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 A B S T R A C T

We consider the Rydberg electron in a circularly polarized microwave field, whose dynamics is described by 
a 2 d.o.f. Hamiltonian, which is a perturbation of size 𝐾 > 0 of the standard rotating Kepler problem. In 
a rotating frame, the largest chaotic region of this system lies around a saddle–center equilibrium point 𝐿1
and its associated invariant manifolds. We compute the distance between stable and unstable manifolds of 𝐿1
by means of a semi-analytical method, which consists of combining normal form, Melnikov, and averaging 
methods with numerical methods performed with multiple precision computations. Also, we introduce a new 
family of Hamiltonians, which we call Toy CP systems, to be able to compare our numerical results with the 
existing theoretical results in the literature. It should be noted that the distance between these stable and 
unstable manifolds is exponentially small in the perturbation parameter 𝐾 (in analogy with the 𝐿3 libration 
point of the R3BP).

1. Introduction

1.1. State of the art of the CP problem

The CP Problem consists of the motion in an hydrogen atom placed in an external circularly polarized microwave field. This system has been 
intensively studied, both experimentally [1–3], as theoretically, from classical [4–8] and quantum [6,9,10] points of view, as well as numerically 
[11–18]. In a rotating frame (see Section 1.2), the CP problem reads as a 2 degree-of-freedom (d.o.f.) Hamiltonian system. For a small enough field 
strength or a large enough angular frequency of the microwave field, the CP problem turns out to be just a perturbation of some size, say 𝐾 > 0, 
of the rotating Kepler problem, and by KAM theory (see, for instance, [19, p. 276]) the phase space is full of 2-dimensional invariant tori with 
non-commensurable frequencies, except for the resonant zones around commensurable frequencies, which fill a domain of relative size 

(
√

𝐾
)

. 
These 2-dimensional KAM tori preclude the existence of unstable trajectories, and in particular of ionization, that is, the loss of the electron, which 
turns out to be the main topic dealt with in all these studies. Consequently, ionization only takes place when all KAM invariant tori break, which 
happens when the perturbation parameter 𝐾 is not so small.

However, for small 𝐾, the motion is not completely regular, and erratic trajectories can appear. Such kind of chaotic motion takes place outside 
the KAM tori, and is typically associated with the existence of saddle invariant objects. There are, at least, three zones where saddle objects may 
appear in the CP problem: (i) near collision with the nucleus, inside the first KAM torus, (ii) very far of the nucleus, say at infinity, outside the last 
KAM torus, and (iii) in the resonant zones, between the KAM invariant tori.

The aim of this work is to study the largest chaotic resonance zone, which happens to be associated with the lowest-order commensurability of 
the frequencies of the unperturbed invariant tori, and takes place around a saddle–center equilibrium point in a rotating frame, called 𝐿1, together 
with its associated invariant unstable and stable manifolds. Saddle Lyapunov periodic orbits emerge from 𝐿1, which are very important, indeed 
crucial, for the global behavior of the system [16]. As a matter of fact, it is a standard principle in dynamical systems that the saddle-invariant 
objects and their associated invariant manifolds are the main landmarks for understanding the global dynamical behavior of a dynamical system.
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Using an adequate cross-section, we measure the distance between the two branches of unstable and stable asymptotic trajectories to 𝐿1, which 
turns out to be positive and exponentially small with respect to the perturbation parameter 𝐾. This is a consequence of the fact that 𝐿1 is a
weak saddle–center equilibrium point, that is, with saddle–center characteristic exponents ±𝛬, ±i𝛺 for positive 𝛬, 𝛺, but with a saddle–center ratio
𝛬∕𝛺 = 

(
√

𝐾
)

 tending to zero when the size of the perturbation 𝐾 tends to zero.
The asymptotic formula found for this distance 𝑑 takes the form

𝑑 ∼ 𝜀𝑗𝐴 |𝜔|𝑟 exp(𝑏𝜔),  with 𝜔 = − 1
3𝜀2

 and 𝜀 =
(𝐾
3

)1∕4
,

where 𝑗 will depend on the model considered (besides the CP problem we will analyze other problems as well), 𝑏, 𝑟 and 𝐴 are the constants to be 
fitted, ordered in increasing order of numerical difficulty: first 𝑏 is fitted, then 𝑟 and finally the constant 𝐴, which is the one that poses the most 
difficulty, and for which we have not always been able to provide a significant number of decimals. One of the main reasons is that the perturbation 
parameter 𝐾 appears in the above asymptotic formula raised to an exponent 1∕2 or 1∕4, and so it is necessary to consider 𝐾 extraordinarily small 
in order to provide a good asymptotic approximation. A summary of results is provided in Section 6.

The measurement of this distance has been mostly carried out numerically (6)–(7), although in some cases it has been possible to verify it with 
theoretical formulas (32) with a fairly good agreement, although its exponential smallness makes a very precise fitting difficult.

The numerical measure requires dealing with high-precision computations (using up to five thousand digits) combined with the parameterization 
method –using an order of (up to) one thousand in the expansions involved– (described in Appendix  B) to get a local computation of the invariant 
manifolds, as well as Taylor method (implemented on a robust, fast, and accurate package by Jorba and Zou [20]) to integrate the system without 
a significant loss of precision. Multiple precision calculations have been performed using the mpfr library (see [21]).

Analytic approximations are also obtained for the invariant manifolds of 𝐿1. For this, we simply introduce action–angle variables, which are 
nothing more than the Delaunay variables for the Kepler problem, combined with a subsequent change to the Poincaré variables to avoid the 
degeneracy of the circular solutions of Kepler’s problem. In these variables, the CP problem consists of a perturbation of an integrable system 
formed by an isochronous rotor plus an amended pendulum. This amended pendulum depends on the perturbation parameter and gives rise to two
separatrices, which also depend on the perturbation parameter.

When the perturbation is taken into account, we introduce a direct approximation of the splitting of these separatrices, based on the study of 
the variational equations along them (this is the so-called Melnikov method) and we compare the distance between these approximate invariant 
manifolds with the one obtained with the aforementioned numerical calculations, performed both in synodic coordinates (6) for the rotating frame 
(in the Poincaré section 𝑦 = 0), and in Poincaré variables (7).

We have also verified that, to have a good analytical approximation, it is crucial to choose the right amended pendulum. For this reason, we 
also present an additional approximation equivalent to the Melnikov method, based on the application of the averaging method. We check that 
the choice of an adequate degree of the amended pendulum as a function of the perturbation parameter is totally necessary to obtain a good fit 
with the numerical calculations.

Unfortunately, there are no general theoretical results in the literature that can be directly applied to prove analytically the numerical results 
found for the CP problem, due to the fact that the perturbation presents a high-order singularity and that the integrable Hamiltonian where 
perturbative theoretical methods should be applied depends essentially on the perturbative parameter 𝐾. To discuss whether Melnikov method, 
when applied to a Hamiltonian given by an integrable part plus a perturbation, correctly predicts the found fitting formulas, it is necessary to 
consider both the integrable part and the perturbation.

This discussion has led us to the analysis of a more general Hamiltonian that we have called Toy CP problem (9), which, apart from 𝐾, also 
depends on two other parameters 𝑎 and 𝑚. More details are provided in Section 1.4. The observed phenomenology opens the door to a new world 
of theoretical studies.

It has to be noticed that the distance studied is much smaller in one of the separatrix, the internal one, than in the other one, the external
separatrix. For this reason, in this paper we focus on measuring the distance between the external asymptotic trajectories to 𝐿1.

This is a first step to measuring the distance between the two branches of asymptotic unstable and stable surfaces to the Lyapunov periodic 
orbits close to 𝐿1, and to show that they intersect along only two transverse homoclinic orbits. This computation will be performed in a future 
paper, and will provide a measure of the chaotic region close to 𝐿1, which is proportional to the transversality of these branches.

It is worth remarking that the CP problem is similar to the Planar Circular Restricted 3-Body Problem (R3BP), since both are perturbations of 
the rotational Kepler problem. Since the equilibrium point 𝐿1 of the CP problem is a weak saddle–center, it is also similar to the libration point 
𝐿3 of the R3BP, where similar features happen and theoretical results are available [22,23]. Therefore, we have applied a number of tools coming 
from Celestial Mechanics or, more generically, Hamiltonian systems, like invariant manifolds, Melnikov method, averaging method, etc.

1.2. The model for the CP problem

In the simplest case (assuming planar motion for the electron) the classical motion is governed by a system of two 2nd-order ODE

𝑋̈ = − 𝑋
𝑅3

− 𝐹 cos (𝜛𝑠) , 𝑅2 = 𝑋2 + 𝑌 2,

𝑌 = − 𝑌
𝑅3

− 𝐹 sin (𝜛𝑠) , ̇ = d
d𝑠

,

where 𝜛 > 0 is the angular frequency of the microwave field and 𝐹 > 0 is the field strength.
This system can be written as a periodic in time 2 d.o.f. Hamiltonian

𝐻(𝑋, 𝑌 , 𝑃𝑋 , 𝑃𝑌 ) =
1
2
(

𝑃 2
𝑋 + 𝑃 2

𝑌
)

− 1
𝑅

+ 𝐹 (𝑋 cos (𝜛𝑠) + 𝑌 sin (𝜛𝑠)) .

As in the R3BP (Restricted 3-Body Problem), we can get rid of the time dependence introducing rotating coordinates 
(

𝑋, 𝑌 , 𝑃𝑋 , 𝑃𝑌 , 𝑠
)

(

𝑋
)

= 𝑅(𝜛𝑠)
(

𝑋
)

,
(

𝑃𝑋
)

= 𝑅(𝜛𝑠)
(

𝑃𝑋
)

, 𝑅(𝜛𝑠) =
(

cos𝜛𝑠 sin𝜛𝑠
)

𝑌 𝑌 𝑃𝑌 𝑃𝑌 − sin𝜛𝑠 cos𝜛𝑠

2 
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to get an autonomous Hamiltonian

𝐻
(

𝑋, 𝑌 , 𝑃𝑋 , 𝑃𝑌

)

= 1
2

(

𝑃 2
𝑋
+ 𝑃 2

𝑌

)

− 1
𝑅

−𝜛
(

𝑋𝑃𝑌 − 𝑌 𝑃𝑋

)

+ 𝐹𝑋,

where 𝑅2 = 𝑋2 + 𝑌 2. To get rid of the angular frequency 𝜛 we perform the change (𝑋, 𝑌 ) = 𝑎(x , y), (𝑃𝑋 , 𝑃𝑌
)

= 𝑎𝜛(px , py ), which is a symplectic 
transformation with multiplier 𝑎2𝜛 with 𝑎 = 1∕𝜛2∕3, plus a scaling in time 𝑠̃ = 𝜛𝑠 to get a new Hamiltonian in the rotating and scaled coordinates 
(x , y, px , py ), usually also called synodic coordinates in the literature. 

H (x , y, px , py ) =
1
2
(p2x + p2y ) −

1
𝑟
− (xpy − ypx ) +𝐾x , 𝑟 =

√

x 2 + y2, (1)

where 𝐾 = 𝐹∕𝜛4∕3 > 0, with associated Hamiltonian equations 
ẋ = px + y, ̇px = py −

x
𝑟3

−𝐾,

ẏ = py − x , ̇py = −px −
y
𝑟3
,

(2)

being now ̇ = 𝑑∕𝑑𝑠̃. It is very important and useful to realize that this Hamiltonian system is invariant under the reversibility 
(𝑠̃, x , y, px , py ) ↦ (−𝑠̃, x ,−y,−px , py ). (3)

Note that for the case 𝐾 = 0 the system reduces to the rotating Kepler Hamiltonian. While the parameter 𝐾 appears solely in an additive form within 
the equation for the momentum px  in Eqs. (2), the situation changes significantly when 𝐾 > 0, and the dynamic of the CP problem become much 
more complicated than the one of the rotating Kepler problem. See for example [16], where the behavior of the CP problem is shown to exhibit 
erratic motion before ionization, with hyperbolic periodic orbits playing a key role, or [18] where the dynamics associated with the families of 
ejection-collision orbits and their bifurcations are studied.

In the literature, it is also typical to find the system associated with the Hamiltonian (1) written as a system of second-order ODE 
ẍ − 2ẏ = 𝛺x (x , y),

ÿ + 2ẋ = 𝛺y (x , y),
(4)

where

𝛺(x , y) = 1
2
𝑟2 + 1

𝑟
−𝐾x ,

and 𝑟 =
√

x 2 + y2. In this way, the system (4) has a first integral, known as the Jacobi first integral, defined by 

𝐶 = 2𝛺(x , y) − (ẋ 2 + ẏ2), (5)

and related to the Hamiltonian (1) by 𝐶 = −2H . For a fixed value of 𝐾 and the first integral 𝐶, the admissible regions of motion, known as Hill 
regions, are defined by

 = (𝐾,𝐶) =
{

(x , y) ∈ R2 ∣ 2𝛺(x , y) ≥ 𝐶
}

.

1.3. Invariant objects

The equations for equilibrium points ẋ = ẏ = ̇px = ̇py = 0 in system (2) are just

px = −y, py = x , x − x
𝑟3

= 𝐾, y −
y
𝑟3

= 0,

which give a whole circle 𝑟 = 1 for 𝐾 = 0, that is, for the rotating Kepler Hamiltonian. For the CP problem 𝐾 > 0 there are just two equilibrium 
points

𝐿1 = (x1, 0, 0, x1), 𝐿2 = (x2, 0, 0, x2),

with x 3
1 −𝐾x 2

1 + 1 = 0 and x 3
2 −𝐾x 2

2 − 1 = 0 so that x1 = x1(𝐾), x2 = x2(𝐾) are of the form

x1(𝐾) = −1 + 𝐾
3

+ 
(

𝐾2) , x2(𝐾) = −x1(−𝐾) = 1 + 𝐾
3

+ 
(

𝐾2) .

Since 𝐿𝑖 are critical points of the potential, the topology of the Hill regions changes at the values of the Jacobi constant corresponding to these 
points, or equivalently, at the values ℎ𝑖 = H (𝐿𝑖) of the Hamiltonian (1), for 𝑖 = 1, 2.

Note that for values H ≤ ℎ1, ionization cannot occur, and for values H ≥ ℎ2, the entire configuration space becomes a valid region of motion 
(see Fig.  1). This is of significant importance, as the point 𝐿1 and the dynamics associated with the invariant objects emanating from it act as the 
channel for ionization at the lowest energy levels where it is possible.

In particular, 𝐿1 is a saddle–center equilibrium point for all 𝐾 > 0, with characteristic exponents ±𝛬, ±i𝛺 with

𝛬 =
√

3𝐾(1 +  (𝐾)), 𝛺 = 1 +  (𝐾) ,

and associated 1D invariant manifolds, 𝑊 u(𝐿1),𝑊 s(𝐿1), which live in the energy level H = ℎ1 = H (𝐿1). Emerging form 𝐿1 there is a family of 
saddle Lyapunov periodic orbits 𝑂𝐿 around 𝐿1 for ℎ > ℎ1, with associated 2D-invariant manifolds 𝑊 u(𝑂𝐿),𝑊 s(𝑂𝐿), also called whiskers.

Notice that the saddle character of 𝐿1 is weak with respect to the parameter 𝐾, because its saddle–center ratio 𝛬∕𝛺 =
√

3𝐾(1+ (𝐾)) tends to 0 
as 𝐾 tends to 0. This will imply a very small distance between 𝑊 u(𝐿1) and 𝑊 s(𝐿1) and a very small transversality between 𝑊 u(𝑂𝐿) and 𝑊 s(𝑂𝐿), 
indeed exponentially small in 𝐾. This weak saddle–center character of 𝐿1 is totally analogous to the weak saddle–center character of the libration 
point 𝐿  of the R3BP (see [22]).
3

3 
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Fig. 1. In gray the forbidden region of motion for 𝐾 = 0.2 and H = −2 < ℎ1, H = ℎ1 and H = −1.5 ∈ (ℎ1, ℎ2) from left to right. 𝑃  denotes the position of the 
nucleus.

Fig. 2. (x , y) projection of the external 𝑊 u,e(𝐿1) and internal 𝑊 u,i(𝐿1) unstable manifolds of 𝐿1 (similarly for the stable ones) for 𝐾 = 0.1, 0.01 and 0.001 from 
left to right. In gray the forbidden region of motion for ℎ1.

In this paper, we will focus only on the invariant manifolds 𝑊 u(𝐿1),𝑊 s(𝐿1). We distinguish between the external branches of the manifolds, 
𝑊 u,e(𝐿1), 𝑊 s,e(𝐿1) and the internal branches 𝑊 u,i(𝐿1), 𝑊 s,i(𝐿1). The four different branches for 𝐾 = 0.1, 0.01 and 0.001 are displayed in Fig.  2. 
Notice that the external branches seem to coincide (similarly the internal ones) but they do not. Precisely, the purpose of this paper is to analyze 
the small distance — splitting — between them.

Actually we will concentrate on the external branches that will be simply denoted, from now on, by 𝑊 u(𝐿1),𝑊 s(𝐿1) (unless there are possible 
misunderstandings).

1.4. Main results

We enumerate the main results obtained and provide the location and quotation to equations (along the paper) where they are analyzed.

