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In the present paper we apply the geometrical mechanism of diffusion in an a priori unstable Hamiltonian
system1 with 3 + 1/2 degrees of freedom. This mechanism consists of combining iterations of the inner
and outer dynamics associated to a Normallly Hyperbolic Invariant Manifold (NHIM), to construct diffusing
pseudo-orbits and subsequently apply shadowing results to prove the existence of diffusing orbits of the system.

In addition to proving the existence of diffusion for a wide range of the parameters of the system, an
important part of our study focuses on the search for Highways, a particular family of orbits of the outer
map (the so-called scattering maps), whose existence is sufficient to ensure a very large drift of the action
variables, with a diffusion time near them that agrees with the optimal estimates in the literature. Moreover,
this optimal diffusion time is calculated, with an explicit calculation of the constants involved. All these
properties are proved by analytical methods and, where necessary, supplemented by numerical calculations.

In this work we study the Arnold diffusion phenomenon
on a concrete example of an a priori unstable Hamil-
tonian system with 3+1/2 degrees of freedom. Thanks
to our mechanism, based on iterations of scattering and
inner maps, rather than ensuring the existence of Arnold
diffusion, we can present examples of diffusing orbits
and estimate the diffusing time for some of these or-
bits. Throughout this paper, we use analytical methods
supplemented by numerical calculations.

INTRODUCTION

In the present paper, we study the geometrical mech-
anism of diffusion in an a priori unstable Hamiltonian
system1 with 3 + 1/2 degrees of freedom (d.o.f.)

Hε(p, q, I, ϕ, s) = ±
(
p2

2 + cos q − 1
)

+ h(I) + εf(q) g(ϕ, s), (1)

with (p, q, I, ϕ, s) ∈ R× T× R2 × T2 × T, where

h(I) = h(I1, I2) = Ω1I
2
1/2 + Ω2I

2
2/2,

f(q) = cos q, (2)

g(ϕ, s) = g(ϕ1, ϕ2, s) = a1 cosϕ1 + a2 cosϕ2 + a3 cos s.

Combining iterates of the inner and the outer dynam-
ics associated to the 5D-Normally Hyperbolic Invariant

a)Electronic mail: amadeu.delshams@upc.edu
b)Electronic mail: albert.granados.corsellas@upc.edu.
c)Electronic mail: rodrigo.goncalves.schaefer@uj.edu.pl.

Manifold (NHIM) Λ̃ = {q = 0, p = 0}, to build a diffusing
pseudo-orbit, and applying shadowing results, we prove
the existence of a diffusing orbit of the system. More
precisely, we are able to prove the following theorem on
global instability for the following set of parameters:

a1a2a3 6= 0 and |a1/a3|+ |a2/a3| < 0.625. (3)

Theorem 1. Consider the Hamiltonian (1)+(2). Assume
a1a2a3 6= 0 and |a1/a3| + |a2/a3| < 0.625. Then, for
every 0 < δ < 1 and R > 0, there exists ε0 = ε0(δ,R) > 0
such that for every I+, I− satisfying |I±| < R, there exists
an orbit x̃(t) and T > 0, such that

|I(0)− I−| ≤ δ and |I(T )− I+| ≤ δ.

Arnold diffusion2, or global instability in nearly-
integrable Hamiltonian systems, has been revitalized in
the last decade, thanks to the appearance of very impor-
tant results for a priori stable general Hamiltonians3–6.
This work is part of the study of a priori unstable
Hamiltonians, in which, thanks to the use of geometri-
cal methods7–9, it is possible to design concrete paths of
unstable trajectories, and even measure the time spent
along such unstable trajectories.

It is worth remarking that the notion of a priori unsta-
ble system was introduced in the seminal paper1, along
with geometric methods following the ideas of Arnold’s
article2. The geometrical method8 used in this paper
is based on combining two different dynamics on a nor-
mally hyperbolic manifold (NHIM) of the system, the
inner map and the outer or scattering maps, to produce
unstable pseudo-trajectories (or diffusive trajectories, as
they are also called). The design of diffusive trajecto-
ries essentially depends on the scattering maps, although
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2

to apply it properly, the inner map must be taken into
account.

This paper is dedicated to showing how, considering
perhaps the simplest perturbation based solely on three
parameters corresponding to three harmonics, one can
prove the existence of Arnold diffusion in a very large
open of the parameter set. And in addition, fast diffusion
trajectories (which we call Highways) can be designed,
with a quantitative estimate of the time used. In this
sense, it should be noted that we are not talking about
general or generic perturbations, but about concrete per-
turbations where we apply our results. Indeed, a proof
that this geometric method is useful for applications is
the global instability results in Celestial Mechanics13–16

that have been obtained recently.

The case of an a priori unstable Hamiltonian sys-
tem with 2+1/2 degrees of freedom and for a ‘com-
plete’ family of perturbations, that is, based on two ar-
bitrary independent harmonics, was already dealt by the
authors17,18. Although there are some similarities be-
tween the mechanism for 3+1/2 and 2+1/2 degrees of
freedom, there are also very remarkable differences.

One of these differences appears in our main tool, the
scattering maps defined on the NHIM Λ̃. As we explain
in Section III, the trajectories of a scattering map S are
given, up to order O(ε2), by the −ε-time flow of a Hamil-
tonian L∗(I, θ = ϕ − Is), called the reduced Poincaré
function. In 2+1/2 d.o.f., we took advantage of the fact
that the Hamiltonian system associated to L∗(I, θ) had
1 degree of freedom, so it was integrable17,18. This inte-
grability allowed us to describe the scattering maps and
their bifurcations entirely by looking at the behavior of
the level curves of L∗. In contrast, for the Hamiltonian
(1)+(2) considered in this work, L∗(I, θ) has 2 d.o.f. and,
in general, is not integrable (see Fig. 5 for an illustration).
Consequently, we will not perform a complete description
of all diffusion paths connecting two arbitrary values of
the actions, but will only look for some suitable diffusion
paths. It is very important to emphasize that it is not
necessary to know all the outer dynamics (the scattering
map) generated by L∗(I, θ) to produce global instability.
It is enough to locate the trajectories of the scattering
map that produce the most amount of diffusion in the ac-
tion variables I. This is one of the advantages of having
separated the dynamics near the NHIM into two differ-
ent dynamics. Therefore, to show fast diffusion paths, we
will focus a significant part of our study near Highways.

Highways were introduced17, in the case of 2+1/2
d.o.f., as two curves contained in a specific level L∗ = Ch

of the reduced Poincaré function which had excellent
properties to perform fast diffusion: the Highways were
curves θ = Θ(I), so they were “vertical” on the plane
(θ = ϕ− Is, I), which means that the action I increases
or decreases significantly along the Highways. The global
or local existence of Highways depended on the perturba-
tion parameters17. Thanks to the values of the parame-
ter (3) that we consider, we will show in Theorem 26 that
the Highways are globally defined for systems (1)+(2).

In Section IV, we provide a more geometrical definition
for Highways: unlike the 2 level curves in the case of
2+1/2 d.o.f., there are now four Highways θ = Θ(I)
which are Lagrangian surfaces contained in a specific 3D
manifold L∗ = Ch. In addition, we will provide an esti-
mate Td = Ts/ε

(
log(C/ε) +O(εb)

)
, 0 < b < 1, of the

time of diffusion for orbits close to Highways, which co-
incides with previous general optimal estimates10–12, but
includes an explicit expression of Ts (44) as well as of
C. As will be verified, this estimate is similar to the one
found in Ref. 17 and consists mainly of the time under
the scattering map. The dynamics on these Highways
will be described with the help of numerical computa-
tions. In passing, it is worth noticing that there are no
Highways in general18.

The inner dynamics in Λ̃ is described in Section II.
In general, a Hamiltonian system with 3+1/2 d.o.f. re-

stricted to a 5D Λ̃ gives rise to a Hamiltonian Kε = Hε|Λ̃
with 2+1/2 degrees of freedom where double resonances
can appear. Due to the hypotheses in (1)+(2), there
exists only one double resonance at I = 0 and the Hamil-
tonian Kε that governs the inner dynamics is integrable.
We observe that the inner dynamics in Ref. 17 and 18
have different features. While in Ref. 17 it is integrable
and has only one resonance of first order at I = 0, in
Ref. 18 the inner dynamics is no longer integrable and
has two resonances of first order, I = 0 and I = 1.

The system given by Hamiltonian (1)+(2) is a direct
generalization of the Hamiltonian considered in Ref. 17.
It is worth noting that in the Hamiltonian systems with
2+1/2 degrees of freedom of Ref. 17 and 18, there existed
remarkable curves called crests that played an essential
role in understanding the bifurcation of scattering maps.
The crests (or ridges) were introduced in Ref. 19 and
studied in Ref. 17 and 18. In Ref. 17, the crest C(I) is
formed simply by two curves, CM(I) and Cm(I), in the
plane (ϕ, s). On each curve, there exists at least one lo-
cally defined scattering map. The shape of these curves
depends on the value of the coefficients ai of the pertur-
bation and has a direct influence on the behavior and
domain of the scattering maps. In Section III, we study
the bifurcation of the crests of Hamiltonian (1)+(2) with
respect to parameters a1, a2 and a3. In this case, the
crest C(I) is formed either by two surfaces or by only one
surface in the plane (ϕ1, ϕ2, s) . In this paper, we restrict
ourselves to the case where there are only two scattering
maps associated to the crests and are globally defined,
that is, we have the scattering maps SM and Sm asso-
ciated to CM(I) and Cm(I), respectively. We show that
this happens just for condition (3). This emphasizes the
similarity of (1)+(2) with the system in Ref. 17.

Our model describes the dynamics of one pendulum
plus two rotors, but we could also consider several pen-
dula plus two rotors. It is worth remarking that in a
system with more pendula, there are generally more ho-
moclinic manifolds with respect to its NHIM. Therefore,
more distinct scattering maps can be defined, providing
more possibilities to detect global instability.

Th
is 

is 
the

 au
tho

r’s
 pe

er
 re

vie
we

d, 
ac

ce
pte

d m
an

us
cri

pt.
 H

ow
ev

er
, th

e o
nli

ne
 ve

rsi
on

 of
 re

co
rd

 w
ill 

be
 di

ffe
re

nt 
fro

m 
thi

s v
er

sio
n o

nc
e i

t h
as

 be
en

 co
py

ed
ite

d a
nd

 ty
pe

se
t.

