any z, from Lemmas 23 and 25 (see also Remarks 26 and 27) we have the following 
bounds for t ∈ (−∞,0]:
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‖πxϕ(t, z)‖χ(ϕ(t, z))≤ Cα|x|eαt , (97)∥∥∥∥∂jϕ

∂zj
(t, z)

∥∥∥∥≤ Cγ,j e
−jγ t , j = 1, . . . , q(Z), (98)∥∥∥∥∂jS

∂zj
(t, z)

∥∥∥∥≤ C′β,j e
−(j+1)βt , j = 0, . . . , q(Z)− 1, (99)

where χ is the indicator function for a ball containing support of R (see Definition 3 and 
Lemma 23).

Observe that from (92), (93) and assumption k ≥ 1 it follows that

ξμmax + λmax < 
μmin. (100)

From (100) for β→ μmax, γ → λmax and α→ μmin we have

ξβ + γ < 
α. (101)

From (92), (93) we should also have

k <
α(
+ 1)− ξβ

α + γ 
, (102)

and for the case of a general vector field additionally the following holds

k <
α(
+ 1)− β

β
. (103)

Since R has support in {|y| ≤ r̃1}, then the integral in (87) is as smooth as R and S for 
z= (x, y, c) with y 
= 0, as each backward trajectory spends only a finite interval of time in the 
set {|y| ≤ r̃1}.

Since

G(z)= lim 
T→−∞

0 ∫
T

S(t, z)R(ϕ(t, z))dt,

we will show that 
∫ 0
T

S(t, z)R(ϕ(t, z))dt converges uniformly in Ck-norm as T →−∞.
From (89) and since R has support contained in D(r̃1) it follows that

‖DsR(ε, z)‖ ≤Ks‖x‖
+1−s , s = 0, . . . , 
+ 1, ∀(ε, z). (104)

From (97) and (104) it follows that for constants Kα,s = C
+1−s
α Ks and for any z it holds that∣∣(DsR) (ϕ(t, z))

∣∣≤Kα,s |x|
+1−se(
+1−s)αt for t ≤ 0, s = 0, . . . , 
+ 1. (105)

From the above expression with s = 0 and from (99) with j = 0 (recall that for the Hamilto
nian case we have S = I ) we have for t ≤ 0 and some constant C
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|S(t, z)R(ϕ(t, z))| ≤ Ce((
+1)α−ξβ)t |x|
+1.

Since from (101) it follows that

α(
+ 1)− ξβ > 0, (106)

we see that the improper integral defining G(z) in eq. (87) is convergent. Moreover, we have the 
following bound for some constant K , valid for all z

|G(z)| ≤K|x|
+1. (107)

To complete the proof that G is a solution of cohomological equation (80), we need to show 
that G ∈ C1 and that condition (86) holds.

First we deal with (86). We have from (99), (97), (107), for t < 0

|S(t, z)G(ϕ(t, z))| ≤K|S(t, z)| · |πxϕ(t, z)|
+1

≤Ke−ξβt |x|
+1e(
+1)αt ≤K|x|
+1e−(ξβ−(
+1)α)t ,

hence it converges to 0 for t →−∞ due to (106).
The derivatives of G (of order k ≤ 
+ 1) will be given by expressions of the following form

DkG(z)=
0 ∫

−∞

k∑
j=0 

CjD
j
z S(t, z) ·Dk−j

z (R(ϕ(t, z))) dt, (108)

where for the Hamiltonian case only the term with j = 0 is present and S = I .

Bounds for 
∥∥∥Dj

z S(t, z)

∥∥∥ are given by (99). We need to find estimates for Dk−j
z (R(ϕ(t, z))).

It is easy to see that Dj
z (R(ϕ(t, z))) is the sum of terms of the following form, with s =

1, . . . , j

(DsR)(ϕ(t, z))

(
∂k1ϕ

∂zk1
(t, z),

∂k2ϕ

∂zk2
(t, z), . . . ,

∂kmϕ

∂zkm
(t, z)

)
,

where ki > 0 and 
∑s

i=1 ki = j .
From the above using (105), (98) it is easy to see that for t ≤ 0 we have, for some constant C,∥∥∥Dj

z (R(ϕ(t, z)))

∥∥∥≤ C|x|
+1−j eα(
+1−j)t e−jγ t , j = 0,1, . . . , 
+ 1. (109)

By combining (108), (99), (109) we obtain the following bound for the case of a general vector 
field for k ≤ 
+ 1

‖DkG(z)‖ ≤ C

0 ∫ k∑
j=0 

e−β(j+1)t |x|
+1−(k−j)eα(
+1−(k−j))t e−(k−j)γ t dt. (110)
−∞
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A. Delshams and P. Zgliczyński Journal of Differential Equations 436 (2025) 113268 
In the Hamiltonian case only the term with j = 0 is present in (110) with β = 0, hence for the 
convergence of the above improper integral we need that

α(
+ 1)− k(α + γ ) > 0,

which is implied by (102).
In the case of a general vector field we need that for j = 0, . . . , k it holds that

α(
+ 1− (k − j))− β(j + 1)− γ (k− j)= α(
+ 1)− k(α + γ )− β − j (β − (α + γ )) > 0.

It is easy to see that this is enough to satisfy the above inequality for j = 0 and j = k. We obtain

α(
+ 1)− k(α + γ )− β > 0, (111)

α(
+ 1)− (k + 1)β > 0. (112)

Observe that (111) is implied by (102) and condition (112) by (103). �
6.3. Solving for a particular remainder—forward in time

In this section we discuss solving equation (80) but this time we assume that the remainder 
term R decays with y.

In (84) we pass to the limit t2 →∞ and set t1 = 0 to get

G(z)=−
∞ ∫

0 

S(w, z)R(ϕ(w, z))dw, (113)

provided the above integral is convergent and

S(t2, z)G(ϕ(t2, z))→ 0, t2 →∞.

Lemma 29. Assume that Z and R = R2 are as obtained after straightening of invariant mani
folds.

Let μmin,μmax, λmin, λmax satisfy (69)--(70). Assume that

q(R)≥ 
+ 1, (114)

R(z)=O
+1(|y|
+1),

Z(z) ∈ Cq(Z).

Assume that


+ 1≤ q(Z)− 1, (115)

and in the Hamiltonian case
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+ 1≤ q(Z). (116)

Assume that k ≥ 1 satisfies

• for a general vector field

k < min

(
λmin(
+ 1)− λmax

λmin +μmax
,
λmin(
+ 1)− λmax

λmax

)
,

• for a Hamiltonian vector field

k <
λmin(
+ 1) 
λmin +μmax

.

Let us define Gε(z) by (113) for all (ε, z) ∈ [0,1]×P . Then G(ε, z) ∈ Ck and G is a solution 
of (80).

Moreover,

G(ε, z)=Ok(|y|
+1), for |x| → 0, (117)

‖G(ε, z)‖ ≤K|y|
+1, ∀z, (118)

‖DG(ε, z)‖ ≤K|y|
, ∀z.. (119)

The proof is the same as for Lemma 28 simply reversing the direction of time, and exchanging 
x↔ y, λ↔ μ.

6.4. Conclusion of the proof of Theorem 3

6.4.1. Inequalities related to the regularity
We need to show that the inequalities relating k (the regularity class of G, which is the solution 

of the cohomological equation) to q (the regularity of the vector field, Z,R ∈ Cq ) and to Q, 
1, 

2, can be satisfied. These inequalities appear in Lemmas 21, 24, 28 and 29.

Let us notice that in the Hamiltonian case the solution of cohomological equation gives us a 
Hamiltonian defining the vector field for the deformation method, hence G∈ Ck+1. For the same 
reason we have R,Z ∈ Cq+1 and R(z, c) = OQ+2(|z|Q+2), (see (24)), hence when applying 
Lemmas 28 and 29 in the Hamiltonian setting we should replace there k by k + 1 and Q by 
Q+ 1.

From Lemma 21 we obtain that T∗Z, T∗R ∈ Cq−2, and in the Hamiltonian case, T∗R ∈ Cq−1. 
In the pure saddle case, because the stable and unstable manifolds are as smooth as the vector 
field, we have T∗Z, T∗R ∈ Cq−1, and T∗R ∈ Cq in the Hamiltonian case.

