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 a b s t r a c t

Consider the spatial restricted three-body problem, as a model for the motion of a spacecraft 
relative to the Sun-Earth system. We focus on the dynamics near the equilibrium point 𝐿1, located 
between the Sun and the Earth. We show that we can transfer the spacecraft from a quasi-periodic 
orbit that is nearly planar relative to the ecliptic to a quasi-periodic orbit that has large vertical 
amplitude, at zero energy cost. (In fact, the final orbit has the maximum vertical amplitude that 
can be obtained through the particular mechanism that we consider. Moreover, the transfer can 
be made through any prescribed sequence of quasi-periodic orbits in between).
Our transfer mechanism is based on selecting trajectories homoclinic to a normally hyperbolic 
invariant manifold (NHIM) near 𝐿1, and then gluing them together. We present a theoretical result 
establishing the existence of such transfer orbits, and we verify numerically its applicability to our 
model. We provide several explicit constructions of such transfers, and also develop an algorithm 
to design trajectories that achieve the shortest transfer time for this particular mechanism.
The change in the vertical amplitude along a homoclinic trajectory can be described via the 
scattering map. We develop a new tool, the ‘Standard Scattering Map’ (SSM), which is a series 
representation of the exact scattering map. We use the SSM to obtain a complete description of 
the dynamics along homoclinic trajectories. The SSM can be used in many other situations, from 
Arnold diffusion problems to transport phenomena in applications.

1.  Introduction

In this paper, we consider the spatial circular restricted three-body problem (RTBP for short), as a model for the motion of 
spacecraft relative to the Sun-Earth system. We focus on the dynamics near the equilibrium point 𝐿1 located between the Sun and the 
Earth. We show that we can transfer the spacecraft, at zero energy cost, from a quasi-periodic orbit that is nearly planar relative to the 
ecliptic to a quasi-periodic orbit of large vertical amplitude.  Moreover, we provide several explicit constructions of such trajectories, 
and also develop an algorithm to design trajectories that achieve the shortest transfer time. Our algorithm is flexible and can be 
applied to other systems besides Sun-Earth.

For illustration, Fig. 1 shows the initial and final segments (in blue and green, respectively) of the fastest transfer trajectory 
between one quasi-periodic orbit with small vertical amplitude, and another with large vertical amplitude.

The model that we consider is a 3-degrees of freedom Hamiltonian system. We construct trajectories that follow closely geometric 
structures that organize the dynamics. The main geometric object near 𝐿1 is a 4-dimensional center manifold on which the dynamics 
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$\mathcal {T}_\delta \colon \ \NHIMc \to \NHIMc $


\begin {equation*}\left (J_p^-, J_v^-, \phi _p^-, \phi _v^-\right ) \mapsto \left (J_p^+, J_v^+, \phi _p^+, \phi _v^+\right ).\end {equation*}


$S\colon \ \NHIMc \to \NHIMc $


\begin {equation*}x_{-}:= \Phi ^{t}\left (J_p^-, J_v^-, \phi _p^-, \phi _v^-\right ) \mapsto x_+ := \Phi _H^{-s}\left (J_p^+, J_v^+, \phi _p^+, \phi _v^+\right ).\end {equation*}


\begin {equation*}x \in W^u(T_J) \cap W^s(T_J)\end {equation*}


$x_-, x_+ \in T_J$


$W^u(x_-)$


$W^s(x_+)$


$x$


$x_-$


$x_- \mapsto \SM (x_-) := x_+$


$\SM _1$


$\SM _2$


$\sm _1$


$\sm _2$


$\SM _1$


$T_J$


$J=0.001$


$\SM _1$


$T_J$


$J=0.001$


$\SM _1$


$4$


$x^i_- \in T_J$


$x^i_+ \in T_J$


$T_J$


$T_{J'}$


$J'$


$J$


$\SM _1$


$\SM _1$


$\SM _2$


$T_J$


$J=0.001$


$\SM _1$


$\SM _2$


$\SM _1$


$J=0.001, 0.002, \ldots , 0.007$


$\SM _1$


$\SM _2$


$\SM _1$


$T_J$


$J=0.001$


$0.002, \ldots , 0.007$


$\SM _1$


$\SM _1$


$T_J$


$J\in [0.001,0.007]$


$W^u(T_J)$


$8$


$W^s(T_J)$


$\mathscr {S}$


$x^i$


$i=1,2,3,4$


$4$


\begin {equation*}x^i_+ = \SM (x^i_-) \qquad \text { for } i=1,\ldots ,4.\end {equation*}