1. For the CP problem (1) we have numerically found an asymptotic formula for the splitting between the invariant unstable and stable 
manifolds (external branches) of 𝐿1, 𝑊 u,s(𝐿1), at (the first crossing with) y = 0 in synodic (rotating) coordinates (x , y, ẋ , ẏ) (2), which 
has the expression 

𝛥ẋ ∼ 𝜀𝐴|𝜔|𝑟 exp
(𝜔𝜋

2

)

, 𝜀 =
(𝐾
3

)1∕4
, 𝜔 = − 1

3𝜀2
= − 1

√

3𝐾
, (6)

with 𝑟 = 𝑟cp = 1.61111… = 29∕18 and the leading constant 𝐴 = 𝐴cp = 16.055307843…  See (44) and (48) in Section 3.2.
2. We obtain a similar asymptotic formula for the same splitting but computed in Poincaré (or resonant) variables (𝑥, 𝑦, 𝑞, 𝑝), (11) and (14), 

|𝛥𝑝| ∼ 𝜀𝐴|𝜔|𝑟 exp
(𝜔𝜋

2

)

, (7)

see (49), with 𝑟 = 𝑟cpr = 2.11111… = 19∕9 = 𝑟cp + 1∕2 and the leading constant 𝐴 = 𝐴cpr = 27.80860891…  (see (52) in Section 3.3), where 
the addition of 1∕2 to 𝑟cp to get 𝑟cpr and the relation between 𝐴cp  and 𝐴cpr  are well justified due to the non-canonical change from synodic to 
resonant variables (11). See (56) in Section 3.3.
4 
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3. We emphasize the ‘‘key point’’ of the resonant variables: the analysis of the behavior of the invariant manifolds 𝑊 u,s(𝐿1) for the CP problem 
can be regarded as the behavior of a perturbation of a homoclinic separatrix. Indeed, the Hamiltonian in the resonant variables (11), (14) is

𝐻cpr (𝑥, 𝑦, 𝑞, 𝑝) = 𝜔
𝑞2 + 𝑝2

2
+

𝑦2

2
+ cos 𝑥 − 1 + 𝜀𝐻1(𝑥, 𝑦, 𝑞, 𝑝; 𝜀),

and the homoclinic separatrix is given by 𝑞 = 𝑝 = 0 and (21).
4. We show numerically that the Melnikov method predicts correctly the numerical asymptotic results (7), as long as we take a suitable integrable 
Hamiltonian system, formed by a rotor and an amended pendulum, which is not the standard pendulum of the case 𝜀 = 0 (as is also the 
case in many other problems, see, for instance, [24–27]). To do so, we consider a truncated Hamiltonian once we have applied a change of 
variables (from synodic to Poincaré ones). More precisely, 

𝐻
1,1
(𝑥, 𝑦, 𝑞, 𝑝) = 𝜔

𝑞2 + 𝑝2

2
+

𝑦2

2
+ cos 𝑥 − 1 − 2

3
𝜀2𝑦3 + 𝜀

(

3𝑞
2

−
𝑞
2
cos 2𝑥 −

𝑝
2
sin 2𝑥

)

, 𝜔 = 1
3𝜀2

. (8)

5. We introduce a new family of perturbations of a fast rotor and a pendulum, that we call Toy CP problem 

𝐻
𝑎,𝑚

(𝑥, 𝑦, 𝑞, 𝑝) = 𝜔
𝑞2 + 𝑝2

2
+

𝑦2

2
+ cos 𝑥 − 1 − 2𝑎

3
𝜀2𝑦3 + 𝜀𝑚

(

3𝑞
2

−
𝑞
2
cos 2𝑥 −

𝑝
2
sin 2𝑥

)

(9)

with 𝜔 = 1
3𝜀2 , in order to check if our results could be provided by previous analytical results in the literature. For 𝑚 = 1 and 𝑎 = 1, 

Hamiltonian (9) is just the truncated Hamiltonian (8) of the CP problem after a normal form expansion or, equivalently, after an averaging 
process. It should be noted that in the standard application of normal form or averaging, one typically takes 𝑎 = 0 because the term 2𝑎3 𝜀2𝑦3
is of higher order than the 𝑂(𝜀) perturbation.
Nevertheless, we found out that the numerically computed values of the splitting depend essentially on the parameter 𝑎. Particularly the 
exponent 𝑟 in formula (7). For the purposes of this paper there are, at least, two different scenarios: the ‘‘standard’’ case 𝑎 = 0 and the new
case 𝑎 = 1. Concerning the integrable part of the Hamiltonian (9), for 𝑎 = 0 we have a standard pendulum, whereas for 𝑎 = 1 we have a new 
pendulum, that we call amended pendulum. See the motivation for including this value of 𝑎 in Sections 4.2 and 4.3.

6. For 𝑎 = 0 there are some theoretical results [28–30] on asymptotics for the splitting of separatrices of general Hamiltonian systems with 
1 + 1

2  degrees of freedom and fast oscillation in time which are not directly applicable to Hamiltonian (9) which has 2 degrees of freedom. 
There are no such kind of results available for general Hamiltonians of 2 degrees of freedom with a fast rotor. Nevertheless, in Section 2.5 
some general ideas taken from concrete systems [22,23,31,32] are applied to conjecture that the Melnikov prediction with the standard 
pendulum 

𝛥𝑝 ∼ −𝜀𝑚 8𝜋
3
𝜔3

(

1 − 2
𝜔2

)

e𝜋𝜔∕2

1 − e2𝜋𝜔
(∗)

(formula (62) in Section 4.1) gives for 𝑚 > 1 the correct measure for the splitting for the Toy CP problem (9) with 𝑎 = 0. We have numerically 
confirmed these theoretical results in Section 4.2.
Notice that the exponent of 𝜔 in the Melnikov prediction (∗) for 𝛥𝑝, which is derived (see Section 2.4) for 𝑎 = 0, is 𝑟 = 3. Therefore (∗) 
clearly does not predict the exponent 𝑟 of 𝜔 in (7), as computed numerically in Section 3.3 for the CP problem in resonant coordinates.

7. However, for 𝑎 = 1, when we have an amended pendulum in Hamiltonian (9), the Melnikov prediction with the amended pendulum coincides 
with the value (7) of the splitting computed numerically and gives also the right result for 𝑚 > 1, both for the exponent 𝑟cpr (of 𝜔) and the 
leading constant 𝐴cpr. It is worth noticing that in all formulas the exponential smallness e𝜋𝜔∕2 is the same. This is due to the fact the distance 
of the closest complex singularity of the separatrices to the real line is the same up to terms of order 1

|𝜔| ln
1
|𝜔| , see Appendix  C. All these 

computations are detailed in Section 5 and, in particular, illustrated in Figs.  11 and 12. This is, perhaps, the main novelty of this paper: the 
normal form or averaging procedure to transform a Hamiltonian system close to a resonance to a nearly integrable Hamiltonian must be 
carried out at a higher order than initially expected, and choosing uniquely some selected term. In passing, it is worth mentioning that the 
Melnikov integral is computed numerically, since we do not have an explicit expression for the separatrix of the amended pendulum.

8. From the numerical simulations done, we can conclude that the Toy CP problem with 𝑎 = 𝑚 = 1 is a simplified model that already describes 
the splitting 𝛥𝑝 of the original CP problem in resonant coordinates, as far as asymptotic formulas for 𝛥𝑝, when 𝐾 tends to zero, are analyzed. 
See Section 5.3 and, in particular, Fig.  14. Finally, we can also conclude that the fitting asymptotic formula obtained for the Melnikov 
integral provides the same limit value of the exponent 𝑟cpr = 𝑟

Mel,1,1
= 2.111… = 19∕9, where we use 𝑟

Mel,𝑎,𝑚
 to denote the exponent of 𝜔 in the 

corresponding Melnikov fitting formula (see (72) in Section 5.1) when Hamiltonian (9) is considered.
9. Along the paper several problems are considered and the associated fitting formulas for the splitting are discussed. In Section 6 we provide 
two tables (see Tables  3 and 4) with a summary of the results obtained for all the models analyzed.

2. Some analytical computations

2.1. Polar coordinates

The Hamiltonian (1) of the CP problem

H = 1
2
(p2x + p2y ) −

1
𝑟
− (xpy − ypx ) +𝐾x , 𝑟 =

√

x 2 + y2,

takes the form in canonical polar coordinates (𝑟, 𝜃, 𝑝𝑟, 𝑝𝜃)

𝐻 = 1
2

(

𝑝2𝑟 +
𝑝2𝜃
𝑟2

)

− 1
𝑟
− 𝑝𝜃 +𝐾𝑟 cos 𝜃 ∶= 𝐻K − 𝑝𝜃 +𝐾𝑟 cos 𝜃.
5 
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2.2. Delaunay coordinates

We consider the canonical Delaunay variables (𝓁, 𝑔, 𝐿,𝐺), which are the action–angle variables for the Kepler Hamiltonian 𝐻K (see [33]). We 
recall that 𝓁 is the mean anomaly, 𝑔 the argument of the pericenter, 𝑎 = 𝐿2 the semimajor axis, 𝐺 = 𝑝𝜃 the angular momentum. Other variables 
are the eccentricity vector 𝒆 = (𝑒(1), 𝑒(2)) = (𝑒 cos 𝑔, 𝑒 sin 𝑔), the true anomaly 𝑓 = 𝜃 − 𝑔 and the eccentric anomaly 𝐸. Useful formulas to carry out 
the change of variables are: 

𝑒 =

√

1 −
𝐺2

𝐿2
, 𝑒(2) =

(

𝑝2𝑥 + 𝑝2𝑦 −
1
𝑟

)

𝑦 − (𝑥𝑝𝑥 + 𝑦𝑝𝑦)𝑝𝑦,

tan
𝑓
2
=

√

1 + 𝑒
1 − 𝑒

tan
𝐸
2
, 𝓁 = 𝐸 − 𝑒 sin𝐸,

(10)

In the Delaunay variables the Hamiltonian becomes

𝐻𝐷 = − 1
2𝐿2

− 𝐺 +𝐾
(

𝑎 cos(𝓁 + 𝑔) − 3
2
𝑎𝑒 cos 𝑔 + 𝑎𝑒

2
cos(2𝓁 + 𝑔) + 𝑂(𝑒2)

)

.

2.3. Resonant coordinates

The equilibrium point 𝐿1 satisfies 𝐿 = 𝐺 = 1 (for 𝐾 = 0). If we introduce the parameter 𝜀 as,

𝜀 =
(𝐾
3

)1∕4
;

then, after changing to resonant variables with a new scaled time (𝑥, 𝑦, 𝜑, 𝐼 ; 𝑡): 
𝓁 = 𝑥 + 𝜋 + 𝜑, 𝑔 = −𝜑, 𝐿 = 1 + 𝜀2𝑦, 𝐺 = 1 + 𝜀2𝑦 − 𝜀2𝐼 ; 𝑠̃ = − 𝑡

3𝜀2
, (11)

and averaging (as in [24,25,27,34]), we get the singular resonant Hamiltonian 
𝐻(𝑥, 𝑦, 𝜑, 𝐼 ; 𝜀) = 𝜔𝐼 + 𝑃𝜀(𝑥, 𝑦) + 𝜀𝐻1(𝑥, 𝑦, 𝜑, 𝐼 ; 𝜀), (12)

where

𝜔 = − 1
3𝜀2

,

and

𝑃𝜀(𝑥, 𝑦) = 𝐹 (𝑦, 𝜀) + cos 𝑥 − 1,

𝐻1(𝜑, 𝑥, 𝐼, 𝑦; 𝜀) =
3
2

√

2𝐼 cos𝜑 − 1
2

√

2𝐼 cos(2𝑥 + 𝜑) + 𝑂(𝜀),

with 

𝐹 (𝑦, 𝜀) =
𝑦2

2
+

𝑓 (𝜀2𝑦)
3𝜀4

=
𝑦2

2
𝑔(𝜀2𝑦), (13)

and

𝑓 (𝑡) = 1
2(1 + 𝑡)2

− 1
2
+ 𝑡 − 3

2
𝑡2 = −2𝑡3 + 5

2
𝑡4 +⋯ + (−1)𝑛 𝑛 + 1

2
𝑡𝑛 +⋯ = 𝑂(𝑡3),

𝑔(𝑡) = 1 +
2𝑓 (𝑡)
3𝑡2

= 1 − 4
3
𝑡 + 5

3
𝑡2 +⋯ + (−1)𝑚𝑚 + 3

3
𝑡𝑚 +⋯ .

Taylor expanding in 𝜀 we have 𝐹 (𝑦, 𝜀) = 𝐹𝑘(𝑦, 𝜀) + 𝑂
(

𝜀2𝑘+2𝑦𝑘+3
)

, where

𝐹0(𝑦) =
𝑦2

2
, 𝐹1(𝑦) =

𝑦2

2
− 2

3
𝜀2𝑦3, 𝐹2(𝑦) =

𝑦2

2
− 2

3
𝜀2𝑦3 + 5

6
𝜀4𝑦4,

and in general

𝐹𝑘(𝑦) =
𝑘+2
∑

𝑛=2
(−1)𝑛 𝑛 + 1

6
𝜀2𝑛−4𝑦𝑛 = 𝑦2

𝑘
∑

𝑚=0
(−1)𝑚𝑚 + 3

6
(

𝜀2𝑦
)𝑚 , 𝑘 ≥ 0.

A remarkable property of this Hamiltonian, for our purposes, is that will allow to distinguish an integrable part with a separatrix plus a perturbation 
and therefore to apply Melnikov theory. This will be done in the next two subsections.

Further, we introduce new symplectic coordinates (𝑝, 𝑞) related with the action 𝐼 and the angle 𝜑 by the change 
𝑞 =

√

2𝐼 cos𝜑 𝑝 = −
√

2𝐼 sin𝜑 (14)

so in the coordinates (14), the resonant Hamiltonian (12) casts 

𝐻cpr (𝑞, 𝑝, 𝑥, 𝑦;𝜔, 𝜀) = 𝐹 (𝑦) + 𝑉 (𝑥) + 𝜔
𝑞2 + 𝑝2

2
+ 𝜀𝐻1(𝑥, 𝑦, 𝑞, 𝑝; 𝜀), (15)

with 
𝑉 (𝑥) = cos 𝑥 − 1, 𝐻1(𝑥, 𝑦, 𝑞, 𝑝; 𝜀) =

3
2
𝑞 −

𝑞
2
cos(2𝑥) −

𝑝
2
sin(2𝑥) + 𝑂(𝜀) (16)

(we keep 𝐻 and 𝐻1 to denote, respectively, the Hamiltonian and perturbation term in these new coordinates, which we also call resonant 
coordinates).
6 
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Remark 1. We notice that the simplest expression — as a perturbation of an integrable Hamiltonian — for the Hamiltonian (15) is

𝐻cpr (𝑞, 𝑝, 𝑥, 𝑦;𝜔, 𝜀) =
𝑦2

2
+ cos 𝑥 − 1 + 𝜔

𝑞2 + 𝑝2

2
+ 𝜀𝐻1(𝑥, 𝑦, 𝑞, 𝑝; 0),

2.4. Standard Melnikov prediction for 𝐿1 for 𝜔 independent of 𝜀

Now, we consider the Hamiltonian (15) with functions 𝑉 (𝑥) and 𝐹 (𝑦) generalized, respectively, to a 2𝜋-periodic potential, 𝑉 (𝑥) = 𝑉 (𝑥 + 2𝜋)
having a non-degenerate global minimum at 𝑥 = 0, so 𝑉 (𝑥) = −𝜆2𝑥2∕2 +𝑂(𝑥3), 𝜆 > 0, and 𝐹 (𝑦) to a function having a non-degenerate minimum at 
𝑦 = 0: 𝐹 (0) = 𝐹 ′(0) = 0, 𝐹 ′′(0) = 1. We denote this new (generalized) Hamiltonian by dropping the subindex cpr in (15). Hence, 

𝐻(𝑥, 𝑦, 𝑞, 𝑝;𝜔, 𝜀) = 𝐹 (𝑦) + 𝑉 (𝑥) + 𝜔
𝑞2 + 𝑝2

2
+ 𝜀𝐻1(𝑥, 𝑦, 𝑞, 𝑝; 𝜀). (17)

Furthermore, along this section we are going to assume that 𝜔, 𝜔 ≠ 0, is independent of 𝜀 and we are going to search the so-called ‘‘Melnikov 
prediction’’ [35,36]. Let us write 

𝐻0(𝑥, 𝑦, 𝑞, 𝑝) = 𝐹 (𝑦) + 𝑉 (𝑥) + 𝜔
𝑞2 + 𝑝2

2
, (18)

for the ‘‘unperturbed’’ part of Hamiltonian (17). To distinguish variables it is convenient to introduce
𝑢 = (𝑥, 𝑦), 𝑣 = (𝑞, 𝑝)

to denote the ‘‘saddle’’ coordinates and the ‘‘elliptic’’ or ‘‘center’’ coordinates in (17), respectively. In particular, with this notation the perturbation 
term can be written as

𝐻1(𝑥, 𝑦, 𝑞, 𝑝; 𝜀) = 𝐻1(𝑢, 𝑣; 𝜀).