For Lemma 24 applied to the vector field after straightening of invariant manifolds to obtain 
R1,R2 in Cq−2−
2 and in Cq−1−
2 in Hamiltonian case, and Cq−1−
2 in pure saddle case (Cq−
2

in Hamiltonian case), we need the following inequalities for the general vector field case (in the 
pure saddle case the first inequality will be q − 1≥Q+ 1)

q − 2≥Q+ 1, (120)
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1 + 
2 ≤Q, (121)

2
2 + 1≤Q, (122)

while in the Hamiltonian case we have the following inequalities (in the pure saddle case the first 
inequality will be q ≥Q+ 2)

q − 1≥Q+ 2, (123)


1 + 
2 ≤Q+ 1, (124)

2
2 + 1≤Q+ 1. (125)

Observe that from (120), (121) it follows that conditions (88), (90), (91) and (114), (115), (116) 
from Lemmas 28 and 29, respectively, are satisfied.

From Lemmas 28 and 29 we obtain the following inequalities for the general vector field

k < min

(
μmin(
1 + 1)−μmax

μmin + λmax
,
μmin(
1 + 1)−μmax

μmax

)
, (126)

k < min

(
λmin(
2 + 1)− λmax

λmin +μmax
,
λmin(
2 + 1)− λmax

λmax

)
, (127)

and for the Hamiltonian case

k+ 1 <
μmin(
1 + 1)

μmin + λmax
, (128)

k+ 1 <
λmin(
2 + 1)

λmin +μmax
. (129)

The order of setting parameters is as follows. We pick any k ≥ 1. Then we find the minimal 
1
satisfying (126),


1(k)=max

(
k+

[
k
λmax

μmin
+ μmax

μmin

]
,

[
(k + 1)

μmax

μmin

])
,

and in the Hamiltonian case we use (128)


H
1 (k)= k+ 1+

[
(k + 1)

λmax

μmin

]
.

Analogously we find the minimal 
2 satisfying (127).


2(k)=max

(
k+

[
k
μmax

λmin
+ λmax

λmin

]
,

[
(k + 1)

λmax

λmin

])
and for the Hamiltonian case from (129)


H
2 (k)= k+ 1+

[
(k + 1)

μmax
]

.

λmin
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From (121) for general vector field we obtain

Q≥Q0 = 
1(k)+ 
2(k)

=max

(
k +

[
k
λmax

μmin
+ μmax

μmin

]
,

[
(k + 1)

μmax

μmin

])
+

max

(
k +

[
k
μmax

λmin
+ λmax

λmin

]
,

[
(k + 1)

λmax

λmin

])
For the Hamiltonian case from (124) we obtain

Q≥Q0 = 
H
1 (k)+ 
H

2 (k)− 1= 2k+ 1+
[
(k + 1)

λmax

μmin

]
+
[
(k + 1)

μmax

λmin

]
= 2k + 1+ 2

[
(k + 1)

μmax

μmin

]
.

Observe that we ignored condition (122) (and (125)), but we can always rearrange the decom
position R =R1+R2, so that 
2 ≤ 
1 and then from (120) (and (123)) it follows that q0 =Q0+3
and in the pure saddle case q0 =Q0 + 2.

This finishes the proof of Remark 10.

6.4.2. Transformation removing the remainder
Consider the general vector field case. From the solution of cohomological equation for ε ∈

[0,1]we obtain the vector field G(ε, z)= T −1
ε∗ (G1(ε, z)+G2(ε, z)), which is at least Ck in (ε, z).

G(ε, z) is defined for ε ∈ [0,1] and arbitrary z and satisfies for all ε ∈ [0,1] the following 
estimates, see (94), (95), (96) in Lemma 28 and (117), (118), (119) in Lemma 29

G(ε, z)=Ok(|(x, y)|
+1), (x, y)→ 0, (130)

‖G(ε, z)‖ ≤K‖(x, y)‖
+1, ∀z, (131)

‖DG(ε, z)‖ ≤K‖(x, y)‖
, ∀z, (132)

where k ≤ 
+ 1, and 
=min(
1(k), 
2(k)) with 
i(k) defined in the previous section.
Note that T −1

ε∗ preserves conditions (130), (131), (132), which were proved for G1+G2.
The differential equation defining g(ε, z) is

d

dε
g(ε, z)= G(ε, g(ε, z)). (133)

From (130) it follows that the points from the center manifold are fixed points of g1 and 
Dg1 = Id for such points.

In view of (131) the solution may be defined only for a finite time (i.e., ε) interval. To estimate 
the length of this interval we proceed as follows. As

d‖πxyg(ε, z)‖
dε 

≤K‖πxyg(ε, z)‖
+1,

we compare ‖πxyg(ε, z)‖ to the solution of the equation
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v′ =Kv
+1, v(0)= ‖πxyz‖,

which is given by (we assume that v(0) > 0)

v(t)= v(0) 
(1−K
tv(0)
)1/


,

and we obtain

‖πx,yg(ε, z)‖ ≤ ‖z‖ 
(1−K
t‖πxyz‖
)1/


.

Therefore if

‖πxyz‖ ≤ 1 
(K
)1/


,

then g(1, z) is defined.
The same reasoning applies to the inverse map of g1, which is a solution of (133) moving 

backward in time.
This finishes the proof of Theorem 3.

7. Sign symmetry

Assume that (compare (11)) P = {(z, c), z= (z+, z−) ∈Rn1×Rn2 , c ∈C2m}, i.e., we identify 
RkA ×ClA with Rn1 ×Rn2 .

For l = 1, . . . ,m we define the hyperplane Wl as

Wl = {(z+, z−, c) ∈ P : cl = 0},

and W± as

W+ = {(z+, z−, c) ∈P : z+ = 0},
W− = {(z+, z−, c) ∈P : z− = 0}.

We also define the following subspaces

Vj = {(z+, z−, c) ∈ P : z± = 0, cl = 0, l 
= j} =
⋂
l 
=j

Wl ∩W− ∩W+,

V+ = {(z+, z−, c) ∈ P : z− = 0, cl = 0, 1≤ l ≤m} =
m ⋂

l=1 
Wl ∩W−,

V− = {(z+, z−, c) ∈ P : z+ = 0, cl = 0, 1≤ l ≤m} =
m ⋂

Wl ∩W+.
l=1 
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Observe that our phase space has the following decomposition

P = V+ ⊕ V− ⊕ V1 ⊕ · · · ⊕ Vm.

Let X and Y be the unstable and stable manifolds of the linearization at 0. We assume that we 
have decompositions X=X+ ⊕X− and Y = Y+ ⊕ Y−. We also assume that

V+ =X+ ⊕ Y+, V− =X− ⊕ Y−.

We introduce the variables x±, y± by z+ = (x+, y+) ∈X+ ⊕Y+ and z− = (x−, y−) ∈X− ⊕Y−. 
We will use coordinates xi± and yi± in X± and Y±, so that z− is given by xi− and yi−, etc. We 

will use multiindices α ∈Nk1 and β ∈Nk2 , to define zα+z
β
− and 

∂ |α|R

∂zα+
, etc.

Definition 5. For any choice of signs s+, s−, sj ∈ {−1,1} consider the map Ss be given by

Ss(z+, z−, c1, . . . , cm)= (s+z+, s−z−, s1c1, . . . , smcm).

We say that a differential equation or map or symplectic form has a sign-symmetry if it is Ss
symmetric for any choice of signs {s = (s+, s−, s1, . . . , sm)}.

In the Hamiltonian case we assume that

Ω=
∑
j

dxj− ∧ dyj− +
∑
j

dxj+ ∧ dyj+ + i

2

∑
k

dck ∧ dc̄k. (134)

Observe that if Ω has sign-symmetry, Ω(Ss(z, c))=Ω(z, c) for any s and (z, c) ∈P .
Observe that the sign-symmetry implies the invariance of the spaces Wl for a vector field or 

map and also the subspaces Vl and V± are invariant. Moreover, the origin 0 is a fixed point of an 
o.d.e. or map under consideration.

It is easy to see that

• the inverse map of G with sign-symmetry has also this property
• the composition of two maps with sign-symmetry has also this property,
• a vector field with sign-symmetry induces a flow for which any time shift has also these 

properties.