$4$


$x^i_-$


$\SM _1$


$x^i_+$


$J$


$J'$


$J$


$W^u(T_J) \cap W^s(T_{J'})$


$4$


$4$


$\SM _1$


$W^u(T_J)$


$W^s(T_{J'})$


$\SM _1$


$4$


$4$


$x^i$


$i=5,6,7,8$


$\SM _2$


$\SM _1$


$\SM _2$


$J=0.001, 0.002, \ldots , 0.007$


$J\to 0$


$T_J$


$T_0$


$4$


$x^i$


$x$


$T_0$


$4$


$x^i_-, x^i_+$


$x_-, x_+$


$\SM _1$


$x_-, x_+$


$\phi _v\in [0,2\pi )$


$J=0$


$\SM _1$


$\sm _1$


$x_-$


$x_+$


$\Sigma = \{ \phi _p=0 \}$


$\Sigma $


$\left \{(J,\phi )\right \}$


$\NHIMsec $


$\Sigma $


$\left \{(J',\phi ')\right \}$


$\sm _1$


$\NHIMsec $


$\sm _1$


$\NHIMsec $


$\sm _1$


$J=0.001$


$\sm _1, \sm _2$


$\domain $


$\NHIMsec $


\begin {equation}\label {eq:domainJ} \domain = \{ (J, \phi )\colon \ J\in [0.001,0.007] \text { and } \phi \in [0,2\pi ) \}.\end {equation}


$\SM _1$


$\SM _2$


$J=0.009$


$\SM _1$


$\SM _2$


$0.007<J<0.01$


$T_J$


$8$


$J=0.009$


$\SM _1$


$\SM _2$


$\phi _v\in [0, 2\pi )$


$\SM _i$


$T_J$


$\sm _i$


$T^\Sigma _{J}$


$\sm _1, \sm _2$


$\domain $


$\sm _1$


$\sm _2$


$(I',\phi ')=\sm (I,\phi )$


\begin {equation}\label {eq:Taylor} A_n(I) = \sum _{l=0}^{L} a_l^{(n)} I^l \quad \text {and} \quad B_n(I) = \sum _{l=0}^{L} b_l^{(n)} I^l.\end {equation}


\begin {equation}\label {eq:NewtonOmega} \omega (I) = \sum _{l=0}^{L} \tilde {c}_l N_l(I).\end {equation}


$\sm _i$


$i=1,2$


$J$


$\phi $


$J$


$10^{-3}$


$\phi $


$1$


$J$


\begin {equation}\label {eq:scaled} I = 1000J.\end {equation}


$I$


$J$


$(I,\phi )\to (I',\phi ')$


$(I,\phi )\to (I,\phi +\Delta (I))$


\begin {equation*}\gf (I,\phi ') = I\phi ' + \Omega (I) + \gft (I,\phi '),\end {equation*}


$I$


$\gf (I,\phi ')$


$\phi '$


$\Omega (I)$


$\gft (I,\phi ')$


$\int _{0}^{2\pi } \gft (I,\phi ')\textrm {d}\phi '=0$


\begin {align}&\phi = \frac {\partial \gf }{\partial I}(I,\phi ') = \phi ' + \omega (I) + \frac {\partial \gft }{\partial I}(I,\phi ') \label {eq:sm:phi}\\ &I' = \frac {\partial \gf }{\partial \phi '}(I,\phi ') = I \hphantom {+ \omega (I)+}+ \frac {\partial \gft }{\partial \phi '}(I,\phi '), \label {eq:sm:I}\end {align}


$\omega (I)=\Omega '(I)$


$\gft (I,\phi ')$


$\omega (I)$


$I$


$\gft (I,\phi ')$


\begin {equation}\label {eq:Fourier} \gft (I,\phi ') = -\sum _{n=1}^N \frac {B_n(I)}{n}\cos {n\phi '} +\sum _{n=1}^N \frac {A_n(I)}{n}\sin {n\phi '},\end {equation}


