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Abstract

In this work we consider a saddle-center equilibrium for general vector fields as well as Hamiltonian
systems, and we transform it locally into a polynomial normal form in the saddle variables by a change of
coordinates. This problem was first solved by Bronstein and Kopanskii in 1994 [3], as well as by Banyaga,
de la Llave and Wayne in 1996 [5] in the saddle case. The proof used relies on the deformation method
used in [5], which in particular implies the preservation of the symplectic form for a Hamiltonian system,
although our proof is different and, we believe, simpler. We also show that if the system has sign-symmetry,
then the transformation can be chosen so that it also has sign-symmetry. This issue is important in our
study of shadowing non-transverse heteroclinic chains (Delshams and Zgliczynski 2018 and 2024) for the
toy model systems (TMS) of the cubic defocusing nonlinear Schrodinger equation (NLSE) on 2 D-torus or
similar Hamiltonian PDE, which are used to prove energy transfer in these PDE.
© 2025 Elsevier Inc. All rights are reserved, including those for text and data mining, Al training, and
similar technologies.
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1. Introduction

The main question addressed in this work is: Can a vector field near a center-saddle equi-
librium be transformed into a polynomial normal form in the saddle variables by a change of
coordinates? (finite smoothness is allowed). This problem has been solved by Bronstein and
Kopanskii [3,4], as well as by Banyaga, de la Llave and Wayne [5] (they give a complete proof
for maps, but the result also applies to ODEs) for a saddle equilibrium point, where it is also
shown that the coordinate transformation can be chosen preserving the symplectic form, volume
or contact if the original vector field preserves it.

In this work we consider a saddle-center equilibrium for general vector fields as well as Hamil-
tonian systems, and we apply the deformation method as in [5]. These systems arose in our work
on shadowing non-transversal heteroclinic chains [10,11]. Although the technique of the proof
is inspired by the approach taken in [5], our proof is different and, we believe, simpler. We also
show that if the system has sign-symmetry, then the transformation can be chosen so that it also
has sign-symmetry. This issue is important in our study of shadowing non-transverse heteroclinic
chains [10,11] for the toy model systems (TMS) of the nonlinear cubic defocusing Schrodinger
equation on 2-dimensional torus (NLSE) or similar Hamiltonian PDE, which are used to prove
energy transfer in these PDE.

The plan of the paper is as follows. We first prove the result on general vector fields and
Hamiltonian systems, which is stated as Theorem 3 in Section 2. This proof is concluded in
section 6. Later on we introduce some additional invariance requirements (the sign-symmetry)
and we show in Theorem 30 that the transformation constructed in the general case also has these
properties.

1.1. Notation

We will denote N, Z, R, C the natural, integer, real and complex numbers, respectively. We
will assume that 0 € N. For x € R, we denote [x] its integer part, fx its real part and Jx its
imaginary part. For a matrix A we will denote A" its transposed matrix. Finally we will denote
B, (R) the ball of radius R centered at the origin of R".

If u = h(z) is a (local) diffeomorphism in R”, expressing new coordinates u in terms of the
old ones denoted by z, and Z(z) is a vector field, then it is transformed by u = h(z) to the
pushforward vector field 4, Z defined as

heZ @) := Dh(h™ () Z(h~ ).
Conversely, given z = g(u) (for example g = h~!) expressing the old coordinates z in terms

of the new coordinates u, Z(z) is transformed by z = g(u) to the pullback vector field g*Z
defined as

g* Z(u)=Dgu)~ Z(g(w)). (1)
The action on functions is as follows

hZ(w) = Z(h ™' )),
g Z(u) = Z(g(w)).

2
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The commutator of two vector fields X, Y is given by

Y, IX;
[X,Y] = 2,: <@X’ - EL) ,
[X,Y](z) = DY ()X (2) — DX ()Y (2). )

For a function g(e, x) depending on ¢, which is treated as a parameter, we will use the fol-
lowing notations

ge(x) = g(e, x),

0
Dge(x) = %(e, x).

For g(z) € C” we will say that g(z) = Ox(|z|?) (for z — 0—this might not be written explic-
itly) for some k < r if

Dig(z)=0(z|977), j=0,...,min(k,q).

Ifz=(x,y) and g(z) € C", we will say g(z) = Ox(]x|?) for z € W (bounded set) and x — O for
k<rif

Dig(z)=0(x|""7), j=0,...,min(k,q),

where D is the differentiation with respect to z = (x, y), i.e., all partial derivatives are involved.
Given a vector space V with the basis {e; }?1: , and a multiindex o = (@1, a2, ..., 0) € N™,
for a vector z =), z;e; we define z* by

oy o2

=122 L

..Zm

By |a| we will denote the degree of multiindex, defined by |a| =), o;.

Often, when discussing normal forms we will use complex coordinates ¢y = x; + iyx, and
then a part of the phase space will be described by C” and the polynomials on R™ x C” will be
of the following form

2P = Z‘i‘lz‘;Z e g%m C’fl .. .Cffr .Elﬂf .. _Erﬁf_ 3)
In such situation the degree of the monomial 2%cPeP s given by |a| + |B| + |8*].
1.1.1. Symplectic forms and Hamiltonian equations
By 2 we will denote a symplectic form (a closed non-degenerate differential 2-form) on some

phase space V. A map is called symplectic (with respect to €2) iff it preserves the form €.
The standard (real) symplectic form is given by

Q=Y dx;ndy.
j



A. Delshams and P. Zgliczyriski Journal of Differential Equations 436 (2025) 113268

Occasionally we will use more general symplectic form, for example Q' = g*Q.
Given a real function H (t, z) for real ¢ and z = (x, y), and a real symplectic form €2 the
Hamiltonian vector field X g (¢, z) is defined by [1]

Q(Xg(t,2),n)=DH({t,2)n, VneTl,V. 4)

Therefore the Hamiltonian equations can be written as

z=J()V.H(t,2) (5)

where V. H(t,z) = (D;H(t, z)) and J(2) is the regular antisymmetric matrix defined by (4).
In the case of the standard symplectic form the Hamiltonian equations of motion are just

oH ) oH

yj= (6)

Xj=—, - .
8y j ax j
Since we are going to consider systems z = Az 4+ 0»(z) in a neighborhood of an equilibrium

point, it will be very convenient to consider complex variables ¢; = x; 4+ iy; for some [ € L

associated to pure imaginary eigenvalues v = +iw, w # 0, of the matrix A. Then the standard

symplectic form €2 becomes

Q= dek Ady + 15 chz Adc.
keK leL

In such case the Hamiltonian equations of motion (6) become

. oH . oH
Xr=—, Ww=——, kek,
Yk 0Xx
¢=-2i—, lelL.
! acy

One can get a more compact notation introducing the complex variables ¢y = xi + iyx for the
indexes k € K associated to real eigenvalues to get a canonical complex Hamiltonian system

PR, ¥ el
€ lan

associated to the standard complex symplectic form Q = % Zd cj ndc;.

In addition, in the presence of saddle variables associated]to complex eigenvalues v = +a +
ib, ab # 0, of the matrix A, complex pairs of variables are handy and are of the form ¢;,, =
X; 4 ixy, and gi, = y; + iym. Then in the standard symplectic form the contribution of dx; A
dy; + dx;, A dy, becomes %dclm ANdgim + %d&lm A dgim so that Q becomes

1 o i _
Q=3 dundycty D (daw NG +dam Adgim) + 5 Y da Ada,
keK (I,m)el’xL" leL
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and the equations of motion for the ¢, and g, variables are

. ’ oH ) ) oH
Clm =475 8lm=—47- -
08im Cim
For a real system associated to a real Hamiltonian, the equations of motion of ¢;, ¢;,, and gj,,,
are redundant and there is no need to write them, since they are conjugate to those of ¢, ¢im, &im,
respectively. Indeed

. 0H . 0H . 0H
a=2—, Ctn=-27—"—, Zm=—2—.
dcy 08im acim
1.2. Resonant monomials
Assume that we have a coordinate system (z, ..., z;) which brings matrix A € R"*" to its
complex Jordan normal form. Let vy, ..., v, be the corresponding eigenvalues. In case some of

them are not real, they appear within pairs of conjugate complex numbers, and the Jordan normal
form for A takes complex values.

Let us denote by e;, j =1,...,n the n-dimensional canonical basis, and consider a polyno-
mial vector field

i=Azt Y)Y (p;z“,...,pgz“) %

2<r=<N |a|=r
The following definition is taken from [3].

Definition 1. [3, Def. 2.4] Let j € {1, ...,n} and o € Z”_. The pair (j, «) as well as the monomial
z%e; of system (7) is called resonant (in the sense of Poincaré€) if the following equality holds:

n
v ={a,v) = Zakvk.
k=1

The integer » = || is called the order of resonance.
We will denote by Res(A, k1, k2) the set of resonant monomials of equation (7) of order greater
than or equal to kj and of order less than or equal to k».

We will occasionally say that z* is resonant for the j-th variable if z%¢; is resonant.
In the case that system (7) is a Hamiltonian of m = n/2 degrees of freedom

H= 3 agpedd ®)
2<|a|+|BI+If*I<N+1

where z = (x,y) € R ¢ € C" and dgpp+ = Gupp for a real Hamiltonian, the eigenvalues

. + —
(Vs oo s Viners Vel - o Uy Vinbls <+ 3 V2me—rs V2m—rgls -+ > V2m) 1= (VR , VC, VR » "'é) of the
Hamiltonian matrix A appear in pairs with both signs and can be ordered, for example, so that
the 2(m — r) complex ones, 0 < r < m, satisfy v; = V,4; for i = 1,...,r. Then the resonant

monomials of Hamiltonian (8) are those that satisfy (g, a) + (B, vc) + (B*,v&) = 0, where
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VR = (vl‘{, vg) (see, for example, [18, Sec. 10.4]) We will denote by Res(A, k1, k2) the set of
resonant monomials of Hamiltonian (8) of order greater than or equal to k1 and of order less than
or equal to k.

2. The polynomial normal form theorem for general vector fields and Hamiltonian system
2.1. Normal form around an equilibrium point, the Poincaré-Dulac theorem

Assume that we have a coordinate system (zy, ..., z,) which brings a matrix A € R"*" to its
complex Jordan normal form, and consider the system

:=Az+ 02(1z%). )

One would like to bring (9) to the simplest possible form. The first well-known result in this
direction is the Poincaré-Dulac theorem [1].

Theorem 1. If the vector field (9) is C2t' with Q > 2, then for any J C 7% such that
Res(A,2, Q) CJand?2 < |a| < Q for a € J, system (9) after finite number of analytic changes
of variables, can be written as

z2=Az+Np@@) +Ro+12),

where No(2) =Y, c; No,«z® and the remainder vector field satisfies R g+1(z)= 0 g+1(|z|2*1).
Moreover, if system (9) is Hamiltonian, the changes of variables can be chosen symplectic, so
that the transformed system is also Hamiltonian.

Regarding the notation z*, it should be noted that the n-dimensional variable z = (x, ¢) can
contain both real variables x associated with real eigenvalues of the matrix A, as well as conju-
gate variables c, ¢ associated with complex eigenvalues of the matrix A, so any monomial z¢ is
of the already mentioned form (3), i.e., z% = x9cheh”

In [3] the authors show that also terms which are not weakly resonant can be removed, but
then the transformation is of finite smoothness.

2.2. Normal form for an equilibrium point with the local center manifold

We will now consider a system around a saddle-center equilibrium, thus splitting the n x n
matrix A in complex Jordan normal form of (9) into two matrices, a n4 x n4 hyperbolic (just
called saddle from now on) matrix A, whose eigenvalues have nonzero real part, and a np x
np center matrix B whose eigenvalues have zero real part, with n = n4 + np. Since we are
working with real systems, all eigenvalues of B appear in pairs and the Jordan normal form
variables for B are complex variables ¢ € C”, with 2r = npg, whereas the Jordan normal form
variables for a matrix A with k4 real eigenvalues and 2/4 non-real eigenvalues are of the type
z=(x,¢) € R¥4 x C!a, with kg + 214 = n4, so that the phase space of our system is described

by (z,¢) = (x. ¢, 0):

z=Az+ N,(z,c¢), ze Rk x (CIA, (10)
¢=Bc+ N.(z,0), ceC’,
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with N(z, ¢) = (N(z. ¢), Ne(z. ¢)) = O2(Iz]> + ).
From now on we will denote our phase space as

P=leeRb xClcecr]. (11)
We now introduce some notation for the spectral gap of A.

Definition 2. Given a saddle matrix A (i.e., ®X 7 0 for A € Sp(A)), there exist four positive real
numbers delimiting two minimal intervals [—Amax, —Amin] and [fmin, Kmax] such that RSp(A) C
[—Amax> —Amin] Y [min, “max]- For the sake of brevity, we will just call & = G(A) to the vector
formed by these numbers characterizing the spectral gap of A:

S = (Amins Amaxs Mmin, hmax) == NSp(A) C [—Amaxs —Amin] Y [min, Bmax]-

Remark 2. This definition works well only for a genuine saddle matrix A possessing both
eigenvalues with positive real part and eigenvalues with negative real part. In particular, if A
is a Hamiltonian matrix, then Apmin = Umin and Amax = Umax. If RSp(A) < O then the inter-
val [tmin, Umax] 1S empty and S(A) = (Amin, Amax)- Analogously, if 1Sp(A) > 0, the interval
[—Amax, —Amin] is empty and G(A) = (min, Mmax)-

We can now state the first main result of this paper.

Theorem 3. Consider system (10), such that (z, ¢) = 0 is a non-degenerate equilibrium point and
the subspace {z = 0} is invariant, and let G be the spectral gap of A as introduced in Definition 2.
Then for any k > 1, there exists Qo = Qo(k, S), such that for any Q > Q there exists gy =
q0(Q, k, ©), so that the following assertion of the theorem is valid.
If system (10) is C%, with g > qo and ifg — 1 > P > Q and g > Q + 3, then there exists a C*
change of variables in a neighborhood of the origin, transforming it to the system

z=Az+N(z,¢) + R(z,c),

. 5 ) (12)
¢ = Bc+ Oa2(z|” + c|),
with
N(Z7 C) == Z Pé’a*’ﬁ’ﬂ* Zaza*cﬁéﬂ*ej’
J=1,...ka+la,
(J. (.a*,8.8%))eRes((A, B),2,P)
Rz 0) = > 8l p (20022 P e
j=1,..., ka+la

=O0pii1—9 <|c|P+1_Q> 01(2),

where pé a*,p.pr are constants and gi a* BB+ (z, ¢) are continuous functions.
Moreover, if system (10) is Hamiltonian, the change of variables can be chosen symplectic,
and therefore the transformed system is also Hamiltonian.
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Our second main result, Theorem 30, is that if system (10) has sign-symmetry (see Section 7),
that is, it is Sg-symmetric for any symmetry Sg(z4,2—,€1,...,Cm) = (542+4,5-2—,S1Cl, .- -,
Smcm) and any choice of signs {s = (s4,s—, s1,...,Sn)}, then the change of variables can be
chosen such that the transformed system also has sign-symmetry.

Remark 4. The sign symmetry is a property introduced in [8], which guarantees that the vari-
ational equations of system (10) along ingoing and outgoing orbits have a block diagonal
structure, and are an essential property to prove that heteroclinic connections between differ-
ent systems (10) can be shadowed, even when these heteroclinic connections are not transversal,
see [11]. Theorem 30 is adapted in Lemma 31 to the toy model system derived in [8].

Remark 5. The assumption that the subspace {z = 0} is invariant could be easily satisfied.
Namely, for a saddle-center fixed after a coordinate change where a local center manifold is
set as {z = 0}.