Our goal is to establish the following extension of Theorem 3.

Theorem 30. Consider system (10) with the same assumptions as in Theorem 3. Then the change 
of coordinates bringing it to polynomial normal form (12) has sign-symmetry if system (10) has 
sign-symmetry and is symplectic if the transformed system was Hamiltonian.

For the proof of Theorem 30 we show that each step in the construction of coordinate change 
in Theorem 3 is performed so that the sign-symmetry are preserved. Obviously the regularity of 
the coordinate change is the same as obtained in Theorem 3. Corollary 11 is also valid in the case 
of sign-symmetry.
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7.1. The toy model system for transfer of energy in NLSE

The motivation of the present work was the toy model system derived in [8] in the context 
of the transfer of energy in cubic defocusing non-linear Schrödinger equation (NLSE), see also 
[11] and references given there.

The phase space is described by z= (x−, y−, x+, y+, c) ∈ R4 ×CN . The toy model system 
is

ẋ− = λx− +O2(|z|2),
ẏ− =−λy− +O2(|z|2),
ẋ+ = λx+ +O2(|z|2), (135)

ẏ+ =−λy+ +O2(|z|2),
ċl = iνkcl +O(|z)|2), l = 1, . . . ,N

where λ > 0, νl > 0. We assume that {(x−, y−, x+, y+)= 0} is invariant and the system has the 
sign-symmetry.

The following result follows from Corollary 11 adapted to include the sign-symmetry.

Lemma 31. For any k ≥ 1 if system (135) is Cq with q sufficiently large, then there exists a Ck

change of variables in a neighborhood of the origin, transforming system (135) to the system

ẋ− = λx− +Nx−(z),

ẏ− =−λy− +Ny−(z),

ẋ+ = λx+ +Nx+(z),

ẏ+ =−λy+ +Ny+(z),

ċ
 = iνlc
 +O2(z), 
= 1, . . . ,N

where for any saddle variable v ∈ {x−, y−, x+, y+} we have

Nv(z)=
∑

m∈M1,v

gv,m(c∗)zm +
∑

m∈M2,v

gv,m(z)zm,

where gv,m are continuous functions, M1,v,M2,v are finite sets of indices, and any zm is a reso
nant monomial for the saddle variables, satisfying on the one hand ms :=mx− +my− +mx+ +
my+ ≥ 3 and mc = 0 if m = (

mx− ,my− ,mx+ ,my+ ,mc

) ∈M1,v , and on the other hand ms = 1
and mc ≥ 3 if m ∈M2,v .

This change of coordinates preserves the sign-symmetry and if the original system is Hamil
tonian, then this change is symplectic.

Proof. We take any P =Q+ 2, this gives us P + 1−Q= 3 which gives mc ≥ 3 in the second 
sum. We have ms ≥ 3 because there are no resonant terms of order 2. �
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Let us see what q we need to guarantee k = 2. For this we use Remark 10. We have (see 
Definition 2)

μmin = μmax = λmin = λmax = λ.

Hence from (13) for a general vector field we obtain

Q0(k)= 4k+ 2, q0(k)= 4k+ 5,

while for a Hamiltonian system (see (14)) we obtain

Q0(k)= 4k+ 3, q0(k)= 4k + 6.

For a general vector field, we need q ≥ q0, q − 1 ≥ P ≥Q, q ≥Q + 3 (see the statement of 
Theorem 3). We take P =Q0(k)+ 2 to obtain

P = 4k+ 4, q ≥ 4k + 5.

Hence to obtain k = 2 we need q ≥ 13. In the Hamiltonian case we need q ≥ 14.

7.2. Conditions of sign-symmetry for Hamiltonian systems

For Hamiltonians with the symplectic form (134) the sign-symmetry is

R(z)=R(Ss(z)) (136)

for any choice of signs {s}. It is easy to see that the Hamiltonian vector field induced by R using 
the symplectic form (134) also has sign-symmetry.

However after straightening center-stable and center-unstable manifolds the symplectic form 
T∗Ω is no longer in standard form (134) and the relation between Hamiltonian and its induced 
vector field given by (4) is more complicated than (6). However, we will show that the straight
ening transformation Tε has also sign-symmetry, as well as Tε∗Ω and the condition on the 
sign-symmetry of T∗R will be still (136).

8. Preservation of sign symmetry for all steps leading to polynomial normal forms

8.1. The sign-symmetry for the Taylor expansion in saddle directions

The goal of this section is to show that if a map or vector field or Hamiltonian function has the 
sign-symmetry, then each term in the Taylor expansion has the sign-symmetry. This is a content 
of Lemma 32. This result is needed to justify that removing the non-resonant terms can be done 
preserving the sign-symmetry.

Assume G ∈ CQ+1 (vector field or map). The Taylor formula with respect to saddle directions 
(z+, z−) with an integral remainder might be written as follows
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G±,l(z+, z−, c)=
Q ∑

i=0 

∑
|α|+|β|=i

aα,β ∂iG±,l

∂zα+∂z
β
−

(z± = 0, c)zα+z
β
−

+
∑

|α|+|β|=Q+1

d
α,β
±,l (z+, z−, c)zα+z

β
−, (137)

where aα,β are some constants and dα,β
±,l (z+, z−, c) are coefficients of the (Q + 1)-linear map 

representing the remainder

G±l,Rem(z+, z−, c)=
⎛⎝ 1 ∫

0 

(1− t)Q

Q! D
(Q+1)
(z+,z−)G±,l(tz+, tz−, c)dt

⎞⎠ (z+, z−)Q+1,

i.e., up to the constant depending on α, β and Q,

d
α,β
±,l (z+, z−, c)= aα,β

1 ∫
0 

(1− t)Q
∂Q+1G±,l

∂zα+∂z
β
−

(tz+, tz−, c)dt.

For each term (137) we can define a map as follows. For example the term aα,β ∂iG+
∂zα+∂z

β
−
(0,0, 

c)zα+z
β
− induces the map T (z+, z−, c) = (T+(z+, z−, c), T−(z+, z−, c), T1(z+, z−, c), . . . , 

Tm(z+, z−, c)), with

T+(z+, z−, c)= aα,β ∂iG+
∂zα+∂z

β
−

(0,0, c)zα+z
β
−, T− ≡ 0, Tl ≡ 0,

and analogously for the other terms.

Lemma 32. Assume that G ∈ CQ+1 has the sign-symmetry. Then each non-vanishing term (i.e. 
not identically equal to 0) in the Taylor expansion (137) also has the sign-symmetry.

Proof. The sign-symmetry of all the terms with respect to the changes of sign on ck is immediate. 
Hence it is enough to consider the changes of signs of z+ (for z− the proof is analogous).

Consider Gl (for G− the argument is the same). The sign-symmetry with respect z+ means 
that Gl(z+, z−, c)=Gl(−z+, z−, c). This implies that

∂ |α|+|β|Gl

∂zα+∂z
β
−

(z+ = 0, z−, c)= 0, if |α| is odd.

Therefore all terms of order less than or equal to Q have the symmetry z+→−z+.
Now we look at the remainder. Since for all t it holds that

∂ |α|+|β|Gl

α β
(tz+, tz−, c)= (−1)|α| ∂

|α|+|β|Gl

α β
(t (−z+), tz−, c),
∂z+∂z− ∂z+∂z−
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we see that

∂ |α|+|β|Gl

∂zα+∂z
β
−

(tz+, tz−, c)zα+ = (−1)|α| ∂
|α|+|β|Gl

∂zα+∂z
β
−

(t (−z+), tz−, c)(−z+)α,

and therefore

d
α,β
l (−z+, z−, c)= d

α,β
l (z+, z−, c).

This establishes the sign-symmetry with respect to z+ of all the remainder terms for Gl . It 
remains to consider G+. The sign-symmetry with respect z+ means that G+(z+, z−, c) =
−G+(z+, z−, c). This implies that

∂ |α|+|β|G+
∂zα+∂z

β
−

(z+ = 0, z−, c)= 0, if |α| is even.