$a_l^{(n)}$


$b_l^{(n)}$


$\sm $


$(I,\phi )$


$(Z,\dot {Z})\to (-Z,-\dot {Z})$


$(X,Y,Z)$


$XY$


$(X,Y,-Z)$


$I$


$I'$


$I$


$I'$


$Z\to -Z$


$\phi _v\to \phi _v+\pi $


$\SM (J_v, \phi _p, \phi _v) = (J_v', \phi _p', \phi _v')$


$\SM (J_v, \phi _p, \phi _v+\pi ) = (J_v', \phi _p', \phi _v'+\pi )$


$\sm (I, \phi _v) = (I', \phi _v')$


$\sm (I, \phi _v+\pi ) = (I', \phi _v'+\pi )$


$\pi $


$\pi $


$10^{-6}$


$\phi _v$


$[0,\pi )$


$I$


\begin {equation*}I' = I + \pd {\gft }{\phi '},\end {equation*}


\begin {equation}\label {eq:dgft/dphi} \pd {\gft }{\phi '} = \sum _{n=1}^N A_n\cos {n\phi '} +\sum _{n=1}^N B_n\sin {n\phi '}.\end {equation}


$(I',\phi ')$


$A_n$


$B_n$


$(I',\phi ')$


$N=64$


$I$


$A_n(I)$


$B_n(I)$


$I=1,2, \ldots , 7$


$\sm _1$


$\sm _2$


$\pi $


$I=const$


$\pi $


$I'=\gamma (\phi ')$


$A_{2k+1}(I) = B_{2k+1}(I) = 0$


$k=0,1,2, \ldots $


$\pi $


$\pi $


$n$


$A_n(I)$


$B_n(I)$


$L+1$


$(I_0, A_n(I_0)), \ldots , (I_L, A_n(I_L))$


\begin {equation}\label {eq:Newton} A_n(I) = \sum _{l=0}^{L} \tilde {a}_l^{(n)} N_l(I) \quad \text {and} \quad B_n(I) = \sum _{l=0}^{L} \tilde {b}_l^{(n)} N_l(I),\end {equation}


$\tilde {a}_l^{(n)}, \tilde {b}_l^{(n)}$


$N_l(I)$


\begin {equation*}N_0(I)=1, \quad N_l(I) := \prod _{i=0}^{l-1} (I-I_i) \ \text { for }l=1,\ldots ,L.\end {equation*}


$\tilde {a}_l^{(n)}$


$\tilde {b}_l^{(n)}$


$A_n(I)$


$B_n(I)$


$\tilde {a}_0^{(n)}$


$\tilde {b}_0^{(n)}$


$\tilde {a}_1^2$


$\tilde {b}_1^2$


$\sigma _1$


$\sigma _2$


$\sigma _1$


$\tilde {a}_2^2$


$\tilde {a}_j^n$


$j\geq 2$


$\sigma _2$


$\tilde {a}_2^2$


$\tilde {b}_2^2$


$j\geq 2$


$A_n(I)$


$I=0,1,2, \ldots , 7$


$B_n(I)$


$\tilde {a}_l^{(n)}$


$\tilde {b}_l^{(n)}$


$8$


$L=7$


$\tilde {a}_0^{(n)}, \tilde {b}_0^{(n)}$


$\tilde {a}_0^{(n)} = A_n(0) = 0$


$\tilde {b}_0^{(n)} = B_n(0) = 0$


$n$


$\omega (I)$


$\omega (I)$


$\omega (I)$


$I=1,2,\ldots ,7$


$I=1,2,\ldots ,7$


$(I,\phi )\to (I',\phi ')$


$\omega (I)$


\begin {equation}\label {eq:omega} \omega (I) = \phi - \phi ' - \pd {\gft }{I}(I,\phi ').\end {equation}


$\omega (I)$


$\phi $


$\omega (I)$


$\omega (I)$


$(I,\phi )$


$\phi $


$\omega (I)$


$\phi \in [0,2\pi )$


$\omega (I)$


$I$


$A_n(I)$


$B_n(I)$


$\omega (I)$


$\omega (I)$


$\sm _1$


$\sm _2$


$\tilde {c}_l$


$\omega (I)$


$\tilde {c}_0$


$\sigma _1$


$\sigma _2$


$\tilde {c}_1$


$\tilde {c}_j$


$j\geq 2$


$\sigma _1$


$\sigma _2$


$\overline {\omega }(I)$


$I=1, 2, \ldots , 7$


$\tilde {c}_l$


$\omega (I)$


$\omega $


$L=6$


$(I',\phi ')=\sm (I,\phi )$


$I', \phi '$


$I, \phi $


$\phi '$


\begin {equation*}\phi ' = f(\phi '; I, \phi ) = \phi - \omega (I) - \pd {\gft }{I}(I,\phi ').\end {equation*}