Remark 6. The first results about polynomial normal forms in the saddle variables for saddle-
center equilibria are due to Bronstein and Kopanskii [3]. In the pure saddle case the assertions
of Theorem 3 are valid for P = Q and R(z) = 0 and were proved using the deformation method
by Banyaga, de la Llave and Wayne [5] (in this second paper the authors give a complete proof
for maps, but the result also applies to ODEs), showing the preservation of geometric (Hamilto-
nian, contact, volume preserving) structures. Bronstein and Kopanskii [4] applied later on these
methods to show also the preservation of geometric structures.

Remark 7. Bringing the remainder term to the form stated in the theorem (or removing it in the
pure saddle case) does not require that A/ contains only the resonant terms, it fact it can contain
any polynomial terms of order up to P.

Remark 8. In the transformed system (12), the term A/ (z, ¢) is the polynomial normal form up
to degree P in both variables z and ¢ provided by the Poincaré-Dulac Theorem 1, whereas the
term R(z, ¢) contains the linear terms in the variable z with coefficients of order Q + P — 1
in the variable ¢ of the remainder of Theorem 1. It is important to notice that, in general, the
linear part of the z-equation in (10) cannot be reduced to a constant matrix (see, for instance the
review [19] for sufficient conditions), since the frequencies in the matrix B are not assumed to
be even incommensurable.

Remark 9. For a Hamiltonian system (10), the Hamiltonian associated to the transformed Hamil-
tonian system (12) provided by Theorem 3 takes the form H = Hi(c) + H2(z) + N(z,c) +
R(z, c), where Hj(c) has nondegenerate quadratic part, H>(z) is quadratic (in a Hamiltonian
Jordan form) and

N(z,z,c,Cc) = Z Pa,a*,ﬂ,ﬂ* Zaza*cﬁgﬁ*
(o, %, B,B8%)€Res((A,B),3,P+1)
R(z.Z.¢.0) = > Gawr ppr (2.7, ¢,0) 27 PP

o+l [=2,|B]+]B*|=P+1-Q
= 0p41-g (IeI"179) 02D,

8
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where Py o+ g g+ are constants and G o+ g, g+ (2, ¢) are continuous functions.

Remark 10. The values of the constants Q, Qo, go, k from Theorem 3 for the general vector field
as follows

Qo(k) = max <k+ |:k)‘m‘“ + “maX] ’ [(k+ 1)@]>

Mmin Mmin Mmin
A A
+ max <k+|:kﬂmax + maxi|’|:(k+l) maxi|)’ (13)
min )\min )\min
and for the Hamiltonian case
Qo(k)=2k+1+2[(k+1)“ma"]. (14)
Mmin
In both cases
qok, Q)= Q0 +3,

and in the pure saddle case go(k, Q) = QO + 2.

The comparison of Q¢ and go with the numbers obtained in previous works [3—5] in the case
of a saddle is discussed in Appendix C.

The proof of the above theorem has two parts. In the first part we will use the Poincaré-Dulac
theorem to remove some non-resonant terms and in the second part we will remove the remainder
using the deformation method following the idea from [5]. The proof of this theorem will start
in the next section.

If the matrix A has only real eigenvalues, we have the following corollary.

Corollary 11. Under the same assumptions as in Theorem 3, assume further that all eigenvalues
of A are real.

Then with the same k, Q, P as in Theorem 3, system (10) can be brought locally to the fol-
lowing form

7=Az+ Z gl(c)z%;
J=1,ena, (@) €ReS(A,2, P)
+ > Sappr (20 e,

j=Ll...na.la|=L|B|+|g*|=P+1-0Q

¢=Bc+ 0y(lz] + |c?),
where gé (c) are polynomials and gi B.B* (z, ¢) are continuous functions.

Proof. First note that since A has only real eigenvalues, the variables z do not appear.

Let us take a closer look at the sum of monomials in the first equation of (12). Since all
eigenvalues of B are purely imaginary and those of A are real, then for any (j, (o, B)) €
Res((A, B), 2, P) we have that (j, o) € Res(A, 2, P). Therefore we have
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) Y

j=1,...na, (j.2)€Res(A,2,P)
(. (. (B.8*)))€Res((A,B).2,P)

for the polynomials gl{; (c)= g({; (c,c)= Z pé’ﬂ’ﬂ* Fe . o
2—|a|<|BI+IB*|<P—|a|

Remark 12. For a Hamiltonian system (10), when all the eigenvalues of A are real, the Hamil-
tonian associated to the transformed Hamiltonian system (12) takes the form H (z, c) = Hi(c) +
H>(z) + N(z,¢) + R(z, c), with

N@.c.©)= Y Pulc.d)z"

acRes(A,3,P+1)

R(z,¢,0) = > Gapp+(z,0) 2% PP,
lo|=2,BI+IB*|=P+1-0

where Py (c, ¢) are polynomials and G g, g+(z, ¢) are continuous functions.

3. The first part of the proof of Theorem 3, removal of non-resonant terms up to some
order

Let us fix P > Q > 2. Let us write a Taylor formula for the z-component of our vector field

i=Az+ > Pl ppe 22 PP e + Rz 0, (15)
=1,..., ka+la,
2<la|+|a*|+IB|+|B*|<P
¢=Bc+ 0y(1z2* + ), (16)
where
Rz, &) = Op1 ((lzl +[e)*+1). (a7

Using Theorem | we can remove the resonant terms of the z-component in system (15)—(16)
up to order P to obtain (with a different remainder term which will denote again by ‘R, and which
satisfies (17))

z=Az+Ni(z,¢) + R(z, ),
é=Be+ 0x(z1* + Ie),

with
i —y ¥ —_R*
N](Z, C) = Z p({(,a*,ﬂ,ﬂ* ZaZa CﬁC'B e/
Jj=1,...ka+la,

(/. («,*,B.B%))€Res((A,B),2,P)

10
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The remainder can be written as sum

fa=n” .
Reo= Y [ DuR(t(c, ) dt | (e, 2%
0

]
le]=P+1 P!

Now we collect in R,(z, ¢) the terms of R(z, ¢) of order greater than or equal to Q + 1 in the
variable z, and name R(z, c¢) := R(z,c) — Ra(z, ¢). In other words, split the remainder term

R(z,c) as

R(Zv C) = Rl(zv C) + RZ(Zs C)

Ri(z.0) = Ops1-g (¢ 7172) 012). Ra(z0) = 09122+, (18)
Notice that for a general remainder R(z,c) it would simply follow that Ri(z,c) =
Opii-9 (cP 'H_Q). The special expression (18) comes from the fact that R(z, ¢) vanishes for

z=0.

Remark 13. By assumption (17), R(z, ¢) is of order P + 1 in the variables (z, ¢), so we could
even write

Ri(z,0) = Ops1-g (¢"7172) 012 0g-1 ({12l + 1@ 7),
Ra(2,¢) = 00112 0p—g ({121 +1c)"2),
but as we are going to bound the factors containing Ogp_; and Op_g by constants later on, the

estimates (18) will be enough for us. On the other hand, since R(0, ¢) vanishes for any c, the
same happens to the 0(|c|P+1) term in R(z, ¢)

1
1-nf
/ %DC(.P-’—I)R(IC, l‘Z) dr CP+1.
5 :

As a result of these transformations we obtain the following system

1=Az+N(z,¢)+R(z,0), (19)
é=Bc+ 0x(|z)2 + IcP), (20)

where

N(z,¢)=Ni(z,¢) +Ri(z,0),
R(z,¢) = Ra(z,¢) = Og41(1z19Th). 1)

Moreover, due to the saddle character of the matrix A, it splits as

(A O
= (% a)

11
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and the matrices A,, Ay, and B are written in an appropriate Jordan form with

mi(Ay) >0, N«log(As) <0, ,U«lag(B) <4, Mlog(_B) <34 (22)

for any § > O small enough fixed in advance, where m; and p;,, are the logarithmic norms
recalled in Appendix A.

The logarithmic norm 140, (B) might be not equal to zero in the presence of non-trivial Jordan
blocks, however in such situation it can be made arbitrarily close to 0, by choosing a linear
coordinate system in the center direction so that the off-diagonal terms are very small.

In the Hamiltonian case, all these linear transformations to Jordan normal form can be chosen
to be symplectic, see [20,2]. In order to have the vector field to be in the form (19)-(21) for
Hamiltonian case we proceed as follows. For Hamiltonian H(z,c) — H(c,0) we consider the
Taylor formula with remainder of order P + 2 (notice that we consider order greater than in the
case of the general vector field, because the vector fields are obtained from the derivatives of
Hamiltonian) and remove all or some non-resonant terms up to order P + 1 and then we split the
reminder gathering all terms with order Q + 2 or higher in z. As a result our Hamiltonian takes
the following form

H(z,c)=H:2(c)+ Nc(c) + H2(z) + N;(z,¢) + Ri1(z,¢) + R2(z, ©), (23)
with H(z) and H, >(c) being quadratic Hamiltonians in suitable Jordan forms and

H(c,0) = Hea(c) 4 Ne(c)
Ne(e) = Og41 (e,

Nz(Z127C,E) = Z Pa,a*,ﬁ,ﬁ* Z()(Zo(*cﬂéﬂ*
(o, 0*,B,8*)€Res((A,B),3,P+1)
Ri(z.7.¢,0) = > Gaar p.57(2,%, 0,0 2°2% PP

lee]+|a*|=2,|B|+|B*|=P+1-Q
=0py1-9 <|C|P+1_Q) 01(z%),

Ra(z,¢) = 0g+2(121919), 24)

where Py o+ g g+ are constants and Gy o+ g, g+ (2, ¢) are continuous functions.
Now our goal is to apply the deformation method to remove the remainder term R, (or R; in
Hamiltonian setting). This starts in the next section.

4. Derivation of the cohomological equation
The process of removing the remainder term R in (19)—(20) through the deformation method,
involves several stages and is concluded at the end of section 6. The first step is to derive a

cohomological equation.
Consider a vector field dependent on a parameter &

Z. =20+ eR(2). (25)

12
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Following the idea of the deformation method taken from [5], to remove the term e R(z) from
equation (25) we would like to find a family of diffeomorphisms g, such that

g: Ze = 2p. (26)

Since g, is a smooth family of diffeomorphisms, we can find a family of vector fields G, such
that

d
o8 = Ge © g 27
e
This more carefully written means that
dg
——(&,x) =G(e g(e, x)),
ae
so that

d
Gle,x) = —ag (e, g7 (x)).
£

Note that (27) is a non-autonomous o.d.e.
In [5] the main focus was on diffeomorphisms and for vector fields the authors claim (without
a proof) that for the pushforward (g, ), it holds that

d d
— (8¢« Ze = (8¢)+« [Ze,Gel+ —2, ), (28)
de de

which is not true, since the right formula is

€

d d
E(ga*)zs = (gex) <[Zg, Gel+ Je

> + [(gex) Ze Ge — (gs*)gs]'

However it turns out that equation (28) works for the pullback g*. Namely, we have

Lemma 14. Assume that g € C*> and G € C' are such that go = 1d and

d
d_gszgsoge~ (29)
£
Assume that Z(g, 7) is CL. Then
dg:2.) dz,
— = Ze, . 30
de 8¢ [Ze,Ge]l+ de (30)
Proof. From (29) we obtain
a 0 oG d
——g8(&, x)=—(¢& g(e, x))—g(& x) = DG, (g(e, x)) Dge (x). (31
de 0x 0x 0x

13
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Let us denote

Y(e,u) = (gl 2:) (w).

Then by (1)

Dge(u)Y (¢, u) = Z¢ (g (u)).

Observe that Y (¢, u) is C!.
We differentiate the above equality with respect to €. For the left hand side we obtain (we use

(1)

d 0 Y
Te (Dg:(u)Y (e,u)) = <—Dga(u)> Y(e,u) + Dge(u)— (&, u)

£ de oe
= DG:(g:(u))Dge ()Y (e, u)+Dgs(u) (8 u)

= DG (8e(u)) 2 (e (u)) +Dga(u) (8 u,

while for the right hand side we have
—(Z (8s(w))) = 8—(8 8 () + D2, (ge(u)) (8 u)
= %—8(87 8e(u)) + D Zc(8e (1)) Ge (8e ().
Therefore we obtain (we use also (2))
Dgs(u) (8 u) = —DGe(8s(u)) Z: (86 (1)) + D Z (86 (u))Ge (86 ()

()

= ([gs’ Zs

gc(U)).
de ¢
This establishes (30) O

Therefore we obtain that the desired conjugation (26) is equivalent to the cohomological equa-
tion

[Ge, Zel=—R (or[Z,G:]=TR),
which is now a linear equation for G,.

14
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4.1. Cohomological equation for Hamiltonian systems

Assume that we have a symplectic form €2 and let J(z) be the associated matrix defining the
vector Hamiltonian vector field (see (4), (5)). We assume that we have an e-dependent family of
Hamiltonians Z.(z) = Z (¢, z) inducing a e-dependent family of Hamiltonian vector fields Z,.

We would like to find a family of symplectic transformations (with respect to the form €2)
z = he(u) such that

h:Zg =Z.oh, =Zy.
We will seek /1, as the time shift ¢ along the trajectory of some e-dependent Hamiltonian H,.

Lemma 15. Assume that Z (e, z) is C' and Z.(z) = J(2)(DZ:(z)) . Assume that h(e, z) € C>
and H (g, 7) € C? are such that hy = 1d and

d T
—he=J-(DH,) oh,.
de

Then

d 9Z
- (hiZe) =h} ( a; — DH, - zg).
Proof. We have

d 0Z d
—Ze(he(u)) = 5(8» heW)) + DZg(he(u)) - d_hs(u)

de 2
_ aaZ; (he(@)) + DZe(he () - (4 (he @) (DH (he )T )
- %(hg(u)) - (J(hg(u))(DZE(hg(u)))T)T -(DHg(he(u)) "
= aaZ; (he@)) = (Ze(he))) " - (D He (he(u))) "
= 22 (he(w) — DH. (e ) Ze(he(w).

Therefore the cohomological equation to be solved in the Hamiltonian context is

AZ
DH, - Z, — —£ =0. (32)
de

Observe that equation (32) does not depend on the particular formula for 2. The only way 2
factors in (32) is the relation between Z and Z.

Remark 16. In fact in the proof of the above lemma we obtained

4 (%% Lz Hy ) @
% e S(u))_<d8 +1{Z, s})( e(u)),

15
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where the Poison bracket is given by

{Ze, He} = QI (dZ,), 1(dHy)),
where Z, =1(dZs)=J - (dZ;)" and H, = I(dH,) =J - (dH,)" are defined by (4).
5. Strategy for solving the cohomological equation

In this section we represent the points of our phase space by z = (x, y, ¢), where c are the
center variables and (x, y) the saddle variables, x unstable and y stable.
We set (compare to (19)—(20))

Ze(2) = (A, y) + Ny y (@) + eR(2), B(e) + Ne(2)) - (33)

From equation (30) in Lemma 14 (and (2)) it follows that to bring (33) to the normal form
(i.e. to remove R) we need first to solve for G, the following cohomological equation

DG, -Z;=DZ,; -G, — R, (34)

where with some abuse of notation we redefined R by setting R(z) = (R(z), 0).
In the symplectic setting we assume that the Hamiltonian function Z; is of the following form

Z:(2)=A(2) + N(@) +¢R(2), 35)

where (compare (23)) A(z) = Hz (c) + Ha(x,y), N(z) = No(¢) + N;(x, y,¢c) + R1(x, y, c) and
R(2) = Ra(x, y, 0).
The cohomological equation for a Hamiltonian G, will be (see (32))

DG, - Z, =R. (36)

In both equations (34) and (36) the variable ¢ plays a role of a parameter. In fact we have a
family of equations parameterized by &, but we want to construct the solution which will depend
smoothly on ¢. Observe that the solution of (34) (or (36)) cannot be unique, since we can always
add f(e)Z; (or f(e)Z,) for any function f(¢) to get a new solution.