PL
EA

SE
 C

IT
E 

TH
IS

 A
RT

IC
LE

 A
S 

DO
I: 

10
.10

63
/5.

01
85

04
4



3

In Ref. 18, it was observed that choosing a perturbation
function of the form f(q)g(ϕ, s) simplifies the calculation
of the Poincaré-Melnikov potential (8). However, it is
worth noting that it is possible to readily extend The-
orem 1 to the case where f(q)g(ϕ, s) is a trigonometric
or meromorphic polynomial in q, although a more de-
tailed analysis may be necessary for the Hamiltonian of
the inner dynamics.

This work is related to Ref. 20, but the philosophy is
quite different. The approach in Ref. 20 is more general
and theoretical, and the hypotheses depended on several
conditions that had to be tested. In this paper, we can
prove the existence of global instability for a ‘complete’
family of perturbations (2)+(3) depending on three har-
monics. We are also interested in computing explicitly
some fast diffusing orbits. We apply as much as possi-
ble analytical tools and, when necessary, complete our
analytical results with numerical computations.

The system discussed in the present paper is a par-
ticular case of Hamiltonian (1) with a function g(ϕ, s)
satisfying

g(ϕ, s) = a1 cosϕ1 + a2 cosϕ2 + a3 cos(k · ϕ− s),
with k = (k1, k2) ∈ Z2. Indeed, the perturbation consid-
ered here is just k = 0, which is a direct generalization
of the system studied in Ref. 17. The next step that we
want to address in a future work is the case k 6= 0, which
would be a generalization of the system studied in Ref. 18,
and in particular the case k = (1, 1), which was used in
Ref. 20 to illustrate the results obtained there. To deal
with this case as well would make this paper longer and
somewhat more technical. Although our method can also
be applied, understanding the regions where the scatter-
ing maps are well defined is more complicated due to the
more complex behavior of the crests and requires more
detailed study.

There are several works in the literature dealing with
Arnold diffusion in similar or more general a priori unsta-
ble models. For example, in Ref. 21, the authors proved
the existence of Arnold diffusion in a much more general
context. In Ref. 22, a model with different time scales
is considered. A very similar perturbation function for
2+1/2 degrees of freedom is studied in Ref. 23, but for
an unperturbed dissipative part, and a Hamiltonian with
two pendula and one rotor is considered in 24. Different
geometrical and variational methods appear also in sev-
eral other papers3,10,11,25,26. The novelty of our work is
that we not only prove the existence of diffusion through
abstract reasoning, but also show the diffusion paths for
concrete Hamiltonian systems. Furthermore, we present
a method to identify fast diffusion paths.

I. UNPERTURBED CASE

For ε = 0, Hamiltonian (1)+(2) becomes

H0(p, q, I, ϕ, s) = ±
(
p2

2
+ cos q − 1

)
+

Ω1I
2
1

2
+

Ω2I
2
2

2
,

with associated equations

q̇ = p ṗ = sin q

ϕ̇1 = Ω1I1 =: ω1 İ1 = 0

ϕ̇2 = Ω2I2 =: ω2 İ2 = 0

ṡ = 1,

This system consists of one pendulum plus a 2 d.o.f rotor.
From the equations above, I1 and I2 are constants of
motion, and the flow has the form

Φt(p, q, I, ϕ) = (p(t), q(t), I, ϕ+ tω),

where ω = (ω1, ω2) := (Ω1I1,Ω2I2). To include the fre-
quency of the time, we also will use the frequency vector
ω̃ = (ω1, ω2, 1).

Observe that (p0, q0) = (0, 0) is a saddle point on the
plane (p, q) with unstable and stable invariant curves.
These invariant curves coincide and separate the behavior
of orbits and, for this reason, are called separatrices. In
addition, they can be parametrized by

(p0(t), q0(t)) =

( ±2

cosh t
, 4 arctan e±t

)
. (4)

For any I ∈ R2, TI = {(0, 0, I, ϕ, s);ϕ, s ∈ T3} is an
invariant torus under the flow of the system with the fre-
quency ω = (Ω1I1,Ω2I2) and is called a whiskered torus.
For each whiskered torus, we have associated coincident
stable and unstable manifolds called whiskers, which we
denote by

W 0T =
{

(p0(τ), q0(τ), I, ϕ, s) : τ ∈ R, (ϕ, s) ∈ T2
}
.

The union of all whiskered tori T

Λ̃ = {(0, 0, I, ϕ, s) : (I, ϕ, s) ∈ R× T3} (5)

is a 5D-Normally Hyperbolic Invariant Manifold (NHIM)
with 6D-coincident stable and unstable invariant mani-
folds given by

W 0Λ̃ = {(p0(τ), q0(τ), I, ϕ, s) : τ ∈ R, (I, ϕ, s) ∈ R2×T3}.

For ε 6= 0, there exists a NHIM Λ̃ε, which in our
system, due to the fact that f(q) = cos q in (1), coin-

cides with the NHIM Λ̃. Nevertheless, its stable man-
ifold W s(Λ̃ε) and unstable manifold W u(Λ̃ε) no longer
coincide, that is, the separatrices split.

II. INNER DYNAMICS

The inner dynamics is derived from the restriction of
the Hamiltonian (1) to Λ̃ given in (5), that is,

Kε(I, ϕ, s) =

2∑
k=1

ΩkI
2
k

2
+ ε

(
2∑
k=1

ak cosϕk + a3 cos s

)
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and its associated equations are

ϕ̇1 = ω1 = Ω1I1 İ1 = εa1 sinϕ1 (6)

ϕ̇2 = ω2 = Ω2I2 İ2 = εa2 sinϕ2

ṡ = 1.

Note that the inner dynamics is integrable, with first
integrals

F1(I1, ϕ1) =
Ω1I

2
1

2
+ εa1 (cosϕ1 − 1) ,

F2(I2, ϕ2) =
Ω2I

2
2

2
+ εa2 (cosϕ2 − 1) ,

in involution. The inner dynamics is described in Fig. 1,
so there are two resonances, one centered at I1 = 0 and
other at I2 = 0.

Fig. 1: Inner dynamics

Remark 2. When ε is small enough, the level curves of
F1 and F2 are almost flat or horizontal in the action
I = (I1, I2), i.e., the values of I1 and I2 remain almost
constant, see Fig. 1. Since there is a continuous foliation
of invariant tori, a genuine ‘large gap problem’8 does not
appear.

Remark 3. There is a double resonance at I1 = I2 = 0.
The study of dynamics close to double resonances is a
challenging problem and is out of the scope of this work.
Since, in our case, the double resonance is just the point
I = (0, 0), we will avoid it when necessary.

III. SCATTERING MAP

A. Definition of scattering map

The notion of a scattering map on a NHIM was
introduced by Delshams et al.7. It plays a central
rôle in our mechanism for detecting diffusion. Let
W be an open set of [−I∗1 , I∗1 ] × [−I∗2 , I∗2 ] × T3 such

that the invariant manifolds of NHIM Λ̃ introduced
in (5) intersect transversely along a homoclinic manifold
Γ = {z̃(I, ϕ, s; ε), (I, ϕ, s) ∈W} and for any z̃ ∈ Γ

there exists a unique x̃± = x̃±(I, ϕ, s; ε) ∈ Λ̃ such that
z̃ ∈ W s

ε (x−) ∩Wu
ε (x̃+). Let

H± =
⋃
{x̃±(I, ϕ, s; ε) : (I, ϕ, s) ∈W} .

The scattering map associated to Γ is the map

S : H− −→ H+

x̃− 7−→ S(x̃−) = x̃+.

Notice that the domain of definition of the scattering
map depends on the homoclinic manifold chosen. There-
fore, for the characterization of the scattering maps, it is
required to select the homoclinic manifold Γ, which can
be done using the Poincaré-Melnikov theory. We have
the following proposition8,19

Proposition 4. Given (I, ϕ, s) ∈ [−I∗1 , I∗1 ] × [−I∗1 , I∗1 ] ×
T3, assume that the real function

τ ∈ R 7−→ L(I, ϕ− τω, s− τ) ∈ R (7)

has a non-degenerate critical point τ∗ = τ∗(I, ϕ, s),
where ω = (ω1, ω2) = (Ω1I1,Ω2I2) and

L(I, ϕ, s) :=

∫ +∞

−∞
(f(q0(ρ))− f(0)) g(ϕ+ρω, s+ρ; 0)dρ.

Then, for 0 < ε small enough, there exists a
unique transverse homoclinic point z̃ to Λ̃ε of Hamil-
tonian (1), which is ε-close to the point z̃∗(I, ϕ, s) =

(p0(τ∗), q0(τ∗), I, ϕ, s) ∈ W 0(Λ̃):

z̃ = z̃(I, ϕ, s) = (p0(τ∗) +O(ε), q0(τ∗) +O(ε), I, ϕ, s)

and z̃ ∈ Wu(Λ̃ε) t W s(Λ̃ε).

The function L is called the Melnikov potential of
Hamiltonian (1), and using (2) and (4) takes the form

L(I, ϕ, s) = A1 cosϕ1 +A2 cosϕ2 +A3 cos s, (8)

where

Ai := A(ω̃i, ai) =
2πω̃iai

sinh(πω̃i/2)
, i = 1, 2, 3 (9)

and ω̃ = (ω1, ω2, 1), for ωi 6= 0, and Ai = 4ai for ωi = 0.
The homoclinic manifold Γ is determined by the function
τ∗(I, ϕ, s). Once a function τ∗(I, ϕ, s) is chosen, by the
geometric properties of the scattering map, see19,27,28,
the scattering map S = Sτ∗ has the explicit form

S(I, ϕ, s) =
(
I + ε∇ϕL∗ +O(ε2), ϕ− ε∇IL∗ +O(ε2), s

)
,

where

L∗ = L∗(I, ϕ, s) = L (I, ϕ− τ∗(I, ϕ, s)ω, s− τ∗(I, ϕ, s)) .
(10)

Note that the variable s is fixed under the scattering
map. As a consequence, introducing the variable

θ = ϕ− s ω, (11)

Th
is 

is 
the

 au
tho

r’s
 pe

er
 re

vie
we

d, 
ac

ce
pte

d m
an

us
cri

pt.
 H

ow
ev

er
, th

e o
nli

ne
 ve

rsi
on

 of
 re

co
rd

 w
ill 

be
 di

ffe
re

nt 
fro

m 
thi

s v
er

sio
n o

nc
e i

t h
as

 be
en

 co
py

ed
ite

d a
nd

 ty
pe

se
t.