We are also going to assume that for the saddle part of Hamiltonian (18)
𝑃 (𝑥, 𝑦) = 𝐹 (𝑦) + 𝑉 (𝑥)

there exists a separatrix 
𝑢0(𝑡) = (𝑥0(𝑡), 𝑦0(𝑡)) (19)

contained in 𝑃 = 0 satisfying 
𝑥0(0) = 0, 𝑥0(𝑡) → 2𝜋 for 𝑡 → ∞, 𝑥0(𝑡) → 0 for 𝑡 → −∞, 𝑦0(𝑡) → 0 for 𝑡 → ±∞. (20)

For instance, the standard pendulum has potential energy is 𝑉 (𝑥) = cos 𝑥−1 and kinetic energy 𝐹 (𝑦) =
𝑦2

2
, which give rise to two explicit separatrices 

𝑥0(𝑡) = 𝑥±0 (𝑡) = 4 arctan
(

e±𝑡
)

, 𝑦0(𝑡) = 𝑦±0 (𝑡) = 𝑥̇±0 (𝑡) = ± 2
cosh 𝑡

. (21)

On the other hand, for the resonant Hamiltonian (15), 𝑉 (𝑥) = cos 𝑥 − 1 is the potential of a standard pendulum, but the kinetic energy 𝐹 (𝑦)
given in (13) depends essentially on 𝜀2𝑦:

𝐹 (𝑦) = 𝑦2
( 1
2
− 2

3
𝜀2𝑦 + 5

6
𝜀4𝑦2 +⋯

)

,

and we have an amended pendulum, which coincides with the standard pendulum only for 𝜀 = 0, and which has also two separatrices.
For 𝐻1 = 0 the origin (𝑢, 𝑣) = (0, 0) is a saddle–center equilibrium point with a separatrix (𝑢0, 𝑣0) satisfying 𝑃 (𝑢0) = 0, 𝑣0 = 0. For 0 < |𝜀| ≪ 1

there exist stable and unstable invariant manifolds, 𝑊 s,u = {(𝑢s,u(𝑡), 𝑣s,u(𝑡))}, associated to the new saddle–center (𝑢eq, 𝑣eq) which is a critical point 
of 𝐻 . Writing

(

𝑢eq, 𝑣eq
)

=
(

𝜀𝑢eq1 , 𝜀𝑣eq1
)

+ 
(

𝜀2
)

,

we get 

𝑢eq1 = −
(

−1∕𝜆2 0
0 1

)

∇𝑢𝐻1(0, 0; 0), 𝑣eq1 = − 1
𝜔
∇𝑣𝐻1(0, 0; 0). (22)

To measure the distance between 𝑊 u and 𝑊 s we can fix the level of energy of (𝑢eq, 𝑣eq) and choose a suitable surface of section just to measure 
𝛥𝑣(𝑡) ∶= 𝑣u(𝑡) − 𝑣s(𝑡). Notice, on the one hand, that (𝑢s,u, 𝑣s,u) = (

𝑢0(𝑡), 0
) for 𝐻1 = 0, so we can write 𝑣s,u(𝑡) = 𝜀𝑣s,u1 (𝑡) + 

(

𝜀2
) and we are going to 

obtain an explicit formula for 𝛥𝑣1(𝑡) = 𝑣𝑢1(𝑡) − 𝑣𝑠1(𝑡). On the other hand, observe that the differential equation satisfied, for example, by 𝑣u(𝑡) is
𝑣̇u = 𝐽2

(

∇𝑣𝐻0 (𝑢u, 𝑣u) + 𝜀∇𝑣𝐻1 (𝑢u, 𝑣u; 𝜀)
)

,

with 𝐽2 =
(

0 1
−1 0

)

. Hence, taking only the first order in 𝜀 yields 

𝑣̇u1 = 𝐽2

(

𝜔 0
0 𝜔

)

𝑣u1 + 𝐽2∇𝑣𝐻1(𝑢0(𝑡), 0; 0) = 𝜔𝐽2𝑣
u
1 + 𝐽2∇𝑣𝐻1(𝑢0(𝑡), 0; 0). (23)

Besides, we define
𝑏(𝑡) ∶= 𝐽 ∇ 𝐻 (𝑢 (𝑡), 0; 0),
2 𝑣 1 0

7 
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notice that then 𝑏(𝑡) → 𝑏∞ ∶= 𝐽2∇𝑣𝐻1(0, 0; 0), when 𝑡 → ±∞. If further, we introduce ̃𝑏(𝑡) ∶= 𝑏(𝑡)−𝑏∞, the system of linear differential equations (23) 
casts

𝑣̇u1 = 𝜔𝐽2𝑣
u
1 + 𝑏∞ + 𝑏̃(𝑡)

and clearly we can find the equilibrium point of the autonomous part of this last system by solving 𝑤𝐽2𝑣𝑢1 + 𝑏∞ = 0 to get

𝑣eq1 = − 1
𝜔
∇𝑣𝐻1(0, 0; 0)

(as in (22)) and introducing 𝑣̃u1 = 𝑣u1 − 𝑣eq1  we get 

̇̃𝑣u1 = 𝜔𝐽2𝑣̃
u
1 + 𝑏̃(𝑡), (24)

with 𝑣̃u1(𝑡) → 0 (or 𝑣u1(𝑡) → 𝑣eq1 ) as 𝑡 → −∞. Next, solving the linear system of ordinary differential equations (24) by variation of constants one gets

𝑣̃u1(𝑡) = e𝜔𝑡𝐽2 𝑣̃u1(0) + ∫

𝑡

0
e𝜔(𝑡−𝑠)𝐽2 𝑏̃(𝑠) d𝑠

where we stress that e𝜔𝑡𝐽2 =
(

cos𝜔𝑡 sin𝜔𝑡
− sin𝜔𝑡 cos𝜔𝑡

)

= 𝑅(−𝜔𝑡) is a rotation of angle −𝜔𝑡. Now, rewriting this solution as

𝑅(𝜔𝑡)𝑣̃u1(𝑡) = 𝑣̃u1(0) + ∫

𝑡

0
𝑅(𝜔𝑠) 𝑏̃(𝑠) d𝑠

and taking limits 𝑡 → −∞ at both sides, the left hand side term clearly goes to zero, so that 𝑣̃u1(0) = ∫ 0
−∞ 𝑅(𝜔𝑠)𝑏̃(𝑠) d𝑠, and therefore

𝑣̃u1(𝑡) = 𝑅(−𝜔𝑡)∫

0

−∞
𝑅(𝜔𝑠)𝑏̃(𝑠) d𝑠 + ∫

𝑡

0
𝑅 (𝜔(𝑠 − 𝑡)) 𝑏̃(𝑠) d𝑠 = ∫

𝑡

−∞
𝑅 (𝜔(𝑠 − 𝑡)) 𝑏̃(𝑠) d𝑠.

Hence 𝑣u1(𝑡) = 𝑣eq1 + ∫ 𝑡
−∞ 𝑅 (𝜔(𝑠 − 𝑡)) 𝑏̃(𝑠) d𝑠, or more explicitly, 

𝑣u1(𝑡) = − 1
𝜔
∇𝑣𝐻1(0, 0; 0) + ∫

𝑡

−∞
𝑅 (𝜔(𝑠 − 𝑡)) 𝐽2

(

∇𝑣𝐻1(𝑢0(𝑠), 0; 0) − ∇𝑣𝐻1(0, 0; 0)
)

d𝑠 (25)

If one should have started from the differential equation satisfied by 𝑣s, i.e.,
𝑣̇s1 = 𝐽2

(

∇𝑣𝐻0(𝑢s, 𝑣s) + 𝜀∇𝑣𝐻1(𝑢s, 𝑣s; 𝜀)
)

,

having kept, as in (23), only the first order in 𝜀, and proceeded the same way we had done to get (25), one would have arrived to the formula for 
𝑣s1, which turns out to be 

𝑣s1(𝑡) = − 1
𝜔
∇𝑣𝐻1(0, 0; 0) − ∫

∞

𝑡
𝑅 (𝜔(𝑠 − 𝑡)) 𝐽2

(

∇𝑣𝐻1(𝑢0(𝑠), 0; 0) − ∇𝑣𝐻1(0, 0; 0)
)

d𝑠, (26)

so that, subtracting (26) to (25), yields 

𝛥𝑣1(𝑡) ∶= 𝑣u1(𝑡) − 𝑣s1(𝑡) = ∫

∞

−∞
𝑅 (𝜔(𝑠 − 𝑡)) 𝐽2

(

∇𝑣𝐻1(𝑢0(𝑠), 0; 0) − ∇𝑣𝐻1(0, 0; 0)
)

d𝑠

= 𝑅(−𝜔𝑡)𝛥𝑣01,
(27)

where we have introduced

𝛥𝑣01 ∶= 𝐽2 ∫

∞

−∞
𝑅(𝜔𝑠)

(

∇𝑣𝐻1(𝑢0(𝑠), 0; 0) − ∇𝑣𝐻1(0, 0; 0)
)

d𝑠.

Notice that ‖𝛥𝑣1(𝑡)‖ = ‖𝑣u1(𝑡) − 𝑣s1(𝑡)‖ = ‖𝑣01‖.
Let us compute this constant separation between invariant manifolds for the amended pendulum, that is, for 𝑉 (𝑥) = cos 𝑥 − 1, and for a given 

separatrix 𝑢0(𝑡) =
(

𝑥0(𝑡), 𝑦0(𝑡)
) satisfying (20).

Thanks to the even character of the potential 𝑉 (𝑥), we have the invariance of the amended pendulum under the reversibility (𝑡, 𝑥, 𝑦) ↦

(−𝑡, 2𝜋 − 𝑥, 𝑦) then, as for small 𝜀 the points (𝜋,±2 + 𝑂
(

𝜀2
)) belong to the separatrix, we can take a parameterization of the separatrix (19) such 

that (𝑥±0 (0), 𝑦±0 (0)
)

=
(

𝜋,±2 + 𝑂
(

𝜀2
))

, and hence satisfies 

(𝑥0(𝑡), 𝑦0(𝑡)) = (2𝜋 − 𝑥0(−𝑡), 𝑦0(−𝑡)) (28)

which, in particular, implies that sin (𝑥0(𝑡)
)

, sin (2𝑥0(𝑡)
) are odd in 𝑡, and cos (𝑥0(𝑡)

)

, cos (2𝑥0(𝑡)
) are even in 𝑡. Note that, of course, this is true also 

for the explicit separatrix of the standard pendulum (𝜀 = 0) given in (21).
In particular, if we consider the perturbation term 𝐻1(𝑞, 𝑝, 𝑥, 𝑦; 𝜀) given by (16)

𝐻1(𝑥, 𝑦, 𝑞, 𝑝; 0) =
3
2
𝑞 −

𝑞
2
cos 2𝑥 −

𝑝
2
sin 2𝑥, (29)

one easily gets that

𝑅(𝜔𝑠)
(

∇𝑣𝐻1
(

𝑢0(𝑠), 0; 0
)

− ∇𝑣𝐻1 (0, 0; 0)
)

= 1
2

(

cos(𝜔𝑠) − cos
(

2𝑥0(𝑠) + 𝜔𝑠
)

sin(𝜔𝑠) − sin
(

2𝑥0(𝑠) + 𝜔𝑠
)

)

.

Introducing 

(𝜔) ∶=
∞

ei𝜔𝑠
(

1 − e2i𝑥0(𝑠)
)

d𝑠, (30)
∫−∞

8 
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we just get

𝛥𝑣01 =
1
2
𝐽2

(

Re(𝜔)
Im(𝜔)

)

= 1
2

(

Im(𝜔)
−Re(𝜔)

)

= 1
2

⎛

⎜

⎜

⎜

⎝

∫

∞

−∞

(

sin (𝜔𝑠) − sin
(

2𝑥0(𝑠) + 𝜔𝑠
))

d𝑠

−∫

∞

−∞

(

cos (𝜔𝑠) − cos
(

2𝑥0(𝑠) + 𝜔𝑠
))

d𝑠

⎞

⎟

⎟

⎟

⎠

.

and we define ±(𝜔) depending on the component 𝑥±0 (𝑠) of the separatrix chosen.
Taking into account the reversion property (28) of the parameterization we use for the separatrix, it is straightforward to see that Im(𝜔) = 0, 

so that Re(𝜔) = (𝜔); that is, 

(𝜔) ∶= ∫

∞

−∞

(

cos(𝜔𝑠) − cos
(

2𝑥0(𝑠) + 𝜔𝑠
))

d𝑠, (31)

and the difference (27) is just given by 

𝛥𝑣1(𝑡) = 𝑣u1(𝑡) − 𝑣s1(𝑡) = −1
2
𝑅(−𝜔𝑡)

(

0
(𝜔)

)

, (32)

that is, 
𝛥𝑞1(𝑡) ∶= 𝑞u1 (𝑡) − 𝑞s1(𝑡) = −1

2
(𝜔) sin𝜔𝑡, 𝛥𝑝1(𝑡) ∶= 𝑝u1(𝑡) − 𝑝s1(𝑡) = −1

2
(𝜔) cos𝜔𝑡. (33)

Notice that for 𝑡 = 0 the linear approximation of 𝛥𝑝(0) is 

𝜀𝛥𝑝±1 (0), with 𝛥𝑝±1 (0) = −
±(𝜔)

2
. (34)

and 𝛥𝑞±1 (0) = 0.

We finish this section to exhibit some explicit computations that can be obtained for the standard pendulum, that is for 𝐹 (𝑦) =
𝑦2

2
, where the 

separatrices have the closed-form expression given in (21), so that ±(𝜔) is given by,

±(𝜔) ∶= ∫

∞

−∞

(

cos(𝜔𝑠) − cos
(

2𝑥±0 (𝑠) + 𝜔𝑠
))

d𝑠 = 4
3
𝜔3

(

1 − 2
𝜔2

)

⎡

⎢

⎢

⎢

⎣

1

cosh
(𝜋𝜔

2

) ∓ 1

sinh
(𝜋𝜔

2

)

⎤

⎥

⎥

⎥

⎦

= 16𝜋
3

𝜔3
(

1 − 2
𝜔2

)

e𝑐±𝜋𝜔∕2

1 − e2𝜋𝜔
, (35)

being

𝑐± =

{

1,  for 𝑢+(𝑡), the external branch 𝑦0(𝑡) > 0, 
3,  for 𝑢−(𝑡), the internal branch 𝑦0(𝑡) < 0. 

See Appendix  A for details.

2.5. Averaging and Melnikov method

The main goal of this section is to emphasize the usefulness of the averaging method. In Section 2.3 we have already used it to obtain the 
resonant Hamiltonian (12), and now we will see how this method allows us to obtain in a direct way the Melnikov integral, which was obtained 
in Section 2.4 with the help of the variational equations, as well as the error of this averaging approximation. Finally, we will use the averaged 
equations to study the validity of the Melnikov method for a high frequency 𝜔.

The method developed in the previous section, based on using the variational equations associated with a separatrix to measure the splitting 
that occurs when a perturbation is added, is commonly known as the Melnikov method, or the Poincaré-Melnikov-Arnold method in the Hamiltonian 
case (see [35–37]). In few words, we approximate the system of equations associated to Hamiltonian (17)

𝑥̇ = 𝐹 ′(𝑦) + 𝜀
𝜕𝐻1
𝜕𝑦

(𝑥, 𝑦, 𝑞, 𝑝, 𝜀),

𝑦̇ = −𝑉 ′(𝑥) − 𝜀
𝜕𝐻1
𝜕𝑥

(𝑥, 𝑦, 𝑞, 𝑝, 𝜀),

𝑞̇ = 𝜔𝑝 + 𝜀
𝜕𝐻1
𝜕𝑝

(𝑥, 𝑦, 𝑞, 𝑝, 𝜀),

𝑝̇ = −𝜔𝑞 − 𝜀
𝜕𝐻1
𝜕𝑞

(𝑥, 𝑦, 𝑞, 𝑝, 𝜀),

(36)

by the simplified system 
𝑥̇0 = 𝐹 ′(𝑦0),

𝑦̇0 = −𝑉 ′(𝑥0),

𝑞̇1 = 𝜔𝑝1 + 𝜀
𝜕𝐻1
𝜕𝑝

(𝑥0, 𝑦0, 𝑞1, 𝑝1, 0),

𝑝̇1 = −𝜔𝑞1 − 𝜀
𝜕𝐻1
𝜕𝑞

(𝑥0, 𝑦0, 𝑞1, 𝑝1, 0),

(37)

which is just the linear variational equation (23) satisfied by 𝑣s,u1 = (𝑞s,u1 , 𝑝s,u1 ) along the separatrix (19). In the previous section we imposed that 
𝑣s,u(𝑡) → 0 for 𝑡 → ±∞ and we found formula (27) for the separation 𝛥𝑣1(𝑡) ∶= 𝑣u1(𝑡) − 𝑣s1(𝑡) between separatrices. It is worth remarking that the 
separatrix (19) satisfies the first two equations of system (37), where 𝐹 (𝑦) may have a whole expansion in the variable 𝜀, as happens in Eq.  (13).
9 
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To find up to what order in 𝜀 we need to expand 𝐹 (𝑦), it is useful to perform some previous averaging or normalization steps of system (36). 
Indeed, looking at the particular solutions of system (36) for 𝜀 = 0 and 𝑥 = 𝑦 = 0, which are simply

𝑣0(𝑡) = (𝑞0(𝑡), 𝑝0(𝑡)) =
(
√

2𝐼 cos(𝜔𝑡 + 𝜑),−
√

2𝐼 sin(𝜔𝑡 + 𝜑)
)

,

where

𝑞0(0) =
√

2𝐼 cos𝜑, 𝑝0(0) = −
√

2𝐼 sin𝜑, 𝐼 =
𝑞0(𝑡)2 + 𝑝0(𝑡)2

2
,

we notice that the variables (𝑞0, 𝑝0) move like an harmonic oscillator, and one can then think about averaging system (36). For instance, for the 
perturbation 𝐻1 given in Eq.  (29), we observe that when we substitute (𝑞, 𝑝) by (𝑞0(𝑡), 𝑝0(𝑡)), then 𝐻1(𝑥, 𝑦, 𝑞0(𝑡), 𝑝0(𝑡), 0) has zero average with respect 
to 𝑡, and the same happens to its derivatives with respect to 𝑥 and 𝑦. Therefore, averaging system (36) we get system (37).

To find the error of this averaging approximation, we can try to find the change of variables 𝛷 from the Hamiltonian 𝐻 = 𝐻0 + 𝜀𝐻1, where 
𝐻0 = 𝜔𝐼 + 𝑃  and 𝑃 (𝑥, 𝑦) = 𝐹 (𝑦) + 𝑉 (𝑥), to the averaged Hamiltonian as the 1-time flow of a Hamiltonian 𝜀𝑊 :

𝐻◦𝛷 = 𝐻 + {𝐻, 𝜀𝑊 } + 𝑂(𝜀2𝑊 2) = 𝐻0 + 𝜀𝐻1 + {𝐻0, 𝜀𝑊 } + 𝑂(𝜀2 𝑊 )

= 𝐻0 + 𝜀𝐻1 + {𝜔𝐼, 𝜀𝑊 } + {𝑃 , 𝜀𝑊 } + 𝑂(𝜀2 𝑊 ) = 𝐻0 + {𝑃 , 𝜀𝑊 } + 𝑂(𝜀2 𝑊 ),

as long as we solve the so-called cohomological equation
{𝜔𝐼,𝑊 } +𝐻1 = 0.

For the zero-average perturbation 𝐻1(𝑥, 𝑦, 𝑞, 𝑝; 0) =
3
2 𝑞 −

𝑞
2 cos 2𝑥 − 𝑝

2 sin 2𝑥 given in Eq.  (29), it is easy to check that 

𝑊 (𝑥, 𝑦, 𝑞, 𝑝) =
(

−3
2
𝑝 +

𝑝
2
cos 2𝑥 −

𝑞
2
sin 2𝑥

) 1
𝜔

(38)

solves the cohomological equation. Notice that 𝑊 = 𝑂(1∕𝜔), so that
𝐻◦𝛷 = 𝐻0 + 𝜀{𝑃 ,𝑊 } + 𝑂(𝜀2∕𝜔).