In the case of general vector field the strategy to construct the solution of the cohomological
equation is as follows (for Hamiltonian system the procedure is analogous)

e Preparation of “compact data”; after this step we will have a modified vector field Z, and R,
coinciding with the original one in some neighborhood of the origin, but with a linear vector
field Z, far from the origin and a remainder R with compact support, see section 5.1. After
this step, we will drop the tildes in the modified equations.

e Straightening of the local center-stable and center-unstable manifolds via a transformation 7
(see Section 5.2). We obtain a new vector field Z, = T, Z, and a new remainder R, = T, R.

e Splitting of the remainder term, 7.’ R = R + Ry, where R| = Oy, +1 (|x|£1+1)
and Ry = Og,+1(|y[©2T) (see Sec. 5.3).

e Resolution of (34) (or (36)) with remainders R| and R, (see Section 6.2), obtaining G (z)
and G (z), respectively.

16
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e Finally, the solution is given by G = (T~!)_(G1 + G2).

The whole process of construction of solution is smooth in ¢ and other parameters if they are
present in R and Z,. This is important, because the solution of the cohomological equation
defines a vector field (depending on ¢), for which the time shift from ¢ =0 to ¢ = 1 along a
trajectory defines the desired transformation (with ¢ being the time variable).

5.1. Preparation of compact data

Consider system (19)—(20) obtained at the end of the first part of the proof of Theorem 3 in
Section 3. We intend to modify the vector field, away from the origin so that all nonlinearities
will have a compact support.

Recall (see (11)) that our phase-space is P = {(z eRka x Cla, ce (Cm)}. We have the split-
ting z = (x, y), where x € R™ and y € R™ with kg 4+ 2[4 = n, + ny.

Let n:P — [0, 1] be a C* function such that for some 0 < rg < r; it holds that

n@=1, |zl <ro,

n@) =0, |zll=r.
Let the constants K, Ky be such that
IDn@)I <Ky, DI <K, VzeP
INQI < Kyllzl? if lzll <r1,

IDN@I < Knlzll, if lzll <r1,
ID’N()|| <Ky, if |zl <ri.

Let o0 > 0 be some small number. Let us set

N(x,y,¢)=N(x,y,n(x, y,0)/0), Rx,y,¢)=Rx,y, c)n(x,y,c)/o).

The modified system is

X =A,x+ ﬁx(x, y,C) —i—sﬁx(x, y,c)=A,x + Mx(s,x, y,c), (37)
y=As;y+ ﬁy(x, y,c)+ sﬁy(x, y,c)=Agzy + 1\71y(8,x, y,C),
é:Bc—i—I\Nfc(x,y,c). (38)

Let M(s, x,y,¢) = (M (¢, x, y, ¢), My(g, x, y, ¢), 0). Obviously, we have (see (21)) (where all
the O(-) terms are for their arguments converging to 0)

M(,0,0,¢)=0, N,,(0,0,¢)=0, (39)
M(e, x,y,¢) = 02(|(x,y,0)»), N(x,y,¢)=02((x,y,01%),
R(x,y,¢) = 0g41(1(x, |2,

17
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Note that we have defined M as a notation for the nonlinearities appearing in the saddle
directions. Indeed, M also depends on ¢, but since we have bounds that are uniform for ¢ € [0, 1],
we will usually omit this dependence on ¢ in the sequel.

We have for o < 1 and any z (for suitable constant K zlv)

IN@I < sup [IN@)|<Kyo?ri<Kpyo?, (40)

lzll<or

~ 1
DN ()|l < sup (;IIDn(Z/G)II AIN@I + n(z/o)] - IIDN(Z)II)

lzll<or

<o 'K,Kno?r} + Kyori =o (K, Kyri + Kyr1) < Ko, (41)

~ 1 2
ID*N ()| < sup (ﬁIIDZU(Z/G)II HIN@T A+ —1IDn(z/o)| - [DN )]

lzll<or

+n(z/o)||D2N(z)||) < K, Kyr?+2K,Kyri+ Ky =K}y
Analogously, for some constant K, we obtain that for any w = (x, y, ¢)

IRw)| < Kro 2™,
IDR(w)|| < Kro?, (42)
ID*R(w)|| < Kro 2"

For the Hamiltonian system we do the following modification of the Hamilton function Z
(compare (35)):

f(z) =A@+ N@n(z/o) +eR()n(z/o) =A(z) + N(2) + ¢R(2). 43)

It is easy to see that the induced differential equation can be written as (37)—(38) satisfying
conditions (39)—(42) for the nonlinear terms.
Let us denote

W ={z=0}.
With some abuse of notation we will also treat W€ as the C” component of P, for example

in a lemma below we write [0, 1] x R™ x W€ as a domain of some function or in D(§) =
By, (8) x B, (8) x W€ to represent some neighborhood of W¢.

Lemma 17. Let us consider the system (37)—(38) and denote by ¢(t, x, v, ¢) the induced flow.
Let L < 1.
Then there exists og > 0 so that, for any 0 < o < oy, it holds that

e There exist functions y* : [0, 1] x R™ x W¢ — R" and x* : [0, 1] x R" x W¢ — R™ in
C97Y, such that for any ¢ € [0, 1]

18
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W ={(x,y"(e,x,0),0), (x,c) e R™ x W},
W ={(x*(e, y,¢),y,¢), (y,c) eR™ x WY,
and for any €1, €3, c1, ¢2, X1, X and y1, y2, it holds that
y“(e1, x1, 1) — y*(e2, x2, )| < L (ler — &2l + ller — call + [lxr — x2l),  (44)
Ix*(e1, y1, €1) — x*(e2, y2, )| < L (le1 — &2| + ller — 2l + lly1 — 20D (45)

e There exists a constant Ky = Kw (L, o), such that forall j =1,...,q — 1,

ID/ x|l < Kw, DY y"|| < Kw. (46)
This function K(L, o) is non-decreasing_ with respect to L and o.

e Forany § > 0, introduce the set D(§) = B, (8) X B, (6) x WC. Thenif (x,y,c) ¢ W, then
there exists ty > 0 such that ¢(t,x,y,c) ¢ D(S) fort > to and ¢ € [0, 1]; and if (x,y,c) ¢
W< then there exists ty <0 such that ¢(t,x,y,c) ¢ D(S) fort <tyand ¢ € [0, 1].

Proof. We will begin by proving that for any § > 0 the set D(8) = B, (8) x B,,(8) x W€ is an
isolating block (see Definition 16 in Appendix B.2) for this system for any ¢ € [0, 1]. To prove

this, we have to check exit and entry conditions, i.e. (157) and (158), from the Appendix.
We have for (x, y, c) € D(5) (we use (154), (155) and (41), (42)) that

(Aux, x) = m(A)|x]%,

(Asy, ) < Hiog (A) Y112,
INx, y, o)l = IN(x, y,¢) — N(c,0,0)]| < [IDN[v28 < V2K o8,
IR(x, y, o)l = IR(x, y,¢) — R(c,0,0)|| < IDR[V28 < v2Kro ?5.

Hence, if (x, y,¢) € D)~ (ie. [x] = 6)

(F, x) = (Ayx, x) + (N (x, y, ), ) + e(R(x, y, ¢), x),
> 52 (ml(Au) — «/EK,/\,G — \/iKRUQ> ,

and for (x, y, ¢) € D6)* (i.e. |y]l =)

3, ¥) = (Asy, ¥) + (N(x, y,0), y) + e(R(x, y,¢), )
< 82 (~tiog (Ay) = V2K }yo = V2KRa?).

Hence if o is such that

mi(Ay) > V2Kyo +V2Kra 2,
—tiog(As) > V2K o + V2KRo©,
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then conditions (157) and (158) are satisfied and therefore D(§) is an isolating block. In view of
(22), this holds if o is small enough.
To deal with W and W and their dependence on ¢ we add to system (37)—(38) the equation

£=0. 47

This allows us to obtain the dependence with respect to the parameter ¢ from the general ar-
guments of [6,7] on the existence of a normally hyperbolic invariant manifold (NHIM) and its
center-unstable and center-stable manifolds, which are recalled in the Appendix B. Note that the
loss of one unit in the degree of differentiability of W and W* comes in general situation from
the loss of differentiability of the center manifold W¢.

Now we check the rate conditions (see Definition 18 and Theorem 52 in Appendix B.2) for
system (37)—(38), (47) up to order ¢ — 1. To be in agreement with the notation used in Theorem 52
we set A = [0, e] x W€. Hence the center direction denoted there by A is now (g, ¢).

On D(8) = [0, £] x D(8) we have

1
sy = Hiog(As) + 0(0) + £ 0(0), s = Iiog(As) + O(0) + LO(0),
1 N 1
Eor = mi(A) = 0(@) = 70(), Eorp = mi(A) = 0@) = 7 0(@)
1
Tes1 = Liog(B) + O(0) + LO(0), Thes s = Hiog(B) + 0(0) + —0(0)

l
|

—0(0) = LO(0), eu,1,p = —0(0) = LO(0),

Lo

=

—
Il

!
!

1
m](Au)—O(O')—LO(O'), Ecu,2: —0(0)—20(0)

o

=

()
I

It is easy to see that for any k and L, there exists o9 = op(k, L), such that for o < oq the rate
conditions of order k are satisfied (we need k =¢q — 1).

Therefore y* and x*, which in the notation of Theorem 52 are w“ and w®, respectively,
satisfy the Lipschitz condition with constant L. This establishes inequalities (44), (45).

Since all partial derivatives up to the order of the regularity class of our modified vector field
are globally bounded, we obtain condition (46) of Theorem 52.

The above arguments apply to local center-stable and center-unstable manifolds inside D(3).
But since § is arbitrary and the bounds on derivatives of our vector field are global, then all the
above estimates also apply to the global manifolds W and W<*. 0O

Lemma 18. There exists oy > 0 so that, for any 0 < o < oy, the following holds:
There exist constants E and C, such that for any R > § > 0 and for any ¢ € [0,1] z =
(x,y,c) € D(R), holds

o if llxll = llyll, (x,y) #0 and ¢(t,x,y,c) € D(R) for t € [0, T], then ||mxp(t,x,y,c)|l >
lye(t,x,y, )|l fort € (0, T] and

d
XOI = Elx®ll, 1 €,T]. (48)
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llx Ol
o if x| < ly®Il, and ¢(t,x, y.c) € D(R) fort € [0, T], then |y(®)|| < |ly(0)[|e~"C.
In particular, if t > % In (Hy%ﬂ) then ¢(t,x,y,c) € D(3).

. 1 R
In particular, T < o In (—)

Proof. To prove the first assertion we need to establish two facts. First, the forward invariance
of the cone ||x|| > ||y|l and second, the expansion in this cone. We have for ||x]| > ||y|| (we use
(154), (155)) (compare to the proof of Lemma 17).

We have
1d|x]|? . ~ ~
2 ”dt” =(x,x):(Aux,x)—i—(N(x,y,c)sR(x,y,c),x)
> my (A x|1* — (IIDJV + I|D7€II) G I x|
and
ldlyl*> . ~ ~
ST = 0= A ) + (W y.0 +eRery.0).3)

< tiog(ADIYI* + (IDN + [IDRI) - G, I - [1x]1-

Therefore for (x, y, ¢) such that ||x|| > || ¥]l, x # 0 (we use (41), (42)) holds

1d ~ ~
57 (12 = 1312) = mi A0 11 = uog ADIY I =2 (IDN + IDRI) - 1Ge. )1 - x|
= (mi(40) = 1og(49) + 292 (Kjyo + Kra®) ) I1x17 > 0
if 0 < 09. Therefore the cone || x| > ||y|| is forward invariant.
Now we deal with the expansion in the x-direction. From previous computations we obtain in

the cone |lx| > ||yl

1d|x|?
2 dt

> mi(A) x| = V2(Kyo + Kro9)llx|? > Ellx|)?

where E =m;(A,) — «/E(K;\,a + KRO'OQ) > 0. We chose o, small enough for E to be positive.
Observe that this implies (48).

Now we turn to second assertion about the decay in the cone ||x|| < ||y|. In this cone from
previous computations we obtain

1dlyl?
2 dt

= (108 (A5) + V2K o +V2KR0?) Iy .

Since ft10g(Ay) < 0 we can find 60, such that C = — 10 (Ay) — /2 (K;Vo 4 fzKR) > 0. This
implies the second assertion. 0O

We fix 0 < o < o so that the assertions of Lemmas 17 and 18 hold true and from now on we
work with the modified vector field, but dropping tildes.
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We will need some extra bounds for the functions y" and x* as well as for their derivatives
up to order two. It is easy to see that if B does not contain any nontrivial Jordan blocks, then
y4(x,c¢) =0and x*(y, ¢) =0if |c| > O(ory). This is an immediate consequence of the following
fact: as |m.p(t,x,y,¢) = eB’cl > O(ory) for t € R, the trajectory remains in the domain where
the dynamics is just linear; x’ = A, x, y' = Ayy, ¢/ = Bc.

However, we want to include the situation with nontrivial Jordan blocks in the center direc-
tion and we also need information about the derivatives of y" and x* with respect to x and y,
respectively, when |x| — oo and |y| — oo.

Lemma 19. In the context of Lemma 17,

Hlog(As)

X Mg (Au)
|ﬂ@xﬂ5qume<£%)g LYo, (49)
Hiog (—Au)

g (—As)
|x*(y, ¢)| < Lor; min 1(%) ¢ . Y, o).

Moreover, for some we > 1 and w, > 0 and w = min(w., w;),

8 u
‘ ayx (x,0)| <min(L, LO(a™)(le|"™ + |x|")™h, (50)
ax* : w w, wyy—1

@(y,c) <min(L, LO(a")([c|™ + [y["*) ™),

and
82yu
73 (60| < min(M, O(@")(le[" +1x]") ™)
X
92x’ 1
W(y,c) <min(M, O(c")(le|" +y["*)7)).

Proof. It is enough to consider just y“, since the argument for x° is analogous, just reversing the
time direction and changing x to y.
Let us denote by S the support of the nonlinearities in system (37)—(38). We know that

SC Enu 0,0r1) x Ens 0,0r7) x Bom 0,0r1).
Let (x, y'(x, ¢), c) € W be such that in the x-direction we have |x| = or;. Then |y"(x, ¢)| <

Lory and its image forward in time does not enter S, hence is equal to (e’ Auy, e’ASy“(x, c),
e'Bc) € W which means that

e’ASy“(x, )= y"(etA“x, e'Bo).

Since the graph transform (used in proving the existence of W) of W is equal to W, there-
fore for (x, ¢) with |x| > ory, there exists (x, ¢) such that
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(e"hux, e ytee (x o)) = (7, )M (E, 9)),
and therefore we get (because ||eAs!|| < etioz(A)t < 1 for t > 0)
Iy'(x,0)| <Lory, V(x,c).
On the other hand, for |x| > or| the time to reach |x| from or| is estimated from below by
1 X
——1In <u>, so we get
Mlog(Au) or

Hlog(As)

X og (Au)
Iy (x,0)| < Lo (—' ') B
ory

Now we proceed to find the estimates for the derivatives of y". It follows immediately from
(44) in Lemma 17 that

—(.X,C)

ay"
<L, V(x,oc).
dc

ay"
) ‘a—x (x,0)

Consider a point p = (x, y"(x,c),c) € W, p ¢ S.Let t(p) > 0 be such that for 7 € [0, 1 (p)]
@o(—t, p) ¢ S. Then p(—t, p) = (e "Aux, e Asy¥(x, c), e "Bc) € W, therefore

e_t(p)ASyu(C, x) = yu(e_t(p)A”x, e—f(P)BC)’
and finally
Y(x,c) = et(P)A.ryu (eit(p)A“x, e*f(P)BC). (51)

Observe that 7(p) is also good for all points in the neighborhood of p, so when differentiating
the above equation we can treat 7 (p) as a constant, if needed.