PL
EA

SE
 C

IT
E 

TH
IS

 A
RT

IC
LE

 A
S 

DO
I: 

10
.10

63
/5.

01
85

04
4



5

we can define the reduced Poincaré function as

L∗(I, θ) := L∗(I, ϕ− sω, 0) = L∗(I, ϕ, s). (12)

In these variables (I, θ) the scattering map has the simple
form

S(I, θ) =

(
I + ε

∂L∗
∂θ

(I, θ) +O(ε2),

θ − ε∂L
∗

∂I
(I, θ) +O(ε2)

)
. (13)

So, up to O(ε2) terms, S(I, θ) is the −ε times flow of the
autonomous Hamiltonian L∗(I, θ). In particular, a finite
number of iterates under the scattering map follow the
level curves of L∗ up to O(ε2).

It is easy to see18,19 that the reduced Poincaré function
L∗(I, θ) in (12) is equivalent to

L∗(I, θ) = L(I, θ − τ∗(I, θ)ω,−τ∗(I, θ)),

where

τ∗(I, θ) = τ∗(I, ϕ, s)− s. (14)

Therefore, from (8) the reduced Poincaré function
L∗(I, θ) can be explicitly expressed as

L∗(I, θ) =

2∑
k=1

Ak cos(θk − ωkτ∗(I, θ))

+A3 cos(−τ∗(I, θ)). (15)

Along this paper, both τ∗(I, ϕ, s) and τ∗(I, θ) will be
used at our convenience. It is important to note that, as
the variable s is fixed for S(I, θ), it plays the rôle of a
parameter, which for simplicity17 will be taken s = 0.

B. Crests and NHIM lines

We have seen that the function τ∗ plays a key role in
our study. Therefore, we are interested in finding the
critical points τ∗ = τ∗(I, ϕ, s) of function (7) or, for our
concrete case (8), τ∗ solution of

∂L
∂τ (I, ϕ− ωτ, s− τ) = ∇(ϕ,s)L(I, ϕ− ωτ, s− τ) · ω̃ = 0. (16)

This equation can be seen from two equivalent geomet-
rical viewpoints. The first one is that to find τ∗ =
τ∗(I, ϕ, s) satisfying (16) for any (I, ϕ, s) ∈ [−I∗1 , I∗1 ] ×
[−I∗2 , I∗2 ] × T3 is the same as looking for the extrema of
L on the NHIM line

R(I, ϕ, s) = {(I, ϕ− τω, s− τ) : τ ∈ R} . (17)

The other point of view is that fixing (I, ϕ, s), a solution
τ∗ of (16) is equivalent to finding intersections between
a NHIM line (17) and a set of points determined by the
equation ∇(ϕ,s)L(I, ϕ, s) · ω̃ = 0.

Remark 5. Note that R(I, ϕ, s) on {I} × T3 is either a
closed line when ω ∈ Q2, or densely fills a torus of di-
mension 2 or 3.

Remark 6. By taking θ as defined in (11) and s = 0,
we can rewrite R(I, ϕ, s) on variables (I, θ), that is,
R(I, ϕ, s) is equivalent to

R(I, θ) = {(I, θ − τω,−τ) : τ ∈ R} . (18)

Definition 7. 19 A crest or ridge C(I) is the set of points{
(I, ϕ, s), (ϕ, s) ∈ T3

}
such that

∂L
∂τ

(I, ϕ− τω, s− τ)|τ=0 = 0,

or equivalently,

∇(ϕ,s)L(I, ϕ, s) · ω̃ = 0. (19)

Fixing I, Eq. (19) defines, at least locally, a surface in
the variables (ϕ1, ϕ2, s) ∈ T3, that we want to character-
ize.

From the expression (8) of the Melnikov Potential
L(I, ϕ, s), Eq. (19) can be rewritten as

α(ω1)µ1 sinϕ1 + α(ω2)µ2 sinϕ2 + sin s = 0 (20)

where, for i = 1, 2,

µi =
ai
a3

and α(ωi) = (ωi)
2 sinh(π/2)

sinh(ωiπ/2)
. (21)

Observe that α is well defined for any value of ωi.
For any fixed I, to understand the intersection between
NHIM lines R(I, ·) and the crest C(I), we first need to
study how the surfaces contained in the crest look like
for different values of µi = ai/a3 and ωi, for i = 1, 2.

Remark 8. We wish to emphasize the similarity between
Eq. (20) of the crest with the equation of the crests studied
for 2+1/2 d.o.f.17,18

Eq. (20) is just a linear equation for the variables
sinϕ1, sinϕ2 and sin s. To parametrize the crest, we
want to isolate one of these variables with respect to the
other two. We begin with the case

a) |α(ω1)µ1 sinϕ1 + α(ω2)µ2 sinϕ2| ≤ 1, (22)

where we can write s as a function of ϕ1 and ϕ2 for any
(ϕ1, ϕ2) ∈ T2, more precisely, we have the two functions

s =


ξM(I, ϕ) := arcsin (α(ω1)µ1 sinϕ1

+α(ω2)µ2 sinϕ2) mod 2π

ξm(I, ϕ) := − arcsin (α(ω1)µ1 sinϕ1

+α(ω2)µ2 sinϕ2) + π mod 2π.

Then the crest C(I) is formed by two surfaces CM(I),
Cm(I) which are simply the global graphics in the space
(ϕ1, ϕ2, s) of the functions ξM(I, ϕ), ξm(I, ϕ), defined for
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6

all ϕ ∈ T2. According to the notation used for 2+1/2
d.o.f.17,18, the crest C(I) is called a horizontal crest; see
Fig. 2. From the expression of the function α(ωi) given
in (21), we have |α(ωi)| < 1.03. This implies

|α(ω1)µ1 sinϕ1 + α(ω2)µ2 sinϕ2| < 1.03(|µ1|+ |µ2|).

Therefore, if

|µ1|+ |µ2| < 1/1.03,

the two surfaces of the crests C(I) are horizontal for any
value of I1 and I2.

Fig. 2: Horizontal Crest C(I) formed by two surfaces:
µ1 = µ2 = 0.4 and ω1 = ω2 = 1. We plotted

ϕ1, ϕ2, s ∈ [−π/2, 3π/2) for a better illustration.

If condition (22) is not satisfied, s cannot be written
as a global function of ϕ1 and ϕ2 in (20), and then two
more possibilities arise: b) we can write ϕi as a global
function of ϕj and s, or c) we cannot write any variable
ϕ1, ϕ2 and s as a global function of the other two and,
therefore, the projection of the crest C(I) on each plane
(ϕ1, ϕ2) , (ϕ1, s) and (ϕ2, s), has “holes”.

Case b) is only possible if∣∣∣∣α(ωj)µj
α(ωi)µi

sinϕj +
sin s

α(ωi)µi

∣∣∣∣ ≤ 1, (23)

for i, j = 1, 2 and i 6= j. Then, the crest C(I) is formed
by two vertical surfaces CM(I) and Cm(I) that can be
parameterized by

ϕi =


ηM(I, ϕj , s) := arcsin

(
1

α(ωi)µi
(sin s

− α(ωj)µj sinϕj)) mod 2π

ηm(I, ϕj , s) := − arcsin
(

1
α(ωi)µi

(sin s

−α(ωj)µj sinϕj)) + π mod 2π.

In this case, C(I) is called a vertical crest; see Fig. 3(a).

Case c) only occurs if Eq. (22) and (23) do not hold.
Then the crest C(I) is given by a unique surface; see
Fig. 3(b). Note that the horizontal and vertical crests
C(I) are formed by two disjoint surfaces that can be
parameterized separately CM(I) and Cm(I), and C(I) =
CM (I) ∪ Cm(I). In case c), C(I) is called anunseparated
crest.

(a)Vertical Crest C(I) : µ1 = 1.7, µ2 = 0.4 and
ω1 = ω2 = 1.We plotted ϕ1, ϕ2, s ∈ [−π/2, 3π/2) for a better

illustration.

(b)Unseparated Crest C(I) : µ1 = 0.8,
µ2 = 0.4 and ω1 = ω2 = 1.We plotted
ϕ1, ϕ2, s ∈ [−π/2, 3π/2) for a better

illustration.

Fig. 3: Different kinds of Crest

It is worth noting that to express ϕi as a global func-
tion of ϕj and s, |µi| is needed to be greater than
1/1.03. Indeed, assume that there exists an I such that
ϕi := ϕi(ϕj , s). From condition (19), we have

sinϕi = −
(
Ajωj sinϕj

Aiωi
+
A3 sin s

Aiωi

)
,

for any (ϕj , s) ∈ T2 satisfying (23). In particular, for
ϕj = 0 and s = ±π/2, so∣∣∣∣ A3

Aiωi

∣∣∣∣ ≤ 1, or equivalentely

∣∣∣∣ 1

α(ωi)µi

∣∣∣∣ ≤ 1.

Therefore, we obtain the following.

1

1.03
<

∣∣∣∣ 1

α(ωi)

∣∣∣∣ ≤ |µi| .
As a consequence, if |µ1|+ |µ2| > 1/1.03, but |µ1| , |µ2| <
1/1.03, there are no vertical crests, that is, there are only
horizontal or unseparated crests.
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7

We now summarize all these calculations.

Proposition 9. For a fixed value of I, if condition (22)
holds, C(I) is a horizontal crest formed by two disjoint
horizontal global surfaces. Otherwise, we have two cases:

a) If |µ1| > 1/1.03 or |µ2| > 1/1.03, C(I) is a vertical
crest formed by two disjoint vertical global surfaces.

b) If |µ1|+ |µ2| > 1/1.03 and |µ1|, |µ2| < 1/1.03, C(I)
is an unseparated crest.

Moreover, if |µ1| + |µ2| < 1/1.03, then (22) is satisfied
and C(I) is a horizontal crest formed by two disjoint hor-
izontal global surfaces.

Remark 10. The values of µ1, µ2 providing equalities are
bifurcation values for which the two surfaces intersect
tangentially.

Remark 11. The notation CM(I) and Cm(I) come from
the fact that (0, 0, 0) ∈ CM(I) and (π, π, π) ∈ Cm(I), and
(0, 0, 0) and (π, π, π) are, respectively, a maximum and a
minimum point of the Melnikov potential L(I, ϕ, s) given
by (8), for a1, a2, a3 > 0.