$\phi '_0 = \phi - \omega (I)$


$10^{-5}$


$10^{-2}$


$\epsilon _I$


$\epsilon _\phi $


$N,L$


$\sm _1$


$I=1,2,\ldots ,7$


$\phi '$


$I'$


$\sigma (I,\phi )$


$\tilde {\sigma }(I,\phi )$


$(I,\phi )$


\begin {equation*}(I',\phi ') = \sigma (I,\phi ).\end {equation*}


$(I,\phi )$


\begin {equation*}(\tilde {I'}, \tilde {\phi '}) = \tilde {\sigma }(I,\phi ).\end {equation*}


\begin {equation*}(\epsilon _I, \epsilon _\phi ) = \left (\abs {\tilde {I'}-I'}, \abs {\tilde {\phi '}-\phi '}\right ).\end {equation*}


$I=1,2,\ldots ,7$


$\tilde {\sigma }$


$I=0.5, 1.5, 2.5, \ldots , 6.5$


$N,L$


$I=1,2,\ldots ,7$


$I=0.5, 1.5, 2.5, \ldots , 6.5$


$\epsilon _I$


$\epsilon _\phi $


$N,L$


$\sm _1$


$I=0.5, 1.5, 2.5,\ldots ,6.5$


$(N,L)$


$I=0$


\begin {equation*}\domainloc = \{ (I, \phi )\colon \ I\in [1,3] \text { and } \phi \in [0,2\pi ) \}.\end {equation*}


$\epsilon _I$


$\epsilon _\phi $


$N,L$


$\sm _1$


$\domainloc $


$(N,L)$


$(I,\phi )$


$I=1,2,3$


$N$


$L$


$\epsilon = \max \{\epsilon _I, \epsilon _\phi \}$


$0.05$


$N=2$


$L=2$


$N=L=2$


$\domainloc $


$N=L=2$


$A_1(I)$


$B_1(I)$


$A_2(I)$


$B_2(I)$


\begin {equation*}\gft (I,\phi ') = -\frac {B_2(I)}{2}\cos {2\phi '} +\frac {A_2(I)}{2}\sin {2\phi '},\end {equation*}


\begin {align*}A_2(I) &= \tilde {a}_0^{(2)} + \tilde {a}_1^{(2)} I + \tilde {a}_2^{(2)} I(I-1) \\ B_2(I) &= \tilde {b}_0^{(2)} + \tilde {b}_1^{(2)} I + \tilde {b}_2^{(2)} I(I-1),\end {align*}


\begin {equation*}\omega (I) = \tilde {c}_0 + \tilde {c}_1 (I-1) + \tilde {c}_2 (I-1)(I-2),\end {equation*}


$I$


$9$


$\gft (I,\phi ') = C_2(I)\cos \left (2\phi '-2\phi '_0\right )$


$\pi $


$\phi '$


\begin {equation}\label {eq:domainI} \domain = \{ (I, \phi )\colon \ I\in [1,7] \text { and } \phi \in [0,2\pi ) \}.\end {equation}


$\epsilon = \max \{\epsilon _I, \epsilon _\phi \}$


$0.1$


$N=4$


$L=5$


$N=4,\ L=5$


$\domain $


$N=4,\ L=5$


$\sm _1$


$N=4,\ L=6$


$\sm _2$


$\Lambda _c$


$\innerMap $


$\NHIMsec $


$\innerMap $


$W^{\mathrm {c}}(L_1)$


$2$


\begin {align*}\dot {J}_p &= 0, \qquad \dot {\phi }_p = \pd {H}{J_p} =: \nu _p(J_p, J_v), \\ \dot {J}_v &= 0, \qquad \dot {\phi }_v = \pd {H}{J_v} =: \nu _v(J_p, J_v).\end {align*}


$\nu _p$


$\nu _v$


$\Lambda _c$


$J_p$


\begin {equation}\label {eq:InnerFlow} \dot {J}_v = 0, \quad \dot {\phi }_p = \nu _p(J_v), \quad \dot {\phi }_v = \nu _v(J_v).\end {equation}


$\Sigma $


\begin {equation*}J_v' = J_v, \quad \phi _v' = \phi _v + \frac {2\pi \nu _v(J_v)}{\nu _p(J_v)}.\end {equation*}


$I, \phi $


$\innerMap \colon \ \NHIMsecn \to \NHIMsecn $


\begin {equation}\label {eq:InnerMap} I' = I, \quad \phi ' = \phi + \nu (I),\end {equation}


\begin {equation*}\nu (I) := \frac {2\pi \nu _v(I/1000)}{\nu _p(I/1000)}.\end {equation*}