Depending on whether |c| or |x| are larger than or; we can take the following expressions
tx(p) or t.(p) for t(p)

t()—éln(ﬂ> t.(p) = ! ln<ﬂ>
M e ) T \or ) T e B \or )

By differentiation of (51)

O )= DA (a_yu (e—tua)Au B e—’(P)Bc)) et (PA
ax ac ’ ’

hence

u
‘ ay < Let(p)(ﬂlog(As)+ﬂlog(_Au)).

(x,0)
X

For the second derivatives we obtain the following bounds (we use (46))
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aZyu

Py < Kwel(p)(l“”g(A-Y)J”zﬂlug(*Au))'
0°x -

(x,0)

Observe that all exponents w appearing in ¢/ (? are negative (if Miog (—B) is small enough).
Let us evaluate exponentials of the type e/ (P for t(p) =1, (p), t.(p). We have

_ w w
el(Pw (ory) Flog@u) | x| Hog@u)

w w
etc(P)w — (O’rl)i'”"g(B) lc| Hlog(B) ,

since for each exponent w < og(Ag) + 210g(—B) < 0, hence w, = > 1 provided

w
- Hiog(B)
Wiog (B) is small enough.
Regarding the decay with increasing |c| we see that the first order derivatives will be less than
or equal to L O (o¥<)|c|~"<, and for the second order we have a bound O (o) |c|%e.

Let us see now what will be the decay in x direction.

ay" —Wiog(As)  Miog(—Au)
e —(x,c). Wehave w = jpe(As) + ioe(—Ay), SO W, = — R
dx e s T iog(Aw)  ieg(Ay)

—Miog(As) Miog(—Ay)
(x,c). We have w = e (As) + 2h10e (—Ay), SO W, = — .
0x;x;j o8 %8 ! ‘ Miog(Au) Miog (Au)

2,,u

In both cases it can happen that w, < 1. For example if pmin < -+ < max are eigenvalues of
Ay, then _Mlog_Au = Wmin,» a0d W; = Amin/MUmax + Mmin/MUmax. O

5.2. Straightening the invariant manifolds
We continue with the modified vector field obtained in Section 5.1. The center-unstable and

center-stable invariant manifolds can be straightened in suitable coordinates. The following trans-
formation does this

Ta(xvyvc):(x_xs(gvyvc)vy_yu(g»xsc)$c)' (52)

Lemma 20. Under the same assumptions as in Lemma 17, Ts(x, v, c) is C1~! and for every
¢ € [0, 1] the transformation T, : P — P is a diffeomorphism. Moreover,

T;l(x,y,c)z(x+ O(Lo),y+ O(Lo),c). (53)

Proof. The regularity follows from Lemma 17. We need to show that T is a bijection. To show
that it is onto we fix ¢ and observe that for || x| = R and || y|| < R it holds that (we use (45))

l7rx Te (x, y, Ol = x|l = Ix*(e, y, ) = R — LR = (1 — L)R,
and analogously for ||x|| < R and ||y|| = R, from (44) we get
Iy Te(x, v, ©)ll = (1 — L)R.

From this inequality, using the local Brouwer degree argument, we obtain that
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Enu (1-=L)R) x Enx((l —L)R) C ”x,yTs(Enu(R)’ Enx (R), c).

Therefore T is onto.
Now we prove the injectivity. Take any (x1, y1) # (x2, y2). We have (we use (45), (44))

772 (Te (x1, y1, €) = Te(x2, 2, 0)) | = llx1 — x2/l = Lllyr — y2Il,
7y (Te(x1, y1, €) = Te(x2, y2,0)) | = lly1 — y2ll = Lllx1 — x2f|-

Since L < 1, if ||x1 — x2|| = [|ly1 — ¥»2]|, then ||x; — x2|| — L||y1 — y2|| > 0 and analogously in the
other case. Hence T is an injection.
Condition (53) follows immediately from (49) in Lemma 19. O

5.2.1. Cohomological equation after straightening

Observe that the transformation 7 given by (52) gives new variables in terms of the old ones,
therefore to transform vector fields and Hamiltonians we use the pushforward T;,.. We will often
drop ¢ in the sequel.

Cohomological equation (34) becomes

[Ta*Z’ Ts*g] = _TS*R

or in the Hamiltonian case, (36) becomes
(D(TS*G)) . Ts*z = TS*R'

Hence the cohomological equation retains its form, but the vector field Z and the remainder
‘R (or R) change.

In the Hamiltonian case 7 might not be not symplectic in the presence of center variables.
Therefore the transformed symplectic form 7,2 no longer has the standard form. This influences
the relationship between the Hamiltonian function and the induced vector field.

5.2.2. The vector field after straightening
Lemma 21. For a general vector field, Tex Z. and T¢«R are C172 gs functions of (e,x,y,c),

whereas in the Hamiltonian case TexZe and T, R are C171.
The vector field Z. after straightening, i.e. T¢ Z¢, becomes

X =gx(e,x,y,0)x, 54)
).]:gy(g"xs ya C)y, (55)
¢=Bc+ M.(e x,y,c), (56)

where gy, gy € C 9=3 M, has compact support and

Mg, x,y,¢) = 02(|(x, y, ) %), (57)
(8xs 83)(8, %, ¥, ) = (Ay, Ag) + O(L) + O(0) + (O(L)y, O(L)x). (58)
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All O() terms are uniform with respect to ¢ € [0, 1] in (57) and with respect to (¢,x,y,c) €
[0,1] x P.

Moreover,

ToxR(x, y,¢) = Og11(I(x, »)|ZH), (59)
or Te«R(x,y,c) = Og41(I(x, )21y in the Hamiltonian case.

Proof. Recall that in Theorem 3 we assumed that

q=0+3. (60)

The regularity of T, Z, and T,,R is an immediate consequence of Lemma 20.

The factorization of x in (54) and y in (55) is due to the fact that in the new coordinates
W = {x =0} and W = {y = 0}, respectively. For this we need that the transformed vector
field is at least of class C', so we need q — 2 > 1, which is granted by (60).

The straightening implies that in the new variables we obtain the equations

1

d
x=fx(e,x,y,0) = /%(E,C,I)c,y)dt - X,
X
0

1
y=fyle, x,y,0)= / (&,c,x,ty)dt | -y,
0

oty
dy
¢ = fe(e,x,y,0),

where

(fxs fys f)ex, y.€) = DT (6, y, ) Ze(T; (x, 3, 0).
In the sequel we drop ¢ because we have bounds which are valid for all €.

o0 (0T, o (0T,
Our first goal is the computation of — —X(T_l(x, y,c0)) ), — al (T_l(x, y,c)) | as
dx \ dc dx \ dx

0 (0T, .4
well as of — | — (T~ " (x, y,¢)) ).
dx \ dy
From (44), (45) in Lemma 17 it follows that

ay*

b 9 b 8C

Recall that L is a parameter, which can be chosen arbitrarily small.
From (61) and (52) it follows that for any (x, y, c¢) it holds that

ox8
dy

oxs
dc

u
Gl <L. 61)
ax

I, O(L), O() L+0(), O(), O(L)
pT=|ow I, O |, DT '=| oL IL+0WL), oW |,
0, 0, I 0, 0, I

(62)
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where by 1., I, I, we denote the identity matrix acting on c, x, y variables, respectively.
—1 1

ai (x,vy,c) (and 8);

From Lemma 19 we can obtain better bounds for

(x,y,c)). Letus

denote, for L, o0, c1,z1 € R,
E(L,o,c1,z1) =min(L, Lo"*(c}* +2,")™"),

where w, and w, are as Lemma 19. Then from (50) in Lemma 19 we have, using the formula

~1 2 o 0Ty 0 aaxf
(I—N)"'=I+N+N+.. with —=L =], 4+ Nand N = v,

= ov¥
a(x. ) g
T,
o (x,y,0)|=O(E(L, 0, [c], |x])). (63)
P —1
We compute % (%(T_l(x, v, c))). From (52) we see that ag; =0 and gzaT; =0, hence

from (46), (62) and (63) we obtain

9 (0T. Ty o7
o (T (-xvyvc)) = (T (xvyvc))' (xvyvc)

dx \ dc dcoc 0x
Ty AT !
+@(T (x,y,0))- o (x,y,0)
2T, aT,!
+ﬁ(r ", y,0)) - 81 (x,y,0)
% o7y
=—acay(Ty,c(x,y,C))~ o (x, 5.0

=KwO(E(L,0,|c|,|x])) = O(E(L, 0, ]cl, |x])).

Using (46) and (63) we obtain

d (3T, ., 3T AT !
— | —(T s Vo =—T ' : ' =0
o ( R (T7 (x,y C))> 8yac( (x,y,0) o (x,y,0)(=0)
T AT ! 32T, AT !
(T oy, ON=0) - ——(x, ¥, 0) + —— (T (x, y,0)) - ——(x,y,¢)
ayox ax ayoy dax

2y -l
=—W(Ty,cl(x,y,0))‘ > (x,y,¢)=KwO(E(L,0,|c|, |x])) = O(E(L, 0, |c], |x])).

0x

Summarizing, we get

0 (0T, 4
P ( (T (x, y,C))) =O0(E(L,0,|c|, |x])), (64)
x \ dc
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9 (ai(rl(x, y, c))) =0, (65)
dx \ Ox

3 (0T,

PP (T (x,y,0)) | =O0(E(L,0o,|c|, |x])). (66)
x \ dy

In order to compute 7. Z(x, y, ¢)) we will treat separately the linear part of Z and the nonlin-
ear one given by M. The linear part is given by L(x, y, ¢) = (A,x, Asy, Bc), and it is immediate
that

(TL)¢(x,y,c) = Bc.

For the x-component (for y-component the computations are analogous) we get

Ty T, ., ;
(T*‘C)X(-xﬂ )’»C)Z ac (T (-x’ y,C))BC‘i‘ 8)6 (T ('x7 yvc))(AuTx (-xa yﬂc))
N -1
+—— T (x, y, (AT, (x,y,0)).
dy

We are interested in the derivative of (T, L), (x, y, c) with respect to x. Let us investigate each
term of the above sum separately. For the first term we have following estimate (we use (64))

a (0T,
T (T (x,y,c))Bc) =O(|c|E(L,o,]c|,|x])) = O(L).
x \ dc

For the second term we have (we use (62), (65))

-1

3 (0T, 1 aT;
P (T (x,y,NAT, (x,y,0)) )| =A, (x,y,0)=A,+0O(L).
x \ 0x ox

For the third term we get

0 a7y 1 1 d 0Ty —1 —1
- (T (x, y, N(AT,  (x,y,0) | = — (T (x,y.0) |- AT, " (x,y,0)
dx \ dy dx \ dy
T T,
+ (T (-x’yﬂc))'AS - (X,y,c),
ay ax

and from (66) and (53) we have

0

oTy . _ _
e (W(T 'y, c))) AT (x,y, €)= O(E(L, 0, e, [¥) As (y + O (0 L))

=0(L)-y+ 0(c*L?),

0T« aTy_l 9x® 2
(T (x,y,0)) - As (x,y,c):——(Tc,y (x,y,¢))A;O(L) = O(L")
ay ax dy
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Therefore we obtain
0
P (ToL)x(x,y,¢)) = O(L) + (Ay + O(L)) + (O(L)y + O(L?) = Ay + O(L)y + O(L).
From bounds (40), (41), (42) it easily follows that

T.M(x,y,¢) = 0(c?),

DT, M(x,y,c) = 0(0),
and T, M (x, y, ¢)) has compact support.
This finishes the proof of (54), (55), (56), (57), (58).
It remains to prove (59). We will start with the function R, because the result is valid also for
components of the vector field R.

From (52) and inequalities (46) in Lemma 17 one can easily infer that there exists a constant
K1, such that

ID/T| <Ky, |D/TY <K, j=1...g9-1 (67)
Since T~ !(c, 0, 0) = (c, 0, 0) we obtain from (62) that

T_l(xv yvc) = (.X + O(L) : (X, y)v y + O(L) : ()C, y)1 C)v

hence there exists a constant K», such that
Iy T (x, v, Ol < Koll(x, ). (68)
From this it is immediate that
ITeR(x, y,0) < Kllmey T (. y, 12T < KKET 1, 127
Observe that the derivatives of TR are of the following form, for j=1,..., 0+ 1,
D/T,R=D/RO(DT™ Y + D/7'ROMDTH/ (D*T™) + -+ DROD/T™).

Using (67) and (68) we see that (59) holds for the function R.
From this we also have that in the case of the vector field R

R(T™H(x, y.0) = Og1(I(x, »I®TH.
The x-component of TR is given by (recall that R, =0)

aT,
dy

(TR x (x,y,6) = R(T ™ (x, y, s + — (T x, 3, DR (x, 3, ©))y.

Observe that due to (67) the function 33% (T~'(x, y, ¢)) has bounded derivatives up to order g —2

(condition (60) gives us the needed regularity). Hence we can infer in the same way as in the case
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of functions that (T4 R)x(x,y,c) = Og11(|(x, y)|Q+1). The same holds for the y-component.
This finishes the proof of (59) for the vector field R. O

Definition 3._Let 71 be suih that the support of T,R (or T, R in Hamiltonian case) is contained
in E(r1) = By, (0,71) x By, (0,71) x B2, (0,71) for all ¢ € [0, 1]. Then we denote by x the
indicator function for E(r1): x(z) = 1if z € D(r1) and x(z) = 0 otherwise.

5.2.3. Consequences of straightening of invariant manifolds
Let Z be the vector field obtained after straightening and let ¢ (¢, z) be the local flow induced
by it. Let us define

AM(89 C) =gx(8,0’076)7 AS(S,C) =gS(8’O’ 09 C),
where the functions g, and gy defined in Lemma 21.

From Lemma 21 it follows that there exists functions 21(L) = O(L) and hy(c) = O (o), such
that for all ¢ € [0, 1] it holds that

mi(Ay) —hi(L) —ha(o) = inf mi(A,(e, ) < sup piog(Aule, )
ceWwe ceWe

< Wiog(Au) +hi(L) + ha(o)
mi(As) —hi(L) —ha(o) < inf mi(—As(e,¢)) < sup pigg(—As(e, c))
ceWe ceWe
= H«log(_As) +hi(L) + ha(o)
where m;(A) and ;g (A) are the logarithmic norms defined in Appendix A in Definition 6.

We assume that the numbers fmin, Mmax> Amins Amax are such that (we decrease L and o if
needed)

0 < pmin <my(Ay) —hi(L) — ha (o), Mlog(Au) + hi(L) + h2(0) < pmax; (69)
0 < Amin <m(Ag) —hi(L) — ha(0), Miog(—Ag) +hi(L) +h2(0) < Amax-  (70)

Observe that the numbers fmin, 4maxs *min» Amax can be made arbitrarily close to the numbers
Umin(A), Umax(A)s Amin(A), Amax (A) given in Definition 2 if we take L and o small enough.

Definition 4. Let N C P. For z € N we define Ti (z) by

Ty (z)=sup{T e R, U{oo}: o@(t,2)eN, tel0,T)}
Ty ()=if{lT eR_U{-0o0}: o(t,2)eN, te(T,0]}.
Lemma 22. For any § > 0 let N = D(§) = Enu 8) x Ens (8) x W€ and let ,u’l be any constant

such that 0 < (1} < fimin (see (69)).
Then there exists a constant Cy, (u/l, N) such that for all z € N it holds that

Imep(t. ) < Ce(uh. N)lxle, 1€ (Ty (2),0l. (71)
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Proof. From Lemma 21 we have

X=g(,x,y,0)x=(A,+O0(L)+ O(c)+ O(L)y)x. (72)

Let us fix 8. If we take 0 < 8’ < 8, such that m;(A, + O(L) + O(o) + O(L)y) > i}, then we
obtain for all z € D(§')

mep(t. )] < [xle, 1€ (T (). 0l. (73)

Observe that the set D(§’) isolates W€ (i.e., it is a maximal invariant set in N), hence all backward
orbits starting in N either converge to W¢ or leave it. From Lemma 18 it follows that each
backward orbit starting in z € N can be split into at most three parts: 1) for ¢ € [0, T1] ¢(—t,2) ¢
D"y and ¢(—T}, z) € D(8'),2) fort € [Ty, T>) with T, = oo for z € W ¢(—t, z) € D(§'), 3) if
T> < 00, then there exist T3 such that for ¢t € (T3, T3] ¢(—f,z) e N\ D(§') and (-t —1,z) ¢ N
for n > 0 arbitrary small.