Therefore all terms of order less than or equal than Q have the symmetry z+→−z+.
Now we look at the remainder. Since

∂ |α|+|β|G+
∂zα+∂z

β
−

(tz+, tz−, c)= (−1)|α|+1 ∂ |α|+|β|G+
∂zα+∂z

β
−

(t (−z+), tz−, c),

we see that

∂ |α|+|β|G+
∂zα+∂z

β
−

(tz+, tz−, c)zα+ = (−1)|α|+1 ∂ |α|+|β|G+
∂zα+∂z

β
−

(t (−z+), tz−, c)(−z+)α,

and therefore

d
α,β
+ (−z+, z−, c)=−d

α,β
+ (z+, z−, c).

This establishes the sign-symmetry with respect to z+ of all the remainder terms for G+. �
8.1.1. Sign-symmetry for Taylor expansions for Hamiltonians

The Taylor formula with an integral remainder might be written as follows

G(z+, z−, c)=
Q ∑

i=0 

∑
|α|+|β|=i

aα,β ∂iG 

∂zα+∂z
β
−

(0,0, c)zα+z
β
− +

∑
|α|+|β|=Q+1

dα,β(z+, z−, c)zα+z
β
−

(138)
where aα,β are some constants and dα,β(z+, z−, c) are the coefficients of the (Q+1)-linear form 
of the remainder

GRem(z+, z−, c)=
⎛⎝ 1 ∫

(1− t)Q

Q! D
(Q+1)
(z+,z−)G(tz+, tz−, c)dt

⎞⎠ (z+, z−)Q+1,
0 
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i.e., up to the constant depending on α and β ,

dα,β(z+, z−, c)= aα,β

1 ∫
0 

(1− t)Q
∂Q+1G 

∂zα+∂z
β
−

(tz+, tz−, c)dt.

Lemma 33. For Q≥ 2 assume that G ∈ CQ+2 has the sign-symmetry. Then every non-vanishing 
term (i.e. not identically equal to 0) in the Taylor expansion (138) also has the sign-symmetry

We omit an easy proof similar to the proof of Lemma 32.

8.2. The sign-symmetry for the terms in the Taylor expansion in y-direction

The goal of this section is to show that all the terms defined in the decomposition obtained in 
Lemma 24 have the sign-symmetry if the original vector field (or map) has it.

In this section we use coordinates (x, y, c), x = (x+, x−), y = (y+, y−), so that z+ = (x+, y+)

and z− = (x−, y−).
Given a vector field (or map) R we write it as (compare with (79))

R(x, y, c)=R(x,0, c)+DyR(x,0, c)y + · · · + 1 

!D



yR(x,0, c)(y)


+Rem(x, y, c)(y)
+1 (139)

Lemma 34. Assume that R ∈ Cq(R) has the sign-symmetry and 
+ 1 ≤ q(R). Then every term 
in (139) also has the sign-symmetry.

We omit an easy proof.

8.2.1. The sign-symmetry for the terms in the Taylor expansion in the y-direction for 
Hamiltonians

Recall that the condition for the sign-symmetry for a Hamiltonian G is given by (see (136))

G(z)=G(Ss(z))

for any choice of signs {s}.
Given a Hamiltonian R we write it as (compare with (79))

R(x, y, c)=R(x,0, c)+DyR(x,0, c)y + · · · + 1 

!D



yR(x,0, c)(y)


+Rem(x, y, c)(y)
+1. (140)

Lemma 35. Assume that R ∈ Cq(R) and 
+ 1 ≤ q(R). If R has the sign-symmetry, then every 
non-vanishing term (i.e. not identically equal to 0) in the Taylor expansion (140) also has the 
sign-symmetry.

We omit an easy proof.
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8.3. The sign-symmetry is preserved in the preparation of the remainder

Assume that R has the sign-symmetry.
The decomposition R = R1 + R2 is performed using Lemma 24, then from Lemma 34 for 

general vector fields and Lemma 35 for Hamiltonians we know that R1 and R2 have the sign
symmetry.

8.4. The transformation removing non-resonant terms preserves the sign-symmetry

Assume that vector field Z (or the Hamiltonian Z) has the sign-symmetry.
For a general vector field, the transformation bringing Z to the normal form is a composition 

of maps of the type Id plus some non-resonant terms (see [1]). From Lemma 32 it follows that 
each such term has the desired geometric properties, and the induced transformation also has.

For Hamiltonians the transformation removing non-resonant terms (see for example [13,12]) 
is a composition of symplectic maps, which are the time shift 1 of the Hamiltonian flow induced 
by the polynomial non-resonant term in the Hamiltonian to be removed. From Lemma 33 it fol
lows that each such term has the sign-symmetry. So the induced time-1 also has sign-symmetry.

For reference purposes, we formulate the above as a lemma.

Lemma 36. The transformation of removing non-resonant terms can be performed in such a way 
that the sign-symmetry is preserved. Moreover, in the Hamiltonian case it is symplectic.

8.5. The sign-symmetry and preparation of compact data

When preparing ``compact data'' in Section 5.1 we modified the vector fields and Hamiltoni
ans.

The question is: if Z and R have the sign-symmetry, then Z̃ and R̃ introduced in (37)--(38) 
will also have the sign-symmetry? Analogously for the Hamiltonian H̃ introduced in (43). The 
answer is yes if the function η used in both cases is constructed as follows.

Let α :R→[0,1] be C∞ with compact support and such that α(x)= α(−x), so that α′(0)=
0. We define η, which will not depend on c, by

η(x1±, x2±, . . . , y1±, y2±, . . . )=Πiα(xi+) ·Πiα(xi−)Πiα(yi+) ·Πiα(yi−). (141)

Observe that

∂η 
∂xi±

(p)= 0, if xi±(p)= 0, 
∂η 

∂yi±
(p)= 0, if yi±(p)= 0.

The following lemma is obvious

Lemma 37. Let η be as in (141). Assume that the vector field Z and R have the sign-symmetry. 
Then Z̃ and R̃ have it too. The same for the Hamiltonian Z̃ and R̃, as long as Z and R have the 
sign-symmetry.
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8.6. The transformation straightening the invariant manifolds preserves the sign-symmetry

Let (x−, x+, yu−(x−, x+, c), yu+(x−, x+, c), c) be the center-unstable manifold 
and (xs−(y−, y+, c), xs+(y−, y+, c), y−, y+, c) be the center-stable manifold as obtained in 
Lemma 17.

We have the following result about some properties of the functions yu± and xs±.

Lemma 38. If the vector field (33) has the sign-symmetry, then for any s+, s− ∈ {−1,1} it holds 
that

yu(x, ck, c∗)= yu(x,−ck, c∗), (142)

xs(y, ck, c∗)= xs(y,−ck, c∗), (143)

yu+(s+x+, s−x−, c)= s+yu+(x+, x−, c), (144)

yu−(s+x+, s−x−, c)= s−yu−(x+, x−, c), (145)

xs+(s+y+, s−y−, c)= s+xs+(y+, y−, c)

xs−(s+y+, s−y−, c)= s−xs−(y+, y−, c).

Proof. It is enough to consider the equalities involving the function yu, because analogous sym
metric arguments give us the statements for xs .

The center-unstable manifold is the graph of the function (x−, x+, c) �→ (yu−(x−, x+, c), 
yu+(x−, x+, c)). The sign-symmetry (ck →−ck) implies that (x, yu(x, ck, c∗), ck, c∗) ∈Wcu iff 
(x, yu(x, ck, c∗),−ck, c∗) ∈Wcu. Therefore

yu(x, ck, c∗)= yu(x,−ck, c∗).

This establishes (142) (and by symmetry (143)).
The sign-symmetry (z− �→ −z−) implies that if (x+, x−, yu+(x+, x−, c), yu−(x+, x−, c), c) ∈

Wcu, then (x+,−x−, yu+(x+, x−, c),−yu−(x+, x−, c), c) ∈Wcu. Therefore

yu+(x+,−x−, c)= yu+(x+, x−, c), yu−(x+,−x−, c)=−yu−(x+, x−, c).

This argument and an analogous one for the sign-symmetry z+ �→ −z+ establishes (144) and 
(145). �

From the above Lemma we immediately obtain the following result.

Lemma 39. If the vector field (33) has the sign-symmetry then, for every ε ∈ [0,1], the transfor
mation Tε defined by (52) has the sign-symmetry.