$\nu (I)$


$\nu (I)$


$I$


$\innerMap $


$\sm (I,\phi )$


$\domain $


$\domain $


$300\times 300$


$\domain $


\begin {align}\phi ' &= \phi - \omega (I) - \pd {\gft }{I}(I,\phi ') \label {eq:dampedSM:phi}\\ I' &= I + \pd {\gft }{\phi '}(I,\phi ') \label {eq:dampedSM:I}\end {align}


$(I,\phi )\mapsto (I'=I,\phi '=\phi -\omega (I))$


$\gft $


$-\omega (I)$


$(I,\phi )\mapsto (I'=I,\phi '=\phi -\omega (I))$


$\omega '(I)\neq 0$


$(I,\phi )\mapsto (I,\phi -\omega (I))$


$\gft $


$\sm _1$


$\sm _2$


$-\omega (I) - \pd {\gft }{I}(I,\phi ')$


$\phi '-\phi = - \omega (I) - \pd {\gft }{I}(I,\phi ')$


$\omega (I)$


$|\tilde {c}_0|\gg |\tilde {c}_1|\gg |\tilde {c}_j|$


$j=2,\ldots ,6$


$|\tilde {c}_0|\gg |\tilde {a}^n_j|, |\tilde {b}^n_j|$


$j=1,\ldots ,7$


$n=2,4,6,8$


$\displaystyle \frac {\partial \gft }{\partial I}$


$\omega (I)$


$I$


$\domainloc $


$\domain $


$I$


\begin {equation*}-\,\omega (I) - \max _{\phi '} \big |{\pd {\gft }{I}(I,\phi ')} \leq - \omega (I) - \pd {\gft }{I}(I,\phi ') \leq - \omega (I) + \max _{\phi '} \big |{\pd {\gft }{I}(I,\phi ')}.\end {equation*}


$\omega (I)$


$\pd {\gft }{I}(I,\phi ')$


$\sm _1$


$I\in [1,7]$


$\sm _2$


$\pi $


$I$


$I=7$


$\sm _1$


$\sm _2$


\begin {equation*}\pd {\phi '}{I}(I,\phi ') = -\, \omega '(I) - \frac {\partial ^{2}{\tilde {\mathcal {L}}}}{\partial {I^{2}}} (I,\phi ') - \frac {\partial ^{2}{\tilde {\mathcal {L}}}}{\partial {\phi '}{\partial {I}}} (I,\phi ') \pd {\phi '}{I}.\end {equation*}


\begin {equation}\label {eq:twist} \pd {\phi '}{I}(I,\phi ') = - \frac {\omega '(I) + \frac {\partial ^{2}{\tilde {\mathcal {L}}}}{\partial {I^{2}}}}{1 + \frac {\partial ^{2}{\tilde {\mathcal {L}}}}{\partial {\phi '}{\partial {I}}}},\end {equation}


$\domain $


$\omega (I)$


$\gft (I,\phi ')$


$\sm _1$


$\sm _2$


$\domain $


$\sm _1, \sm _2$


$\sm _1$


$\sm _2$


$\pd {}{\gft }{\phi '}$


\begin {equation*}\pd {\gft }{\phi '} = \sum _{n=1}^N A_n\cos {n\phi '}+\sum _{n=1}^N B_n\sin {n\phi '}= \sum _{n=-N,n\neq 0}^N C_n \ee ^{in\phi '},\end {equation*}


$C=\left (C_{-n},\ldots ,C_{-1},C_{1},\ldots ,C_{N}\right )\in \mathbb {C}^{2N}$


\begin {equation*}C_n=\frac {1}{2}(A_n-i B_n), \quad C_{-n}=\frac {1}{2}(A_n+i B_n)=\overline {C_n}, \text { for } n>0.\end {equation*}


$\gft =0$


$C=0$


$I=I_0$


$I'=I_0$


$\phi '=\phi -\omega _0$


$\omega _0:=\omega (I_0)$


$\left |\gft \right |$


$|C|$


$I=I_0+h(\phi )$


$I'=I_0+h(\phi ')$


\begin {equation*}h(\phi ')=h\left (\phi '+\omega (I)+\frac {\partial \gft }{\partial I}(I,\phi ')\right ) + \pd {\gft }{\phi '}(I,\phi '), \text { where } I=I_0+h(\phi ).\end {equation*}


$C$


$h$


\begin {equation*}h(\phi ')=h(\phi '+\omega _0)+\pd {\gft }{\phi '}(I,\phi ') +O(h\,C).\end {equation*}