Moreover, the time spent in the first and third parts is bounded from above by some constant
T13 and due to (72) we would have the following estimate on first part (if present)

7T @(—t,2)| < |x|etios T8Ny e 10, 7],

and analogously for the third part (if needed). This combined with (73) plus bounds on 7 and
T3 — T gives us (71) for a suitable constant Cy (1}, N). O

Lemma 23. Let us take any § > 0. Then for any |, X} such that 0 < j} < pmin and 0 < 1} <
Amin, there exist constants C, () and Cy (X)), such that for all z € D(5),

e (t, D) x (@1, )| < Ce(p))|x[e"), 1 € (—00,0],
Iyt 2)x (9t 2)] < Cy(WDlyle™, 1€ [0, 00). (74)
Proof. We use Lemma 22 with N = D(#1). The proof of (74) is analogous. O
5.3. Preparation of Ry and R;
We will not make any difference between the vector field case, where the remainder R(z) is
a vector, and the Hamiltonian case, where R(z) is a real number. In both cases we will use the

same letter R. Below our R is T¢«R.

Lemma 24. Assume that R(e, z) € CY, and Q, q, £1, {2 are such that

q=0+1, (75)
R(e,2) = Og41(|(x, »)|2Th,
L +6 <0, (76)
20,4+ 1<0Q. a7
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Then there exist functions R (¢, z) and Ry (e, z) such that

Ri, Ry € C17%,
Ri(e,2) = Ogy11 (X1, Ra(e,2) = Oy (IyIF)), (78)
R(e,2) = Ri(e,2) + Ra(e, 2).
Moreover, the supports of Ry and R, are contained in the support of R.
Proof. Below we will not write ¢, ¢ in the arguments of R and its derivatives.
For a given x consider a Taylor formula with an integral remainder for the function y +—
R(-xﬂ )
£
L ; G+1
R(x,y)zzﬁl)ym,oxy)f +Rem(x, y)(») 2, (79)

j=07"

where Rem(x, y)(y)2*! is given by
: ¢
-0 i t+1
Rem(z) = o D@ R(x, ty)dt | ()7,
o!
0

where DﬁﬁlR(x, p)(»)2*1 s the (£, + 1)-linear map D£2+1R(x, p) at y = p applied to the
argument (y, ..., y) with y appearing £, + 1 times.
We have for s =0, ..., ¢
DyR(x,0)(»)" € C77", DR(x,000)" = Ogi1 (1x19'7).
We set
1
Ri(x,y)=R(x,0)+ DyR(x,0)y + -+ FDfiZR(x, 0)(y)%.
2!
Then
RieCi™,  Ri(x,y)=0g11-6(x[2F7%).

Since from (76) we have Q + 1 — €5 > €1 + 1, then Ry (x, y) = O, +1(Ix|9*1).
Since R, = R — R we get

Ry(x,y) =Rem(x, y) € C172,
It remains to show that Ry (x, y) = Og,41(ly|2T1). Observe that
RZ(X,y)=I(x,y)(y)ez+1, 1(x,y) cci—t—1
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From (75), (77) we have that g — £y — 1 > €5 + 1, so that I (x, y) € C%*1 From this we obtain
the second condition in (78). O

6. Solving the cohomological equation

Before we begin let us comment that to solve the cohomological equation we use the method
of characteristics. The only difficulty is around W€, but we ask for R (or R) to vanish on W€,
which makes it possible to solve it. Once a solution in the neighborhood of W€ is obtained we
can in a unique way extend it to some neighborhoods of W and W*<*.

To deal with the cases of a general vector field and Hamiltonians in a uniform way, from now
on we will not use different fonts for the vector fields. The nature of each object will be clear

from the context.
We consider the equation (see (34), (36))

DG(2)Z(z) = M(2)G(2) + R(2), (80)

where ze R", G:R" - R™, Z:R" - R", M(z) e Lin(R",R™)and R: R" — R™. Z, M, R
are given functions, and we are looking for G.

In our case we have either n = m and M (z) = D Z(z) for a general vector field or m = 1 and

M (z) = 0 for the Hamiltonian case.
We assume that

ZeCl!? Reci®,
We apply the method of characteristics with characteristic lines given as solutions of
1=27(2). (81)

Let ¢ be a local flow induced by (81). It is well known that ¢(z, z) is in C4(%).
Let S(z, z) € Lin(R™, R™) be a solution of

d

with initial condition S(0, z) = I. In the Hamiltonian case S(¢,z) = 1.
Observe that

S(t,z) = Do(t,2)"", (82)

where Dg(t, 7) satisfies the following equation

d
EDw(t, 2)=M(p(t,2))Do(t, 2).

Assume that G satisfies (80), then

d d
7 (8, 2)G(p(t,2))) = =S, )M (p(1,2))G(p(t, 2)) + S, ) DG (p(t, Z))Ew(t’ 2)
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=8(1,2) (DG (p(t,2) Z(p(1,2)) — M(p(t,2))G(9(1, 2)))
=8,2)(DG-Z—-M-G)(¢(t,2)) =S, 2)R(e(t, 2)),

hence we obtain

d
7; 820G (e, 2))) = 8, 2)R(p (2, 2)) (83)

and therefore

n
S(t2,2)G(@(t2,2)) — S(t1,2)G(@(t,2)) = f S(w, 2)R(p(w, 2))dw. (84)

14
Observe that if G is smooth and G satisfies (83) or (84), then G solves (80).

a’s a"
and L4
7" az"

6.1. Estimates on

The goal of this section is to derive bounds on ‘Zrz‘f and grz‘f.
Note that from (82) it follows that (for the case of a general vector field)

0
S(t,z)= a—f(—t,z),

. . . . d
therefore estimates for S(z, z) and its derivatives can be obtained from those on _(p.
z

Lemma 25. Let N C P be any convex set. Assume that

Miog(DZ(2)) <a # 0, zeN. (85)

Then for any z € N and for any k € Z ., such that 1 <k < q(Z), it holds that

e ifa>0
8k
S| =Gt 021 =T,
Z
e ifa<0
ko
3ok ) <Cre™, 0=t =Ty ().

for some constants Cy, with C1 = 1.
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Proof. Observe that D/ Z for 1 < j < q(Z) are bounded on N.
The variational equations of increasing orders are

d d¢

41 9z —(1,2) =DZ(p(t, z)) (t 2)

d 3% DZ 0% D*Z
a1 9z 2(t )= (p(t, z)) 2(t )+ (p(t,2)) (—(t 2), (t z))

For higher orders we have

d o+ kg
3 1.9 = DZ@(.2) 5 (1.9 + Re(t.2),

where Ry is the sum of terms of the following form

91 k2 akm
Rk,j(t,z):CD’”Z(ga(t,z))(8 3 (t,2), PPy (t 2), . S (t, Z))

where C is a constant, k; >0 and > ;" k; =k.
We will use formula (153) from Theorem 43 in the Appendix A applied to the variational

equatlons of k-th order to estimate H 2(t,2) H

For 8_ (t, y) we obtain from (85) and Theorem 41
z

0
H—%,z) <o
0z
and then inductively (observe that D/Z for 1 < j < g(Z) are bounded on N and the initial
k
condition for a—f vanishes for t = 0)
z

For a < 0, from our induction assumption it follows that each term Ry; will give a contribution
bounded by

Z/ | Re 5.2 ds

ak(tz)

1 t .
t
C/e“(tﬂ') (ew)k ds < C’e‘”/e"‘(k*mds < &.
- T —atk—1)
0 0
For o > 0 this contribution will be bounded by

t 1

~ 5 éekat
C/eot(t—s) (ekas) Sceat/eoc(k—l)sds < )
ak—1)

0 0
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Remark 26. If the vector field Z depends smoothly on parameters, the above bounds also apply
to partial derivatives involving parameters at the price of taking arbitrary o’ > &, o’ > 0 and
increasing constants Cy.

Proof. We add equation ¢ = 0 to the system. In a suitable norm on the extended phase space P x
A, where A is some compact set in parameter space we will have o =

0Z
Sup, Sup, ¢y Miog(DZ:(z)) to be approximately equal to o’ = sup sup Hiog (ﬂ(z, 8)). O
£ zeN 9(z, €)

Remark 27.If N = En,, () x E,,S (8) x W€ is a neighborhood of W€, then in the above lemma
instead of o = sup, ¢y (10g (DZ(z)) we can take any o’ > sup, ¢ e ftiog(DZ(z)) at the price of
increasing the constants Cy.

Proof. The argument is the same as in the proof of Lemma 23. 0O

6.2. Solving for particular remainder—backward in time

We solve (80) with R (z) = Og41(|x|*T!). We set (in the case of a general vector field)
M()=DZ(z), M(z)eCiD",
and in the Hamiltonian case
M(z) =0.

We are in the setting discussed at the beginning of this section and we use (84) with r, =0 and
t;] — —oo. Let us assume that

S(t1,2)G(p(t1,2)) > 0, 1 — —o0, (86)
which has to be verified later, and then we obtain

0

G(z)= / S(t,2)R(p(t, 2))dt. &7)

—00

Lemma 28. Assume that Z = Z, and R = R, = R\ are as obtained after straightening of invari-
ant manifolds and the decomposition of Ty R described in Lemma 24. Let [imin, Mmax> Amin> Amax
satisfy (69)—(70).
Assume that for some positive integer £ it holds that
qg(R)>€+1, (88)
R(@) = O¢r1(1x™h), (89)
Z(z) € C19,
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Assume that for the general vector field

L+1=<q(Z)—1, (90)
and in the Hamiltonian case
L+1<q(2). oD
Assume that k > 1 satisfies

e for the general vector field

k < min (/’Lmin(e + 1) — tmax ’ Hmin(£ + 1) — Mmax) ’ 92)
Mmin + Amax Mmax
e for the Hamiltonian vector field
in(€+1
k < I’Lmln( + ) . (93)
Mmin + Amax

Let us define G by (87) for all (e,z) €0, 1] x P. Then G(¢, 7) € C* and G, is a solution of

(80).
Moreover,
G(e,2) = O(Ix|"™),  for|x| — 0, (94)
IGe, )l < KIx|“t!, vz, (95)
IDG(e, 2)|l < K|x|, Vz. (96)

Proof. In this proof we consider ¢ as a part of the phase space, hence it enters as one of the
components in the variable z and with the vector field Z, G, R extended so that it vanishes in the
¢ direction. On this extended space the cohomological equation is still a cohomological equation
with respect to variables (¢, z).

Let £ = 1 for a general vector field and & = 0 in the Hamiltonian case.

Let & ~ fmin, ¥ & Amax be such that

0<o<pfmin, ¥ >Amax, B> Umax-

Let y be a bound on the logarithmic norm for the backward in time evolution close to W¢,
which should be close to ;g (—As(C)) = Amax = fiog(—As) = Amax(A), ¥ > Amax and let B be
a logarithmic norm for forward in time evolution close to W€, which should be > pmax but close.

For any z, from Lemmas 23 and 25 (see also Remarks 26 and 27) we have the following
bounds for ¢t € (—o0, 0]:
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e, )l x (@2, 2)) < Calx]e™, ©7)
9/ .
H%(“) <Cypje iV, j=1,...,q9(2), (98)

3/ i ,
37 9| =Cpe UFDBE L j=0,...,q(Z) — 1, (99)

where x is the indicator function for a ball containing support of R (see Definition 3 and
Lemma 23).
Observe that from (92), (93) and assumption k > 1 it follows that

& max + Amax < €lmin. (100)

From (100) for 8 = fmax, ¥ = Amax and & — fmin We have

EB+y <{La. (101)
From (92), (93) we should also have
L4+1) —
k< al+1) ‘i‘-ﬂ, (102)
oa+y

and for the case of a general vector field additionally the following holds

al+1)—pB
< —"
B

Since R has support in {|y| < 71}, then the integral in (87) is as smooth as R and S for
z=(x,y,c) with y # 0, as each backward trajectory spends only a finite interval of time in the
set {|yl =r}.

Since

k (103)

0
G(z) = TEIEOO/ S(t,z2)R(p(t, 2))dt,
T

we will show that f;} S(t, 2) R(¢(t, z))dt converges uniformly in C k_norm as T — —oo.
From (89) and since R has support contained in D(7}) it follows that

IDSR(e, )|l < Kllx|IF175, s =0,.... 041, V(s 2). (104)
From (97) and (104) it follows that for constants K, s = Cﬁ“‘s K and for any z it holds that
[(D*R) (¢(t, 2))| < Ko lx | 519 for 1 <0, s=0,...,0+1. (105)

From the above expression with s = 0 and from (99) with j = 0 (recall that for the Hamilto-
nian case we have S = I') we have for ¢+ < 0 and some constant C

38



A. Delshams and P. Zgliczyriski Journal of Differential Equations 436 (2025) 113268

1S(t, ) R(¢(1, 2))| < CeEHDe=ER | (F1

Since from (101) it follows that

alt+1)—£B >0, (106)

we see that the improper integral defining G (z) in eq. (87) is convergent. Moreover, we have the
following bound for some constant K, valid for all z

1G(z)| < K|x|“. (107)

To complete the proof that G is a solution of cohomological equation (80), we need to show
that G € C! and that condition (86) holds.
First we deal with (86). We have from (99), (97), (107), fort <0

1S(, 2)G(p(t, 2)| < KIS(t, 2)| - [meg(t, 2)|T!
< Ke—5ﬂ1|x|4+1e(f+l)al < K|x|f+1e—(Eﬁ—(IZ-&-l)ot)t7

hence it converges to 0 for r — —oo due to (106).
The derivatives of G (of order k < ¢ 4 1) will be given by expressions of the following form

0
D*G(z) = / ZCjD'ZiS(t, 2) - DY (R(p(t. 2))) dt, (108)

e J=0

where for the Hamiltonian case only the term with j =0 is present and S = 1.
Bounds for H Dg S(t,2) ” are given by (99). We need to find estimates for D;(_] (R(p(t,2))).

It is easy to see that D (R(¢(t,z))) is the sum of terms of the following form, with s =
1,...,J

akl(p 3kz(p akmw
D’ R)(p(t, —(t,2), ——(t,2),...., ——(1,2) ],
(D*R)(¢(t, 2)) <8zkl (t,2) 8zk2( ) 32k ( z))

where k; >0and Y }_, ki = j.
From the above using (105), (98) it is easy to see that for r < 0 we have, for some constant C,

H D! (R(p(, z)))H < Clx|H1T e 1=Dt=ivt =01, ..., 0+ 1. (109)

By combining (108), (99), (109) we obtain the following bound for the case of a general vector
field fork <{+1

9 &
ID*G()| < C / $ P i e Gy (110)

% J=0
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In the Hamiltonian case only the term with j = 0 is present in (110) with 8 = 0, hence for the
convergence of the above improper integral we need that

al+1)—k(a+y)=>0,

which is implied by (102).
In the case of a general vector field we need that for j =0, ..., k it holds that

al+1—Gk=7D)=p(+D—-—yk—-j=al+1) —kle+y)=p—jB—(a+y))>0.
It is easy to see that this is enough to satisfy the above inequality for j = 0 and j = k. We obtain
al+1)—k(e+y)—B>0, (111)
al+1)—(k+1)p>0. (112)
Observe that (111) is implied by (102) and condition (112) by (103). O
6.3. Solving for a particular remainder—forward in time
In this section we discuss solving equation (80) but this time we assume that the remainder

term R decays with y.
In (84) we pass to the limit £, — oo and set t; =0 to get

e ¢]

G(z)=—/S(w,z)R(<p(w,z))dw, (113)
0

provided the above integral is convergent and
S(12,2)G(p(12,2)) > 0, 12— 00.
Lemma 29. Assume that Z and R = Ry are as obtained after straightening of invariant mani-

folds.
Let timin, Umax> Amin, Amax Satisfy (69)—(70). Assume that

qg(R) >t +1, (114)
R(z) = Op1 (Jy|“Th,
Z(z) € C1D,

Assume that
L+1<q(2)—1, (115)
and in the Hamiltonian case
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t+1=<q(2Z). (116)
Assume that k > 1 satisfies

e for a general vector field

. ()\min(e + 1) - )\max )&min(g + 1) - Amax)
k < min ) )
Amin T Mmax Amax

e for a Hamiltonian vector field

)"min (e + 1)

k < .
Amin T Mmax

Let us define G4(z) by (113) for all (¢, z) € [0, 1] x P. Then G(g, z) € C¥ and G is a solution

of (80).
Moreover,
G(e,2) = Ox(Iy|"™),  for x| — 0, (117)
IG (e, 2)l < Klyl“t!, vz, (118)
IDG (e, 2) < K|yl Vz.. (119)

The proof is the same as for Lemma 28 simply reversing the direction of time, and exchanging
X<V, A< .