For 𝜔 = 𝑂(1∕𝜀2) and 𝐻 = 𝐻0 + 𝜀𝐻1, then 𝑊 = 𝑂(𝜀2) and
𝐻◦𝛷 = 𝐻0 + 𝜀{𝑃 ,𝑊 } + 𝑂(𝜀4) = 𝐻0 + 𝑂(𝜀3),

so that the approximation

𝐹 (𝑦) = 𝐹1(𝑦) =
𝑦2

2
− 2

3
𝜀2𝑦3,

that is, the amended pendulum, is adequate.
As an additional important remark, one can see that the perturbation 𝜀{𝑃 ,𝑊 } can be replaced just by −𝜀𝐻1 in the computation of all the 

Melnikov integrals, as they are evaluated on the separatrix 𝑢0(𝑡).
Indeed, we can write the first-order perturbation 𝐻1 given in (29) and 𝑊  given in (38) as

𝐻1 = 𝑞 + 𝐻̃1, 𝑊 = −
𝑝
𝜔

+𝑊 ,

where 𝐻̃1 and 𝑊  given by

𝐻̃1(𝑥, 𝑦, 𝑞, 𝑝; 0) =
𝑞
2
(1 − cos 2𝑥) −

𝑝
2
sin 2𝑥, 𝑊 (𝑥, 𝑦, 𝑞, 𝑝) =

(

−
𝑝
2
(1 − cos 2𝑥) −

𝑞
2
sin 2𝑥

) 1
𝜔

satisfy

lim
𝑡→±∞

𝐻̃1(𝑥0(𝑡), 𝑦0(𝑡), 𝑞, 𝑝; 0) = 0, lim
𝑡→±∞

𝑊 (𝑥0(𝑡), 𝑦0(𝑡), 𝑞, 𝑝) = 0.

Denoting by 𝛷0
𝑡  the flow of 𝐻0 on the separatrix 

(

𝑥0(𝑡), 𝑦0(𝑡), 𝑞0(𝑡), 𝑝0(𝑡)
) whereas 𝛷00

𝑡  denotes the flow of 𝐻0 restricted to 𝑥 = 𝑦 = 0, that is 
(

0, 0, 𝑞0(𝑡), 𝑝0(𝑡)
)

, from
d
d𝑡

(

𝑊 ◦𝛷0
𝑡

)

= {𝑊 ,𝐻0}◦𝛷0
𝑡

one finally gets

∫

∞

−∞
{𝑃 ,𝑊 }◦𝛷0

𝑡 d𝑡 = ∫

∞

−∞
{𝑃 ,𝑊 }◦𝛷0

𝑡 d𝑡 = ∫

∞

−∞
𝐻1◦𝛷

0
𝑡 −𝐻1◦𝛷

00
𝑡 d𝑡.

Similarly one can see that

∫

∞

−∞
𝑅(𝜔𝑡) {𝑃 ,𝑊 }◦𝛷0

𝑡 d𝑡 = ∫

∞

−∞
𝑅(𝜔𝑡)

(

𝐻1◦𝛷
0
𝑡 −𝐻1◦𝛷

00
𝑡
)

d𝑡,

and an analogous result holds for 𝜕𝑊𝜕𝑞  and 𝜕𝑊𝜕𝑝  instead of 𝑊 , for instance

∫

∞

−∞
𝑅(𝜔𝑡) ∇𝑣{𝑃 ,𝑊 }◦𝛷0

𝑡 d𝑡 = ∫

∞

−∞
𝑅(𝜔𝑡)

(

∇𝑣𝐻1◦𝛷
0
𝑡 − ∇𝑣𝐻1◦𝛷

00
𝑡
)

d𝑡.

We conclude this section by showing how the analysis of the averaged system (37) may be very useful to conjecture the validity of the Melnikov 
method applied to singular Hamiltonians of the type (12). In fact, we will concentrate on the Toy CP Hamiltonian 𝐻 = 𝐻

0,𝑚
= 𝐻0 + 𝜀𝑚𝐻1 (9) with 

𝑎 = 0

𝐻 (𝑥, 𝑦, 𝑞, 𝑝) = 𝜔
𝑞2 + 𝑝2

+
𝑦2

+ cos 𝑥 − 1 + 𝜀𝑚
(

3𝑞
−

𝑞
cos 2𝑥 −

𝑝
sin 2𝑥

)

, 𝜔 = − 1 , (39)

0,𝑚 2 2 2 2 2 3𝜀2

10 
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to be able to use the well-known singularities of the standard pendulum separatrix.
The averaged system (37) in this case takes the form 

𝑥̇0 = 𝑦0,

𝑦̇0 = sin 𝑥0,

𝑞̇ = 𝜔𝑝 − 𝜀𝑚

2
sin 2𝑥0,

𝑝̇ = −𝜔𝑞 − 3 𝜀
𝑚

2
+ 𝜀𝑚

2
cos 2𝑥0,

(40)

along the standard pendulum separatrix (21) for 𝑦 > 0

𝑥0(𝑡) = 4 arctan e𝑡, 𝑦0(𝑡) =
2

cosh 𝑡
= 𝑥′0(𝑡) = 2 sin

𝑥0(𝑡)
2

.

Hamiltonian (39) has a saddle–center behavior at the origin with characteristic exponents ±1, ±i𝜔 which is weak because the frequency 𝜔 = −1∕3𝜀2

is fast, and therefore the saddle–center ratio is small: 1∕ |𝜔| = 3𝜀2. In this kind of analytic systems, the splitting of separatrices is exponentially 
small, and the standard Poincaré-Melnikov method does not give, a priori, the right estimate of its measure, and more refined tools are required, 
like for instance the study of an associated inner map [30] or a continuous averaging method [38], to study the behavior of the system close to 
the singularities of the separatrix. Although there are some results about the validation of the Melnikov method for the splitting of separatrices for 
general Hamiltonians with fast oscillation for 1+1∕2 degrees of freedom [28–30], unfortunately there are no such general results for Hamiltonians 
with a weak saddle–center with 2-degrees-of-freedom. For concrete cases, in general the Melnikov prediction does not work [22,23], but in some 
significant concrete problems it gives the right answer [31,32].

In these last cases where the Melnikov prediction provides the right answer, it happens that the behavior of the perturbation close to the 
singularity of the separatrix is smaller than the behavior of the terms of the unperturbed Hamiltonian close to the separatrix, and this is the 
criterion that we are going to test.

More precisely, in these singular systems it is crucial to control the values of the terms of the Hamiltonian for times 1∕𝜔-close to the singularities 
of the separatrix. As cosh 𝑡 = i sinh(𝑡 − i𝜋∕2) = i sinh 𝜏, where 𝜏 ∶= 𝑡 − i𝜋∕2, we have that 𝑦0(𝑡) = − 2i

sinh 𝜏 ∼ − 2i
𝜏  for 𝜏 → 0, as well as a number of 

asymptotic expressions for 𝜏 = 𝑡 − i𝜋∕2 → 0:

sin 𝑥0(𝑡) = 𝑦̇0(𝑡) ∼
2i
𝜏2

, cos 𝑥0(𝑡) = 1 −
𝑦0(𝑡)2

2
∼ 2

𝜏2
, e−𝑖𝑥0(𝑡) = cos 𝑥0(𝑡) + i sin 𝑥0(𝑡) ∼

4
𝜏2

,

e𝑖𝑥0(𝑡) = 1
e−𝑖𝑥0(𝑡)

∼ 𝜏2

4
, e2𝑖𝑥0(𝑡) ∼ 𝜏4

16
, e−2𝑖𝑥0(𝑡) ∼ 16

𝜏4
, sin 2𝑥0(𝑡) = 2 sin 𝑥0(𝑡) cos 𝑥0(𝑡) ∼

8i
𝜏4

.

On the one hand, along the separatrix, 𝐻0 contains the terms 
𝑦20(𝑡)
2 ∼ −2

𝜏2
 and cos 𝑥0(𝑡) = 1 −

𝑦20(𝑡)
2 ∼ 2

𝜏2
 so that, for 𝜏 ∼ 𝜀2, we have that 

𝐻0 ∼ 𝜀−4. (41)

On the other hand, 𝐻1 can be written as

𝐻1 =
3𝑞
2

− 1
4
(𝑞 − i𝑝) e2i𝑥 − 1

4
(𝑞 + i𝑝) e−2i𝑥.

From (40) we have that

(𝑞 − i𝑝)⋅ = 𝑖𝜔(𝑞 − i𝑝) + i 3
2
𝜀𝑚 − i 𝜀

𝑚

2
e−2i𝑥0 ∼ −8𝑖𝜀𝑚

𝜏4
,

from which 𝑞 − i𝑝 ∼ 8𝑖𝜀𝑚
3𝜏3 . Analogously, from

(𝑞 + i𝑝)⋅ = −𝑖𝜔(𝑞 + i𝑝) − i 3
2
𝜀𝑚 + i 𝜀

𝑚

2
e2i𝑥0 ∼ −𝑖𝜔(𝑞 + i𝑝) − i 3

2
𝜀𝑚,

we get 𝑞 + i𝑝 ∼ − 3𝜀𝑚
2𝜔 = 𝜀𝑚+2. In a similar way 𝑞̇ ∼ − 4i𝜀𝑚

𝜏4
 implies 𝑞 ∼ + 4i𝜀𝑚

3𝜏3 .
If we plug these three asymptotic expressions into the expression of 𝐻1 for 𝜏 ∼ 𝜀2, we get 

𝜀𝑚𝐻1 ∼ 𝜀2𝑚−6. (42)

Comparing with the estimate of the unperturbed Hamiltonian 𝐻0 of (41), the size of the perturbation 𝜀𝑚𝐻1 of (42) will be smaller when 𝜀2𝑚−6 ≪ 𝜀−4, 
that is, for 𝑚 > 1, which is the exponent for which we can expect that the Melnikov method will give the right answer.

The case 𝑚 = 1 is the so-called limit o singular case [30], where the constant 𝐴 may require the use of the inner equation as in [22,23,29,30] 
to provide the right answer.

3. Numerical results. Splitting of the invariant manifolds of 𝑳𝟏, 𝑾 𝐮,𝐬(𝑳𝟏)

In this part of the paper we discuss the methodology used and the results obtained from numerical computations.

3.1. Numerical computation of the manifolds 𝑊 u,s(𝐿1) of the equilibrium point 𝐿1

Our first goal is to compute 𝑊 𝑢,𝑠(𝐿1) numerically. An effective way to so is applying the parameterization method (shortly reminded in Appendix 
B) in order to obtain high order expansions of 𝑊 𝑢,𝑠(𝐿1). Moreover, since we will need to deal with very small values of 𝐾 to check exponentially 
small estimates for the splitting between 𝑊 𝑢(𝐿 ) and 𝑊 𝑠(𝐿 ), a multiple precision arithmetic will be required. Also regarding the numerical 
1 1
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computations, we observe that using the Hamiltonian for the CP problem in synodical coordinates (x , y, ẋ , ẏ) implies a term 1∕𝑟3 in the ODE. To 
make the computations more efficient, we will change to Levi-Civita coordinates (𝑢, 𝑣, 𝑢′, 𝑣′) and a new time 𝜏 (with ′ = d∕ d𝜏) defined by 

x = 𝑢2 − 𝑣2, y = 2𝑢𝑣, d𝑡
d𝜏

= 4(𝑢2 + 𝑣2) (43)

so the system of ODE now becomes
{

𝑢′′ − 8(𝑢2 + 𝑣2)𝑣′ = −4𝐶𝑢 − 16𝐾𝑢3 + 12(𝑢2 + 𝑣2)2𝑢,

𝑣′′ + 8(𝑢2 + 𝑣2)𝑢′ = −4𝐶𝑣 + 16𝐾𝑣3 + 12(𝑢2 + 𝑣2)2𝑣,

where 𝐶 is given by (5) and ′ = d∕ d𝜏, which is simply polynomial, and the implementation of the parameterization method becomes simpler and 
more efficient.
We recall that:
1. The Levi-Civita transformation (43) duplicates the configuration plane.
2. There exists a first integral expressed by

𝑢′2 + 𝑣′2 = 8(𝑢2 + 𝑣2)
(

1
2
(𝑢2 + 𝑣2)2 + 1

𝑢2 + 𝑣2
−𝐾(𝑢2 − 𝑣2) − 𝐶

2

)

which is regular everywhere (including the collision 𝑢 = 𝑣 = 0).

3.2. Splitting in synodic coordinates

The next step consists of computing the distance between the unstable and stable invariant manifolds associated with 𝐿1 at some Poincaré 
section 𝛴, which is taken as y = 0, x > 0 (or correspondingly to 𝑣 = 0, 𝑢 > 0 in Levi-Civita coordinates). We will focus on the external manifolds 
𝑊 u,e and 𝑊 s,e (see Fig.  2), and from now on we simply denote them by 𝑊 u and 𝑊 s. Fixed a value of 𝐾 > 0, we want to compute the distance 
— also called the splitting — between 𝑊 𝑢 and 𝑊 𝑠 at the first crossing with 𝛴, that is the distance between the two points 𝑃 𝑢 = (x 𝑢, y𝑢, p𝑢x , p𝑢y ) and 
𝑃 𝑠 = (x 𝑠, y𝑠, p𝑠x , p𝑠y ), with y𝑢 = y𝑠 = 0 (we will provide the splitting for the variables (x , y, px , py ) although the numerical simulations will be done 
using Levi-Civita coordinates). However notice that due to the symmetry (3), x 𝑢 = x 𝑠, p𝑢y = p𝑠y  and p𝑠x = −p𝑢x , the stable manifold 𝑊 s does not need 
to be computed and the distance between 𝑃 𝑢 and 𝑃 𝑠 is simply 2p𝑢x = 2ẋ 𝑢 ∶= 𝛥ẋ , since px = ẋ − y = ẋ  at 𝛴 (of course the corresponding reversibility 
applies in Levi-Civita coordinates).

Next, for different values of 𝐾 we compute the corresponding value 𝛥ẋ . We have taken a range of values of 𝐾 decreasing from 0.001 to 10−8.
Our next purpose is to fit the resulting data by an asymptotic formula. To do so, we start with a naive fit, that is a formula 𝛥ẋ ∼ 𝑐 ⋅ exp(𝜔𝑑), or 

equivalently ln𝛥ẋ ∼ ln 𝑐 + 𝑑 ln |𝜔|, where 𝜔 = − 1
3𝜀2

 and we look for the constant 𝑑. Using divided differences we obtain that 𝑑 = 𝜋∕2. The next fit 
asymptotic formula (inspired in formulas (34) and (35)) is 

𝛥ẋ ∼ 𝜀𝐴|𝜔|𝑟 exp
(𝜔𝜋

2

)

(44)

or equivalently 
ln |𝛥ẋ | − ln 𝜀 − 𝜔𝜋

2
∼ ln𝐴 + 𝑟 ln |𝜔|. (45)

The crucial point is to determine the values of ln𝐴 and 𝑟. To do so, we have proceeded following three strategies:
(i) from the output data (𝐾, 𝛥ẋ ), we plot the points (ln |𝑤|, 𝑌𝛥ẋ ) where 𝑌𝛥ẋ = ln |𝛥ẋ |− ln 𝜀− 𝜔𝜋

2
 –see Fig.  3–. We clearly see that the points lie on a 

line. Actually, a linear regression approximation using formula (45) provides
𝑟 = 𝑟cp = 1.6115, ln𝐴 = ln𝐴cp = 2.772, 𝐴 = 𝐴cp = 15.99058.

(ii) Since formulas (44) or (45) are asymptotic formulas, it seems quite reasonable to take for each pair of points (𝐾𝑖, 𝛥ẋ𝑖) and (𝐾𝑖+1, 𝛥ẋ𝑖+1), the 
segment passing through the points (ln |𝜔𝑖|, 𝑌𝛥ẋ𝑖 ) and (ln |𝜔𝑖+1|, 𝑌𝛥ẋ𝑖+1 ) and look at the tendency of the slope of such segments when 𝐾 decreases. 
We associate to this segment the expression 𝑟 ln |𝜔| + ln𝐴 and we plot the obtained values of 𝑟 in Fig.  4 left and the obtained values of ln𝐴 in the 
right figure. For the last pair of points we obtain 

𝑟 = 𝑟cp = 1.6114670… , ln𝐴 = ln𝐴cp = 2.7726505… , 𝐴 = 𝐴cp = 16.000988… , (46)

which are very similar values to those obtained in strategy (i).
A remark must be done at this point: notice that the decreasing values of 𝐾 considered range from 0.001 to 10−8, or correspondingly the range 

of increasing values in ln |𝑤| is from 2.8 to 8.6. However the range of values in 𝜀 is from 0.14 to 0.0076, which turns out to be poor. Nevertheless, 
we emphasize that the numerical computations have been done using multiple precision arithmetics dealing with up to five thousand digits and a 
high order for the parameterization. So we reach a limit computing capacity for taking smaller values of 𝐾, and therefore smaller values of 𝜀.
(iii) Actually, using an extrapolation approach, formula (44) can be written as

𝛥ẋ ∼ 𝜀|𝜔|𝑟 exp
(𝜔𝜋

2

)

(

𝐴 + 𝐴1𝜀
𝑗1 + 𝐴2𝜀

𝑗2 +⋯
)

or equivalently as 

𝑍𝛥ẋ ∶= 1
𝜀
|𝜔|−𝑟𝛥ẋ exp

(

−𝜔𝜋
2

)

∼ 𝐴 + 𝐴1𝜀
𝑗1 + 𝐴2𝜀

𝑗2 + 𝐴3𝜀
𝑗3 +⋯ (47)

and our goal is to obtain an (as much precise as possible) value of 𝐴, once 𝑟 is given. Although we do not know the exact value of 𝑟, from the 
numerical computations done in next Sections for the perturbed pendulum and for the perturbed amended pendulum, we will show (later on) that 
the guess value for 𝑟 = 𝑟  is 𝑟 = 1.611111… = 29∕18.
cp cp
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Fig. 3. Points (ln |𝜔|, 𝑌𝛥ẋ ) varying (decreasing to zero) 𝐾 (or equivalently increasing ln |𝜔|). Notice the points lying on the line 𝑌 = 2.772 + 1.6115 ln |𝜔|.