$h(\phi ')=\sum _{n=-N,n\neq 0}^N h_n \ee ^{in\phi '}$


\begin {equation*}\sum h_n \ee ^{in\phi '}=\sum \ee ^{in\omega _0} h_n \ee ^{in\phi '} + \sum C_n \ee ^{in\phi '} + O(h\,C),\end {equation*}


\begin {equation*}h_n =-\frac {C_n}{\ee ^{in\omega _0}-1}+O(C^2) \text { for } 0<|n|\leq N.\end {equation*}


$\dfrac {n\omega _0}{2\pi }\not \in \mathbb {Z}$


$|n|\leq N$


$O(C^2)$


$h_n=O(C)$


$C$


$\omega _0$


$\sm _1$


$\sm _2$


$\sm _1$


$\mathcal {L}$


$I$


$\displaystyle \frac {\omega (I)}{\pi }$


\begin {equation*}\omega (I)=\Omega '(I)\approx \sum _{l=0}^{L}c_l N_l(I),\end {equation*}


$c_l$


$\sigma _1$


$\sigma _2$


$\sigma _1$


$\sigma _2$


$\displaystyle \frac {\omega (0)}{\pi }=0.630128\ldots $


$2/3$


\begin {equation*}\frac {2}{3}=[\mathbf {1},\mathbf {2}]=\frac {1}{\mathbf {1}+\displaystyle \frac {1}{\mathbf {2}}}.\end {equation*}


$I$


$\displaystyle \frac {\omega (I)}{\pi }=\frac {2}{3}$


$I\approx 2.4175$


$3$


\begin {equation*}[\mathbf {1},\mathbf {2},\mathbf {1}]=\frac {1}{\mathbf {1}+\displaystyle \frac {1}{\mathbf {2} + \displaystyle \frac {1}{\mathbf {1}} }}=\frac {3}{4}.\end {equation*}


$\displaystyle \frac {2}{3}$


$\displaystyle [1,1,1,3]=\frac {7}{11} = 0.636363\ldots $


$\sm _1$


$I\approx 2.4175$


$I\approx 6.5550$


\begin {equation*}\domain =\{(I,\phi )\,|\, I\in [1,7],\, \phi \in [0,2\pi )\}\end {equation*}


$\innerMap $


$\domain $


$\{\sigma _1\}$


$\{\sigma _2\}$


$\{\sigma _1,\sigma _2\}$


$\sigma _1$


$\sigma _2$


${\gft }_i$


$\sigma _1$


$\sigma _2$


$\left \{\innerMap , \sm _1\right \}$


$\left \{\innerMap , \sm _2\right \}$


$\domain $


$C_n$


$0.04$


$C_{\pm 1}$


$\tilde { a}_1$


$\ee ^{\pm i\omega _0}-1$


$h_{\pm 1}$


$\left \{\sm _1, \sm _2\right \}$


$\left \{\innerMap , \sm _1, \sm _2\right \}$


$\Lambda ^\Sigma _c$


$(J,\phi _p,\phi _v)$


$10^{-12}/5000$


$J=J_v$


$J$


$\innerMap $


$I = 1000J$


$\Gamma $


$\innerMap $


$\rho _1=10^{-12}<10^{-9}/1500$


$I$


$I=1$


$N=4, M=5$


$\sigma _1$


$\sigma _2$


$\domain $


$I$


$[1,7]$


\begin {equation*}\sup _{\phi } \frac {\partial \gft _1}{\partial \phi '}(I,\phi ')-\inf _{\phi } \frac {\partial \gft _1}{\partial \phi '}(I,\phi ')\end {equation*}


$\sigma _1$


$\rho _2=0.2$


$I=1$


$\rho _2=0.2$


$I=1$


\begin {equation*}I' = I + \tilde {a}_1^{(2)}\cos 2\phi ' + \tilde {b}_1^{(2)}\sin 2\phi ',\end {equation*}


$\tilde {a}_1^{(2)} = 0.178180$


$\tilde {b}_1^{(2)} = -0.097275$


$\sqrt {\left (\tilde {a}_1^{(2)}\right )^2 + \left (\tilde {b}_1^{(2)}\right )^2} = 0.203003$