6.4. Conclusion of the proof of Theorem 3

6.4.1. Inequalities related to the regularity

We need to show that the inequalities relating k (the regularity class of G, which is the solution
of the cohomological equation) to g (the regularity of the vector field, Z, R € C?) and to Q, ¢,
£, can be satisfied. These inequalities appear in Lemmas 21, 24, 28 and 29.

Let us notice that in the Hamiltonian case the solution of cohomological equation gives us a
Hamiltonian defining the vector field for the deformation method, hence G € C k+1 For the same
reason we have R, Z € C?*t! and R(z,¢) = 0Q+2(|z|Q+2), (see (24)), hence when applying
Lemmas 28 and 29 in the Hamiltonian setting we should replace there k by k + 1 and Q by
0+1.

From Lemma 21 we obtain that T, Z, T, R € C?~2, and in the Hamiltonian case, T, R € C4~!.
In the pure saddle case, because the stable and unstable manifolds are as smooth as the vector
field, we have T, Z, T,R € C4~!, and T, R € C? in the Hamiltonian case.

For Lemma 24 applied to the vector field after straightening of invariant manifolds to obtain
Ry, Ry in C4727% and in C4~'~% in Hamiltonian case, and C¢~ =2 in pure saddle case (C4~
in Hamiltonian case), we need the following inequalities for the general vector field case (in the
pure saddle case the first inequality willbe g — 1> Q + 1)

q—2=z0+1, (120)
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b1+ <0, (121)
200+1=<0, (122)

while in the Hamiltonian case we have the following inequalities (in the pure saddle case the first
inequality will be ¢ > Q + 2)

g—1>0+2, (123)
b+ <0+1, (124)
20,+1<Q0+1. (125)

Observe that from (120), (121) it follows that conditions (88), (90), (91) and (114), (115), (116)
from Lemmas 28 and 29, respectively, are satisfied.
From Lemmas 28 and 29 we obtain the following inequalities for the general vector field

k < min (I‘Lmin(gl + 1) — pmax MUmin(€1 +1) — Mmax) (126)
Mmin + Amax ' Mmax ’
k < min ()\min(ZZ +1) = Amax Amin(€2 +1) — Amax) (127)
Amin + Mmax ’ Amax '
and for the Hamiltonian case
k+1< M (128)
Mmin + Amax '
Amin (€ 1
k1< mintC2 D) (129)
Amin + Mmax

The order of setting parameters is as follows. We pick any k > 1. Then we find the minimal ¢
satisfying (126),

A
¢, (k) = max (k 4 [k max @] , [(k + 1)@}) ,
Mmin Mmin Hmin

and in the Hamiltonian case we use (128)

EH(k)—k+1+[(k+1)/\max}
1 - .

min

Analogously we find the minimal ¢, satisfying (127).

€5 (k) = max (k + [k““m + Ama"} , |:(k + 1)“‘”])

Amin Amin Amin

and for the Hamiltonian case from (129)

ef(k)=k+1+[(k+1)’;mf‘]

min
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From (121) for general vector field we obtain

Q> Qo=12L1(k) + £2(k)
— max <k+|:k)\max + ,U«max:|’ |:(k+1)ﬂmax]) +

M min Mmin Mmin
A A
max(k—i—[k“ma)(%— max:|7|:(k+1) maxi|>
)\min )\min )\min

For the Hamiltonian case from (124) we obtain

0> QO:ZfI(k)—i—Z;I(k)—1=2k+1+|:(k+1)kmax]+[(k+l)%}

Mmin min

:2k+1+2[(k+1)m]

Mmin

Observe that we ignored condition (122) (and (125)), but we can always rearrange the decom-
position R = Ry + Ry, so that £, < ¢; and then from (120) (and (123)) it follows that go = Q¢ +3
and in the pure saddle case go = Qo + 2.

This finishes the proof of Remark 10.

6.4.2. Transformation removing the remainder
Consider the general vector field case. From the solution of cohomological equation for ¢ €
[0, 1] we obtain the vector field G(g, z) = T5;1 (G1(g,2)+Gal(e, 7)), which is at least C¥ in (¢, 7).
G(g, z) is defined for ¢ € [0, 1] and arbitrary z and satisfies for all ¢ € [0, 1] the following
estimates, see (94), (95), (96) in Lemma 28 and (117), (118), (119) in Lemma 29

G(e,2) = O (I(x, MITH,  (x,y) =0, (130)
IG(e, 2)Il < K[, DI, vz, (131)
IDG(e, )l < Kll(x, M, Vz, (132)

where k < ¢ + 1, and £ = min(€ (k), £, (k)) with ¢£; (k) defined in the previous section.
Note that Tsjk] preserves conditions (130), (131), (132), which were proved for G| + G».
The differential equation defining g (e, z) is

d
d—g(s,z) =G(e, g(8,2)). (133)
&

From (130) it follows that the points from the center manifold are fixed points of g; and
Dgy = Id for such points.

In view of (131) the solution may be defined only for a finite time (i.e., ) interval. To estimate
the length of this interval we proceed as follows. As

dllnxyg(e, )|

< K|meygle, ),
de <K| xyg( )

we compare ||y g (€, z)|| to the solution of the equation
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v'=Kv w(0) = |l zll,
which is given by (we assume that v(0) > 0)

v(0)
(1 — Ketv(0)Hl/e’

v(t) =

and we obtain

Izl

||7Tx,yg(<9s DI < =
Therefore if

1
||7TxyZ|| = Wy

then g(1, z) is defined.

The same reasoning applies to the inverse map of g, which is a solution of (133) moving
backward in time.

This finishes the proof of Theorem 3.

7. Sign symmetry
Assume that (compare (11)) P = {(z, ¢), z = (z4,z_) € R xR"2, ¢ € C?"}, i.e., we identify

RF4 x Cla with R x R"2.
Forl=1,...,m we define the hyperplane W; as

W = {(Z+,Z_,C) eP: Cl 20},

and W4 as
Wi ={(z+,72-,¢) € P:74 =0},
W_ ={(z4,z—,¢c) € P:z_ =0}

We also define the following subspaces

Vi={@4.2-.0)€P:2:=0,¢=0, [ # j}=[ W, N W_NWy,
I#]

m
Vi={(z4,z2-,¢0)€P:72_-=0,¢=0, l§l§m}:ﬂW10W_,
I=1

m
Vo={(z4,2-,¢)eP:z4+ =0,¢, =0, l§l§m}=ﬂW10W+.
=1
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Observe that our phase space has the following decomposition

P=V,@V_®Vi® @ Vy.

Let X and Y be the unstable and stable manifolds of the linearization at 0. We assume that we
have decompositions X = X1 @ X_ and ¥ = Y & Y_. We also assume that

Vi=X,®Y,, V_.=X_®Y_.

We introduce the variables x4, y+ by z4 = (x4, y4) € Xy @Yy andz- =(x_,y_)e X_HY_.

We will use coordinates x;+ and y;4+ in X4 and Y4, so that z_ is given by x;_ and y;_, etc. We
. o IR
will use multiindices « € N*1 and B e N2, to define z‘izi and

, etc.
o
9z

Definition 5. For any choice of signs 5,5, s; € {—1, 1} consider the map S, be given by

Ss(Z4,2-,C1sevvsCm) = (5424, 5-2,81C15 - -+, SmCim)-

We say that a differential equation or map or symplectic form has a sign-symmetry if it is S;-
symmetric for any choice of signs {s = (s, s—, S1,...,5m)}.

In the Hamiltonian case we assume that

i i
QZZde_Adyj_+Zde+/\dyj++EZde/\de. (134)
j j k

Observe that if 2 has sign-symmetry, Q2(S;(z, ¢)) = Q(z, ¢) for any s and (z, c) € P.

Observe that the sign-symmetry implies the invariance of the spaces W, for a vector field or
map and also the subspaces V; and V. are invariant. Moreover, the origin O is a fixed point of an
o.d.e. or map under consideration.

It is easy to see that

o the inverse map of G with sign-symmetry has also this property

e the composition of two maps with sign-symmetry has also this property,

e a vector field with sign-symmetry induces a flow for which any time shift has also these
properties.

Our goal is to establish the following extension of Theorem 3.

Theorem 30. Consider system (10) with the same assumptions as in Theorem 3. Then the change
of coordinates bringing it to polynomial normal form (12) has sign-symmetry if system (10) has
sign-symmetry and is symplectic if the transformed system was Hamiltonian.

For the proof of Theorem 30 we show that each step in the construction of coordinate change
in Theorem 3 is performed so that the sign-symmetry are preserved. Obviously the regularity of
the coordinate change is the same as obtained in Theorem 3. Corollary 11 is also valid in the case
of sign-symmetry.
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7.1. The toy model system for transfer of energy in NLSE

The motivation of the present work was the toy model system derived in [8] in the context
of the transfer of energy in cubic defocusing non-linear Schrodinger equation (NLSE), see also
[11] and references given there.

The phase space is described by z = (x_, y_, x4, y+, ¢) € R* x CV. The toy model system
is

_= Ax_+ 02(z%),
V- =—=hy_ + 02(z1%),
ir= g+ 02(zP), (135)
Vi = —dyi + 02(12),
&= ine+0(»), I=1,...,N
where A > 0, v; > 0. We assume that {(x_, y_, x4, y+) = 0} is invariant and the system has the

sign-symmetry.
The following result follows from Corollary 11 adapted to include the sign-symmetry.

Lemma 31. For any k > 1 if system (135) is C? with q sufficiently large, then there exists a C*
change of variables in a neighborhood of the origin, transforming system (135) to the system

X_= Ax_+ N,_(2),
Y- =—=Ay_ + Ny_(2),
Xy = Axy+ Ny (2),
V+=—=Ay+ + Ny, (2),
co= ivice+02), £=1,...,N

where for any saddle variable v € {x_, y_, x4, y+} we have

N@= Y gum@)"+ Y gum@",

meMi meMy

where gy m are continuous functions, M1 ,, M2, are finite sets of indices, and any 7" is a reso-
nant monomial for the saddle variables, satisfying on the one hand ms :==my,_ +my_+my, +
my, >3 andm. =0 ifm= (mxf,myf,mm,m”,mc) € M ,, and on the other hand mgy = 1
andme >3 if m € M .

This change of coordinates preserves the sign-symmetry and if the original system is Hamil-
tonian, then this change is symplectic.

Proof. We take any P = Q + 2, this gives us P + 1 — Q = 3 which gives m. > 3 in the second
sum. We have m; > 3 because there are no resonant terms of order 2. O
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Let us see what ¢ we need to guarantee k = 2. For this we use Remark 10. We have (see
Definition 2)

Mmin = Mmax = Amin = Amax = A.

Hence from (13) for a general vector field we obtain

Qotk) =4k +2, qo(k)=4k+5,

while for a Hamiltonian system (see (14)) we obtain

Qo(k) =4k +3, qo(k) =4k +6.

For a general vector field, we need ¢ > g9, ¢ — 1> P > Q, g > QO + 3 (see the statement of
Theorem 3). We take P = Qg (k) + 2 to obtain

P=4k+4, q=>4k+5.
Hence to obtain k = 2 we need g > 13. In the Hamiltonian case we need g > 14.
7.2. Conditions of sign-symmetry for Hamiltonian systems

For Hamiltonians with the symplectic form (134) the sign-symmetry is

R(2) = R(S5(2)) (136)

for any choice of signs {s}. It is easy to see that the Hamiltonian vector field induced by R using
the symplectic form (134) also has sign-symmetry.

However after straightening center-stable and center-unstable manifolds the symplectic form
T, <2 is no longer in standard form (134) and the relation between Hamiltonian and its induced
vector field given by (4) is more complicated than (6). However, we will show that the straight-
ening transformation 7, has also sign-symmetry, as well as 7,2 and the condition on the
sign-symmetry of T, R will be still (136).

8. Preservation of sign symmetry for all steps leading to polynomial normal forms
8.1. The sign-symmetry for the Taylor expansion in saddle directions

The goal of this section is to show that if a map or vector field or Hamiltonian function has the
sign-symmetry, then each term in the Taylor expansion has the sign-symmetry. This is a content
of Lemma 32. This result is needed to justify that removing the non-resonant terms can be done
preserving the sign-symmetry.

Assume G € C27*! (vector field or map). The Taylor formula with respect to saddle directions
(z+, z—) with an integral remainder might be written as follows
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o
G
Gi,l(Z+,Z—,C)=Z Z a®? :l (z+£=0,0)z52" A

i=0jal+pl=i 02592
+ Y At e 0, (137)
lee|+[Bl=0+1

where a®# are some constants and dif (z+, z—, ¢) are coefficients of the (Q + 1)-linear map
representing the remainder

(1—t) 1
Gt Rem(Z4, 2, €) = / D Gtz tam odt | @42

i.e., up to the constant depending on ¢, 8 and Q,

99+1Gy
Ayl (ep 2o ,c)—a“ﬂf(l—t)Q—ﬂ(zu,rz, c)dt.
0259z

For each term (137) we can define a map as follows. For example the term a

c)z‘iz'f induces the map T(z4,z—,c) = (T+(z+,z_,c),T_(z+,z_,c),T1(z+,z_,c),...,

Tn(z4+,2-,¢)), with

3G,
Ti(zy,2-, 0 =a"?——2(0,0,02¢z", T-=0, 17
0z§9z”

1]
e

and analogously for the other terms.

Lemma 32. Assume that G € C2*! has the sign-symmetry. Then each non-vanishing term (i.e.
not identically equal to 0) in the Taylor expansion (137) also has the sign-symmetry.

Proof. The sign-symmetry of all the terms with respect to the changes of sign on ¢ is immediate.
Hence it is enough to consider the changes of signs of z4 (for z_ the proof is analogous).

Consider G; (for G_ the argument is the same). The sign-symmetry with respect z means
that G;(z+,z—, ¢) = Gi(—z4, z—, ¢). This implies that

glel+1Bl G
7}3’@ —0,z_,¢)=0, if |a|isodd.
0250z

Therefore all terms of order less than or equal to Q have the symmetry z4 — —z.
Now we look at the remainder. Since for all ¢ it holds that

glal+1Bl g, e
7/3(?24-,1‘2—76'):(_1) 7‘3(1‘(_&}),1‘2—, c),
0z§0zZ 0750z
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we see that

glal+lBlG glel+Bl G
2y, 12, 0 = (DM (= zp) 12, @) (-2 ),
0750z 0250z

and therefore

d,a’ﬁ(—er,z,,c)=d,°"’3(z+,z,,c).