8.7. The solutions of the cohomological equation have the sign-symmetry

Recalling that

• ∂ϕ
(t, z) and S(t, z) were defined in Section 6,
∂z 
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A. Delshams and P. Zgliczyński Journal of Differential Equations 436 (2025) 113268 
• G1 and G2 were defined by (87) and (113), respectively,

it is obvious that G1 and G2 have the sign-symmetry.

8.8. Conclusion of the proof of Theorem 30

We have shown that all stages in the construction of the coordinate change of Theorem 3 have 
the sign-symmetry. This finishes the proof of Theorem 30.

Appendix A. Logarithmic norms and related topics

In this section we state some facts about logarithmic norms and their applications to ODEs 
[9,14--16].

We define for a linear map A : V → V of a normed space

m(A)= inf ‖x‖=1
‖A(x)‖. (146)

For an interval matrix A⊂Rk×n we set

m(A)= inf 
A∈A

m(A). (147)

Definition 6. For a square matrix A ∈ Rn×n we define the logarithmic norm of A denoted by 
μlog(A) by [9,14--16]

μlog(A)= lim 
h→0+

‖I + hA‖ − ‖I‖
h 

and the logarithmic minimum of A [7]

ml(A)= lim 
h→0+

m(I + hA)− ‖I‖
h 

.

It is known that μlog(A) is a continuous and convex function. Moreover, see [7, Lem. 3],

ml(A)=−μlog(−A).

In the following theorem a bound on the distance between solutions of an ODE is established 
in terms of the logarithmic norm. The proof of this result can be found in [14] (the part involving 
μlog) and in [7, Thm. 5] for the lower bound involving ml .

Theorem 40. Consider an ODE

x′ = f (t, x), (148)

where x ∈Rn and f :R×Rn→Rn is C1.
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Let x(t) and y(t) for t ∈ [t0, t0+ T ] be two solutions of (148). Let W ⊂Rn such that for each 
t ∈ [t0, t0 + T ] the segment connecting x(t) and y(t) is contained in W . Let

L= sup 
x∈W,t∈[t0,t0+T ]

μlog

(
∂f

∂x 
(t, x)

)
,

l = inf 
x∈W,t∈[t0,t0+T ]ml

(
∂f

∂x 
(t, x)

)
.

Then for t ∈ [0, T ] it holds that

exp(lt)‖x(t0)− y(t0)‖ ≤ ‖x(t0 + t)− y(t0 + t)‖ ≤ exp(Lt)‖x(t0)− y(t0)‖ .

From the above result one easy derives the following theorem.

Theorem 41. Consider an ODE

x′ = f (x), (149)

where x ∈Rn and f :Rn→Rn is C1.
Let x(t) be a solution of (149) and let W ⊂Rn such that x(t) ∈W for each t ∈ [0, T ]. Let

L= sup 
x∈W

μlog

(
∂f

∂x 
(t, x)

)
,

l = inf 
x∈W

ml

(
∂f

∂x 
(t, x)

)
Then for t ∈ [0, T ] it holds that

elt ≤m

(
∂ϕ

∂x 
(t, x)

)
, 

∥∥∥∥∂ϕ

∂x 
(t, x)

∥∥∥∥≤ exp(Lt), t ∈ [0, T ]

The following theorem follows from Lemma 4.1 in [15]

Theorem 42. Assume that either

• z : [0, T ]→Rk is a solution of the equation

z′(t)=A(t) · z(t)+ δ(t), (150)

where δ : [0, T ]→Rk and A : [0, T ]→Rk×k are continuous.

or

• z : [0, T ]→Rk×k is a solution of the equation

z′(t)=A(t) · z(t)+ δ(t), (151)
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or the equation

z′(t)= z(t) ·A(t)+ δ(t), (152)

where δ : [0, T ]→Rk×k and A : [0, T ]→Rk×k are continuous.

Assume that the continuous functions J : [0, T ]→R and C : [0, T ]→R+ satisfy the follow
ing inequalities for all t ∈ [0, T ]

μlog(A(t)≤ J (t), |δ(t)| ≤ C(t).

Then

|z(t)| ≤ y(t)

where y : [0, T ]→Rn is a solution of the problem

y′(t)= J (t)y(t)+C(t), y(0)= |z(0)|.

While the result for (150) is indeed a direct consequence of Lemma 4.1 in [15], the statements 
for (151) and (152) are obtained by the same reasoning which led to Lemma 4.1 in [15].

From Theorem 42 we immediately obtain the following result.

Theorem 43. Under the same assumptions about z(t), A(t), δ(t), C(t) as in Theorem 42, assume 
that there exists α ∈R such that

μlog(A(t))≤ α, t ∈ [0, T ].

Then

|z(t)| ≤ eαt |z(0)| +
t∫

0 

eα(t−s)C(s)ds. (153)

In the previous results, the choice of norms has been arbitrary. We now apply these results 
to the case where the norm is Euclidean. In this case we have the following formula for the 
logarithmic norm of a matrix.

Lemma 44. If we choose the Euclidean norm for the computation of μlog(A), then

μlog(A)=max{λ ∈ spectrum of (A+A�)/2} = max ‖x‖=1
(Ax,x) (154)

ml(A)=min{λ ∈ spectrum of (A+A�)/2} = min (Ax,x). (155)
‖x‖=1
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A. Delshams and P. Zgliczyński Journal of Differential Equations 436 (2025) 113268 
Appendix B. Some results about normally hyperbolic invariant manifolds

The content of this section is taken by adapting the results of [6] for the maps case and of 
[7] for the ODE case. In those papers, the normally hyperbolic invariant manifold was Λ= T c , 
while here we consider Λ=Rc.

In [6,7] the covering map for a c-dimensional torus

ϕ :Rc →Λ=R/((2RΛ) ·Z)c,

provided a global coordinate system for the whole torus. Given a map f or a vector field on 
Λ×Ru ×Rs , it can be lifted to Rc ×Ru ×Rs and all the assumptions in [6,7] are formulated 
in terms of the ‘lifted’ f . The lifted f are periodic in the first variable, but nevertheless, all 
the techniques and conclusions also apply to the situation when we have uniform bounds in the 
center direction (i.e., Rc), and are therefore applicable to global maps or vector fields defined on 
Rc ×Ru ×Rs . In addition, some topological conditions that appear in the case of the torus can 
be dropped in the global case.

Throughout this section we shall use the notation z= (λ, x, y) to denote points in Rc×Ru×
Rs . This means that the notation λ will stand for points on Λ, x for points in Ru, and y for points 
in Rs . We will write f as (fλ, fx, fy), where fλ,fx, fy stand for projections onto Λ, Ru and 
Rs , respectively. On Rc ×Ru ×Rs we will use the Euclidian norm.

B.1. NHIMs for maps

Given U ⊂Rc ×Ru ×Rs we consider a Ck+1 map, for k ≥ 1,

f :U →Rc ×Ru ×Rs .

In [6] where we considered tori, a number RΛ being the radius (in fact period of lifted f in 
λ-direction) was introduced. Now when considering Λ=Rn we can take RΛ =∞.

For any R > 0 (in [6] it was required that R < 1
2RΛ) denote by D =D(R) the set

D(R)=Λ×Bu(R)×Bs(R),

where Bn(R) stands for a closed ball of radius R, centered at zero, in Rn.
We will now define several constants ξ and μ related to the expansion and contraction rates 

of f on D along several directions. These constants are defined on the set D and depend on L
(this will measure slopes) and the notion of P(z) for z ∈D.

In [6, page 6220] it was asked that L ∈
(

2R 
RΛ

,1
)

, but in our global case we can have arbitrary 
L and we can set

P(q)=D.

The restriction on L and the notion of P(q) were introduced in order to have a projection of cones 
with slopes L or 1/L to be on the same chart (defined by ϕ) on Λ and P(q) was a preimage of 
all points that can be the same chart as point q . For the same reason we also drop the backward 
cone condition (Def. 14 in [6]).
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Before presenting definition of various constants that describe expansion and contraction rates 
we need to introduce one more notation.

Definition 7. Let f :Rn →Rk be a C1 function. We define the interval enclosure of the deriva
tive Df on U ⊂Rn as the set [Df (U)] ⊂Rk×n, defined as

[Df (U)] =
{
A= (

aij

)
i=1,...,k
j=1,...,n

: aij ∈
[

inf 
x∈U

∂fj

∂xj

(x), sup 
x∈U

∂fj

∂xj

(x)

]}
.