$\frac {\partial \gft _2}{\partial \phi '}$


$\sigma _2$


$0.3$


$\Gamma $


$\innerMap $


$\sigma _1$


$\sigma _2$


$\{\innerMap ,\sigma _1\}$


$\{\innerMap ,\sigma _2\}$


$\domain $


$\tin $


$\tout $


$(J_v, \phi _p=0, \phi _v)\in \NHIMsec $


$\Sigma $


\begin {equation*}\tin = \frac {2\pi }{\nu _p}.\end {equation*}


$2.0764 < \nu _p(I) < 2.0781$


\begin {equation*}3.0235 < \tin < 3.0261.\end {equation*}


$y_- \in W^u_\textrm {loc}(\NHIM _c)$


$y_+ W^s_\textrm {loc}(\NHIM _c)$


\begin {equation*}5.936738 \leq \tout \leq 6.000688.\end {equation*}


$\tout $


$\tin $


$I$


$I$


$I=1$


$I>7$


$\{\innerMap , \sm _1\}$


$\{\innerMap , \sm _2\}$


$\{\innerMap , \sm _1, \sm _2\}$


$\{\innerMap , \tm _1\}$


$\{\innerMap , \tm _2\}$


$\{\innerMap , \tm _1, \tm _2\}$


\begin {equation*}t = n_0 \tin + n_1 \tout + n_2 \tout ,\end {equation*}


$n_0$


$n_1$


$n_2$


$\innerMap $


$\tm _1$


$\tm _2$


$\{\innerMap , \sm _i\}$


$\sm _i$


$i=1,2$


$\sm _i$


$I=1$


$I>7$


$\sm _i$


$\{\innerMap , \sm _i\}$


$\domain $


\begin {equation*}\domain = \negDomain \cup \neuDomain \cup \posDomain .\end {equation*}


$\posDomain $


$\sm $


$\negDomain $


$\neuDomain $
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Fig. 1. Initial segment (blue) and final segment (green) of the fastest transfer trajectory between a quasi-periodic orbit with small vertical amplitude 
(small 𝑍-oscillation), and another with large vertical amplitude (𝑍-oscillation of amplitude 0.001, roughly 150,000 km). The complete trajectory 
(not shown here) is very complicated, and goes through many homoclinic jumps. This trajectory is computed in Section 12.2. (See also Figs. 20
and 21).

is nearly integrable. More precisely, in a neighborhood of 𝐿1 the Hamiltonian can be approximated by a high-order Birkhoff normal 
form, which is an integrable Hamiltonian. In terms of the Birkhoff normal form, the center manifold can be parametrized by a 
system of symplectic coordinates consisting of two action variables (𝐽𝑝, 𝐽𝑣) and two angle variables (𝜙𝑝, 𝜙𝑣). The action 𝐽𝑝 describes 
the horizontal amplitude (relative to the ecliptic) of a quasiperiodic orbit, and 𝐽𝑣 describes its vertical amplitude. Restricting to an 
energy level close to that of 𝐿1 amounts to fixing the action variable 𝐽𝑝. This yields a 3-dimensional sphere which is foliated by 
2-dimensional tori, where each torus is uniquely determined by a fixed value of the remaining action variable 𝐽𝑣. A change in 𝐽𝑣
corresponds to a change in the vertical amplitude of a quasi-periodic orbit. Since the tori are invariant, by using only the ‘inner flow’ 
restricted to the 3-dimensional sphere, the vertical amplitude of orbits remains constant. However, the tori do not separate the energy 
manifold, so there may exist trajectories that move from one torus to another, thus changing the vertical amplitude. In order to obtain 
such trajectories, we need to use the ‘outer dynamics’, described below. 

The 3-dimensional sphere is a normally hyperbolic invariant manifold (NHIM), and has stable and unstable manifolds which go 
around the Earth and intersect transversally along trajectories homoclinic to the NHIM. By carefully selecting consecutive homoclinic 
trajectories, we show that it is possible to achieve large changes in the vertical amplitude of orbits. Proving the existence of such 
trajectories is related to Arnold diffusion problem (see the discussion later).

The tool that allows us to systematically select suitable homoclinics at each step is the scattering map. This is a map defined on 
the NHIM, which relates the past asymptotic of a homoclinic point to its future asymptotic. The scattering map was introduced in 
Delshams et al. [1,2,3] in the study of Arnold diffusion. When restricted to a suitable 2-dimensional Poincaré section, the scattering 
map turns out to be symplectic [4,5]. An additional advantage that we exploit in our model is that we obtain two scattering maps, 
which give us more options in the selection of suitable homoclinics. 

We provide a theoretical result (Theorem 1) that gives sufficient conditions on a inner dynamics and two scattering maps defined 
on an annulus inside a NHIM (described in action-angle variables), to ensure the existence of true trajectories that start near the lower 
boundary of the annulus and end near its upper boundary.