This establishes the sign-symmetry with respect to z4 of all the remainder terms for Gj. It
remains to consider G1. The sign-symmetry with respect z4+ means that G4 (z4+,2—,¢) =
—G4(z4, z—, ¢). This implies that

ale+lBlG

PP (z+ =0,z-,¢) =0, if|a]iseven.
25020

Therefore all terms of order less than or equal than Q have the symmetry z4+ — —z4.
Now we look at the remainder. Since

glal+lBl G altlblG
(1212, ) = (D) o (2 12 ),
0z50z” 0230z
we see that
ol +Bl G glel+lBl G
Tz 1zm, 028 = (D = (r(—zy), 120, O (—z)%
B B
0z§9z_ 0z%0zZ

and therefore
di’ﬂ(—@r, z_,c)= —di’ﬂ(u, 7_,0).
This establishes the sign-symmetry with respect to z4 of all the remainder terms for G. O

8.1.1. Sign-symmetry for Taylor expansions for Hamiltonians
The Taylor formula with an integral remainder might be written as follows

Q i
G(z4,2-,0) = Z Z a®? iGﬂ (0,0, c)zizé + Z d“P(z4, 7, c)zizé
i=0lalH1pl=i 02407 | +A=Q+1
(138)
where a®# are some constants and dy,g (24, 2—, c) are the coefficients of the (Q + 1)-linear form
of the remainder

(z4,2-)

1
1—1¢
GRem(24,2—,0) = f%D(Q“) G(tzy, tz—, o)dt | (z4,z_) 2,
J !
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i.e., up to the constant depending on « and 8,

1

0+1
d*P(z4,z-,¢c) =a%P /(1 -2 3 (tzy4,tz—,c)dt.
) 0z§9z7

Lemma 33. For Q > 2 assume that G € C2%2 has the sign-symmetry. Then every non-vanishing
term (i.e. not identically equal to 0) in the Taylor expansion (138) also has the sign-symmetry

We omit an easy proof similar to the proof of Lemma 32.
8.2. The sign-symmetry for the terms in the Taylor expansion in y-direction

The goal of this section is to show that all the terms defined in the decomposition obtained in
Lemma 24 have the sign-symmetry if the original vector field (or map) has it.

In this section we use coordinates (x, y, ¢), x = (x4, x-),y = (y+, y—),sothat z = (x4, y4+)
and z_ = (x—, y_).

Given a vector field (or map) R we write it as (compare with (79))

1
R(x,y,¢) = R(x,0,¢) + DyR(x,0,¢)y +---+ BDﬁR(x, 0,¢)(y)"

+Rem(x, y, c)(y)**! (139)

Lemma 34. Assume that R € C1® has the sign-symmetry and € + 1 < q(R). Then every term
in (139) also has the sign-symmetry.

We omit an easy proof.
8.2.1. The sign-symmetry for the terms in the Taylor expansion in the y-direction for

Hamiltonians
Recall that the condition for the sign-symmetry for a Hamiltonian G is given by (see (136))

G(2) = G(Ss(2))

for any choice of signs {s}.
Given a Hamiltonian R we write it as (compare with (79))

1
R(x,y,¢) = R(x,0,¢) + DyR(x,0,¢)y + -+ BDfR(x, 0,¢)(y)"

+Rem(x, y, )(») . (140)
Lemma 35. Assume that R € C1®) and £ + 1 < q(R). If R has the sign-symmetry, then every
non-vanishing term (i.e. not identically equal to 0) in the Taylor expansion (140) also has the
sign-symmerry.

We omit an easy proof.
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8.3. The sign-symmetry is preserved in the preparation of the remainder

Assume that R has the sign-symmetry.

The decomposition R = Rj + R is performed using Lemma 24, then from Lemma 34 for
general vector fields and Lemma 35 for Hamiltonians we know that R and R; have the sign-
symmetry.

8.4. The transformation removing non-resonant terms preserves the sign-symmetry

Assume that vector field Z (or the Hamiltonian Z) has the sign-symmetry.

For a general vector field, the transformation bringing Z to the normal form is a composition
of maps of the type Id plus some non-resonant terms (see [1]). From Lemma 32 it follows that
each such term has the desired geometric properties, and the induced transformation also has.

For Hamiltonians the transformation removing non-resonant terms (see for example [13,12])
is a composition of symplectic maps, which are the time shift 1 of the Hamiltonian flow induced
by the polynomial non-resonant term in the Hamiltonian to be removed. From Lemma 33 it fol-
lows that each such term has the sign-symmetry. So the induced time-1 also has sign-symmetry.

For reference purposes, we formulate the above as a lemma.

Lemma 36. The transformation of removing non-resonant terms can be performed in such a way
that the sign-symmetry is preserved. Moreover, in the Hamiltonian case it is symplectic.

8.5. The sign-symmetry and preparation of compact data

When preparing “compact data” in Section 5.1 we modified the vector fields and Hamiltoni-
ans.

The question is: if Z and R have the sign-symmetry, then Z and R introduced in (37)—(38)
will also have the sign-symmetry? Analogously for the Hamiltonian H introduced in (43). The
answer is yes if the function 7 used in both cases is constructed as follows.

Let o : R — [0, 1] be C*° with compact support and such that a(x) = a(—x), so that &’ (0) =
0. We define n, which will not depend on ¢, by

N(X1+, X4, .o, Y14, Yo, - - -) = e (xiy) - T (x )M (yig) - e (yio). (141)
Observe that

0 . d
1 (p)=0, ifxs(p)=0, ’7
dxi+ 0yi+

(p)=0, ify+(p)=0.

The following lemma is obvious

Lemma 37. Let 1) be as in (141). Assume that the vector field Z and R have the sign-symmetry.
Then Z and 'R have it too. The same for the Hamiltonian Z and R, as long as Z and R have the
sign-symmerry.
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8.6. The transformation straightening the invariant manifolds preserves the sign-symmetry

Let (x—, x4, y* (x—, x4, ¢), Y{ (x_, x4, ¢), ) be the center-unstable manifold
and (x* (y—, y4,0), xi (y—,y4,¢), y—, ¥4,c) be the center-stable manifold as obtained in
Lemma 17.

We have the following result about some properties of the functions y§ and x7..

Lemma 38. If the vector field (33) has the sign-symmetry, then for any sy, s— € {—1, 1} it holds

that
V(X ek, cx) = YU (X, —ck, C4), (142)
Xy, ks c) = X0 (Y, —Ck, C4), (143)
Vi(spxp,s_x_,c)=syyi(xg,x_,¢), (144)
YE(spxp,s_x_,c)=s_y'(xy,x_,0), (145)

X3 (54 Y4, 5—y—, €) = 54X3 (¥4, y—, €)

XL (44, 5-y—, ) = 5-x2 (¥4, y-, ©).

Proof. It is enough to consider the equalities involving the function y“, because analogous sym-
metric arguments give us the statements for x*.

The center-unstable manifold is the graph of the function (x_, x4, c) — (Y (x_, x4, ),
Y (x_, x4, c)). The sign-symmetry (cy — —cx) implies that (x, y*(x, ¢k, ¢x), ¢k, cx) € W iff
(x, y*(x, ¢k, c4), —Ck, ) € W, Therefore

V(X ek cx) = Y1 (X, —ck, €4).
This establishes (142) (and by symmetry (143)).

The sign-symmetry (z_ — —z_) implies that if (x4, x_, y§ (x4, x_,¢), 2 (x4, x_,¢),0) €
W, then (xy, —x—, Y (xy,x_,¢), —y" (x4, x_, ), c) € W, Therefore

yi(-x"r’ —X—, C) = yf:-(-x-'r’-x—? C)a yi(-x-ﬁ-a —X—, C) = _yi(-x-ﬁ-’x—a C)-

This argument and an analogous one for the sign-symmetry z4 — —z4 establishes (144) and
(145). O

From the above Lemma we immediately obtain the following result.

Lemma 39. If the vector field (33) has the sign-symmetry then, for every ¢ € [0, 1], the transfor-
mation T, defined by (52) has the sign-symmetry.

8.7. The solutions of the cohomological equation have the sign-symmetry
Recalling that
dp . .
° a—(t, z) and S(¢, z) were defined in Section 6,
z
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e G and G, were defined by (87) and (113), respectively,
it is obvious that G| and G have the sign-symmetry.
8.8. Conclusion of the proof of Theorem 30

We have shown that all stages in the construction of the coordinate change of Theorem 3 have
the sign-symmetry. This finishes the proof of Theorem 30.

Appendix A. Logarithmic norms and related topics
In this section we state some facts about logarithmic norms and their applications to ODEs

[9,14-16].
We define for a linear map A : V — V of a normed space

m(A) = | iﬁlf1 IAC . (146)
x||l=
For an interval matrix A C R¥*" we set
m(A) = inf m(A). (147)
AeA

Definition 6. For a square matrix A € R"*" we define the logarithmic norm of A denoted by
Miog(A) by [9,14-16]

. M +hA|— 1]
piog(A) = lim T
and the logarithmic minimum of A [7]
I +hA)— |1
mi(A) = Tim TR I
h—0t h

It is known that t1og(A) is a continuous and convex function. Moreover, see [7, Lem. 3],

mi(A) = _Mlog(_A)'

In the following theorem a bound on the distance between solutions of an ODE is established
in terms of the logarithmic norm. The proof of this result can be found in [14] (the part involving
Miog) and in [7, Thm. 5] for the lower bound involving m;.

Theorem 40. Consider an ODE
x = f(t,x), (148)

where x e R" and f:R x R" — R" is C1.
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Let x(t) and y(t) for t € [ty, to + T'] be two solutions of (148). Let W C R" such that for each
t € [ty, to + T'] the segment connecting x(t) and y(t) is contained in W. Let

L= up Mlog —f (t )
= N , X .
] : ax

xeW,telty,to+T

0
= inf m <—f(t,x)) .
xeW,telto,10+T1 0x
Then for t € [0, T] it holds that
exp(l1) ||lx (o) — y(o) |l < llx(t0 + 1) — y(to + 1) || < exp(L1) [x(10) — y(t0)ll-
From the above result one easy derives the following theorem.

Theorem 41. Consider an ODE

x'=f), (149)

where x € R" and f : R" — R" is C'.
Let x(t) be a solution of (149) and let W C R" such that x(t) € W for each t € [0, T]. Let

0
L = Sup Mlog (a_f(t7x)) ’
xeWw X

Then for t € [0, T] it holds that

0 0
d<m (L)), D t.x)| <expLr), re[0,T]
0x 0x

The following theorem follows from Lemma 4.1 in [15]
Theorem 42. Assume that either
e 7:[0, 7] — R is a solution of the equation
()= A@) - z(t) + (), (150)
where § : [0, T] — R¥ and A : [0, T]1 — R¥** are continuous.
or
e 7:[0, 7] — R*** is a solution of the equation
Z)=A@)-z(t) +8(1), (151)
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or the equation

7)) =z(@1)- At) + 8(2), (152)
where § : [0, T] — R¥*K and A : [0, T] — R¥*k are continuous.

Assume that the continuous functions J : [0, T] — R and C : [0, T] — R satisfy the follow-
ing inequalities for all t € [0, T]

Mg (A() < J (1), 18(1)] = C ().

Then

[z < y(@)

where y : [0, T] — R" is a solution of the problem

Y =Ty +C@), y(0) = 1z(0)].

While the result for (150) is indeed a direct consequence of Lemma 4.1 in [15], the statements
for (151) and (152) are obtained by the same reasoning which led to Lemma 4.1 in [15].
From Theorem 42 we immediately obtain the following result.

Theorem 43. Under the same assumptions about z(t), A(t), 6(t), C(t) as in Theorem 42, assume
that there exists o € R such that

Then

t
1z(t)] < e*'|z(0)] +/e“(’_S)C(s)ds. (153)
0

In the previous results, the choice of norms has been arbitrary. We now apply these results
to the case where the norm is Euclidean. In this case we have the following formula for the
logarithmic norm of a matrix.

Lemma 44. If we choose the Euclidean norm for the computation of j1105(A), then

Miog(A) = max{A € spectrum of (A + AT)/2} = ”m”ax] (Ax, x) (154)
x||=

my(A) = min{A € spectrum of (A + AT)/Z} = ||m|i£11(Ax’ x). (155)

x|
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Appendix B. Some results about normally hyperbolic invariant manifolds

The content of this section is taken by adapting the results of [6] for the maps case and of
[7] for the ODE case. In those papers, the normally hyperbolic invariant manifold was A = T,
while here we consider A = R€.

In [6,7] the covering map for a c-dimensional torus

¢ :R*—> A=R/(2Rn)-2)",

provided a global coordinate system for the whole torus. Given a map f or a vector field on
A x R" x R?, it can be lifted to R¢ x R* x R and all the assumptions in [6,7] are formulated
in terms of the ‘lifted” f. The lifted f are periodic in the first variable, but nevertheless, all
the techniques and conclusions also apply to the situation when we have uniform bounds in the
center direction (i.e., R¢), and are therefore applicable to global maps or vector fields defined on
R¢ x R* x R¥. In addition, some topological conditions that appear in the case of the torus can
be dropped in the global case.

Throughout this section we shall use the notation z = (X, x, y) to denote points in R¢ x R* x
R?®. This means that the notation A will stand for points on A, x for points in R*, and y for points
in R*. We will write f as (fi, fx, fy), where fi, fx, fy stand for projections onto A, R* and
R?, respectively. On R¢ x R* x R*® we will use the Euclidian norm.

B.1. NHIMs for maps
Given U C R¢ x R* x R* we consider a C¥*! map, fork > 1,
f:U—R xR xR®.

In [6] where we considered tori, a number R, being the radius (in fact period of lifted f in
A-direction) was introduced. Now when considering A = R” we can take Ry = oo.
For any R > 0 (in [6] it was required that R < %R A) denote by D = D(R) the set

D(R) = A x B,(R) x Bs(R),

where B, (R) stands for a closed ball of radius R, centered at zero, in R”.

We will now define several constants £ and u related to the expansion and contraction rates
of f on D along several directions. These constants are defined on the set D and depend on L
(this will measure slopes) and the notion of P(z) for z € D.

In [6, page 6220] it was asked that L € (123_1;’ 1), but in our global case we can have arbitrary
L and we can set

P(g)=D.
The restriction on L and the notion of P(g) were introduced in order to have a projection of cones
with slopes L or 1/L to be on the same chart (defined by ¢) on A and P(g) was a preimage of
all points that can be the same chart as point g. For the same reason we also drop the backward

cone condition (Def. 14 in [6]).
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Before presenting definition of various constants that describe expansion and contraction rates
we need to introduce one more notation.

Definition 7. Let f : R” — R* be a C! function. We define the interval enclosure of the deriva-
tive Df on U C R" as the set [Df(U)] C R¥*"_ defined as

[Df(U)]={A=(dij)i.=1, Lk iaij € |:1Hf j: (%), sup —— Ui (x)“.

j=1,...n xeU ax]

Recall that in (146) and (147) we already defined m(A) and m([D F(U)]). These notations
are used below.
For L > 0 and the set D we define (see [6, page 6220])

1 afy
+Z ‘3()»,)6)&)”’

dafy
s,1 = Sup { H Uy (2)
zeD dy

d Af(nx
oyt 2

zeD
s (5 0) - lmamell
Eu1p =Ziglgm[ﬁ<1)< ))] - a(af‘y) @]
o spfo () o]
e | ot R e |
Mw2=::g{H syl zlaas el
o= (550) -+ [ |

scu‘l,p=;glgm[8g“))< ())} L sup %() :
syl (2) - e

Definition 8. [0, Def. 5] We say that f satisfies rate conditions of order k > 1if &, 1, &,.1.p, &u.2,
Ecu1> &cu,1, Py cu,2 are strictly positive, and for all £ > j > 1 it holds that

s, 1 < 1< su,l,P,
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Mes, 1 Ms,1
<1, <1,
Eu,1,p Scu,1,pP
j+1
(Mcs,l)] Ms,2
— <1, T < 1,
éu,Z (é;-cu,l)]
Mes,2 <1, Ms,1 <1
Su,] Scu‘Z

We introduce the following notation:

Jo(z, M) = { (e, x,9) 1 |y x) — ez < M ||y — myz]},
JM (Z,M): {()\.,X, )’) ||()"s Y) _ﬂk,yZ” SM”-X _an”}-

We shall refer to Js(z, M) as a stable cone of slope M at z, and to J,,(z, M) as an unstable cone
of slope M at z.