Recall that in (146) and (147) we already defined m(A) and m([DF(U)]). These notations 
are used below.

For L > 0 and the set D we define (see [6, page 6220])

μs,1 = sup 
z∈D

{∥∥∥∥∂fy

∂y 
(z)

∥∥∥∥+ 1 
L

∥∥∥∥ ∂fy

∂(λ, x)
(z)

∥∥∥∥} ,

μs,2 = sup 
z∈D

{∥∥∥∥∂fy

∂y 
(z)

∥∥∥∥+L

∥∥∥∥∂f(λ,x)

∂y 
(z)

∥∥∥∥} ,

ξu,1 = inf 
z∈D

{
m

(
∂fx

∂x 
(z)

)
− 1 

L

∥∥∥∥ ∂fx

∂ (λ, y)
(z)

∥∥∥∥} ,

ξu,1,P = inf 
z∈D

m

[
∂fx

∂x 
(P (z))

]
− 1 

L
sup 
z∈D

∥∥∥∥ ∂fx

∂ (λ, y)
(z)

∥∥∥∥ ,

ξu,2 = inf 
z∈D

{
m

(
∂fx

∂x 
(z)

)
−L

∥∥∥∥∂f(λ,y)

∂x 
(z)

∥∥∥∥} ,

μcs,1 = sup 
z∈D

{∥∥∥∥ ∂f(λ,y)

∂ (λ, y)
(z)

∥∥∥∥+L

∥∥∥∥∂f(λ,y)

∂x 
(z)

∥∥∥∥} ,

μcs,2 = sup 
z∈D

{∥∥∥∥ ∂f(λ,y)

∂ (λ, y)
(z)

∥∥∥∥+ 1 
L

∥∥∥∥ ∂fx

∂ (λ, y)
(z)

∥∥∥∥} ,

ξcu,1 = inf 
z∈D

{
m

(
∂f(λ,x)

∂(λ, x)
(z)

)
−L

∥∥∥∥∂f(λ,x)

∂y 
(z)

∥∥∥∥} ,

ξcu,1,P = inf 
z∈D

m

[
∂f(λ,x)

∂(λ, x)
(P (z))

]
−L sup 

z∈D

∥∥∥∥∂f(λ,x)

∂y 
(z)

∥∥∥∥ ,

ξcu,2 = inf 
z∈D

{
m

(
∂f(λ,x)

∂ (λ, x)
(z)

)
− 1 

L

∥∥∥∥ ∂fy

∂(λ, x)
(z)

∥∥∥∥} .

Definition 8. [6, Def. 5] We say that f satisfies rate conditions of order k ≥ 1 if ξu,1, ξu,1,P , ξu,2, 
ξcu,1, ξcu,1,P , ξcu,2 are strictly positive, and for all k ≥ j ≥ 1 it holds that

μs,1 < 1 < ξu,1,P ,
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μcs,1

ξu,1,P

< 1, 
μs,1

ξcu,1,P

< 1,(
μcs,1

)j+1

ξu,2
< 1, 

μs,2

(ξcu,1)j+1 < 1,

μcs,2

ξu,1
< 1, 

μs,1

ξcu,2
< 1.

We introduce the following notation:

Js(z,M)= {
(λ, x, y) : ∥∥(λ, x)− πλ,xz

∥∥≤M
∥∥y − πyz

∥∥} ,

Ju (z,M)= {
(λ, x, y) : ∥∥(λ, y)− πλ,yz

∥∥≤M ‖x − πxz‖
}
.

We shall refer to Js(z,M) as a stable cone of slope M at z, and to Ju(z,M) as an unstable cone 
of slope M at z.

Definition 9. We say that a sequence {zi}0i=−∞ is a (full) backward trajectory of a point z if 
z0 = z, and f (zi−1)= zi for all i ≤ 0.

Definition 10. We define the local center-stable set in D as

Wcs
loc =

{
z : f n(z) ∈D for all n ∈N

}
.

Definition 11. We define the local center-unstable set in D as

Wcu
loc = {z : there is a full backward trajectory of z in D}.

Definition 12. We define the maximal invariant set in D as

Λ∗loc = {z : there is a full trajectory of z in D}.

Definition 13. Assume that z ∈Wcs
loc. We define the local stable fiber of z as

Ws
z,loc =

{
p ∈D : f n (p) ∈ Js

(
f n(z),1/L

)∩D for all n ∈N
}
.

Definition 14. Assume that z ∈Wcu
loc. We define the local unstable fiber of z as

Wu
z,loc =

{
p ∈D : ∃ backward trajectory {pi}0i=−∞ of p in D, and for any such 

backward trajectory {zi}0i=−∞ of z in D it holds that pi ∈ Ju (zi,1/L)∩D
}

.

The definitions of Ws
z,loc and Wu

z,loc are related to cones, which is a nonstandard approach, as 
the standard one is through convergence rates. In [6] it is shown that it implies the convergence 
rate as in the standard theory.

Under above assumptions it will turn out that f is injective on Wcu
loc. Therefore the backward 

orbit in the definition of Wu is unique.
z,loc
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In [6, page 6223] for given λ ∈Λ the set D±
λ was defined. Now when Λ=Rc we do not need 

to ‘localize’ D in a good chart and instead we define the following sets:

D+ =Rc ×Bu(R)× ∂Bs(R),

D− =Rc × ∂Bu(R)×Bs(R).

This is a ‘global’ modification of Def. 15 in [6]

Definition 15. We say that f satisfies covering conditions (on D) if there exist a homotopy h

h : [0,1] ×D→Rc ×Ru ×Rs ,

a λ∗ ∈Rc and a linear map A :Ru→Ru which satisfy:

1. h0 = f |D ,
2. for any α ∈ [0,1],

hα

(
D−)∩D = ∅,

hα(D)∩D+ = ∅,

3. h1 (λ, x, y)= (λ∗,Ax,0),
4. A(∂Bu(R))⊂Ru \Bu(R).

The following theorem is Theorem 16 in [6]. The only change is that now Λ=Rc , we assume 
the boundedness of ‖Djf ‖ for j = 1, . . . , k+1 on D and we drop the backward cone condition.

Theorem 45. Let Λ = Rc, k ≥ 1 and f : D → Λ × Ru × Rs be a Ck+1 map. If f satisfies 
covering conditions and rate conditions of order k, and ‖Djf ‖ are bounded on D for j =
1, . . . , k, then Wcs

loc,W
cu
loc and Λ∗ are Ck manifolds, which are graphs of Ck functions

wcs
loc :Λ×Bs(R)→ Bu(R),

wcu
loc :Λ×Bu(R)→ Bs(R),

χ :Λ→ Bu(R)×Bs(R),

meaning that

Wcs
loc =

{(
λ,wcs

loc(λ, y), y
) : λ ∈Λ,y ∈ Bs(R)

}
,

Wcu
loc =

{(
λ,x,wcu

loc(λ, y)
) : λ ∈Λ,x ∈ Bu(R)

}
,

Λ∗ = {(λ,χ(λ)) : λ ∈Λ} .

Moreover, if f restricted to Wcu
loc is an injection, wcs

loc and wcu
loc are Lipschitz with constants 

L, and χ is Lipschitz with the constant 
√

2L/
√

1−L2. The manifolds Wcs
loc and Wcu

loc intersect 
transversally on Λ∗, and Wcs ∩Wcu =Λ∗.
loc loc
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The manifolds Wcs
loc and Wcu

loc are foliated by invariant fibers Ws
z,loc and Wu

z,loc
, which are 

graphs of Ck functions

ws
z,loc : Bs(R)→Λ×Bu(R),

wu
z,loc : Bu(R)→Λ×Bs(R),

meaning that

Ws
z,loc =

{(
ws

z,loc (y) , y
) : y ∈ Bs(R)

}
,

Wu
z,loc =

{(
πλw

u
z,loc (x) , x,πyw

u
z,loc (x)

) : x ∈ Bu(R)
}
.