Fig. 4. Values of 𝑟 (left) and ln𝐴 (right) obtained when taking pairs of points (𝐾𝑖, 𝛥ẋ𝑖) and (𝐾𝑖+1, 𝛥ẋ𝑖+1) varying (decreasing to zero) 𝐾 (or equivalently increasing 
ln |𝜔|). See the text for details.

Table 1
Approximate values of 𝐴 = 𝐴

cp
 in formula (47) obtained by extrapolation.

 𝐾 𝜀 𝑍𝛥ẋ 1st extrapolation 2nd extrapolation  
 1.432E−8 8.312E−3 16.0493664120828 16.05530749436553 16.0553078439006 
 1.419E−8 8.293E−3 16.0493937101860 16.05530749756964 16.0553078438344 
 1.406E−8 8.274E−3 16.0494208816007 16.05530750074373 16.0553078437819 
 1.393E−8 8.255E−3 16.0494479266667 16.05530750388795 16.0553078437170 
 1.380E−8 8.236E−3 16.0494748478517 16.05530750700268 16.0553078436392 
 1.367E−8 8.217E−3 16.0495016497992 16.05530751008853 16.0553078435483 
 1.355E−8 8.198E−3 16.0495283244532 16.05530751314551 16.0553078433730 
 1.342E−8 8.179E−3 16.0495548764688 16.05530751617363 16.0553078434478 
 1.330E−8 8.160E−3 16.0495813084435 16.05530751917351 16.0553078433717 
 1.318E−8 8.141E−3 16.0496076165450 16.05530752214528 16.0553078433357 

Using formula (47) we have done several steps of extrapolation to obtain a robust value of 𝐴 = 𝐴cp  (using the last 50 values of 𝐾 close to 10−8) 
(see values of (𝐾, 𝜀) in Table  1, where only the smallest 10 values of 𝐾 are shown). That is, we have taken values of (𝜀,𝑍𝛥ẋ ) (see column 2 and 
3 in the table) and after some attempts, varying the values of 𝑗𝑖, we conclude that we get the best fit of 𝐴cp with 𝑗𝑖 = 2 ⋅ 𝑖 and the value of 𝐴cp  is 
𝐴cp = 16.055307843 (or ln𝐴cp = 2.776039450). See columns 3, 4, 5 in the table. Columns 4 and 5 have been obtained taking the first two extrapolation 
steps.

In summary, with the data at hand the specific values of 𝐴 and 𝑟 turn out to be 
𝐴 = 𝐴cp = 16.055307843… (ln𝐴 = ln𝐴cp = 2.77603950… ), 𝑟 = 𝑟cp = 1.6111111… = 29∕18. (48)

3.3. Splitting in resonant coordinates

Motivated, on one hand, by formulas (35) and (34) at 𝑡 = 0 which provide explicit expressions of the splitting for the standard perturbed 
pendulum, and on the other hand, by the numerical simulations done in the previous subsection, we want to analyze the splitting (distance 
between the external manifolds 𝑊 𝑢,𝑒 and 𝑊 𝑠,𝑒 at the Poincaré section 𝛴) when taking into account, not the original variables (x , y, px , py ) but 
the resonant ones (𝑥, 𝑦, 𝑝, 𝑞). So, for each value of 𝐾, once we obtain the point 𝑃 𝑢 from the computations described in the previous subsection for 
the CP problem, we apply the change of coordinates from Levi-Civita (𝑢, 𝑣, 𝑢′, 𝑣′) to synodical ones (x , y, px , py ) and to resonant coordinates (𝑥, 𝑦, 𝑝, 𝑞), 
so now 𝑃 𝑢 becomes (𝑥𝑢, 𝑦𝑢, 𝑞𝑢, 𝑝𝑢), with 𝑥𝑢 ≈ 𝜋. Taking the same range of values of 𝐾 tending to zero, more precisely a set of values 𝐾 , 𝑖 = 1,… , 𝑁
𝑖
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Fig. 5. Points (ln |𝜔|, 𝑌𝛥𝑝) varying (decreasing to zero) 𝐾 (or equivalently increasing ln |𝜔|). Notice the points lying on the line 𝑌 = 3.325 + 2.111 ln |𝜔|.

Fig. 6. Values of 𝑟
cpr
 (left) and ln𝐴

cpr
 (right) obtained when taking pairs of points (𝐾𝑖, 𝛥𝑝𝑖) and (𝐾𝑖+1, 𝛥𝑝𝑖+1), in resonant coordinates, varying (decreasing to zero) 

𝐾 (or equivalently increasing ln |𝜔|). See the text for details.

with 𝐾 ∈ [10−8, 10−3] and using multiple precision computations, we compute the splitting which now we define as 𝛥𝑝 = 2𝑝𝑢. to 𝜋). Taking into 
account formulas (34) and (35), where we skip the + notation since we only consider the external manifolds, we fit the splitting by the asymptotic 
formula 

|𝛥𝑝| ∼ 𝜀𝐴|𝜔|𝑟 exp
(𝜔𝜋

2

)

(49)

or equivalently 
ln |𝛥𝑝| − ln 𝜀 − 𝜔𝜋

2
∼ ln𝐴 + 𝑟 ln |𝜔|. (50)

Our next goal is to determine 𝐴 = 𝐴cpr  and 𝑟 = 𝑟cpr . We proceed applying the three strategies mentioned above.
(i) We plot the points (ln |𝜔|, 𝑌𝛥𝑝), with 𝑌𝛥𝑝 ∶= ln |𝛥𝑝|− ln 𝜀− 𝜔𝜋

2
, see Fig.  5. Again we observe the good fit of points (ln |𝜔|, 𝑌𝛥𝑝) by a line. A linear 

regression approximation using formula (50) provides ln𝐴cpr = 3.325 and 𝑟cpr = 2.111.

(ii) Taking each successive pair of points (𝐾𝑖, 𝛥𝑝𝑖) and (𝐾𝑖+1, 𝛥𝑝𝑖+1) and the segment passing through the points (ln |𝜔𝑖|, 𝑌𝛥𝑝𝑖 ) and 
(

ln |𝜔𝑖+1|, 𝑌𝛥𝑝𝑖+1
)

. 
We associate to this segment the expression 𝑟 ln |𝜔| + ln𝐴 and we plot the obtained values of 𝑟 = 𝑟cpr  in Fig.  6 left, and the obtained values of 
ln𝐴 = ln𝐴cpr  in the right figure. With the data at hand, the last values obtained for ln𝐴cpr  and 𝑟cpr  are ln𝐴cpr = 3.323854… , 𝑟cpr = 2.111267… , 
which are very similar to those values in strategy (i).
(iii) We now make use of the fit formula

|𝛥𝑝| ∼ 𝜀|𝜔|𝑟 exp
(𝜔𝜋

2

)

(

𝐴 + 𝐴1𝜀
𝑗1 + 𝐴2𝜀

𝑗2 +…
)

,

or equivalently as 

𝑍𝛥𝑝 ∶=
1
𝜀
|𝜔|−𝑟|𝛥𝑝| exp

(

−𝜔𝜋
2

)

∼ 𝐴 + 𝐴1𝜀
𝑗1 + 𝐴2𝜀

𝑗2 + 𝐴3𝜀
𝑗3 +… (51)

and as we have done previously with 𝛥𝑥̇, we want to apply extrapolation to obtain an (as much precise as possible) value of 𝐴 = 𝐴cpr , once 𝑟 = 𝑟cpr
is given. Again, we need a guess value which turns out to be 𝑟cpr = 2.11111… = 19∕9. This value will be justified in Section 5.

Using formula (51) we have done two steps of extrapolation to obtain a robust value of 𝐴cpr (again using the same last 50 values of 𝐾 close to 
10−8, see Table  2) where we have taken 𝑗𝑖 = 2⋅𝑖 (which provides the best fit). We list the values of 𝐴cpr obtained through the successive extrapolation 
steps (we only provide the last 10 values but we have used 50):

In summary, with the data at hand, the values of 𝐴cpr and 𝑟cpr turn out to be 

𝐴 = 27.80860891… (ln𝐴 = 3.325345645… ), 𝑟 = 2.11111… = 19∕9, (52)
cpr cpr cpr

14 



A. Delshams et al. Physica D: Nonlinear Phenomena 485 (2026) 135031 
Table 2
Approximate values of 𝐴 = 𝐴

cpr
 in formula (51) obtained by extrapolation.

 𝑍𝛥𝑝 1st extrapolation 2nd extrapolation  
 27.8040812616518 27.80860932094579 27.8086089167525 
 27.8041020671644 27.80860931723887 27.8086089166344 
 27.8041227760921 27.80860931356489 27.8086089165020 
 27.8041433886943 27.80860930992373 27.8086089163859 
 27.8041639068522 27.80860930631499 27.8086089162863 
 27.8041843341052 27.80860930273799 27.8086089162036 
 27.8042046643138 27.80860929919275 27.8086089160301 
 27.8042249010261 27.80860929567928 27.8086089159491 
 27.8042450462224 27.80860929219689 27.8086089158544 
 27.8042650969822 27.80860928874547 27.8086089157148 

Remark.  We notice that the Poincaré section 𝑦 = 0 does not correspond to 𝑥 = 𝜋 but 𝑥 = 𝜋 + 𝛿. However, numerical computations reveal that

𝛿 = 𝐶𝜀2|𝜔|𝑟cpr exp
(𝜔𝜋

2

)

so in terms of comparison of the fit formulas for the splitting, we can deal with the Poincaré section 𝑥 = 𝜋 or 𝑥 = 𝜋 + 𝛿, indistinctly (since the 
contribution of 𝛿 is of order 𝜀2, apart from the exponentially small term).

At this point, two natural questions arise: (i) Can we explain the difference between 𝑟cp = 1.611…  and 𝑟cpr = 2.111…  and the difference between 
𝐴cp  and 𝐴cpr? (ii) Does the Melnikov theory predict the asymptotic formula (49) or (50) with these values of 𝑟cpr  and ln𝐴cpr? Next section is devoted, 
in particular, to answer the second question. Concerning the first question, let us prove the following result:

At the Poincaré section 𝛴 ∶ y = 0, we have

ẋ ≈ −𝜀𝑝

or equivalently,

𝛥ẋ ≈ −𝜀𝛥𝑝.

To prove this assertion, let us assume that x = 1 + 𝑂(𝛿), ẏ = 𝑂(𝛿), and ẋ > 0 being 𝛿 a small quantity. Then using formulas (10)

𝑎 = x
2 − x (ẋ 2 + ẏ2) − 2ẏx 2 − x 3

=
1 + 𝑂(𝛿)

2 − (1 + 𝑂(𝛿))(ẋ 2 + 𝑂(𝛿2)) − 2𝑂(𝛿2) − 1 + 𝑂(𝛿)

=
1 + 𝑂(𝛿)

1 − ẋ 2(1 + 𝑂(𝛿)) + 𝑂(𝛿)
=

1 + 𝑂(𝛿)
1 − ẋ 2 + 𝑂(𝛿)

= 1
1 − ẋ 2

+ 𝑂(𝛿),

𝐿 = 1
√

1 − ẋ 2
+ 𝑂(𝛿)

𝐺 = x (ẏ + x ) = 1 + 𝑂(𝛿)

so

𝐿 − 𝐺 = ẋ 2
√

1 − ẋ 2 + 1 − ẋ 2
+ 𝑂(𝛿)

and
√

2(𝐿 − 𝐺) =

√

2ẋ
√

√

1 − ẋ 2 + 1 − ẋ 2
+ 𝑂(𝛿)

𝑒 =
√

1 − 𝐺2

𝑎
= ẋ + 𝑂(𝛿).

Moreover recall from the eccentricity vector 𝐞 = (𝑒(1), 𝑒(2)) that 𝑒(2) = −x ẋ (ẏ + x ) = −ẋ + 𝑂(𝛿). So finally

𝑝 =

√

2(𝐿 − 𝐺)
𝜀

sin 𝑔 =

√

2(𝐿 − 𝐺)
𝜀

𝑒(2)

𝑒
≈ 1

𝜀
ẋ ,

that is 

ẋ ≈ −𝜀𝑝. (53)

Expression (53) allows us to relate the exponent 𝑟cp and 𝑟cpr and the constants 𝐴cp and 𝐴cpr in the two fit formulas:

𝛥ẋ = 2ẋ ∼ 𝐴𝜀|𝜔|𝑟 exp
(𝜔𝜋

2

)

, with 𝑟 = 𝑟cp = 1.61111… = 28
19

, 𝐴 = 𝐴cp = 16.0553078… (54)

𝛥𝑝 = 2|𝑝| ∼ 𝐴𝜀|𝜔|𝑟 exp
(𝜔𝜋

2

)

, with 𝑟 = 𝑟cpr = 2.1111… = 19
9
, 𝐴 = 𝐴cpr = 27.8086089… . (55)
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Indeed, using |ẋ | = 𝜀|𝑝|, we obtain 

𝑟cpr = 𝑟cp+
1
2
, 𝐴cp ≈

𝐴cpr
√

3
, (56)

which agrees with the relation 𝑟cpr = 2.11111… = 1.611111 + 0.5 = 𝑟cp+ 0.5 and the numerical values of 𝐴cp  and 𝐴cpr  obtained in (54) and (55) (we 
precisely get 

𝐴cpr
√

3
= 16.0553078…  which coincides with the value of 𝐴cp up to the first 9 digits).

4. The perturbed standard pendulum. Other possible models

This Section is devoted to answer the following question: does the Melnikov theory predict the asymptotic formula (49) with these values of 
𝑟cpr and ln𝐴cpr?

To answer this question we take, as the most natural model, the first order in 𝜀 Hamiltonian. More precisely, in Section 2.3 we have written 
the Hamiltonian of the CP problem in resonant coordinates (𝑥, 𝑦, 𝑞, 𝑝) (see (17)). We now consider the Hamiltonian as an expansion in powers of 
𝜀 = (𝐾∕3)1∕4:

𝐻 = 𝜔
𝑞2 + 𝑝2

2
+

𝑦2

2
+ cos 𝑥 − 1 + 𝜀

[ 3
2
𝑞 −

𝑞
2
cos 2𝑥 −

𝑝
2
sin 2𝑥

]

+ 𝜀2
[(

−3
8
𝑞2 − 5

8
𝑝2
)

cos 𝑥 + 2𝑦 cos 𝑥 + 1
4
𝑞𝑝 sin 𝑥 + 3

8
(

𝑞2 − 𝑝2
)

cos 3𝑥 + 3
4
𝑞𝑝 sin 3𝑥 − 2

3
𝑦3
]

+⋯

∶= 𝐻0 + 𝜀𝐻1 + 𝜀2𝐻2 +⋯ (57)

and we take as the simplest model the first order expansion, 

𝐻
0,1
(𝑥, 𝑦, 𝑞, 𝑝) = 𝐻0(𝑥, 𝑦, 𝑞, 𝑝) + 𝜀𝐻1(𝑥, 𝑦, 𝑞, 𝑝) (58)

with 

𝐻0(𝑥, 𝑦, 𝑞, 𝑝) = 𝜔
𝑞2 + 𝑝2

2
+

𝑦2

2
+ cos 𝑥 − 1 (59)

and 

𝐻1(𝑥, 𝑦, 𝑞, 𝑝) =
3
2
𝑞 −

𝑞
2
cos 2𝑥 −

𝑝
2
sin 2𝑥, (60)

and we call (58) the perturbed standard pendulum (although 𝐻0 is a rotor times a standard pendulum).
At this point we remark that Hamiltonian (58) can be regarded as a particular case of the more general Hamiltonian 

𝐻
0,𝑚

(𝑥, 𝑦, 𝑞, 𝑝) = 𝐻0(𝑥, 𝑦, 𝑞, 𝑝) + 𝜀𝑚𝐻1(𝑥, 𝑦, 𝑞, 𝑝) (61)

with 𝐻0 and 𝐻1 given by (59) and (60) respectively.
Actually in this Section we want to test the Melnikov theory for the more general Hamiltonian (61), 𝑚 ≥ 1, from which 𝑚 = 1 — that is 

Hamiltonian (58) corresponding to a natural approximation of the CP problem — is a particular case.
So, we consider the general Hamiltonian (61) and we proceed as follows: (i) we compute the Melnikov integral for the separatrix. Notice 

that a clear advantage of this Hamiltonian is that we know the explicit expression of the separatrices (given by (21)) in (𝑞, 𝑝) = (0, 0) of the 
integrable Hamiltonian 𝐻0(𝑥, 𝑦, 𝑞, 𝑝), which is a rotor times a pendulum. An immediate consequence of this Melnikov integral computation will 
provide the answer to our initial question in this Section: the theoretical Melnikov prediction does not provide the expected values 𝑟cpr and 𝐴cpr. 
(ii) Going on with the general Hamiltonian 𝐻

0,𝑚
, we observe that the associated system of ODE has two equilibrium points: 𝐿− = (0, 0, 3𝜀2+𝑚, 0) and 

𝐿+ = (2𝜋, 0, 3𝜀2+𝑚, 0). We will focus our attention on the external unstable manifold of 𝐿− (that will start describing a curve in the (𝑥, 𝑦) projection 
with 𝑦 > 0, 𝑥 > 0), and the external stable manifold of 𝐿+ (that will start describing a curve in the (𝑥, 𝑦) projection with 𝑦 > 0, 𝑥 < 2𝜋). We want 
to measure the distance between them (the splitting) at a given Poincaré section. Due to the symmetry (𝑥, 𝑦, 𝑞, 𝑝, 𝑡) → (2𝜋 − 𝑥, 𝑦, 𝑞,−𝑝,−𝑡) satisfied 
by the associated system of ODE, a Poincaré section that turns out to be convenient is 𝛴 ∶ 𝑥 = 𝜋, 𝑦 > 0. From now on we will omit the external
mention when discussing the manifolds and we will simply refer to them as the manifolds. (iii) We will compute the splitting between 𝑊 𝑢(𝐿−)
and 𝑊 𝑠(𝐿+) at 𝛴, which will be denoted by 𝛥𝑝 (see details on the notation below). (iv) We will fit 𝛥𝑝 by some suitable asymptotic formula. (v) 
We will check if for any value of 𝑚 ≥ 1, the Melnikov integral formula predicts the asymptotic behavior provided by the previous fitting formula. 
In the sequel we detail the computations.