1. Tangency condition

The tangency between the NHIM lines R(I, ϕ, s) and
the crest C(I) is an obstacle to the existence of a global
scattering map17,18. Since we only deal with global scat-
tering maps in this paper, we need to avoid such tangen-
cies. We now make a study about the conditions of their
existence.

The crests C(I) form a family of surfaces, so there exists
a tangency between C(I) andR(I, ϕ, s) if a tangent vector
of the straight line R(I, ϕ, s) lies on the tangent bundle
of one of these surfaces.

A tangent vector of R(I, ϕ, s) at any point is −ω̃. Con-
sider the function FI : T3 7→ R,

FI(ϕ, s) = α(ω1)µ1 sinϕ1 + α(ω2)µ2 sinϕ2 + sin s.

We note that the crest C(I) is defined from (20) as the
set of (ϕ, s) ∈ T3 such that FI(ϕ, s) = 0. Fixing a point
Ψ = (ϕ, s) in C(I), the normal vector of C(I) at the point
Ψ is

∇FI(Ψ) = (α(ω1)µ1 cosϕ1, α(ω2)µ2 cosϕ2, cos s).

The tangent vector −ω̃ lies on the tangent space of the
crest at the point Ψ if and only if ∇F (Ψ) · ω̃ = 0. This
condition is equivalent to

α(ω1)ω1µ1 cosϕ1 + α(ω2)ω2µ2 cosϕ2 + cos s = 0. (24)

From (20) and (24), there is a tangency between a
horizontal crest C(I) and a NHIM line R(I, ϕ, s) for ϕ1

and ϕ2 satisfying(
2∑
k=1

ωkα(ωk)µk cosϕk

)2

+

(
2∑
k=1

α(ωk)µk sinϕk

)2

= 1.

Denote by

fI(ϕ) = (ω1α(ω1)µ1 cosϕ1 + ω2α(ω2)µ2 cosϕ2)
2

+ (α(ω1)µ1 sinϕ1 + α(ω2)µ2 sinϕ2)
2
.

Note that for values of µ1 and µ2 such that fI(ϕ) < 1
there is no tangency. As commented above, |α(ωi)| <
1.03. From (21), we obtain |ωiα(ωi)| < 1.6, see Fig. 4.
This implies

Fig. 4: Graph of |α| and |ωiα|.

fI(ϕ) < (1.6)2 (|µ1 cosϕ1|+ |µ2 cosϕ2|)2

+ (1.03)2 (|µ1 sinϕ1|+ |µ2 sinϕ2|)2

< 1.62 |µ1|2 + 1.62 |µ2|2

+ 2 |µ1| |µ2|
(
1.62 |cosϕ1| |cosϕ2|

+1.032 |sinϕ1| |sinϕ2|
)

< 1.62(|µ1|+ |µ2|)2.

Therefore it is enough to require |µ1| + |µ2| < 1/1.6 =
0.625 to ensure fI(ϕ) < 1 for any value of I. It is easy to
verify that if |µ1|+ |µ2| > 1/1.6 there exist I and ϕ such
that fI(ϕ) > 1.

We now collect all these properties in the following
proposition.

Proposition 12. For any I, consider the crest C(I) defined
in (7) and the NHIM lines R(I, ϕ, s) defined in (17).

a) For |µ1| + |µ2| < 0.625 the crest C(I) is formed
by two horizontal global surfaces and the intersec-
tions between any surface and any NHIM line are
transversal.

b) For 0.625 ≤ |µ1| + |µ2| ≤ 1/1.03 the crest C(I) is
still formed by two horizontal global surfaces, but
for some values of I there are NHIM lines that are
tangent to the surfaces.

c) For 1/1.03 < |µ1|+ |µ2| and |µ1| , |µ2| ≤ 1/1.03, the
crest C(I) is either formed by two global horizontal
surfaces or is unseparated, and for some values of I
there are NHIM lines that are tangent to the crest.
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d) For 1/1.03 < |µ1| or 1/1.03 < |µ2| , the crest C(I)
is either formed by two horizontal global surfaces,
either formed by two vertical global ones, or it is
unseparated, and for some values of I there are
NHIM lines that are tangent to the crest.

Throughout this paper, we will consider only case a),
that is, |µ1|+ |µ2| < 0.625 which is contained in hypoth-
esis (3) of Theorem 1, because in this way the crest is
formed by two surfaces and the NHIM lines are trans-
verse to them.

We have assumed until now that s ∈ T. This implies
that C(I) = CM(I) ∪ Cm(I) and R(I, ϕ, s) intersects in-
finitely many times CM(I) and Cm(I). We will restrict
our analysis to a finite number of intersections to ob-
tain our results. Taking s ∈ R, the crest C(I) is no
longer formed by two horizontal surfaces, but it is an
infinitely countable family of horizontal surfaces, that is,
C(I) =

⋃
j∈Z Cj(I), where Cj(I) can be parametrized by

ξj(I, ϕ) = − arcsin

(
2∑
k=1

µkα(ωk) sinϕk

)
+ 2πj, (25)

if j is even, otherwise

ξj(I, ϕ) = arcsin

(
2∑
k=1

µkα(ωk) sinϕk

)
+ π + 2πj. (26)

Remark 13. Note that if s ∈ T, Cj ≡ CM for all even j.
Analogously, Cj ≡ Cm for all odd j.

Therefore, we immediately have the following corollary
from Prop. 12:

Corollary 14. Consider the crest C(I) defined in (7) and
the NHIM lines R(I, ϕ, s) defined in (17) for s ∈ R.
For |µ1| + |µ2| < 0.625 the crest C(I) is formed by in-
finitely countable horizontal surfaces Cj(I), j ∈ Z, that
is, C(I) =

⋃
j∈Z Cj(I), and the intersections between any

surface Cj(I) and any NHIM line R(I, ϕ, s) are transver-
sal.

After this construction, each line R(I, ϕ, s) intersects
each Cj(I) at a unique point. We denote by τ∗j the value
of τ such that R(I, ϕ, s) intersects Cj(I). Following the
same philosophy, we denote L∗j (I, θ) = L(I, ϕ− τ∗j ω, s−
τ∗j ) and Sj the scattering map associated to Cj , that is,

Sj(I, θ)T = (I, θ)T + εJ∇L∗j (I, θ)T +O(ε2),

where J =
(

0 Id2

−Id2 0

)
is the 4× 4 symplectic matrix.

Corollary 15. Under the same conditions of Corollary 14,
the scattering map Sj(I, θ) associated to Cj is globally
defined, i.e., it is well defined for any (I, θ) ∈ R2 × T2.

Proof. The existence of τ∗j (I, θ) for all (I, θ) ∈ R2 ×
T2 holds by the fact that the slope of R(I, ϕ, s) is
ω̃ = (ω1, ω2, 1) and the surfaces Cj(I) are horizontal and
there is no tangency between R(I, ϕ, s) and Cj(I).

Remark 16. In practice, it is enough to deal with S0 and
S1, which are also called primary scattering maps17,18.
Indeed, in this paper we will only explicitly use S0.

Fig. 5: Dynamics of the Poincaré map the section I1 = 0 at the
energy level L∗(0, 0, 5π/4, 5π/4) . Initial conditions are taken at

the section {(I1, I2, θ2) = (0, 0, [5π/4− 0.2, 5π/4 + 0.2])} for
µ1 = 0.2 and µ2 = 0.3. Each color represents a different orbit of

the Poincaré map.

C. Transversality between the Inner and scattering flows

To perform diffusion through a scattering map, that is,
to find trajectories of Hamiltonian system (1)+(2) where
the action I changes significantly, we would like to prove
that an orbit of the scattering map is not confined in an
orbit of the inner dynamics, since the value of I is almost
constant under the action of the inner map.

Recall that the scattering map is the ε-time flow of the
Hamiltonian −L∗j (I, θ) up to order O(ε2). Then, from a
geometrical point of view, looking at the flow associated
to the reduced Poincaré function L∗j will be very useful.

Definition 17. The flow φ
−L∗j
t of the Hamiltonian −L∗j

given by the equations

İ =
∂L∗j
∂θ

(I, θ) and θ̇ = −
∂L∗j
∂I

(I, θ) (27)

is called the scattering flow associated to L∗j .

The scattering flow is 4-dimensional and autonomous
and exhibits rich dynamics. In Figure 5 we show a sim-
ulation of the Poincaré map onto a hyperplane given by
I1 = constant, where non-integrability is clearly mani-
fested.

From (15), the above Hamiltonian equations take the
form, for i = 1, 2,

İi = −Ai sin(θi − ωiτ∗j ) (28)

θ̇i = −Ωi

(
dAi
dωi

cos(θi − ωiτ∗j ) + τ∗Ai sin(θi − ωiτ∗j )

)
.

Remark 18. Take an initial point (I0, θ0). After a large
number k of iterates of scattering map Sj, (Ik, θk) =
Skj (I0, θ0) is expected to accumulate an error with respect
to the scattering flow φt(I0, θ) at time t = kε, as the flow
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is just an approximation of the scattering orbit. How-
ever, this error can be controlled by also using the inner
dynamics in order to keep the iterations of Sj close to
the scattering flow. A complete description of this mech-
anism and an analysis of this accumulated was done for
2+1/2 d.o.f.17

Lemma 19. The scattering flow with equations (28)
has only four equilibrium points: (0, 0, 0, 0), (0, 0, 0, π),
(0, 0, π, 0) and (0, 0, π, π).

Proof. It is an immediate consequence of (28) and the
form of Ai, given in (9), and their derivatives.

We can now state the following result.

Proposition 20. Consider Hamiltonian (1)+(2). For
|µ1|+ |µ2| < 0.625 and I not ε-close to (0, 0), there is no
common orbit of the inner flow and the scattering flow.

Proof. From (6), the first integrals on variables (Ii, θi)
are given by

Fi =
ΩiI

2
i

2
+ εai cos θi, i = {1, 2} . (29)

The transversality of any invariant set of the inner flow
and the scattering flow holds if the gradient of the level
surfaces of F1 and F2 are not parallel to the gradient of
the level surfaces of L∗, or equivalently,{

Fi,−L∗j
}

(φ
−L∗j
t (I0, θ0)) 6= 0, i = {1, 2} , (30)

where {, } is the Poisson bracket and φ
−L∗j
t (I0, θ0) is the

scattering flow associated to −L∗j . Note that

{
Fi,−L∗j

}
= −∂Fi

∂θi

∂L∗j
∂Ii

+
∂Fi
∂Ii

∂L∗j
∂θi

= εaiΩi sin θi

(
dAi
dωi

cos(θi − ωiτ∗j ) + τ∗j Ai sin(θi − ωiτ∗j )

)
− ωiAi sin(θi − ωiτ∗j )

Suppose that (30) does not hold.
In the case that

∣∣I0
i

∣∣ � ε, for i = 1, 2, the dominant
part is −ωiAi sin(θi − ωiτ∗). So, {Fi,−L∗} = 0 only if
sin(θi − ωiτ∗) = 0, for i = 1, 2. This implies that, from
(28), Ii is constant, for i = 1, 2. As Fi and Ii are constant,
θi is also constant, i = 1, 2. Then, we can conclude that
(I, θ) is an equilibrium point of L∗j . From Lemma 19,
I = (0, 0), a contradiction.