The functions ws
z,loc and wu

z,loc are Lipschitz with constants 1/L. Moreover,

Ws
z,loc =

{
p ∈D : f n(p) ∈D for all n≥ 0, and ∃n0,∃C > 0 (which can depend on p) 

s.t. for n≥ n0,
∥∥f n(p)− f n(z)

∥∥≤ Cμn
s,1

}
,

and if {zi}0i=−∞ is the unique backward trajectory of z in D, then

Wu
z,loc =

{
p ∈Wcu

loc : such that the unique backward trajectory {pi}0i=−∞ of p in D satisfies that 

∃n0 ≥ 0,∃C > 0 (which can depend on p) s.t. for n≥ n0,‖p−n − z−n‖ ≤ Cξ−n
u,1,P

}
.

Remark 46. The above theorem says nothing about the dependence of Ws,u
z,loc on z.

From the proof of Theorem 45 we immediately obtain the following result.

Remark 47. In the context of Theorem 45 the following holds. For j = 1, . . . , k the derivatives 
of the functions wcu

loc, wcs
loc, wu,s

z,loc of order j are bounded by some constants Kj depending on 
‖Dsf ‖ for s = 1, . . . , j and constants L, ξ and μ.

While in [6] there is no explicit general formula for Kj , the explicit bound for second deriva
tives has been worked out in Theorem 23 in [7].

Observe that we obtain L or 1/L as bounds for the Lipschitz constants for the functions wcu
loc, 

wcs
loc, wu

loc, ws
loc. Hence when L is small we get quite big bounds for some slopes. This is clearly 

an overestimate for the case when T ×{0}× {0} is our NHIM. This a consequence of the choices 
that have been made when formulating Theorem 45, as the authors in [6] did not introduce 
different constants for each type of cones, plus several inequalities between them. However, 
below following [6] we give conditions which allow us to obtain better Lipschitz constants.

Theorem 48. [6, Thm. 17]

μ= sup 
z∈D

{∥∥∥∥∂fy

∂y 
(z)

∥∥∥∥+M

∥∥∥∥ ∂fy

∂(λ, x)
(z)

∥∥∥∥} ,

ξ = inf 
z∈D

m

([
∂f(λ,x)

∂ (λ, x)
(P (z))

])
− 1 

M
sup 

∥∥∥∥∂f(λ,x)

∂y 
(z)

∥∥∥∥ .

z∈D
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If assumptions of Theorem 45 hold true and also ξ/μ > 1, then the function ws
z,loc from Theo

rem 45 is Lipschitz with constant M .

Theorem 49. [6, Thm. 18]

ξ = inf 
z∈D

m

([
∂fx

∂x 
(P (z))

])
−M sup 

z∈D

∥∥∥∥ ∂fx

∂ (λ, y)
(z)

∥∥∥∥ ,

μ= sup 
z∈D

{∥∥∥∥ ∂f(λ,y)

∂ (λ, y)
(z)

∥∥∥∥+ 1 
M

∥∥∥∥∂f(λ,y)

∂x 
(z)

∥∥∥∥} .

If assumptions of Theorem 45 hold true and also ξ/μ > 1, then the function wu
z,loc from Theo

rem 45 is Lipschitz with constant M .

Theorem 50. [6, Thm. 19]

ξ = inf 
z∈D

m

[
∂f(λ,x)

∂(λ, x)
(P (z))

]
−M sup 

z∈D

∥∥∥∥∂f(λ,x)

∂y 
(z)

∥∥∥∥ ,

μ= sup 
z∈D

{∥∥∥∥∂fy

∂y 
(z)

∥∥∥∥+ 1 
M

∥∥∥∥ ∂fy

∂(λ, x)
(z)

∥∥∥∥} .

If assumptions of Theorem 45 hold true and also ξ/μ > 1, then the function wcu
loc from Theo

rem 45 is Lipschitz with constant M .

Theorem 51. [6, Thm. 20]

ξ = inf 
z∈D

m

[
∂fx

∂x 
(P (z))

]
− 1 

M
sup 
z∈D

∥∥∥∥ ∂fx

∂ (λ, y)
(z)

∥∥∥∥ ,

μ= sup 
z∈D

{∥∥∥∥ ∂f(λ,y)

∂ (λ, y)
(z)

∥∥∥∥+M

∥∥∥∥∂f(λ,y)

∂x 
(z)

∥∥∥∥}
If assumptions of Theorem 45 hold true and also ξ/μ > 1, then the function wcs

loc from Theo
rem 45 is Lipschitz with constant M .

B.1.1. Comments on the inequalities
Let J c

s (z,M) and J c
u (z,M) stand for the complements of Js(z,M) and Ju(z,M), respectively. 

We now discuss the meaning of several inequalities on Definition 8 of rate conditions as well as 
where they are needed (see section 3.3 in [6] for more details):

• μcs,1 < ξu,1,P : the forward invariance of Ju(z,1/L). ξu,1,P > 1: the expansion in Ju(z,1/L)

for x - coordinate. This is needed for the proof of the existence of Wcs .
• ξcu,1,P > μs,1: the forward invariance of J c

s (z,1/L). μs,1 < 1: the contraction in y-direction 
in Js(z,1/L). This is needed for the proof of the existence of Wcu.

• μs,2

(ξcu,1)
j+1 < 1, j = 1, . . . , k: the Ck-smoothness of Wcu.

•
(
μcs,1

)j+1

< 1, j = 1, . . . , k: the Ck-smoothness of Wcs .

ξu,2
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• μcs,1
ξu,1,P

< 1: the existence of fibers Wu
q . μcs,2

ξu,1
< 1: the Ck smoothness of Wu

q .

• μs,1
ξcu,1,P

< 1: the existence of fibers Ws
q . μs,1

ξcu,2
< 1: the Ck smoothness of Ws

q .

B.2. NHIMs for ODEs

The content of this section is partially based on Section 5 in [7], where the results from [6] 
about maps were adapted to the context of ODEs. The goal of this section is to describe how 
these results extend to the case of Λ=Rc.

We consider an ODE

q ′ = f (q), (156)

where

f :Λ×Ru ×Rs →Rc ×Ru ×Rs .

We denote by Φ(t, q) the flow induced by (156).
We define the notion of an isolating block, which is an ODE version of Definition 15.

Definition 16. [7, Def. 19] We say that D(r)=Λ×Bu(r)×Bs(r) is an isolating block for f if

1. Exit. For any q ∈Λ× ∂Bu(r)×Bs(r),

(πxFε(q)|πxq) > 0. (157)

2. Entry. For any q ∈Λ×Bu(r)× ∂Bs(r),(
πyFε(q)|πyq

)
< 0. (158)

Isolating blocks are important constructs in the Conley index theory [17]. Intuitively, in Defi
nition 16 the set Λ× ∂Bu(r)×Bs(r) plays the role of the exit set, and Λ×Bu(r)× ∂Bs(r) of 
the entry set.

Definition 17. We define the center-unstable set of ode (156) in D as

Wcu
loc,D = {q :Φ(t, q) ∈D for all t < 0},

and the center-stable set of ode (156) in D as

Wcs
loc,D = {q :Φ(t, q) ∈D for all t > 0}.

We shall consider the set

D =Λ×Bu (R)×Bs (R) .

Since the set D will remain fixed throughout the discussion, from now on we will simplify 
notation by writing Wcu instead of Wcu .
loc,D
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We will now define the constants corresponding to ξ and μ for the map case.
The rule is that the corresponding constant for ξ will be 

−→
ξ , and analogously for μ.

The definitions are such that if we consider a map Φ(h, ·) i.e., the flow induced by (156) by 
h > 0, then for all constants ξ and μ it holds that (see Thm. 31 in [7])

μ= 1+ h−→μ +O(h2),

ξ = 1+ h
−→
ξ +O(h2).