4.1. Melnikov integral for the perturbed standard pendulum

Formula (35) provides the Melnikov integral for the separatrix of the standard pendulum and Formula (33) provides (the linear approximation 
of) the splitting. In particular at 𝑡 = 0 we have 

𝛥𝑝 ∼ −𝜀𝑚 8𝜋
3
𝜔3

(

1 − 2
𝜔2

)

e𝜋𝜔∕2

1 − e2𝜋𝜔
, (62)

with 𝑚 = 1 (obviously the same formula is obtained for a Hamiltonian 𝐻0(𝑥, 𝑦, 𝑞, 𝑝)+𝜀𝑚𝐻1(𝑥, 𝑦, 𝑞, 𝑝)). So, comparing the splitting fit formulas (49) and 
(62) we obtain 𝑟 = 3 from Melnikov formulation, instead of the expected value 𝑟cpr = 2.111…  and 𝐴 = 8𝜋

3
= 8.377…  instead of 𝐴cpr = 27.808…  (see 

(52)). We can conclude that the numerical results for 𝛥𝑝 do not coincide with the theoretical prediction given by the Melnikov formula.
16 
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4.2. Analysis of the toy CP problem with 𝑎 = 0

Although the Hamiltonian 𝐻
0,1
 in (58) turns out not to be a good approximation to get the asymptotic fit for 𝛥𝑝 for the CP problem, it is 

interesting to analyze the following Hamiltonian — per se and to compare our results with previous ones in the literature —, taking the same 
integrable part plus a more general perturbation, that is the Toy CP problem with 𝑎 = 0, 

𝐻
0,𝑚

(𝑥, 𝑦, 𝑞, 𝑝) = 𝐻0(𝑥, 𝑦, 𝑞, 𝑝) + 𝜀𝑚𝐻1(𝑥, 𝑦, 𝑞, 𝑝) (63)

where 𝑚 ≥ 1, 𝐻0 and 𝐻1 are given by (59) and (60). Let us recall that from the analysis performed in the previous Section 2.5, for 𝑚 > 1 one 
expects that Melnikov prediction with the standard pendulum would provide the correct measure (62) for the splitting.

Let us consider the equilibrium points of 𝐻
0,𝑚
. As mentioned above, they are 𝐿− = (0, 0, 3𝜀2+𝑚, 0) and 𝐿+ = (2𝜋, 0, 3𝜀2+𝑚, 0). Our goal, in this 

subsection, is to check if the splitting between the unstable manifold of 𝐿− (in 𝑦 ≥ 0) and the stable manifold of 𝐿+ (in 𝑦 ≥ 0) measured at the 
Poincaré section 𝛴 defined by 𝑥 = 𝜋, 𝑦 > 0, can be predicted by the Melnikov formula (32) obtained analytically regardless the value of 𝑚.
To do so, we fix a value of 𝑚, and for each value of 𝐾 (or equivalently 𝜀 or 𝜔):
1. We compute the associated equilibrium point 𝐿− = (0, 0, 3𝜀2+𝑚, 0) of the corresponding Hamiltonian system.
2. We compute, using the parameterization method and multiple precision arithmetics, the unstable manifold 𝑊 u(𝐿−) up to the Poincaré section 
𝛴 ∶ 𝑥 = 𝜋. We call (𝑥𝑢, 𝑦𝑢, 𝑞𝑢, 𝑝𝑢) the corresponding point with 𝑥𝑢 = 𝜋.

3. We would proceed similarly with the stable manifold of 𝐿+ and we would compute the intersection point (𝑥𝑠, 𝑦𝑠, 𝑞𝑠, 𝑝𝑠) with 𝛴. However, due 
to the symmetry 

(𝑥, 𝑦, 𝑞, 𝑝, 𝑡) → (2𝜋 − 𝑥, 𝑦, 𝑞,−𝑝,−𝑡) (64)

only the unstable manifold 𝑊 u(𝐿−) needs to be computed since at the Poincaré section we have 𝑥𝑢 = 𝑥𝑠 = 𝜋, 𝑞𝑢 = 𝑞𝑠, 𝑝𝑢 = −𝑝𝑠 and 𝑦𝑢 = 𝑦𝑠. We are 
interested in the splitting between 𝑊 u(𝐿−) and 𝑊 s(𝐿+) at 𝛴, that is, the value

𝛥𝑝 = 𝑝𝑢 − 𝑝𝑠 = 2𝑝𝑢

4. We vary the values of 𝐾 tending to 0 (or 𝜀 or 𝜔), and we obtain a set of points (𝐾𝑖, 𝛥𝑝𝑖), for 𝑖 = 1,… , 𝑁 . In the numerical simulations we have 
taken decreasing values of 𝐾 up to 3 ⋅ 10−8. Again order of thousands for the parameterization and multiple precision with thousands of digits are 
required.

5. We fit the numerical computed values by a formula of type, 

|𝛥𝑝| ∼ 𝜀𝑚𝐴|𝜔|𝑟 exp
(𝜔𝜋

2

)

(65)

or equivalently,
ln |𝛥𝑝| − 𝑚 ln 𝜀 − 𝜔𝜋

2
∼ ln𝐴 + 𝑟 ln |𝜔|,

where we denote 𝑟 = 𝑟
0,𝑚

 and 𝐴 = 𝐴
0,𝑚
, but we shall keep 𝑟 and 𝐴 in the formulas to not overload the notation.

Let us discuss the results obtained. Notice that we want to check two different values: the exponent 𝑟, which should be equal to 3, and the constant 
𝐴, which should be 8𝜋∕3 or ln𝐴 = 2.125591… . In Fig.  7 we show a first (rough) plot with the points (ln |𝜔𝑖|, 𝑌𝛥𝑝𝑖 ) with 𝑌𝛥𝑝𝑖 ∶= ln |𝛥𝑝𝑖|−𝑚 ln 𝜀𝑖−𝜔𝑖𝜋∕2
(and 𝜀𝑖 = (𝐾𝑖∕3)1∕4 and 𝜔𝑖 = −1∕(3𝜀2𝑖 )), where we have taken some values of 𝐾 ranging from 0.005 to 5 ⋅ 10−8. Taking such a big set of values of 
𝐾 for each value of 𝑚, we can see how the set of points for each case 𝑚 = 1, 2, 3, 4, 5, 6 overlap on the line 𝑌 = 2.1255 + 3 ln |𝜔|.

However, formula (65) is an asymptotic formula, so to find out the tendency of 𝑟 towards 3 and ln𝐴 towards ln(8𝜋∕3) = 2.1255…  (see the dashed 
horizontal line in Figs.  8 and 10), we proceed as above, that is, we compute, for each two successive points (ln |𝜔𝑖|, 𝑌𝛥𝑝𝑖 ) and (ln |𝜔𝑖+1|, 𝑌𝛥𝑝𝑖+1 ), the 
segment passing through these two points, with an expression 𝑟𝑖 ln |𝜔| + ln𝐴𝑖. Taking values of 𝐾 decreasing from 0.005 to 5 ⋅ 10−8, we plot the 
set of points (ln |𝜔𝑖|, 𝑟𝑖), 𝑖 = 1,… , 𝑁 − 1, in Fig.  8 (left) and (ln |𝜔𝑖|, ln𝐴𝑖), 𝑖 = 1,… , 𝑁 − 1, in Fig.  8 (right). These computations are shown for 
𝑚 = 1, 2, 3, 4, 5, 6. Some remarks must be mentioned:
(i) It is clear that the value of 𝑟 tends to 3 for the values of 𝑚 considered so the exponent 3 in the theoretical Melnikov formula (33) fits with the 
numerical exponent obtained. Moreover we also observe that for 𝑚 = 2, 3, 4, 5, 6 (say 𝑚 ≥ 2) the tendency of 𝑟 is mainly the same and fast towards 
the value 3, but for 𝑚 = 1 it takes a bit longer to tend to 3. But in all cases, 𝑟 tends to 3 when 𝐾 tends to zero. So we may infer that for any 𝑚 ≥ 1, 
the exponent 𝑟 is 3.
(ii) Concerning the value of the constant ln𝐴, it is clear that, for 𝑚 ≥ 2, ln𝐴 → ln(8𝜋∕3). However, in principle it is not that clear for 𝑚 = 1. Another 
way to show the tendency of 𝑟𝑖 and ln𝐴𝑖 to 3 and ln(8𝜋∕3) = 2.1255…  respectively, is based on the computation of the points (ln |𝜔𝑖|, |𝑟𝑖 − 3|) in 
Fig.  9 left and the points (ln |𝜔𝑖|, | ln𝐴𝑖 − ln(8𝜋∕3)|) in Fig.  9 right. We see in the left figure that for 𝑚 = 3, 4, 5, 6 the points overlap on the same 
curve and |𝑟 − 3| tends clearly to zero. In particular, for 𝑚 = 2, the curve 𝑟 crosses the value 𝑟 = 3. See Fig.  8 left (i.e. the points on the curve 
(ln |𝜔|, |𝑟 − 3|) describe a sharp minimum for a value of ln |𝜔| close to 5 and the values of 𝑟 tend to 3) and we observe the decreasing tendency to 
zero in Fig.  9 left. We also see a possible decreasing tendency to zero for 𝑚 = 1, but not as fast as the one for 𝑚 = 2 or 𝑚 ≥ 3.

Similarly, looking at Fig.  9 right, we observe for 𝑚 = 3, 4, 5, 6 the fast tendency of
|

|

|

|

ln𝐴 − ln
( 8𝜋

3

)

|

|

|

|

to zero. However for 𝑚 = 2, the curve | ln𝐴| (see Fig.  8 right) crosses the value ln(8𝜋∕3) (it is clearly seen in the sharp minimum for | ln𝐴 − ln(8𝜋∕3)|
in Fig.  9 right), has a local maximum and goes on decreasing tending to ln(8𝜋∕3) (we observe a slower tendency to zero in Fig.  9 right). Similarly 
we could expect this to happen for 𝑚 = 1. Actually we see the crossing value ln(8𝜋∕3), and (almost) the maximum. However we cannot observe 
the decreasing tendency to ln(8𝜋∕3) as expected.
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Fig. 7. Points (ln |𝜔𝑖|, 𝑌𝛥𝑝𝑖 ) for 𝑚 = 1, 2, 3, 4, 5, 6. Notice they overlap on a line.

To study more carefully the case 𝑚 = 1, the previous computation naturally leads to explore the behavior of 𝑟 and ln𝐴 for intermediate values 
of 𝑚 between 1 and 2, to see the continuous evolution. This has been done for 𝑚 = 1.1, 1.2, 1.3,… , 1.9 and we show the results in Fig.  10 left for 
𝑟 and right for ln𝐴. We notice the continuous evolution of the curves for the intermediate different values of 𝑚. In particular, on the left plot we 
see the tendency of 𝑟 to 3 for any value of 𝑚. On the right plot we see the maximum in each curve ln𝐴 for 𝑚 = 1.1,… , 1.9 and the asymptotic 
tendency to 2.1255… , as ln |𝜔| increases, however for 𝑚 = 1 we see the maximum but not the expected decreasing tendency to 2.1255… . To do so, 
we should consider smaller values of 𝐾. But this becomes numerically unfeasible (to compute the value of 𝛥𝑝 for 𝐾 = 5 ⋅ 10−8 we need thousands 
of digits and an order of thousands for the parameterization of the manifold, so smaller values of 𝐾 become prohibitive).
6. A double check concerning the value of 𝐴 is related to the extrapolation procedure done in Section 3.3. More precisely, for every value of 𝑚 ≥ 1
fixed, we apply (finite) extrapolation steps to the first fit formula:

|𝛥𝑝||𝜔|−𝑟 exp
(

−𝜔𝜋
2

)

𝜀𝑚
∼ 𝐴 + 𝐴2𝜀

2 + 𝐴4𝜀
4 +⋯

or to the second fit formula

|𝛥𝑝||𝜔|−𝑟 exp
(

−𝜔𝜋
2

)

𝜀𝑚
(

1 − 2
𝜔2

) ∼ 𝐴̃ + 𝐴̃2𝜀
2 + 𝐴̃4𝜀

4 +⋯

both formulas with 𝑟 = 3. We also want to compare both formulas and to check if the second one somewhat improves the first one.
Our simulations show that, as 𝑚 increases, the number of digits obtained for the value of 𝐴

0,𝑚
= 8𝜋∕3 also increases when taking the second 

fit formula instead of the first one. For example, for 𝑚 = 6 we obtain, respectively, 6, 10 digits when taking a first step and a second step of 
extrapolation using the first fit formula, whereas we obtain 20, 20 digits with two successive steps of extrapolation applied to the second fit 
formula. However, as 𝑚 decreases, for example 𝑚 = 1, neither the first nor the second fit formula, even using extrapolation, are able to provide 
good digits of 𝐴

0,1
. As mentioned above, we should need smaller values of 𝐾, which is not feasible.

So, from the numerical simulations, we can conclude that for the Toy CP problem with 𝑎 = 0, Hamiltonian (63),
(i) Formula 

|𝛥𝑝| ∼ 𝜀𝑚𝐴|𝜔|𝑟 exp
(𝜔𝜋

2

)

(66)

with 𝑟 = 𝑟
0,𝑚

= 3 and 𝐴 = 𝐴
0,𝑚

= 8𝜋∕3, provides a good fit formula for the splitting 𝛥𝑝, and
(ii) The Melnikov formula predicts the splitting for any 𝑚 > 1 both in 𝑟

0,𝑚
 and 𝐴

0,𝑚
. However, for 𝑚 = 1, while the tendency of 𝑟

0,1
 to 3 is clear, we 

cannot conjecture this tendency to happen for ln𝐴
0,1
 to ln(8𝜋∕3) = 2.1255…  since the numerical results are not conclusive enough.

4.3. Other strategies/models to fit the numerical computation of 𝛥𝑝 for the CP problem

Recall that our purpose is to find a simplified model that mimics the splitting 𝛥𝑝 of the CP problem in resonant coordinates. And we have just 
shown that the standard perturbed pendulum, 𝐻

0,1
= 𝐻0+𝜀𝐻1, is not good enough. So we want to find out another simple model that does describe 

the splitting of the CP problem. A natural procedure is to take the second order approximation
𝐻 = 𝐻0 + 𝜀𝐻1 + 𝜀2𝐻2

see (57), and consider different truncated Hamiltonians adding to 𝐻0 + 𝜀𝐻1 different terms of 𝜀2𝐻2. For each selected Hamiltonian, we, first, take 
a value of 𝐾 and we compute the splitting 𝛥𝑝 (obtained from the intersection of the unstable manifold of the corresponding equilibrium point and 
the section 𝑥 = 𝜋, 𝑦 > 0). Second, we repeat the procedure for different decreasing values of 𝐾 and, third, we fit 𝛥𝑝 by an expression of the type

|𝛥𝑝| ∼ 𝜀𝐴|𝜔|𝑟 exp
(𝜔𝜋

2

)

and we want to know which terms of the Hamiltonian are relevant that give rise to a value of 𝑟 equal to the one obtained for the CP problem, 
that is 𝑟cpr = 2.111… = 19∕9. We have done the numerical computations considering different truncated Hamiltonians taking different terms of 𝐻2. 
We have used just quadruple precision and decreasing values of 𝐾 ranging from 0.001 to 5 ⋅ 10−5 to have a first insight. From these numerical 
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Fig. 8. The perturbed standard pendulum. Points 
(

ln |𝜔| , 𝑟
0,𝑚

)

 (left), and 
(

ln |𝜔| , ln𝐴
0,𝑚

)

 (right) obtained for 𝑚 = 1,… , 6. The dashed line (on the right figure) 
corresponds to the value ln(8𝜋∕3) = 2.1255… .

Fig. 9. The toy CP problem corresponding to 𝑎 = 0. Points 
(

ln |𝜔| , ||
|

𝑟
0,𝑚
− 3||

|

)

 (left), and points 
(

ln |𝜔| , ||
|

ln𝐴
0,𝑚
− ln(8𝜋∕3)||

|

)

 (right) are obtained for 𝑚 = 1,… , 6.

Fig. 10. The Toy CP problem with 𝑎 = 0. Points 
(

ln |𝜔| , 𝑟
0,𝑚

)

 left, and 
(

ln |𝜔| , ln𝐴
0,𝑚

)

 right obtained for 𝑚 = 1, 1.1,… , 2. The dashed line (on the right figure) 
corresponds to the value ln(8𝜋∕3) = 2.1255… .

simulations we can conclude that the simplest model that reproduces the value of 𝑟cpr = 2.111…  for the fitting splitting formula is the Hamiltonian 
provided by 𝐻0 + 𝜀𝐻1 − (2∕3)𝜀2𝑦3, that is, only the term −(2∕3)𝜀2𝑦3 in 𝐻2 is responsible for changing the exponent 𝑟0,1 = 3 (obtained from the 
standard perturbed pendulum) to 𝑟cpr = 2.1111… .

So, in next Section we will consider this precise Hamiltonian and we will use multiple precision computations in order to show that we really 
obtain the value 𝑟 = 2.1111… = 19∕9.
cpr
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Fig. 11. Curves 
(

ln |𝜔| , 𝑟
Mel,1,𝑚

)

 and 
(

ln |𝜔| , ln𝐴
Mel,1,𝑚

)

 obtained from the computation of the Melnikov integral.

Fig. 12. The Toy CP problem with 𝑎 = 1. Points 
(

ln |𝜔| , 𝑟
1,𝑚

)

 (left), and 
(

ln |𝜔| , ln𝐴
1,𝑚

)

 (right) obtained for 𝑚 = 1,… , 6.