Now, consider the case that |Ii| � ε and Il ≈ ε , for
i 6= l. As we have seen before, Ii and θi are constant. This
implies that we can reduce the scattering flow two to a
2D flow. The transversality relies on the same argument
for the 2+1/2 d.o.f. case.17,19

Corollary 21. The same proposition is valid for the scat-
tering map, since the scattering map is the scattering flow
plus a term of order O(ε2) for ε small enough.

D. Construction of diffusing paths

We are interested in finding a finite drift in the 2-
dimensional variable I. In general, we expect to ob-
tain an increment in the value of I by iterating the
scattering map. Therefore, the points where the ac-
tion variable I does not change under the action of the
scattering map are useless for our mechanism. From
Lemma 19 and Prop. 20, there are four points to
avoid: (0, 0, 0, 0), (0, 0, π, 0), (0, 0, 0, π) and (0, 0, π, π)
since they are equilibrium points of all scattering flows
and inner dynamics.

As we are assuming µ1, µ2 such that |µ1|+|µ2| < 0.625,
we find that all surfaces Cj(I) are horizontal for any value
of I and are transversally intersected by R(I, ϕ, s), see
Corollary 14. Therefore, τ∗j (I, θ) is always defined, see
the proof of Corollary 15, and we can introduce a new
variable:

ψj := θ − τ∗j (I, θ)ω. (31)

By (20),(25) and (26)

s− τ∗j (Iϕ, s) = ξj(I, ϕ− τ∗j (I, ϕ, s)ω)

By (11) and (14)

−τ∗j (I, θ) = ξj(I, θ − τ∗j (I, θ)ω).

This immeadiately implies that ψ has a well-defined in-
verse function

θ = ψ − ξj(I, ψj)ω.

This variable will be helpful in the proof of the following
theorem.

IV. GLOBAL INSTABILITY

Theorem 1. Consider the Hamiltonian (1)+(2). Assume
a1a2a3 6= 0 and |a1/a3| + |a2/a3| < 0.625. Then, for
every 0 < δ < 1 and R > 0, there exists ε0 = ε0(δ,R) > 0
such that for every I+, I− satisfying |I±| < R, there exists
an orbit x̃(t) and T > 0, such that

|I(x̃(0))− I−| ≤ Cδ
|I(x̃(T ))− I+| ≤ Cδ

Proof. Actually, we are going to prove that given I−, I+
and a curve γ : [0, tf] → R2, such that γ(0) = I− and
γ(tf) = I+, there exists an orbit x̃(t) of the Hamiltonian
system given by (1)+(2) satisfying

|I (x̃(t))− γ(α(t))| ≤ Cδ, t ∈ [0, tf] . (32)

Our strategy will be to use iterations of the inner and
scattering maps to construct a pseudo-orbit δ-close to
γ. Later, we will apply shadowing lemmas to ensure the
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existence of a real diffusing orbit in which condition (32)
is satisfied.

Consider first the case that γ is a horizontal segment
in the plane (I1, I2), so that I−2 = I+2, where v2 =
∂θ2L∗(I, θ) does not vanish. Given δ < l(γ), where l(γ)

is the length of γ, we define N :=
⌊
l(γ)
δ

⌋
and take the

finite open cover of the image of the curve γ given by

N⋃
i=0

Bδ(γ(ti)),

where Bδ(γ(ti)) =
{
p ∈ R2 : ‖γ(ti)− p‖∞ < δ

}
and t0 =

0.
Let Ii ∈ Bδ(γ(ti)) \ Bδ(γ(ti+1)). Applying the scat-

tering map, we want to obtain a Ij ∈ Bδ(γ(ti+1)). From
now on, we denote by Ik the values of I obtained by the
kth iteration under the scattering map S. We should
ensure Ik ∈ Bδ(γ(ti)) ∪ Bδ(γ(ti+1)) for k ∈ {1, . . . , j} .
Recall that the scattering map can be written as

S(I, θ)T = (I, θ)T + εJ∇L∗(I, θ)T +O(ε2),

where J is the symplectic matrix, and the term O(ε2) can
be bounded by ε2M , for some constant M depending just
on R. Therefore, defining the vector ui = γ(ti+1) − Ii,
we have to obtain a θ∗ such that

uij∂θjL∗(Ii, θ∗) > 0, for j = {1, 2} , (33)

where ∂θjL∗(I, θ) = −Aj sin (θj − ωjτ∗(I, θ)) with Aj
defined in (9), see Fig. 6. Assuming a1, a2 > 0, (33)

is satisfied if and only if θ∗ − τ∗(Ii, θ∗)ωi ∈ (π, 2π)
2
.

γ(ti) γ(ti+1)

Ii
ui

Fig. 6: ∂Bδ(γ(ti)) in red and ∂Bδ(γ(ti+1)) in blue.

If for initial values (Ii, θi), θi − τ∗(Ii, θi)ωi /∈ (π, 2π)2,
we need to use inner dynamics to displace θi to a point
θ∗ such that

ψ∗ := θ∗ − τ∗(Ii, τ∗)ωi ∈ (π, 2π)2.

The inner dynamics is very simple, and we can assume
that it is approximately horizontal for finite time17, i.e.,
it is described by the equations

İj = 0 and ϕ̇j = ωj , j = 1, 2.

Therefore, ϕ(t) = ωt+ϕ(0). Then, the existence of θ∗ is
equivalent to the existence of t∗ satisfying

θ(t∗)− τ∗(Ii, θ(t∗))ωi ∈ (π, 2π)2,

where θ(t) = θi + tωi. Define

ψ(t) = θi(t)− τ∗(Ii, θi(t))ωi.

Assume ωi1 ≥ ωi2 without loss of generality, and as we
can choose the initial point with a δ-error, we can take
Ii1, I

i
2 6= 0. We can write

ψ2 =
ωi2
ωi1
ψ1 + ψ0, ψ0 := θi2 − ωi2θi1/ωi1. (34)

For ωi2/ω
i
1 ∈ R \ Q, (ψ1, ψ2(ψ1)) is dense in T2, then

there exists a t∗ such that (ψ1(t∗), ψ2(t∗)) ∈ (π, 2π)
2
.

For ωi2/ω
i
1 = p/q ∈ Q, consider q p > 0, the other case

is analogous. This implies 0 < p/q ≤ 1.
We fix ψ1 = 2πl, l ∈ Z. For these values of ψ1, ψ2 in

(34) can be rewritten as

ψ2(l) = rl(ψ0) = 2π

(
p

q

)
l + ψ0.

Note that ψ2 is equivalent to a rotation of ψ0 by the
angle 2πp/q on S1. As rl(ψ0) is a q-periodic function,
an orbit O = {ψ0, . . . , rq−1(ψ0)} is an equidistant cover
of S1. Therefore, if q 6= 1 or ψ0 6= π, there exists
l′ ∈ {0, . . . , q − 1} such that rl′(ψ0) ∈ (π, 2π). This im-

mediately implies that (ψ1, ψ2(ψ1)) intersects (π, 2π)
2
.

For q = 1 and ψ0 = π, then ωi1 = ωi2 and it is easy
to verify that (ψ1, ψ2(ψ1)) does not intersect (π, 2π]2.
Therefore, in this specific case, the inner dynamics is not
enough for our purpose. So, here our strategy is slightly
different. We will use the scattering map in a similar
way to the inner map: to change the values of θ while
the value of I remains almost fixed.

First, we apply the inner dynamics up to ψ1 = 0. From
(34), this implies ψ2 = π. For these values, we have

İ = 0. From Prop. 20, when we apply the scattering
map on this point, its image is on another torus of the
inner dynamics. As the values of the variable I remain
fixed up to O(ε2), we can consider that these values are
within Bδ(γ(ti)). Out of this problematic torus, we can
apply the algorithm developed previously.

Now we want to prove that Ik is δ-close to the curve
γ for any k ∈ {1, . . . , j}. We have

Ik = Ik−1 + ε∂θL∗(Ik−1, θk−1) +O(ε2). (35)

So, Ik is δ-close to γ if the following condition is satisfied.∣∣Ik2 − γ2(ti+1)
∣∣ ≤ δ.

If we assume Ik−1
2 ≤ γ2(ti+1), we only need to verify

Ik2 ≤ γ2(ti+1) + δ.
From (35) and if we consider only the terms of the first

order, the condition is equivalent to

ε <
γ2(ti)− Ik2 + δ

vk2 − εM
.

Note that γ2(ti) − Ik2 < δ, then the numerator is pos-
itive. In addition, vk2 ≥ m2(γ), the minimum value
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of |v2| along the curve γ, so it is enough to require
ε < m2(γ)/(2M), as well as

ε < 2
γ2(ti)− Ik2 + δ

m2(γ)
. (36)

Define εi = sup
{
ε : ε <

γ2(ti)−Ii2+δ
m2(γ)

}
, we obtain that for

any 0 < ε ≤ εi, Ik is δ-close to γ.
For u2 ≤ 0, (36) takes the form

ε < 2
Ik2 − γ2(ti) + δ

m2(γ)
.

Now we wish to obtain a similar result for any iterate
of a scattering map. Introducing m = min|I|≤R v, the
result is true for ε < 1/(2M) and

ε <
2δ

m
.

That is, if we take ε0 = min{ 1
2m ,

2δ
m }, for any ε < ε0 we

obtain a pseudo-orbit δ-close to γ.
For vertical lines, the same result can be stated mutatis

mutandis.
The above argument holds for any γ that is δ-distant

from the equilibrium proint of scatterig flow, see Lemma
19. If such condition it is not satified, it can be approx-
imated by γ′ that has a distance O(δ/2) from γ close to
those points.