Therefore following [7] we introduce the following constants (μlog() and ml() are defined in 
Appendix A)

−−→μs,1 = sup 
z∈D

{
μlog

(
∂fy

∂y 
(z)

)
+ 1 

L

∥∥∥∥ ∂fy

∂(λ, x)
(z)

∥∥∥∥} ,

−−→μs,2 = sup 
z∈D

{
μlog

(
∂fy

∂y 
(z)

)
+L

∥∥∥∥∂f(λ,x)

∂y 
(z)

∥∥∥∥} ,

−→
ξu,1 = inf 

z∈D

{
ml

(
∂fx

∂x 
(z)

)
− 1 

L

∥∥∥∥ ∂fx

∂ (λ, y)
(z)

∥∥∥∥} ,

−−−→
ξu,1,P = inf 

z∈D
ml

(
∂fx

∂x 
(P (z))

)
− 1 

L
sup 
z∈D

∥∥∥∥ ∂fx

∂ (λ, y)
(z)

∥∥∥∥ ,

−−→μcs,1 = sup 
z∈D

{
μlog

(
∂f(λ,y)

∂ (λ, y)
(z)

)
+L

∥∥∥∥∂f(λ,y)

∂x 
(z)

∥∥∥∥} ,

−−→μcs,2 = sup 
z∈D

{
μlog

(
∂f(λ,y)

∂ (λ, y)
(z)

)
+ 1 

L

∥∥∥∥ ∂fx

∂ (λ, y)
(z)

∥∥∥∥} ,

−−→
ξcu,1 = inf 

z∈D

{
ml

(
∂f(λ,x)

∂(λ, x)
(z)

)
−L

∥∥∥∥∂f(λ,x)

∂y 
(z)

∥∥∥∥} ,

−−−→
ξcu,1,P = inf 

z∈D
ml

(
∂f(λ,x)

∂(λ, x)
(P (z))

)
−L sup 

z∈D

∥∥∥∥∂f(λ,x)

∂y 
(z)

∥∥∥∥ ,

−→
ξu,2 = inf 

z∈D

{
ml

(
∂fx

∂x 
(z)

)
−L

∥∥∥∥∂f(λ,y)

∂x 
(z)

∥∥∥∥} ,

−−→
ξcu,2 = inf 

z∈D
ml

(
∂f(λ,x)

∂(λ, x)
(z)

)
− 1 

L
sup 
z∈D

∥∥∥∥ ∂fy

∂(λ, x)
(z)

∥∥∥∥ .

We define the rate conditions for ODEs as follows.

Definition 18. [7, Def. 28] We say that the vector field f satisfies rate conditions of order k ≥ 1
if for all k ≥ j ≥ 1 it holds that

−−→μs,1 < 0 <
−−−→
ξu,1,P ,
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A. Delshams and P. Zgliczyński Journal of Differential Equations 436 (2025) 113268 
−−→μcs,1 <
−−−→
ξu,1,P , −−→μs,1 <

−−−→
ξcu,1,P ,

−−→μs,2 < (j + 1)
−−→
ξcu,1, 

−−→μcs,2 <
−→
ξu,1,

(j + 1)−−→μcs,1 <
−→
ξu,2

−−→μs,1 <
−−→
ξcu,2. (159)

In fact in [7, Def. 28] conditions (159) are missing. Because there the focus was just on Wcu, 
and dealing with Wcs requires (159).

There is no ODE-analogue of Theorem 45 in [7], only a part of it related to Wcu is stated 
there as Theorem 30. However, the full result stated below can in the same way be derived from 
Theorem 45.

Theorem 52. Let k ≥ 1 and assume that f is Ck+1. Assume that D =Λ×Bu (R)×Bs (R) is an 
isolating block for f and f has bounded derivatives up to order k+ 1 on D and rate conditions 
of order k are satisfied on D for some constant L.

Then Wcs,Wcu and Λ∗ are Ck manifolds, which are graphs of Ck functions

wcs :Λ×Bs(R)→ Bu(R),

wcu :Λ×Bu(R)→ Bs(R),

χ :Λ→ Bu(R)×Bs(R),

meaning that

Wcs = {(
λ,wcs(λ, y), y

) : λ ∈Λ,y ∈ Bs(R)
}
,

Wcu = {(
λ,x,wcu(λ, y)

) : λ ∈Λ,x ∈ Bu(R)
}
,

Λ∗ = {(λ,χ(λ)) : λ ∈Λ} .

Moreover, wcs and wcu are Lipschitz with constants L, and χ is Lipschitz with the constant √
2L/

√
1−L2. The manifolds Wcs and Wcu intersect transversally on Λ∗, and Wcs ∩Wcu =

Λ∗.
The manifolds Wcs and Wcu are foliated by invariant fibers Ws

z and Wu
z , which are graphs of 

Ck functions

ws
z : Bs(R)→Λ×Bu(R),

wu
z : Bu(R)→Λ×Bs(R),

meaning that

Ws
z =

{(
ws

z (y) , y
) : y ∈ Bs(R)

}
,

Wu
z =

{(
πλw

u
z (x) , x,πyw

u
z (x)

) : x ∈ Bu(R)
}
.

The functions ws and wu are Lipschitz with constants 1/L. Moreover,
z z
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Ws
z = {p ∈D :Φ(t,p) ∈D for all t ≥ 0, and ∃T0 ≥ 0,∃C > 0 (which can depend on p)

s.t. for t ≥ T0,‖Φ(t,p)−Φ(t, z)‖ ≤ C exp(t−−→μs,1)
}
,

and

Wu
z =

{
p ∈Wcu : ∃T0 ≤ 0,∃C > 0 (which can depend on p)

s.t. for t ≤ T0,‖Φ(t,p)−Φ(t, z)‖ ≤ C exp(t
−−−→
ξu,1,P )

}
.

For j = 1, . . . , k the derivatives of the functions wcu, wcs , wu,s
z of order j are bounded by 

some constants Cj =O(sups=1,...,j supz∈D ‖Dsf ‖) and constants L, 
−→
ξ and −→μ .

Appendix C. Comparison with other works

C.1. Comparison with [3,4]

In [3] we have the following formulas for Q0 and q0 (denoted there by K) are given (see [3, 
page 63, Theorem 3.20 in Chapter II Sec. 2.3] and ([3, II.3.2 page 48])

Q0(k)=
[
λmax

λmin

+ k

(
μmax

λmin

+ 1

)]
+
[
μmax

μmin

+ k

(
λmax

μmin

+ 1

)]
+ 2, (160)

q0(k)=Q0(k)+ k.

It is clear that the value of Q0 obtained by us (i.e., (13)) is smaller than that of (160). The 
difference seems to be equal to two. Our value of q0 is also better.

The paper [4], inspired by [5], is an improvement of results from [3], as the authors consider 
the preservation of volume, symplectic form or contact structure. In terms of Q0 and q0 the 
results appear to be better than the ones from [3], however the case of a general vector field is 
not considered. For the Hamiltonian vector field they obtain (see [4, Theorem 8.1]) the following 
inequalities (we use our notation)

Q0(k)+ 1= q0(k) >
2λmax(k + 1)

λmin

+ 2. (161)

Since for Hamiltonian systems λmax = μmax and λmin = μmin we see that (160) gives

Q0(k)≥ 2λmax(k + 1)

λmin

+ 2k,

hence (161) is an improvement for Hamiltonian systems. As a result their numbers for Hamilto
nian systems are better than ours.

Let us also stress that in [3,4] the authors show also how some resonant terms can be removed 
by finitely smooth coordinate change, which we are not discussing in our work. In our paper [11] 
(and also in [5]) we deal with the question of removing the remainder, only.
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C.2. Comparison with [5]

Theorem 1.2 in [5] gives (we use our notation) the following. Let

A= λmin

μmax

μmin

λmax +μmin

and let B for the general vector field be given by

Bno−struct = μ2
max +μmin(λmax − λmin)

μmax(λmax +μmin) 

and for Hamiltonian vector fields

Bham = 1− 2A.

Then the relation between k and Q claimed by the authors is

1≤ k ≤QA−B.

Therefore

Q0(k)≥ k+B

A 
.

Moreover,

q0 ≥Q0 + 2.

It appears that the above bounds are considerably better than the ones obtained by us or in [3,4]. 
For example when μmin = μmax = λmin = λmax using the above formulas in the general vector 
field case one obtains A= B = 1

2 , hence

Q0(k)= 2k + 1, q0 = 2k+ 3.

While our formulas give (see Section 7.1)

Q0(k)= 4k + 2.

Therefore the technique from [5] appears to produce better constants for the pure saddle case. 
We have found it difficult at adopt it to the case when center directions are present.

Data availability

No data was used for the research described in the article.
66 
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