5. The Toy CP problem with 𝒂 = 𝟏

The previous discussion motivates to analyze the new Hamiltonian adding the term (−2∕3)𝜀2𝑦3 to the integrable part 𝐻0 giving rise to a new 
integrable part, 

𝐻0(𝑥, 𝑦, 𝑞, 𝑝) −
2
3
𝜀2𝑦3, (67)

which we will call amended pendulum, plus the perturbation 𝜀𝐻1(𝑥, 𝑦, 𝑞, 𝑝), called from now on the perturbed amended pendulum. Or, more generally, 
we consider the Toy CP problem with 𝑎 = 1 and 𝑚 ≥ 1, i.e.,

𝐻
1,𝑚
(𝑥, 𝑦, 𝑞, 𝑝) = 𝐻0(𝑥, 𝑦, 𝑞, 𝑝) −

2
3
𝜀2𝑦3 + 𝜀𝑚𝐻1(𝑥, 𝑦, 𝑞, 𝑝).

In this Section we will carry out two kind of computations:
(i) the computation of the Melnikov integral for 𝛥𝑝 (see formulas (31) and (34)). In this case, however, we cannot compute the Melnikow integral 
for the amended pendulum analytically (as we did for the standard pendulum) since no parameterization of the homoclinic loop (the separatrices) 
for the integrable part (67) is available. So the Melnikov integral will be computed numerically. This will be done in Section 5.1.
(ii) The computation of the splitting 𝛥𝑝 (of the unstable and stable manifolds of the corresponding equilibrium points) at the Poincaré section 𝛴. 
This will be done in Section 5.2.
(iii) Finally, we will discuss Melnikov prediction of the splitting, on the one hand for the Toy CP problem in Section 5.2, and on the other hand 
for the CP problem in Section 5.3.

5.1. Numerical computation of the Melnikov formula using the amended pendulum

Recall formula (27) that provides the linear approximation of the splitting 𝛥𝑣1(𝑡) = (𝛥𝑞1(𝑡), 𝛥𝑝1(𝑡)). We are interested in the splitting at 𝑡 = 0, so 
we use formula (34) for 𝛥𝑣1(0) = (𝛥𝑞1(0), 𝛥𝑝1(0)). In particular, for 𝐻1(𝑥, 𝑦, 𝑞, 𝑝) in (29) we obtain

𝛥𝑞1(0) = 0, 𝛥𝑝1(0) = −1
2 ∫

∞

−∞
(cos (2𝑥(𝑡) + 𝜔𝑡) − cos𝜔𝑡) d𝑡,

where (𝑥(𝑡), 𝑦(𝑡)) defines the separatrix of 𝐻̆  and the right hand side term is precisely the Melnikov integral.
0
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So an strategy to compute the Melnikov integral consists of integrating the system of ODE 
⎧

⎪

⎨

⎪

⎩

𝑥̇ = 𝑦 − 2𝜀2𝑦2,

𝑦̇ = sin 𝑥,

𝑧̇ = cos(2𝑥 + 𝜔𝑡) − cos𝜔𝑡,

(68)

and more particularly the Melnikov integral

1
2 ∫

∞

−∞
[cos (2𝑥 + 𝜔𝑡) − cos𝜔𝑡] d𝑡 = ∫

0

−∞
[cos (2𝑥 + 𝜔𝑡) − cos𝜔𝑡] d𝑡

due to the symmetry (64). So if 𝑧(𝑡) = ∫ 𝑡
−∞ 𝑧̇(𝑢)d𝑢 we want to compute the value 𝑧(0).

We proceed with the following steps:
Step 1: Applying the parameterization method (see Appendix  B) we obtain a local approximation of the unstable manifold (separatrix), 𝑊 𝑢(0), 
associated with the equilibrium point (0, 0) of the system 

{

𝑥̇ = 𝑦 − 2𝜀2𝑦2

𝑦̇ = sin 𝑥
(69)

that is, we have a (high order expansion of a) parameterization of the separatrix given by: 
𝑁
∑

𝑘=1
𝒘𝑘𝑠

𝑘 + 𝑂(𝑠𝑁+1) (70)

Step 2: We compute a suitable value 𝑠̂ small enough such that the error in this approximation is less than some given tolerance.
Step 3: We follow numerically the solution (the separatrix) of system (69) from the point

(𝑥, 𝑦) =
𝑁
∑

𝑘=1
𝒘𝑘𝑠̂

𝑘

up to the section 𝛴 (𝑥 = 𝜋) and compute the necessary time, 𝑇 , to reach 𝛴.

Step 4: We define 𝑠0 =
𝑠̂

𝑒−𝑇
.

Step 5: We compute the integral of the function 𝑧(𝑡) from −∞ to −𝑇 . To do so, we notice that from the Hamiltonian 𝐻̆0 in (67) and taking into 
account the value 𝐻 = ℎ = 0 at (0, 0),

cos 𝑥 = 1 −
𝑦2

2
+ 2

3
𝜀2𝑦3

and we have 

𝑧̇ = cos(2𝑥 + 𝜔𝑡) − cos𝜔𝑡 = −2𝑦̇2 cos𝜔𝑡 + 𝑦̇
(

−2 + 𝑦2 − 4
3
𝜀2𝑦3

)

sin𝜔𝑡. (71)

We notice that from (70) we have, in particular, the expansion of 𝑦(𝑡):

𝑦(𝑡) = 𝑦1𝑠0𝑒
𝑡 + 𝑦2𝑠

2
0𝑒

2𝑡 + 𝑦3𝑠
3
0𝑒

3𝑡 +⋯ = 𝑦1𝑠 + 𝑦2𝑠
2 + 𝑦3𝑠

3 +⋯

Thus, the expression of 𝑧̇ in (71) becomes an expansion in 𝑠 (or equivalently in 𝑠0𝑒𝑡) together with the terms sin(𝜔𝑡) and cos(𝜔𝑡). We just need to 
integrate 𝑧̇(𝑡) from −∞ to −𝑇 . Let us provide a formula for the appearing terms in the integral:

∫

−𝑇

−∞
𝑎𝑘𝑠

𝑘 cos𝜔𝑡 d𝑡 = 𝑎𝑘𝑠̂
𝑘 𝑘 cos(−𝜔𝑇 ) + 𝜔 sin(−𝜔𝑇 )

𝑘2 + 𝜔2
,

∫

−𝑇

−∞
𝑎𝑘𝑠

𝑘 sin𝜔𝑡 d𝑡 = 𝑎𝑘𝑠̂
𝑘 𝑘 sin(−𝜔𝑇 ) − 𝜔 cos(−𝜔𝑇 )

𝑘2 + 𝜔2
.

Step 6: Once we get the value 𝑧(−𝑇 ) = ∫ −𝑇
−∞𝑧̇(𝑡) d𝑡 we integrate numerically system (68) from −𝑇  to 0, and we obtain 𝑧(0).

Taking different decreasing values of 𝐾 from 𝐾 = 0.001 to 𝐾 = 5.7 ⋅ 10−8, we fit the output values for the Melnikov integral by the formula 

𝑧(0) ∼ 𝐴|𝜔|𝑟 exp
(𝜔𝜋

2

)

(72)

or

ln 𝑧(0) − 𝜔𝜋
2

∼ 𝑟 ln |𝜔| + ln𝐴,

and we obtain (see Fig.  11) 

𝑟 = 𝑟
Mel,1,𝑚

= 2.111… = 19
9
, ln𝐴 = ln𝐴

Mel,1,𝑚
= 2.279… (73)

We remark the good coincidence of the value of 𝑟
Mel,1,𝑚

 with that obtained for the CP problem in resonant coordinates, 𝑟cpr.
Concerning the value of ln𝐴 , there is not such coincidence with that obtained for the CP problem in resonant coordinates, ln𝐴 .
Mel,1,𝑚 cpr
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Fig. 13. The Toy CP problem with 𝑎 = 1. Points 
(

ln |𝜔| , 𝑟
1,𝑚

)

 (left), and 
(

ln |𝜔| , ln𝐴
1,𝑚

)

 (right) obtained for 𝑚 = 1, 1.1, 1.2,… , 2.

5.2. Straight numerical computation of the splitting 𝛥𝑝

Similarly as we proceeded for the standard perturbed pendulum, we consider the Toy CP problem with 𝑎 = 1, that is,

𝐻
1,𝑚
(𝑥, 𝑦, 𝑞, 𝑝) = 𝐻0(𝑥, 𝑦, 𝑞, 𝑝) −

2
3
𝜀2𝑦3 + 𝜀𝑚𝐻1(𝑥, 𝑦, 𝑞, 𝑝).

We fix a value of 𝑚 ≥ 1, we take different values of 𝐾 (decreasing up to 3 ⋅ 10−8), and for each 𝐾 given we compute the unstable manifold of the 
equilibrium point 𝐿− = (0, 0, 3𝜀2+𝑚, 0) intersection with 𝛴 and we focus on the splitting 𝛥𝑝 = 2𝑝𝑢, which we want to fit by 

|𝛥𝑝| ∼ 𝜀𝑚𝐴|𝜔|𝑟 exp
(𝜔𝜋

2

)

, (74)

or equivalently, 
ln |𝛥𝑝| − 𝑚 ln 𝜀 − 𝜔𝜋

2
∼ 𝑟 ln |𝜔| + ln𝐴. (75)

In this case, unlike the perturbed standard pendulum problem, we do not know neither the value of 𝑟, denoted as 𝑟 = 𝑟
1,𝑚
, nor the value of ln𝐴

denoted as ln𝐴 = ln𝐴
1,𝑚

 in formula (75).
We plot in Fig.  12 left the obtained points (ln |𝜔𝑖|, 𝑟𝑖) (similarly as we did above, that is, taking a segment between two successive points 

(ln |𝜔𝑖|, 𝑌𝛥𝑝𝑖 ), (ln |𝜔𝑖+1|, 𝑌𝛥𝑝𝑖+1 ), with 𝑌𝛥𝑝 ∶= ln |𝛥𝑝| − 𝑚 ln 𝜀 − 𝜔𝜋∕2). We observe the tendency of 𝑟 towards the value 2.111115… , which coincides 
with the value of 𝑟

Mel,1,𝑚
 obtained from the Melnikov integral.

Regarding the value of ln𝐴, it is apparently clear that for 𝑚 ≥ 2, ln𝐴 tends to 2.279… , which coincides with the value of ln𝐴 obtained from 
the Melnikov integral. However it is not that clear for 𝑚 = 1. Analogously as we did for the standard perturbed pendulum, we now explore the 
intermediate values 𝑚 = 1.1, 1.2, 1.3, 1.4,… , 1.9 between 𝑚 = 1 and 𝑚 = 2. The results are shown in Fig.  13 left —for 𝑟— and right —for ln𝐴—. The 
continuous evolution is clear. So we would expect, for 𝑚 = 1, a tendency of ln𝐴 to 2.279… . But again, as in the perturbed standard pendulum 
case, for 𝑚 = 1, we need smaller values of 𝐾 (which turns out to be prohibitive from a numerical point of view).

So, from the numerical computations done, we can conclude that for the Toy CP problem with 𝑎 = 1,

(i) the formula (75) provides a good fitting for 𝛥𝑝 with 
𝑟
1,𝑚

= 2.111… = 19∕9, 𝐴
1,𝑚

= 2.279… for 𝑚 > 1, (76)

and 
𝑟
1,1

= 2.111… = 19∕9, 𝐴
1,1

=? for 𝑚 = 1, (77)

(ii) The Melnikov integral does predict the value of the exponent 𝑟
Mel,1,𝑚

= 𝑟
1,𝑚

= 19∕9 for 𝑚 ≥ 1 and the value of ln𝐴
Mel,1,𝑚

= ln𝐴
1,𝑚

= 2.279…  for 
𝑚 > 1, but the numerical results are not conclusive for 𝑚 = 1.

5.3. Agreement between the real CP problem and the Toy CP problem with 𝑎 = 𝑚 = 1

(i) Concerning the computation of the splitting 𝛥𝑝 (from the unstable/stable manifolds at the intersection with 𝑥 = 𝜋, 𝑦 > 0), we now consider two 
different problems: the original CP problem in resonant coordinates and the perturbed amended pendulum with 𝑚 = 1, that is, the Toy CP problem 
with 𝑎 = 𝑚 = 1. We want to compare the respective values of 𝑟cpr and 𝑟1,1 in the corresponding fit formulas (49) and (74).

More precisely, concerning the values of 𝑟cpr and 𝑟1,1 , we want to compare two curves, the numerical obtained curve, 
(

ln |𝜔| , 𝑟cpr
)

, for the splitting 
in resonant coordinates of the original CP Hamiltonian, and the numerical obtained curve, 

(

ln |𝜔| , 𝑟
1,1

)

, for the splitting of the perturbed amended 
pendulum Hamiltonian (with 𝑚 = 1). In Fig.  14 left we plot the curve 

(

ln |𝜔| , ||
|

𝑟
1,1
− 𝑟cpr

|

|

|

)

 to find out the differences between both values. We remark 
the very good agreement of both values as far as 𝐾 decreases (or equivalently ln |𝜔| increases).

Concerning the values of ln𝐴cpr and ln𝐴1,1
 in formulas (49) and (74), it seems that ln𝐴cpr= ln𝐴

1,1
+ ln

(

2
√

2
)

. Right now we do not foresee any 
specific reason for this ln 2

√

2 term.
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Fig. 14. Curve 
(

ln |𝜔| , ||
|

𝑟
1,1
− 𝑟

cpr

|

|

|

)

 when computing the straight splitting from the CP problem and the perturbed amended pendulum (with 𝑚 = 1). See the text 
for details.

Fig. 15. Curve 
(

ln |𝜔| , ||
|

𝑟
Mel,1,1

− 𝑟
cpr

|

|

|

)

 when computing the straight splitting from the CP problem and the splitting using the Melnikov integral of the perturbed 
amended pendulum (with 𝑚 = 1). See the text for details.

Table 3
Corresponding values of 𝑟 and 𝐴 in the fitting formula (78) of |𝛥ẋ | (first row) and |𝛥𝑝| (remaining rows). (C) stands for 
a numerical conjectured value.
 Hamiltonian 𝑗 𝑟 ln𝐴 Section Formula

 𝐻
cp
, |𝛥ẋ | 1 𝑟

cp
= 29∕18 (C) ln𝐴

cp
= 2.77603950 (C) 3.2 (48)  

 𝐻
cpr
, |𝛥𝑝| 1 𝑟

cpr
= 𝑟

cp
+ 1∕2 ln𝐴

cpr
= ln𝐴

cp
+ ln

√

3 = 3.325345645 3.3 (56)  
 Toy CP 𝐻

0,𝑚
, 𝑚 > 1, |𝛥𝑝| m 3 ln𝐴

0,𝑚
= ln (8𝜋∕3) 4.2 (66)  

 Toy CP 𝐻
0,1
, |𝛥𝑝| 1 3 ln𝐴

0,1
=? 4.2 (66)  

 Toy CP 𝐻
1,𝑚
, 𝑚 > 1, |𝛥𝑝| m 19∕9 ln𝐴

1,𝑚
= 2.279... 5.2 (76)  

 Toy CP 𝐻
1,1
, |𝛥𝑝| 1 19∕9 ln𝐴

1,1
=? 5.3 (77)  

So we can conclude that the perturbed amended pendulum is a simplified model that already describes the splitting of the CP problem, as far 
as the asymptotic behavior (when 𝐾 tends to zero) is concerned.
(ii) Finally, how does the Melnikov integral (taking into account the CP problem with 𝑎 = 𝑚 = 1) predict the splitting for the CP problem in resonant 
coordinates? That is, we want to compare the fit formulas for 𝛥𝑝 (of the CP problem, that is (49)) and for the Melnikov integral (of the perturbed 
amended pendulum problem with 𝑚 = 1, that is (72)), more precisely, the values of the exponents 𝑟cpr and 𝑟Mel,1,1

 and the values of 𝐴cpr and 𝐴Mel,1,1
.

In Fig.  15 we observe the difference ||
|

𝑟
Mel,1,1

− 𝑟cpr
|

|

|

 tending to zero. So we can conclude that the fitting asymptotic formula obtained for the 
Melnikov integral provides the same limit value of the exponent 𝑟cpr = 𝑟

Mel,1,1
= 2.111… = 19∕9. However, concerning the constant 𝐴, the Melnikov 

integral estimate does not seem to fit since we obtain the relation ln𝐴cpr= ln𝐴
Mel,1,1

+ ln
(

2
√

2
)

.

6. Summary of results

We have mainly discussed the asymptotic formulas to fit the splitting of 1D-invariant manifolds of equilibrium points in different models. The 
expression 

𝜀𝑗𝐴|𝜔|𝑟 exp
(𝜔𝜋

2

)

(78)

turns out to be a good fitting formula.
In Tables  3 and 4 we provide a summary of the different values of 𝐴 and 𝑟 in the corresponding expressions. (C) stands for a numerical 

conjectured value.
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Table 4
Corresponding values of 𝑟 and 𝐴 in the fitting formula (78) of the Melnikov integral for |𝛥𝑝|.
 Hamiltonian 𝑟

Mel
ln𝐴

Mel
Section Formula 

 Toy CP 𝐻
0,𝑚
, 𝑚 ≥ 1 3 ln (8𝜋∕3) 4.1 (62)  

 Toy CP 𝐻
1,𝑚
, 𝑚 ≥ 1 19/9 2.279... (C) 5.1 (73)  

Concerning the computation of the splitting 𝛥𝑥̇ and 𝛥𝑝 and the associated fitting formula:
(i) The value of the exponent 𝑟 is numerically approximated for the CP problem (in synodical coordinates and Poincaré resonant ones), satisfying 
the relation 𝑟cpr = 𝑟cp + 1∕2 and for the Toy CP model (both cases 𝑎 = 0 and 𝑎 = 1).

(ii) The value of 𝐴 is numerically approximated for the Toy CP problem (both cases 𝑎 = 0 and 𝑎 = 1) and 𝑚 > 1.

(iii) The value of 𝐴 for the Toy CP model with 𝑚 = 1 is not reliable enough. Actually a higher number of digits should be needed which is unfeasible 
at present from a numerical point of view.

Concerning the computation of the Melnikov integral:
(i) It can be computed analytically only for the Toy CP model with 𝑎 = 0, where the values of the exponent 𝑟 and of the constant 𝐴 are analytically 
obtained (see (62)).
(ii) For the Toy CP problem with 𝑎 = 1, the value of the exponent 𝑟 is numerically approximated whereas the value of 𝐴 is not reliable enough. 
Again, a higher precision should be needed.