For a more general case, that is, C1-curve γ : [0, t∗]→
R2 such that γ(0) = I−, γ(t∗) = I+, we take a stairstep
curve γstep, a combination of horizontal and vertical lines,
in such a way that γstep is a good enough approximation
of γ, where ‘good enough’ we mean, the result holds for
γ applying the above results (for horizontal and vertical
lines) for γstep.

We can now apply shadowing techniques well adapted
to NHIM9,29,30, due to the fact that the inner dynam-
ics is simple enough to satisfy the required hypothesis
of these references, to ensure the existence of a diffusion
trajectory.

A. Highways

The existence of a special invariant set of −L∗0, called
Highway, was very useful for the study of the case with
2+1/2 d.o.f.17. Iterations of a scattering map along a
Highway were enough to obtain a large drift on the action
variable I. Moreover, we estimated the time of diffusion
of these orbits. We want to detect a similar invariant set
for our 3+1/2 model with the same goal in mind.

We define a Highway as an invariant set H =
{(I,Θ(I))} of the Hamiltonian given by the reduced
Poincaré function L∗0(I, θ) which is contained in the level
energy L∗0(I, θ) = A3. Therefore, it is a Lagrangian man-
ifold, that is, Θ(I) is a gradient function, so there exists

a function F (I) such that Θ(I) = ∇F (I). As Θ is a
gradient function, it must satisfy the following condition.

∂Θ1

∂I2
=
∂Θ2

∂I1
.

This condition is equivalent to

∂2F

∂I2∂I1
=

∂2F

∂I1∂I2
.

Remark 22. We take the energy level L∗0(I, θ) = A3 be-
cause we have from (15) that

lim
(I1,I2)→(±∞,±∞)

L∗0(I, θ) = A3.

In addition, L∗0(0, 0,±π/2,±π/2) = A3. Therefore, the
level surface L∗0(I, θ) = A3 is the unique connection pos-
sible of the origin of the plane (I1, I2) to arbitrarily large
values of |I1| and |I2|.

We start by proving the local existence of Highways for
I1, I2 � 0.

Proposition 23 (Local existence of Highways). Consider
the Hamiltonian (1)+(2). Assume a1a2a3 6= 0 and
|a1/a3| + |a2/a3| < 0.625. For |I1| and |I2| close to in-
finity, the function F takes the asymptotic form

F (I) =
π

2
(±I1 ± I2)−

2∑
i=1

2ai sinh(π/2)

π4Ωi

(
π3 |ωi|3

+6π2ω2
i + 24π |ωi|+ 48

)
e−π|ωi|/2

+O(ω2
1ω

2
2e
−π(|ω1|+|ω2|)/2), (37)

Proof. Assume a candidate for a function F (I) given by
(37), such that Θ = ∇F (I). We have four possible
choices for the sign of the first order term of F (I). To
fix ideas, we choose π

2 (−I1 − I2) that is equivalent to
3π
2 (I1 + I2). Θ(I) has to satisfy the energy level condi-

tion for Highways in the reduced Poincaré function

2∑
k=1

Ak cos(Θk − ωkτ∗(I,Θ))

+A3 (cos(−τ∗(I,Θ))− 1) = 0, (38)

and τ∗(I,Θ) has to satisfy the equation of the crest

2∑
k=1

ωkAk sin(Θk − ωkτ∗(I,Θ))

+A3 sin(−τ∗(I,Θ)) = 0. (39)

We want to write their version for I1 and I2 close to
infinity. Using (37) we notice that Θi = Θi(I) takes the
form

Θi =
3π

2
− ai sinh(π/2)ω3

i e
−πωi

2 +O
(
ω2

1ω
2
2e
−π(ω1+ω2)

2

)
.
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This implies

cos(Θi − ωiτ∗) = −ai sinh(π/2)ω3
i e
−πωi

2 − ωiτ∗∞
+O

(
ω2

1ω
2
2e
−π(ω1+ω2)

2

)
and

sin(Θi − ωiτ∗) = −1 +O(ω6
i e
−πωi),

In addition,

cos(−τ∗(I,Θ)) = 1− τ∗2∞
2

+O(τ∗4∞ ),

sin(−τ∗) = −τ∗∞ +O(τ∗∞),

where τ∗∞ is an asymptotic approximation of τ∗ that we
will estimate in the following. First, we notice that func-
tions A1 and A2 can be approximated by

Ai = 4πaiωie
−πωi

2

(
1 + e−2πωi + · · ·

)
= 4πaiωie

−πωi
2 +O

(
ωie

−5πωi
2

)
.

From (20), the function τ∗(I,Θ) satisfies

−τ∗(I,Θ) = − arcsin

(
2∑
k=1

Akωk
A3

sin(Θk − ωkτ∗(I,Θ))

)
,

and therefore,

τ∗∞ =

2∑
i=1

−2ai sinh(π/2)ω2
i e
−πωi

2 +O
(
ωie

−5πωi
2

)
.

Applying these estimates in Eq. (38) we obtain that
the left-hand side of Eq. (38) satisfies

2∑
i=1

{
4πaiωie

−πω1/2
[
−ai sinh(π/2)ω3

i e
−πωi/2

−ωi
(

2∑
k=1

2ak sinh(π/2)ω2
ke
−πωk/2

)]}

− A3

2

(
2∑
i=1

2ai sinh(π/2)ω2
i e
−πωi/2

)2

+O(ω2
1ω

2
2e
−π(ω1+ω2)/2) = O(ω2

1ω
2
2e
−π(ω1+ω2)/2).

In the same way, by applying in Eq. (39) the estimates
obtained, we have that the lef-hand side of Eq. (39) sat-
isfies

−
2∑
i=1

4πaiω
2
i e
−πωi

2 +A3

(
2∑
i=1

2ai sinh(π/2)ω2
i e
−πωi

2

)
+O(ω2

1ω
2
2e
−π(ω1+ω2)/2) = O(ω2

1ω
2
2e
−π(ω1+ω2)/2).

Therefore, up to the order O(ω2
1ω

2
2e
−π(ω1+ω2)/2), the

equation of the crest and the energy level of the reduced
Poincaré function are satisfied.

So far, we could ensure the existence of Highways for
some specific values of I. However, in the exceptional
case a1 = a2, Ω1 = Ω2, we can completely describe
them and thus we can easily construct an explicit dif-
fusing pseudo-orbit.

Proposition 24 (Global explicit expression of Highways in
a special case). Consider the Hamiltonian (1)+(2) and
a1 = a2 satisfying 2 |a/a3| < 0.625 and Ω1 = Ω2. Let

φ
−L∗0
t (I0,Θ(I0)) be a scattering flow on a Highway such

that I0
1 = I0

2 and θ0
1 = θ0

2. Then, I1(t) = I2(t) = Ī(t) and
θ1(t) = θ2(t) = θ̄(t) for all t ∈ R and can be described by

θ̄h(Ī) =

arccos
(

(1−f(Ī))A3

A

)
+ ω̄ arccos(f(Ī));

arccos
(

(1−f(Ī))A3

A

)
− ω̄ arccos(f(Ī));

for Ī ≤ 0 and Ī > 0, respectively, or

θ̄H(Ī) =

− arccos
(

(1−f(Ī))A3

A

)
− ω̄ arccos(f(Ī));

− arccos
(

(1−f(Ī))A3

A

)
+ ω̄ arccos(f(Ī));

,

for Ī ≤ 0 and Ī > 0, respectively, where A := 2A1 = 2A2

and

f(Ī) :=

 1− A
2A2

3
, ω̄ = ±1

ω̄2A3−
√
A2

3+(ω̄2−1)ω̄2A2

(ω̄2−1)A3
ω̄ 6= ±1.

Proof. Consider the scattering flow φ
−L∗0
t (I0, θ0) defined

by the differential equations in (28). Assuming Ω1 =
Ω2 =: Ω and a1 = a2 =: a and taking the initial condi-
tions satisfying I(0) = I0 and θ(0) = θ0 where I0

1 = I0
2

and θ0
1 = θ0

2, the solution (I(t), θ(t)) of (28) satisfies
θ1(t) = θ2(t) =: θ̄(t) and I1(t) = I2(t) =: Ī(t) for all
t.

If the flow φ
−L∗0
t (I0, θ0) lies on a Highway, it has to

satisfy two equations: the equation of the crests given in
(19) and

L∗0(I, θ) = A3.

These equations can be rewritten as

A cos(θ̄ − ω̄τ∗(Ī , θ̄)) +A3 cos(−τ∗(Ī , θ̄)) = A3 (40)

ω̄A sin(θ̄ − ω̄τ∗(Ī , θ̄)) +A3 sin(−τ∗(Ī , θ̄)) = 0,

where ω̄ := ω1 = ω2 and A := A(ω̄) = 4πω̄a/ sinh(πω̄/2)
for ω̄ 6= 0 and A = 8a.

Multiplying by ω̄ the first equation in (40) we obtain

ω̄A cos(θ̄ − ω̄τ∗(Ī , θ̄)) = −ω̄A3

(
cos(−τ∗(Ī , θ̄))− 1

)
ω̄A sin(θ̄ − ω̄τ∗(Ī , θ̄)) = −A3 sin(−τ∗(Ī , θ̄)).

We sum these two equations squared and we obtain

ω̄2A2 =
[
ω̄A3

(
cos(−τ∗(Ī , θ̄))− 1

)]2
+A2 sin2(−τ∗(Ī , θ̄)).
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After some arithmetical manipulations, we obtain the
following equation of second degree in cos(−τ∗(Ī , θ̄))

(ω̄2 − 1)A2
3 cos2(−τ∗(Ī , θ̄))− 2ω̄2A2

3 cos(−τ∗(Ī , θ̄))
+A2

3(ω̄2 + 1)− ω̄2A2 = 0.

For ω̄ = ±1, we have

cos(−τ∗(Ī , θ̄)) = 1− A

2A2
3

.

Otherwise,

cos(−τ∗(Ī , θ̄)) =

2ω̄2A2
3 ±

√
4ω̄4A4

3 − 4(ω̄2 − 1)A2
3 [A2

3(ω̄2 + 1)− ω̄2A2]

2(ω̄2 − 1)A2
3

.

After more arithmetical manipulation and considering
−1 ≤ cos(−τ∗(Ī , θ̄)) ≤ 1, we have

cos(−τ∗(Ī , θ̄)) =
ω̄2A3 −

√
A2

3 + (ω̄2 − 1)ω̄2A2

(ω̄2 − 1)A3
.