0

i——oo 18 @ (full) backward trajectory of a point z if

Definition 9. We say that a sequence {z;}
z0=2,and f (zi—1) =z; foralli <O0.

Definition 10. We define the local center-stable set in D as

Wi ={z: f"(z) e Dforalln e N}.

loc —

Definition 11. We define the local center-unstable set in D as

Wiat = {z : there is a full backward trajectory of z in D}.

Definition 12. We define the maximal invariant set in D as
Ay = {z : there is a full trajectory of z in D}.
Definition 13. Assume that z € W[\,. We define the local stable fiber of z as
e = {peD:f"(p) el (f"().1/L)yn D foralln e N}.
Definition 14. Assume that z € W[_¢. We define the local unstable fiber of z as

0

i——oo Of pin D, and for any such

wH = { p € D : 3 backward trajectory {p;}

z,loc

i=—o00

backward trajectory {zi}O of zin D it holds that p; € J,, (zj, l/L)YN D } .

The definitions of Wzsﬁ loc and WZ loc are related to cones, which is a nonstandard approach, as
the standard one is through convergence rates. In [6] it is shown that it implies the convergence
rate as in the standard theory.

Under above assumptions it will turn out that f is injective on W Therefore the backward
orbit in the definition of WZ"’1 oc 18 unique.
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In [6, page 6223] for given A € A the set DAi was defined. Now when A = R¢ we do not need
to ‘localize’ D in a good chart and instead we define the following sets:
DT =R x B,(R) x 8B,(R),
D™ =R x dB,(R) x Bs(R).

This is a ‘global’ modification of Def. 15 in [6]
Definition 15. We say that f satisfies covering conditions (on D) if there exist a homotopy &
h:[0,1] x D — R x R* x R®,
a A* € R¢ and a linear map A : R* — R which satisfy:

1. ho= flp,
2. forany « € [0, 1],

hoe (D7)ND =4,
he(D)N DT =0,

3. hi (A, x,y) =(\*, Ax, 0),
4. A(@B4(R)) CR*\ B,(R).

The following theorem is Theorem 16 in [6]. The only change is that now A = R¢, we assume
the boundedness of || D/ f| for j =1, ...,k+ 1 on D and we drop the backward cone condition.

Theorem 45. Let A =R k>1and f : D —- A x R* x RS be a C*Y map. If f satisfies
covering conditions and rate conditions of order k, and ||D’ f| are bounded on D for j =
1,...,k, then WES., W and A* are C* manifolds, which are graphs of C* functions

loc> " loc

w i A x Bg(R) — Bu(R),
wi : A x B,(R) — By(R),

oc

x:A— B,(R) x By(R),
meaning that

W ={(h wis.(h, y),¥) : A € A,y € By(R)},

loc loc

Wt = {(hox. wi () A € Aux € Bu(R)).

loc — loc

A*={(, x(W) : 1€ A}.
Moreover, if f restricted to W{ is an injection, wy,, and wi, are Lipschitz with constants
L, and x is Lipschitz with the constant ~/2L /N1 — L2. The manifolds Wi and Wil intersect
transversally on A*, and W N W = A*,

loc loc
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The manifolds Wy, and Wi are foliated by invariant fibers W} . and W

loc loc Zsloc”

graphs of C* functions

which are

:Bs(R) > A X By(R),
:B,(R) = A x Bs(R),

z loc *
z loc *

meaning that

Wzsloc {(w;,loc(y)’y):yGES(R)}9

Wz,loc = {(n)‘wzu,,loc (x) > Xy n}'w?,loc (x)) X e E“ (R)} :

The functions w® , and w", are Lipschitz with constants 1/L. Moreover,

z,loc z,loc

= {p € D: f"(p) € D forall n >0, and 3ng, IC > 0 (which can depend on p)
) = @) = culy ).

s
z,loc

s.t. for n > nyo,

and if {zi}?:_ oo 18 the unique backward trajectory of z in D, then

e = { € W : such that the unique backward trajectory {p; }?. of p in D satisfies that

i=—00

dng > 0, 3C > 0 (which can depend on p) s.t. for n > no, || p—p — z—nll < C&'M_’f P} .

Remark 46. The above theorem says nothing about the dependence of W on z.

loc

From the proof of Theorem 45 we immediately obtain the following result.

Remark 47. In the context of Theorem 45 the following holds. For j =1, ..., k the derivatives
of the functions wy,., wloc, . loc of order j are bounded by some constants K depending on

|IDS f|| fors =1,...,j and constants L, & and w.

While in [6] there is no explicit general formula for K ;, the explicit bound for second deriva-
tives has been worked out in Theorem 23 in [7].

Observe that we obtain L or 1/L as bounds for the Lipschitz constants for the functions wloc,
Wioe» Wioes Wyy.- Hence when L is small we get quite big bounds for some slopes. This is clearly
an overestimate for the case when T x {0} x {0} is our NHIM. This a consequence of the choices
that have been made when formulating Theorem 45, as the authors in [6] did not introduce
different constants for each type of cones, plus several inequalities between them. However,
below following [6] we give conditions which allow us to obtain better Lipschitz constants.

Theorem 48. [6, Thm. 17]

ny
ZSEB{H ()H Hau,x)(” }
. 10,5 1 f(k x)
E_Z‘é’zf)m([a(x,x)(P(Z))]) M ()”
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If assumptions of Theorem 45 hold true and also & /jv > 1, then the function w? . from Theo-
rem 45 is Lipschitz with constant M.

Theorem 49. [6, Thm. 18]

. I
g_zlilfgm([_(” ))D_MSEB 700 @)
_ 9f(,y) 6.y
“_ZS:B{ a (. y)()H M” ()”}'

If assumptions of Theorem 45 hold true and also & /i > 1, then the function w’z‘ loc Jrom Theo-
rem 45 is Lipschitz with constant M.

Theorem 50. [6, Thm. 19]

. fo,%) B f()\x)
g_zlggm[au o e ))} Mson ]~y
ofy 1| o
w=snl |5 o]+ 5 o5

If assumptions of Theorem 45 hold true and also & /ju > 1, then the function wyy. from Theo-
rem 45 is Lipschitz with constant M.

Theorem 51. [6, Thm. 20]

£ 1 of
= mfm[_(P(Z))} A e
_ f0.y) .y
w=sp || |||

If assumptions of Theorem 45 hold true and also & /ju > 1, then the function wy,. from Theo-
rem 45 is Lipschitz with constant M.

B.1.1. Comments on the inequalities

Let J$(z, M) and J¢(z, M) stand for the complements of J;(z, M) and J, (z, M), respectively.
We now discuss the meaning of several inequalities on Definition 8 of rate conditions as well as
where they are needed (see section 3.3 in [6] for more details):

® [ics,1 <& 1, p:the forward invariance of J,(z, 1/L). §,,1,p > 1: the expansionin J,(z, 1/L)
for x - coordinate. This is needed for the proof of the existence of W€,
e £..1,P > I, 1: the forward invariance of J{(z, 1/L). 5,1 < 1: the contraction in y-direction
in Jy(z, 1/L). This is needed for the proof of the existence of W<,
Bs2 _ 1, j=1,...,k: the Ck-smoothness of W¢.

(Eut 1)j+1
(Mcs ])] 1 _ . k cs
e g, < j=1,..., k: the C*-smoothness of W¢.
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< 1: the existence of fibers W“

,uv l

® Szru,l.P

’2”2 < 1: the C* smoothness of wy
< 1: the existence of fibers WS

g” < 1: the C* smoothness of w;
B.2. NHIMs for ODEs

about maps were adapted to the context of ODEs. The goal of this section is to describe how
these results extend to the case of A = R¢

The content of this section is partially based on Section 5 in [7], where the results from [6]
We consider an ODE

where

q' = f(q),

(156)

fiAXRYxR® - R x R¥ x R®
We denote by ® (7, g) the flow induced by (156)

We define the notion of an isolating block, which is an ODE version of Definition 15
Definition 16. [7, Def. 19] We say that D(r)

A x By (r) x Bg(r) is an isolating block for f if
1. Exit. For any g € A x 9B, (r) X Bs(r)

(x Fe(q)|meq) > 0
2. Entry. For any g € A x B, (r) x 9B (r)

(157)
(n}'Fs(Q)VTyQ) <0

(158)
Isolating blocks are important constructs in the Conley index theory [17]. Intuitively, in Defi-
nition 16 the set A x dB,(r) x Bs(r) plays the role of the exit set, and A x B, (r) x dBg(r) of
the entry set.

Definition 17. We define the center-unstable set of ode (156) in D as

Wiee. p =1q : ®(t,9) € D forall t < 0}
and the center-stable set of ode (156) in D as

Wice.p =1q : @(t,q) € D forall t > 0}
We shall consider the set

D=A x B, (R) x By (R)
Since the set D will remain fixed throughout the discussion, from now on we will simplify
notation by writing W¢ instead of W " 0. D"
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We will now define the constants corresponding to £ and p for the map case.

The rule is that the corresponding constant for £ will be £ , and analogously for w.
The definitions are such that if we consider a map @ (4, -) i.e., the flow induced by (156) by
h > 0, then for all constants & and w it holds that (see Thm. 31 in [7])

w=1+hi +0mh>,
E=1+hE +O00).

Therefore following [7] we introduce the following constants (u10¢() and m;() are defined in
Appendix A)

af 1 af;
mzjup{ﬂlog< —(z )> Ha(xy (Z)H}’

eD
d ofn.x
lXE:sup{Mlog(% ) ” fo. FO0 )H}
z€D y

—)_, fx l 8fx
5“’1—225{ <_(Z)> Hau y)“H}’

@] »

0fx
(A, y)

£ inf my (212 (P(2)) !
= i m —_— — — Su
wLP = b "\ ox ¢ L Zeg

—> 5Y Y
1=su 1 @ ) +L|——=@|
Hes zeII)) {Mog (30\1)’) ox

— s Afo.y) 1] afs
Mcs,2 = SUup {N«log (3 o y) (Z)) + 2 H 3 0hy) (2) H } )

zeD

i x Afnx
= it o (38 0) - | Lna) .

écu,l,P = inf mj ( f(A ) ( ( ))) L sup f()»,x)( )
zeD

3. x) cen | ay Z"
st (o)« )
zeD 0x

— /0.0
é;-cu,Z = Zlggml <3()\, ) (z ))

@] -

(A, x)

zeD
We define the rate conditions for ODEs as follows.

Definition 18. [7, Def. 28] We say that the vector field f satisfies rate conditions of order k > 1
if for all k > j > 1 it holds that

N —
s, 1 < 0< su,l,P,
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y Yy >
Mes,1 <Eu,1,P, Ms,1 <Ecu,l,P,
. — s =
PL—S,E <(j+ 1)5614,1’ Mes,2 < su,ly
. — —
G+ Dt <€z i <Eeun. (159)

In fact in [7, Def. 28] conditions (159) are missing. Because there the focus was just on W€,
and dealing with W¢* requires (159).

There is no ODE-analogue of Theorem 45 in [7], only a part of it related to W< is stated
there as Theorem 30. However, the full result stated below can in the same way be derived from
Theorem 45.

Theorem 52. Let k > 1 and assume that f is C*+1. Assume that D = A x B, (R) x By (R) is an
isolating block for f and f has bounded derivatives up to order k + 1 on D and rate conditions
of order k are satisfied on D for some constant L.

Then W, W and A* are C¥ manifolds, which are graphs of C* functions

w® . A x By(R) = B,(R),
we: A x B,(R) — Bs(R),
¥ :A— B,(R) x Bg(R),

meaning that

W ={(h, w* (., y).y): L€ A,y € By(R)},
W ={(x,x,w™(,y): A€ A, x €B,(R)},
A" ={(A, x() 11 € A}.
Moreover, w® and w are Lipschitz with constants L, and x is Lipschitz with the constant
V2L /1= L2. The manifolds W and W< intersect transversally on A*, and W 0\ W =
A*.
The manifolds W and W are foliated by invariant fibers W and W, which are graphs of

Ck functions

w®: Bg(R) = A x B,(R),

N
z

w?: B,(R) = A x Bs(R),

meaning that

w2

{(wS().) 1y e By(R)},
Wi ={(muw? (x),x, myw! (x)) : x € By(R)} .

The functions w} and w¥ are Lipschitz with constants 1/L. Moreover,
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WZS ={peD:®(t, p)e Dforallt >0, and 3Ty > 0, 3C > 0 (which can depend on p)
s.t.for 1 > Ty, | (1, p) — (1, 2)Il < Cexp(tiis 1)},

and
WY ={pe W™ :3T; <0,3C > 0 (which can depend on p)
—
s.t. fort < Ty, | (¢, p) — P2, 2)|| < CeXp(téu,l,P)} .
For j =1, ...,k the derivatives of the functions w, w®, w2 of order j are bounded by

,,,,,

Appendix C. Comparison with other works
C.1. Comparison with [3,4]

In [3] we have the following formulas for Q¢ and g¢ (denoted there by K) are given (see [3,
page 63, Theorem 3.20 in Chapter II Sec. 2.3] and ([3, 11.3.2 page 48])

Qo (k) = [Aﬂ +k(”“”“” + 1>] + [“ﬂ +k<x“’ax + 1)] +2, (160)

)Mmin min Mmin Mmin

qo(k) = Qo(k) + k.

It is clear that the value of Qg obtained by us (i.e., (13)) is smaller than that of (160). The
difference seems to be equal to two. Our value of g is also better.

The paper [4], inspired by [5], is an improvement of results from [3], as the authors consider
the preservation of volume, symplectic form or contact structure. In terms of Q¢ and go the
results appear to be better than the ones from [3], however the case of a general vector field is
not considered. For the Hamiltonian vector field they obtain (see [4, Theorem 8.1]) the following
inequalities (we use our notation)

2hmax(k + 1) Y

)\min

Qo(k) +1=gqo(k) > (161)

Since for Hamiltonian systems A4y = max and Apin = Umin We see that (160) gives

2hmax(k +1) 2

)\min

Qo(k) = k,

hence (161) is an improvement for Hamiltonian systems. As a result their numbers for Hamilto-
nian systems are better than ours.

Let us also stress that in [3,4] the authors show also how some resonant terms can be removed
by finitely smooth coordinate change, which we are not discussing in our work. In our paper [11]
(and also in [5]) we deal with the question of removing the remainder, only.
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C.2. Comparison with [5]
Theorem 1.2 in [5] gives (we use our notation) the following. Let

Amin Mmin

Wmax Amax + Wmin

A=
and let B for the general vector field be given by

Hyznax + WminAmax — Amin)
Mmax (Amax + Hmin)

Bno—struct =
and for Hamiltonian vector fields
Bpam =1—2A.

Then the relation between k and Q claimed by the authors is

1<k<QA-B.
Therefore
k+ B
k) > .
Qo(k) = 1
Moreover,
q0 = Qo +2.

It appears that the above bounds are considerably better than the ones obtained by us or in [3,4].
For example when [min = Umax = Amin = Amax Using the above formulas in the general vector
field case one obtains A = B = %, hence

Qo(k) =2k +1, q0 =2k + 3.

While our formulas give (see Section 7.1)

Qo(k) = 4k +2.

Therefore the technique from [5] appears to produce better constants for the pure saddle case.
We have found it difficult at adopt it to the case when center directions are present.

Data availability
No data was used for the research described in the article.
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