Concerning the good agreement between the different models:
(i) The relation 𝑟cpr = 𝑟cp + 1∕2 is analytically justified.
(ii) The values for the exponent 𝑟 taken from Tables  3 and 4 coincide, that is,

𝑟cpr = 𝑟
1,1

= 𝑟
Mel,1,1

= 19∕9,

so the Toy CP problem is a simpler model that provides the asymptotic behavior of the splitting for the CP problem, as far as the value of 𝑟 is taken 
into account. For the value of 𝐴, a modified Toy CP problem appears to be required.

We finally recall that the numerical results have been obtained using high precision computations (dealing with up to five thousand digits).

Remark.  In Section 4, where we considered the perturbed standard pendulum, we discussed the known results (in the literature) compared with 
the ones obtained in this paper. However, for the Toy CP problem we are not aware of any published results.
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Appendix A. Computation of ± (𝝎)

In this Appendix we explain how to derive the formula (35) that gives ±(𝜔) when 𝑥0(𝑡) = 𝑥±0 (𝑡) is that of the standard pendulum given in (21). 
In particular we take 𝑥0(𝑡) = 𝑥+0 (𝑡), so we consider the external branch (𝑦0(𝑡) = 𝑦+0 (𝑡) > 0). For the internal branch (𝑦0(𝑡) = 𝑦−0 (𝑡) < 0) the process that 
leads to −(𝜔) can be carried out in a similar way, so we will not give the details here.

Let (𝑥±0 (𝑠), 𝑦±(𝑠)) be the parameterization of the separatrices of the standard pendulum given in (21), and let (𝑥(𝑠), 𝑦(𝑠)) denote specifically the 
external one, i.e.,

𝑥0(𝑠) = 𝑥+0 (𝑠) = 4 arctan (e𝑠) , 𝑦0(𝑠) = 𝑥̇0(𝑠) = 𝑦+0 (𝑠) =
2

cosh𝑠
.

Following [35] we define 

 (𝑎, 𝑏) ∶=
∞
ei𝑎𝑠ei𝑏

𝑥0(𝑠)−𝜋
2 𝑦0(𝑠) d𝑠, (79)
∫−∞
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that, as it is pointed out there, is real whenever 𝑎 and 𝑏 are real. With the above definition, integrating by parts the complex expression (30) of 
the real formula (35), it follows at once that 

(𝜔) = ∫

∞

−∞
ei𝜔𝑠

(

1 − e2i𝑥0(𝑠)
)

d𝑠 =
[

𝜔(𝑟)
]∞
−∞ + 2

𝜔
 (𝜔, 4), (80)

where

𝜔(𝑟) =
ei𝜔𝑟
i𝜔

(

1 − ei4
𝑥0(𝑟)−𝜋

2

)

= ei𝜔𝑟
i𝜔

[

1 −
( 1 + i sinh 𝑟

cosh 𝑟

)4]

,

so the ‘‘integrated’’ part at the rhs of (80) vanishes, since
[

𝜔(𝑟)
]∞
−∞ = lim

𝑟→∞
𝜔(𝑟) − lim

𝑟→−∞
𝜔(𝑟)

and clearly 𝜔(𝑟) → 0 as 𝑟 → ±∞. Hence, from (80), (𝜔) = 2 (𝜔, 4)∕𝜔 and finally, we can use the formulas given in [35], Section 3.2, to 
compute (79) for 𝑎 = 𝜔, 𝑏 = 4. Thus, after some algebra, it is seen that

(𝜔) = 2
𝜔
 (𝜔, 4) = 4

3
𝜔3

(

1 − 2
𝜔2

)

⎡

⎢

⎢

⎢

⎣

1

cosh
(𝜋𝜔

2

) − 1

sinh
(𝜋𝜔

2

)

⎤

⎥

⎥

⎥

⎦

= 16𝜋
3

𝜔3
(

1 − 2
𝜔2

)

e𝜋𝜔∕2

1 − e2𝜋𝜔
,

which is Eq.  (35) corresponding to 𝑐± = 1.

Appendix B. Parameterization method

Let us assume that 𝑧∗ is a fixed point of the system 𝑧̇ = 𝐹 (𝑧) with 𝐹 ∶ R𝑛 → R𝑛 regular enough. A simple strategy to compute an invariant 
manifold (𝑊 ) associated with the point 𝑧∗ involves first calculating the tangent linear space of 𝑊  at 𝑧∗, i.e., 𝑇𝑧∗𝑊 . Points on 𝑇𝑧∗𝑊  that are 
sufficiently close to 𝑧∗ can then be used as initial conditions for approximating 𝑊 .

In this section, we focus specifically on computing the unstable manifold 𝑊 𝑢(𝑧∗), which we assume to be one-dimensional. The computation 
for 𝑊 𝑠(𝑧∗) is analogous. Thus, we consider that 𝐷𝐹 (𝑧∗) has a unique eigenvalue 𝜆 > 0 with geometric multiplicity 1, and we denote its associated 
eigenvector by 𝑣.

A common strategy to compute a numerical approximation of the unstable invariant manifold of 𝑧∗, 𝑊 𝑢(𝑧∗), is to take initial points 𝑧∗ + 𝑠𝑣 and 
𝑧∗ − 𝑠𝑣 with 𝑠 > 0 sufficiently small, and integrate forward in time. This approach provides a straightforward method to approximate the desired 
invariant manifold. However, this strategy does not always produce sufficiently accurate results. In such cases, the parameterization method [39–41] 
can be used to obtain very efficient approximations of these invariant manifolds to any desired order.

To find this approximation, we need to determine a parameterization 𝑧 = 𝑊 (𝑠), with 𝑠 ∈ R, of the invariant manifold 𝑊 𝑢(𝑧∗) such that 
𝑊 (0) = 𝑧∗. This way, the internal dynamics of the manifold are described by the field 𝑠̇ = 𝑓 (𝑠) with 𝑓 (0) = 0, and the invariance equation is given 
by: 

𝐹 (𝑊 (𝑠)) = 𝐷𝑊 (𝑠)𝑓 (𝑠). (81)

To solve (81), we will find expansions for 𝑊  and 𝑓 . in particular, we consider:
⎧

⎪

⎨

⎪

⎩

𝑊 (𝑠) = 𝑧∗ +
∑

𝑘≥1
𝑊𝑘(𝑠) = 𝑧∗ +

∑

𝑘≥1
𝑤𝑘𝑠

𝑘, with 𝑤1 = 𝑣,

𝑓 (𝑠) =
∑

𝑘≥1
𝑓𝑘(𝑠) =

∑

𝑘≥1
f𝑘𝑠

𝑘, with f1 = 𝜆,

where 𝑤𝑘 ∈ R𝑛 and f𝑘 ∈ R ∀𝑘.
The goal is to compute 𝑤𝑘 and f𝑘 for 𝑘 > 1 once the preceding terms 𝑊<𝑘(𝑠) and 𝑓<𝑘(𝑠) are known (i.e., given 𝑤1,… , 𝑤𝑘−1 and f1,… , f𝑘−1).
First, let us observe that we know the expression on the left side of the invariance equation (81) up to order 𝑘 − 1, i.e.,

[

𝐹 (𝑊<𝑘(𝑠))
]

<𝑘 =

[

𝐹

(

𝑧∗ +
𝑘−1
∑

𝑖=1
𝑊𝑖(𝑠)

)]

<𝑘

.

Thus, we will first calculate the homogeneous terms of degree 𝑘 for the composition 𝐹 (𝑊𝑘(𝑠)) and the matrix product 𝐷𝑊<𝑘(𝑠)𝑓<𝑘(𝑠), which we 
denote by:

[

𝐹 (𝑊<𝑘(𝑠))
]

𝑘 =

[

𝐹

(

𝑧∗ +
𝑘−1
∑

𝑖=1
𝑊𝑖(𝑠)

)]

𝑘

,

[

𝐷𝑊<𝑘(𝑠)𝑓<𝑘(𝑠)
]

𝑘 =
𝑘−1
∑

𝑖=2
𝐷𝑊𝑖(𝑠)𝑓𝑘+1−𝑖(𝑠) = 𝑠𝑘

𝑘−1
∑

𝑖=2
𝑖 𝑤𝑖 f𝑘+1−𝑖.

In this way, we have:
[

𝐹 (𝑊≤𝑘(𝑠))
]

𝑘 =
[

𝐹 (𝑊<𝑘(𝑠))
]

𝑘 +𝐷𝐹 (𝑧∗)𝑊𝑘(𝑠)

=
[

𝐹 (𝑊<𝑘(𝑠))
]

𝑘 +𝐷𝐹 (𝑧∗)𝑤𝑘𝑠
𝑘,

and
[

𝐷𝑊≤𝑘(𝑠)𝑓≤𝑘(𝑠)
]

𝑘 =
[

𝐷𝑊<𝑘(𝑠)𝑓<𝑘(𝑠)
]

𝑘 +𝐷𝑊𝑘(𝑠)𝑓1(𝑠) +𝐷𝑊1(𝑠)𝑓𝑘(𝑠)

=

[𝑘−1
∑

(

𝑖 𝑤𝑖 f𝑘+1−𝑖
)

+ 𝜆𝑘𝑤𝑘 + 𝑣f𝑘

]

𝑠𝑘.

𝑖=2
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Fig. 16.  Points (ln 𝜀, ln 𝛿(𝜀)) obtained from the numerical computations.

This leads to the cohomological equation of order 𝑘 for 𝑤𝑘 and f𝑘: 
[(

𝐷𝐹 (𝑧∗) − 𝜆𝑘 𝐼𝑑
)

𝑤𝑘 − 𝑣f𝑘
]

𝑠𝑘 = −𝐸𝑘(𝑠), (82)

where 𝐼𝑑 denotes the identity matrix and 𝐸𝑘(𝑠) =
[

𝐹 (𝑊<𝑘(𝑠))
]

𝑘 − 𝑠𝑘
∑𝑘−1

𝑖=2
(

𝑖 𝑤𝑖 f𝑘+1−𝑖
) is the error of order 𝑘.

Note that system (82) is a linear system with 𝑛 equations and 𝑛 + 1 unknowns, giving us one degree of freedom. Therefore, we will assume all 
the terms f𝑖 = 0 ∀𝑖 > 1, which is known as a normal form style of parameterization (see [42] for details), resulting in the system: 

[(

𝐷𝐹 (𝑧∗) − 𝜆𝑘 𝐼𝑑
)

𝑤𝑘
]

𝑠𝑘 = −𝐸𝑘(𝑠) = −
[

𝐹 (𝑊<𝑘(𝑠))
]

𝑘 . (83)

Thus, to obtain successive orders of the invariant manifold, we will simply compute the error of order 𝑘 using automatic differentiation [43], and 
then solve the linear system (83).

Appendix C. Singularities of the separatrices of the amended pendulum

Consider the Hamiltonian of the amended pendulum 

𝑃 (𝑥, 𝑦, 𝜀) =
𝑦2

2
− 2

3
𝜀2𝑦3 + cos 𝑥 − 1 (84)

and consider the separatrices of the hyperbolic equilibrium point (0, 0) defined by 𝑃 (𝑥, 𝑦, 𝜀) = 0. We know that when 𝜀 = 0, the separatrices coincide 
and become singular at 𝑡 = ±i𝜋∕2. So we expect, by continuity, that the singularities of the separatrices 𝑃 (𝑥, 𝑦, 𝜀) = 0 of the amended pendulum 
are close to them. We will focus on the separatrix such that at 𝑡 = 0 it passes through the point (𝑥, 𝑦) = (𝜋, 𝑦0(𝜀)) (when 𝜀 = 0, 𝑦0 = 2).

So, let us consider the change of time 𝑡 = −i𝑠 (we will see below that the singularity takes place for 𝑡∗ = i(−𝑠∗) with −𝑠∗ = 𝜋∕2 + 𝛿(𝜀) + i𝜂(𝜀)), 
then the system of ODE associated with (84)

d𝑥
d𝑡

= 𝑦 − 2𝜀2𝑦2,

d𝑦
d𝑡

= sin 𝑥,

becomes, after the change of variables 𝑥 = i𝑋, 𝑦 = 𝑌 ,
d𝑋
d𝑠

= −(𝑌 − 2𝜀2𝑌 2),

d𝑌
d𝑠

= sinh 𝑋,

which is a Hamiltonian system with Hamiltonian

𝑄(𝑋, 𝑌 , 𝜀) = −i𝑃 (i𝑋, 𝑌 , 𝜀) = −𝑌 2

2
+ 2

3
𝜀2𝑌 3 − cosh 𝑋 + 1.

The following properties can be easily obtained:

(𝑃 1) 𝑃 (𝜋, 𝑦, 𝜀) =
𝑦2

2
− 2

3
𝜀2𝑦3 − 2,

(𝑃 2) cos 𝑥 = 1 −
𝑦2

2
+ 2

3
𝜀2𝑦3,

(𝑃 3) sin2 𝑥 =
( 2
3
𝜀2𝑦 − 1

2

)

𝑃 (𝜋, 𝑦, 𝜀) 𝑦2

= −2
3
𝜀2
(

2
3
𝜀2𝑦 − 1

2

)(

𝑦 − 𝑦0(𝜀)
)(

𝑦 − 𝑦1(𝜀)
)(

𝑦 − 𝑦2(𝜀)
)

𝑦2,

(𝑃 4) 𝑦(−i𝑠) = 𝑌 (𝑠)

(𝑃 5) sinh𝑋(𝑠) = −i sin 𝑥(−i𝑠)
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Fig. 17.  Values of 𝐷 (left) and ln𝐶 (right) obtained for the linear fit ln 𝛿(𝜖) = 𝐷 ln(𝜀2| ln 𝜀|) + ln𝐶.

with

𝑦0(𝜀) =

√

3

cos

(

𝜋 − arccos(4
√

3𝜀2)
3

) , 𝑦1(𝜀) =

√

3

cos

(

𝜋 + arccos(4
√

3𝜀2)
3

) ,

𝑦2(𝜀) = −

√

3

cos

(

arccos(4
√

3𝜀2)
3

) .

So, we obtain
d𝑌
d𝑠

(𝑠) = sinh𝑋(𝑠) = −
√

−
(

1∕2 − 2𝜀2𝑌 (𝑠)∕3
)(

𝑌 (𝑠) − 𝑦0(𝜀)
)(

2𝜀2𝑌 (𝑠)∕3 − 2𝜀2𝑦1(𝜀)∕3
)(

𝑌 (𝑠) − 𝑦2(𝜀)
)

𝑌 2(𝑠),

that is, 

−𝑠∗ = ∫

∞

𝑦0(𝜀)

d𝑌
√

−
(

1∕2 − 2𝜀2𝑌∕3
)(

𝑌 − 𝑦0(𝜀)
)(

2𝜀2𝑌∕3 − 2𝜀2𝑦1(𝜀)∕3
)(

𝑌 − 𝑦2(𝜀)
)

𝑌 2,

 which is a convergent improper integral. Equivalently, through the change of variable 𝑌 = 2∕𝑣, we also have 

−𝑠∗ = ∫

2∕𝑦0(𝜀)

0

𝑣 d𝑣
√

−
(

𝑣 − 8𝜀2∕3
)(

𝑣 − 2∕𝑦0(𝜀)
)(

𝑣 − 2∕𝑦1(𝜀)
)(

𝑣 − 2∕𝑦2(𝜀)
)

.

 For each given value of 𝜀 > 0, we have computed using maple, independently, both improper integrals to double check that both values of 
𝑠∗ coincide. From the numerical computations done, we conclude that 𝑠∗ has real and imaginary parts, that is, −𝑠∗ = −(Re 𝑠∗ + i Im 𝑠∗), where 
Re(−𝑠∗) = 𝜋∕2 + 𝛿(𝜀) and Im 𝑠∗ = 𝑂(𝜀2).

Notice that 𝑦(𝑡) = 𝑦(−i𝑠) = 𝑌 (𝑠) can be continued from the real axis along the vertical line 𝑡 = Re 𝑡∗ + i𝑠 for 𝑠 ∈ (0, Im 𝑡∗), so 𝑡∗ is a visible
singularity as introduced in [34].

Our next purpose is to have a fit estimate of Re(−𝑠∗) = 𝜋∕2 + 𝛿(𝜀) when varying 𝜀, or, more precisely, of 𝛿(𝜀) = Re(−𝑠∗) − 𝜋∕2. Taking values of 
𝜀 ∈ [10−42, 10−4] (see Fig.  16) the following fit is obtained 

𝛿(𝜀) ∼ 𝐶 𝜀2 ln 𝜀. (85)

This kind of fit expression can be seen, on the one hand, in Fig.  17, which shows the results of the linear fit ln 𝛿(𝜖) = 𝐷 ln(𝜀2| ln 𝜀|) + ln𝐶. On the 
left, we see the value of 𝐷, which tends to 1 as 𝜀 decreases. On the right, we observe the value of ln𝐶 (notice that it would be necessary to take a 
much smaller range of values of 𝜀 to numerically compute the value of 𝐶). On the other hand, in Fig.  18 the value of 𝐷 is displayed for the linear 
fit ln 𝛿(𝜖) = 𝐷𝑗 ln(𝜀2| ln 𝜀|

𝑗 ) + ln𝐶𝑗 , with 𝑗 = 0, 1, 2, which leads us to conjecture the fit expression of 𝛿(𝜀) provided in (85).
So we can infer, taking into account the relations 𝐾 = 3𝜀4, 𝜔 = −1∕(3𝜀2), that 𝛿(𝜀) in terms of 𝐾 is of order 

√

𝐾 ln𝐾, or in terms of 𝜔 is of order 
1
|𝜔| ln

1
|𝜔| . We finally remark that the expression for the fit of 𝛿(𝜀) being of the form 𝐶𝜀2 ln 𝜀 instead of 𝐶𝜀2 (which is the usual situation in papers 

focussed on this kind of analysis) stimulates future theoretical analysis.

Data availability

Data will be made available on request.
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Fig. 18.  Values of 𝐷𝑗 for the linear fits ln 𝛿(𝜖) = 𝐷𝑗 ln(𝜀2| ln 𝜀|
𝑗 ) + ln𝐶𝑗 for 𝑗 = 0, 1, 2.
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