To simplify the notation, we define

f(Ī) :=

 1− A
2A2

3
, ω̄ = ±1

ω̄2A3−
√
A2

3+(ω̄2−1)ω̄2A2

(ω̄2−1)A3
ω̄ 6= ±1.

And therefore,

⇒ −τ∗(Ī , θ̄) = ± arccos(f(Ī)).

We have two Highways. This explains why we have found
two different values for the function τ∗. Then we can
rewrite the first equation of (40) as follows.

A cos(θ̄ ± ω̄ arccos(f(Ī))) +A3f(Ī) = A3

This immediately implies

θ̄ = ± arccos

(
A3

(
1− f(Ī)

)
A

)
∓ ω̄ arccos(f(Ī)).

From the four possibilities, by comparing with numer-
ical results, we obtain that the Highways are described
by

θ̄h(Ī) =

arccos
(
A3(1−f(Ī))

A

)
+ ω̄ arccos(f(Ī));

arccos
(
A3(1−f(Ī))

A

)
− ω̄ arccos(f(Ī));

for Ī ≤ 0 and Ī > 0, respectively, and

θ̄H(Ī) =

− arccos
(
A3(1−f(Ī))

A

)
− ω̄ arccos(f(Ī)), ;

− arccos
(
A3(1−f(Ī))

A

)
+ ω̄ arccos(f(Ī));

for Ī ≤ 0 and Ī > 0, respectively.

Remark 25. A very similar result was proved for 2+1/2
d.o.f.31.

Note that since an orbit on a Highway has the form
(I,Θ(I)), we have

Θ̇ = DΘ(I)İ .

Therefore, İ = 0 implies Θ̇ = 0. Thus, an equilibrium
point in the plane (I1, I2) is related to an equilibrium
point of the scattering flow. From Prop. 19, we know
that the scattering flow has only four equilibrium points.
However, none of them lie on a Highway since L∗0(p) 6=
A3, p = (0, 0, 0, 0), (0, 0, π, π), (0, 0, π, 0) and (0, 0, 0, π).
We can conclude that there are no equilibrium points for
Highways on (I1, I2).

Theorem 26 (Global Existence of Highways). Assume
a1a2a3 6= 0 and |a1/a3| + |a2/a3| < 0.625 in Hamilto-
nian (1)+(2). Inside a Highway there are no orbits that
are contained in a compact set on the plane (I1, I2). In
particular, given any 0 < c < C, there exists an orbit of

the scattering flow φ
−L∗′
t (I, θ) on a Highway and a time

t∗ such that

|I(t0)| < c and |I(t∗)| > C.

Proof. Suppose by contradiction that there is an orbit
(γ,Θ(γ)) on a Highway that is contained in a compact
set on the plane (I1, I2). This implies that its ω-limit
set w(γ) on this plane is nonempty. Since there are no
equilibrium points on (I1, I2), w(γ) is formed by regu-
lar points. From the Poincaré-Bendixson theorem, γ is
a periodic orbit. However, this immediately implies an
equilibrium point in the interior of γ, a contradiction.
Observing that (0, 0,±π/2,±π/2) belongs to a Highway,
the theorem is proved for any c > 0.

As an immediate consequence, we can ensure that the
orbits are diffusing along a Highway.

Corollary 27. Assume a1a2a3 6= 0 and |a1/a3|+|a2/a3| <
0.625 in Hamiltonian (1)+(2). Given any 0 < cj < Cj,
j = 1, 2, there is at least an orbit (Ii, θi)0≤i<N of the
scattering map S0 such that∣∣I0

j

∣∣ < cj and
∣∣INj ∣∣ > Cj , j = 1, 2.

The following result shows that the orbits on a High-
way do not wander along the plane (I1, I2). Indeed, they
have an explicit asymptotic behavior, as we can see in
Fig. 7.

Proposition 28. Assume a1a2a3 6= 0 and |a1/a3| +
|a2/a3| < 0.625 in Hamiltonian (1)+(2). Let (Ih,Θ(Ih))
be a Highway. For I2, I1 � 1, we have

Ih2 =
Ω1

Ω2
Ih1 −

2

πΩ2
log

(
Ω1a1

Ω2a2

)
+O(1/ω1),

and for I2, I1 � −1,

Ih2 =
Ω1

Ω2
Ih1 +

2

πΩ2
log

(
Ω1a1

Ω2a2

)
+O(1/ω1),
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Proof. Since İi = −Ai sin(θi − ωiτ∗) and ωi = ΩiIi, we
have

dω2

dω1
=

Ω2A2 sin(θ2 − ω2τ
∗)

Ω1A1 sin(θ1 − ω1τ∗)
.

For I1, I2 � 1, the above equation becomes

dω2

dω1
=

4πa2Ω2ω2 exp(−πω2/2) +O(w2 exp(−5πω2/2))

4πa1Ω1ωe1 exp(−πω1/2) +O(w1 exp(−5πω1/2))

=
a2Ω2ω2 exp(−πω2/2) +O(w2 exp(−5πω2/2))

a1Ω1ω1 exp(−πω1/2) +O(w1 exp(−5πω1/2))
,

so that separating variables, we get

1

a2Ω2

∫
exp(πω2/2)dω2

ω2
+O

(
exp

(
5πω2

2

)
ω2

2

)
=

1

a1Ω1

∫
exp(πω1/2)dω1

ω1
+O

(
exp

(
5πω1

2

)
ω2

1

)
,

which can be also written as

exp(πω2/2)

a2Ω2πω2
+O(ω−2

2 exp(πω2/2)) =
exp(πω1/2)

a1Ω1πω1

+O(ω−2
1 exp(πω1/2)) + c0. (41)

Assume that ω2 takes the form ω2 = ω1+g(ω1). Plugging
this formula into Eq. (41), we obtain

exp(πg(ω1)/2)

a2Ω2(ω1 + g(ω1))
+O

(
exp (πg(ω1)/2)

(ω1 + g(ω1))
2

)
=

1

a1Ω1ω1
+

c0
exp(πω1/2)

+O(ω−2
1 ).

As we assume that ω1 is large, the term with ω−2
1 domi-

nates the term with exp(−πω1). Therefore,

exp(πg(ω1)/2) =

(
a2Ω2

a1Ω1

)(
1 +

g(ω1)

ω1

)
+O(ω−1

1 ). (42)

By solving Eq. (42), the function g takes the following
form.

g(ω1) =
−2

π
Wn

(−πa1Ω1ω1

2a2Ω2
exp(−πω1/2)

)
−ω1+O(ω−1

1 ),

where n ∈ Z and Wn is the Lambert W function32. The
Lambert W function can be written both around z = 0
and z →∞ as32

Wn(z) = Log(z)− log Log(z)

+
∞∑
n=0

∞∑
m=1

cnm(log Log(z))m(Log(z))−n−m, (43)

where the coefficients cnm can be found using the La-
grange Inverse Theorem, Log(z) is the complex logarithm
for any no-principal branch, and log(z) is the complex

logarithm for the principal branch. As we are working
with real numbers, Eq. (43) implies that the function g
is

g(ω1) =
−2

π

(
log

(
π

2

∣∣∣∣a1Ω1

a2Ω2

∣∣∣∣ω1 exp
(
−πω1

2

))
− log

∣∣∣∣log

(
π

2

∣∣∣∣a1Ω1

a2Ω2

∣∣∣∣ω1 exp
(
−πω1

2

))∣∣∣∣+O
)
− ω1 +O,

where O = O(1/ω1). After some algebraic manipula-
tions, the function g becomes

g(ω1) =
−2

π

(
log

(
π

2

∣∣∣∣πa1Ω1ω1

a2Ω2

∣∣∣∣)
− log

∣∣∣∣(log

(
π

2

∣∣∣∣a1Ω1ω1

a2Ω2

∣∣∣∣)− πω1/2

)∣∣∣∣)+O
(

1

ω

)
.

We conclude that

lim
ω1→∞

g(ω1) =
2

π
log

(∣∣∣∣a2Ω2

a1Ω1

∣∣∣∣)+ +O
(

1

ω

)
.

For ω2, ω1 � −1 is analogous.
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Fig. 7: Dynamics inside the Highway. Parameter values are
a1 = 0.3, a2 = 0.1, a3 = 1 and Ω1 = Ω2 = 1.

In Figure 7, we simulate the dynamics of the scattering
flow restricted to a Highway. This simulation is carried
out by taking initial conditions along the sections given
by I2 = 7 and I2 = −7 (varying I1) and integrating back-
ward and forward (respectively) so that the trajectories
match at I2 = 0. The initial angles θ1 and θ2 are taken
by Equation (37). Note that for large values of I, the dy-
namics inside the Highway is given by the straight lines
given in Prop. 28.

In Figure 8 we show the times taken by these trajecto-
ries to travel from section I2 = −7 to section I2 = 7. We
can see that some orbits are faster than others; however,
the difference in time is not quite significant.

Remark 29. Fig.7 was made in C++ by numerical integra-
tion of (28). The numerical method used is Runge-Kutta-
Fehlberg (RKF78) with automatic step size control.
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Fig. 8: Times taken by trajectories in Fig. 7 to reach the section
I2 = 7 from section I2 = −7.

B. The time of diffusion

We have two different types of time to estimate: the
time of the scattering flow associated to the Hamiltonian
−L∗0(I, θ) and the time along the homoclinic manifold

to the NHIM Λ̃. We will estimate this time only for
orbits close to a Highway (I,Θ(I)). Recall that along
the Highways, for large I we can write I2 asymptotically
as a function of I1, that is, there exists a function f such
that I2 = f(I1). Therefore, a diffusion from I0

1 to I f
1,

both in J , immediately implies a diffusion from I2(I0
1 ) to

I2(I f
1). This implies that we only need to study the time

for the flow related to the differential equation for I1.
The time of diffusion of an orbit close to a pseudoorbit

built via iterates of scattering maps is estimated to be:

Td = NsTh + CsTi,

where:

� Ns is the total number of iterates under scattering
map. It is estimated by Ts/ε, where Ts is the time
that the scattering flow spends going through ∆I.
This comes from the fact that the scattering map
jumps O(ε) along the level surfaces of L∗0(I, θ).

� Th is the time under the flow along the homoclinic
invariant manifolds of Λ̃ε. This is the time spent
by each application of the scattering map following
the concrete homoclinic orbit to Λ̃ε.

� Cs is the number of times that we need to apply
the inner map to control the accumulated error,
see Remark 18.

� Ti is the time under the inner map. This time ap-
pears if we use the inner map between iterates of
the scattering map (it is sometimes called ergodiza-
tion time).

We can refer toNsTh as the time under scattering maps
or simply outer time, and to CsTi as the time under the

inner map, or simply inner time. In the following the-
orem, we will prove that the outer time is much larger
than the inner time: NsTh � CsTi, for orbits close to
Highways. Hence, we prove that Td ≈ NsTh.

Theorem 30. The time of diffusion Td close to a Highway
of Hamiltonian (1)+(2) with |a1/a3| + |a2/a3| < 0.625

between I0
1 and I f1 satisfies the following asymptotic ex-

pression.

Td =
Ts
ε

[
2 log

(
C

ε

)
+O(εb)

]
, (44)

for ε→ 0, where 0 < b < 1, with

Ts =
1

2πa1Ω1

∫ ωf

ω0

− sinh(πω1/2)dω1

ω1 sin(θ1 − ω1τ∗)
, (45)

where ω0 = Ω1I
0
1 and ωf = Ω1If, and

C = 16

(
|a1|+

2∑
k=1

2 |a3µk| sinh(π/2) |µ1|
π [1− 1.466(|µ1|+ |µ2|)]

M(ωk)

)
.

where α(ωi) was given in (21), µi = ai/a3 and M(ωi) =
max

Ii∈[I0i ,I
f
i]
|ωi − α(ωi)| .

Proof. We estimate the time of diffusion to be

Td ≈ TsTh/ε,

where Ts is the time under the scattering flow on the
Highway and Th is the time along the homoclinic mani-
folds to Λ̃. We begin by studying Ts.

The differential equation for I1 is given by

dI1
dt

= −A1 sin(θ1 − ω1τ
∗),

where θ1 = Θ1(I1) and τ∗ = τ∗(I1). Then, we have

Ts =
1

2πa1Ω1

∫ ωf

ω0

− sinh(πω1/2)dω1

ω1 sin(θ1 − ω1τ∗)
,

where ω0 = Ω1I
0
1 and ωf = Ω1I

f
1.

A point (pε(τ), qε(τ)) ∈ Bδ(0) ∩ W s,u
ε (0) lies on

the perturbed separatrices on the plane (p, q) and is
given by (pε(τ), qε(τ)) = (p0(τ), q0(τ)) + O(ε), where
(p0(τ), q0(τ)) = (2/ cosh τ, 4 arctan eτ ). The point
(p0(τ), q0(τ)) can be asymptotically approximated by

p0(τ) =
4

e|τ |

(
1 +O(e−2|τ |)

)
and

q0(τ) = ∓ 4

e|τ |

(
1 +O(e−2|τ |)

)
mod 2π.

Taking into account the starting and ending points on
∂Bδ(0, 0) and τf = −τi, we have

4
√

2

eu
(
1 +O(e−2u)

)
= δ.
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where u = |τi| , |τf|. Therefore,

u = log

[
4
√

2

δ

(
1 +O(δ2)

)]
= log

(
4
√

2

δ

)
+O(δ2).

Then, the time along the homoclinic manifolds can be
given by

Th = 2 log

(
4
√

2

δ

)
+O(δ2) +O(ε), (46)

where δ is the distance between the NHIM and the piece
of the invariant manifold that we are using to calculate
the time. Then, we have to estimate the value of δ, since
it must be small enough to preserve the scattering map.

Recall that from p2/2 + cos q − 1 = 0 the Melnikov
potential given in (8), can be written as

L(I, ϕ, s) =

∫ +∞

−∞

p2(σ)

2

(
2∑
k=1

ak cos(ϕk + ωkσ)

+a3 cos(s+ σ)) dσ.

This implies that the reduced Poincaré function (12)
is

L∗0(I, θ) =
1

2

∫ +∞

−∞
p2(σ) (a1 cos(θ1 − ω1τ

∗ + ω1σ)

+a2 cos(θ2 − ω2τ
∗ + ω2σ) + a3 cos(−τ∗ + σ)) dσ.

As we are considering just a piece of the homoclinic
invariant manifold δ-close to Λ̃, we are going to approx-
imate the above integration by integrating for a finite
interval of time [t0, tf] in such a way that we have∣∣∣∣∂L∗0∂θ1

−
(
∂L∗0
∂θ1

)
δ

∣∣∣∣ < ε, (47)

where(
∂L∗0
∂θ1

)
δ

=
1

2

∫ tf

t0

∂

∂θ1
p2(σ) (a1 cos(θ1 − ω1τ

∗ + ω1σ)

+a2 cos(θ2 − ω2τ
∗ + ω2σ) + a3 cos(−τ∗ + σ)) dσ.

To simplify the calculations, we assume t0 = −tf. Then,
we have∣∣∣∣∂L∗0∂θ1

−
(
∂L∗0
∂θ1

)
δ

∣∣∣∣ =∣∣∣∣∫ +∞

tf

p2(σ)

[
−a1

(
1− ω1

∂τ∗

∂θ1

)
sin(θ1 − ω1τ

∗ + ω1σ)+

a2ω2
∂τ∗

∂θ1
sin(θ2 − ω2τ

∗ + ω2σ) + a3
∂τ∗

∂θ1
sin(−τ∗ + σ)

]
dσ

∣∣∣∣

Using the equation of the crest given in (20) and the
Triangular inequality∣∣∣∣∂L∗0∂θ1

−
(
∂L∗0
∂θ1

)
δ

∣∣∣∣ ≤ |a1|
∫ +∞

tf

p2(σ)dσ

+

2∑
k=1

|a3µk|
∫ +∞

tf

p2(σ)

∣∣∣∣∂τ∗∂θ1

∣∣∣∣ |ωk − α(ωk)| dσ

≤
∫ +∞

tf

p2(σ)dσ (|a1|

+

2∑
k=1

|a3µk|
∣∣∣∣∂τ∗∂θ1

∣∣∣∣ max
Ik∈[I0k,Ifk]

|ωk − α(ωk)|
)
dσ. (48)

As (I,Θ(I)) is on a Highway and from the equation of
the crest, we have

∂τ∗

∂θ1
=

α(ω1)µ1 cos(θ1 − ω1τ
∗)

1 +
2∑
k=1

(ω2
k − 1) AkA3

cos(θk − ωkτ∗)

Applying the fact that we are assuming |µ1| + |µ2| <
0.625,

∣∣∣∣∂τ∗∂θ1

∣∣∣∣ ≤ 2 sinh(π/2) |µ1|
π [1− 1.466(|µ1|+ |µ2|)]

.

In addition, we have p(σ) = 4e−|σ|
(
1 +O(e−2|σ|)

)
.

Therefore, inequality (48) can be rewritten as∣∣∣∣∂L∗0∂θ1
−
(
∂L∗0
∂θ1

)
δ

∣∣∣∣ ≤ Ce−tf +O(e−3tf),

where

C = 16

(
|a1|+

2∑
k=1

2 |a3µk| sinh(π/2) |µ1|
π [1− 1.466(|µ1|+ |µ2|)]

M(ωk)

)
,

(49)

with M(ωi) = max
Ii∈[I0i ,Ifi]

|ωi − α(ωi)| . So, by using the ex-

pression of Th given in (46), we have∣∣∣∣∂L∗0∂θ1
−
(
∂L∗0
∂θ1

)
δ

∣∣∣∣ ≤ Cδ(1 +O(δ2))

4
√

2
,

To satisfy Eq. (47), we have to take a δ satisfying

δ =
4ε
√

2

C
(1 +O(ε2)).

Therefore, by inserting this value of δ, time Th can be
expressed as

Th = 2 log

(
C

ε

)
+O(ε),

where C is given by (49).
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Note that this time is only related to the outer time
under the scattering map. However, the inner map plays
a role in the diffusion dynamics, and in principle the inner
time should be taken into account. As in the case of
2+1/2 d.o.f, this is not true17, since the inner time is
much shorter than the outer, so it can be neglected.

We want to estimate the diffusion time for an orbit
close to a Highway. Then, let (Ih, θh) be a point on a
Highway, take a point (Ih, θh) + ∆(I, θ), with ‖∆(I, θ)‖
small enough. From Grönwall’s inequality, we have∥∥∥φ−L∗0t ((Ih, θh) + ∆(I, θ))− φ−L

∗
0

t ((Ih, θh))
∥∥∥ ≤

‖∆(I, θ))‖ eK|t−t0|

where K = maxs∈[t0,t]

∥∥∥Hess(φ
−L∗0
s ((Ih, θh))

∥∥∥ and Hess

is the Hessian matrix of −L∗0, and φ
−L∗0
t is the scat-

tering flow. To ensure that this orbit is close to the
Highway we will take ‖∆(I, θ)‖ and |t− t0| small, Then,
‖∆(I, θ)‖ = εa and |t− t0| = εc where c is taken in such
a way eK|t−t0| = O(1). After this interval of time, we
apply the inner map to reach a point closer to the High-
way. The time by this application of the inner map is
estimated by applying the following theorem.

Theorem 31 (Minkowski’s theorem33). For Q > 0 and
the linear operator L : Rm → Rn there exists a solution
(0, 0) 6= (x, y) ∈ Zm × Zn for the inequalities ‖x‖∞ ≤ Q,
‖Lx− y‖∞ ≤ Q−

m
n .

We consider that the inner dynamics is constant on the
variable I = (I1, I2), then we have to estimate t such that
‖ϕ+ tω − ϕ mod 2π‖ ≤ εa. By considering a time 2π-
periodic, this equation can be written as

2π ‖lω − k‖ ≤ εa, l ∈ N and k ∈ Z2.

From Theorem 31, the time t satisfies |t| ≤ 2πε−2a.
Therefore, we see that the time related to the inner dy-
namics Ti satisfies

|Ti| ≤
Ts
ε1+c

(
2πε−2a

)
.

Observe that this time Ti is comparable to the time
under the scattering map if log ε−1 is comparable to
ε−c−2a. But, taking 1 � −c ≥ 2a > 0 we obtain
log ε−1 � ε−c−2a.

We can now conclude that the diffusion time Td takes
the form (44), where b = −c− 2a.

Remark 32. We emphasize that the estimation of time
obtained in the above theorem is very similar to the esti-
mation for the diffusing time for 2+1/2 d.of.17 and agrees
with the estimation of ‘optimal’ diffusing time10–12. The
main novelty here is that the constants Ts and C are ex-
plicitly given for diffusion orbits close to a Highway. Note
that Ts depends on τ∗, which does not have an analyti-
cal expression. However, it can be easily computed using
numerical methods.
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