In our model, the action variable corresponds to the vertical amplitude 𝐽𝑣 and the annulus to some range of 𝐽𝑣 ∈ [𝐽1, 𝐽2]. Provided 
that the assumptions of Theorem 1 are verified, the orbits of the Iterated Functions System (IFS) formed by the two scattering maps 
and the inner map that achieve the prescribed gain in the vertical amplitude yield true trajectories that achieve the same gain (up to 
a small error). To distinguish the orbits of the IFS from true trajectories of the system, we will refer to the former as pseudo-orbits.

Before going into more details, we now outline the methodology that we will use. The trajectories designed to change the vertical 
amplitude 𝐽𝑣 are guided by homoclinic orbits that depart and land, asymptotically, at points in the NHIM, depending on the scattering 
(outer) map used. The vertical amplitude at landing can be higher or lower than the vertical amplitude at departure. The inner 
dynamics of the NHIM allow us to travel  between points with the same vertical amplitude to change, if necessary, the departure 
points. With a simple simulation of these 3 dynamics—the 2 scattering maps and the inner map—we obtain pseudo-orbits with the 
desired vertical amplitude gain. 

We note that the problem that we consider is not perturbative. Until now, the only available methods for computing the scattering 
map in such a setting have been numerical [6,7]. However, purely numerical approaches are computationally intensive and offer 
little insight into the geometric structures determined by the scattering map.

The highlight of this paper is that we provide an analytical approximation of the scattering map for the spatial circular RTBP. 
We describe the scattering map via a generating function depending on old and new variables. Then we approximate the generating 
function using a Fourier-Polynomial interpolation. As it turns out, the numerical computation of the scattering map at a few points 
can be used to compute the coefficients of the Fourier-Polynomial interpolation, up to some suitable order, and thus to obtain an 
analytical formula for the generating function, up to some small error. The outcome of this approximation is referred to as the Standard 
Scattering Map (SSM). It is given explicitly as a perturbation of an integrable twist map. As such, the phase space of the scattering 
map is organized by KAM tori, elliptic islands, hyperbolic periodic orbits and their stable and unstable manifolds, and resonant 
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zones. See Fig. 14. The rich geometric structure unveiled by the analytical approximation of the scattering map was not available 
through previous approaches. Similar computations of the generating function of the scattering map and of its phase space were 
obtained purely analytically in uncoupled pendulum-rotor systems subject to small perturbations of a special type [8,9]. However, as 
the unperturbed pendulum-rotor systems considered in those papers are uncoupled, the phase shift phenomenon [10] does not take 
place, and the unperturbed scattering maps are just the identity. In particular, they are not twist maps, which makes the dynamics 
different from those considered in this paper.

The main application of the Standard Scattering Map is that it offers an explicit method to find pseudo-orbits, that is, orbits of the 
iterated function system consisting of scattering maps and the inner map (induced by the inner flow on the Poincaré section), along 
which the vertical amplitude 𝐽𝑣 grows consistently. The method is versatile, in the sense that one can choose the starting and ending 
points of such pseudo-orbits. As mentioned earlier, in this paper we compute two scattering maps, and we compare them in terms of 
the fastest trajectory to achieve the desired change in vertical amplitude.

It is important to note that the orbits of the scattering maps are not equivalent to true trajectories of the system. Rather, we 
can approximate a segment of a homoclinic trajectory by a concatenation of a finite orbit of the inner dynamics, followed by an 
application of a scattering map, followed by another finite orbit of the inner dynamics. The map that described this concatenation 
of orbits is referred to as the transition map. The transition map is a map on the NHIM, and each application of the transition map 
approximates a segment of a homoclinic orbit to the NHIM; see Section 2.4. Since we have constructed two scattering maps, we have 
two corresponding transition maps. To obtain approximate trajectories that change the orbital vertical amplitude, we consider the 
iterated function system consisting of the two transition maps and the inner map, and we search for optimal trajectories.

Note the order in which our methodology proceeds. First and foremost, we obtain the Standard Scattering Map, which models the 
asymptotic homoclinic dynamics in a comprehensive and efficient manner, forming the backbone of all subsequent computations. 
Second, we use the SSM to validate the hypothesis of Theorem 1 and conclude the existence of diffusion. However, to design pseudo-
orbits it is necessary to work with finite-time segments of trajectories. Third, from the SSM we derive the transition map, which 
approximates finite-time homoclinic segments. The transition map is used to design pseudo-orbits, which can finally be refined into 
true orbits.

To find optimal pseudo-orbits, we leverage the classic Dijkstra algorithm for finding shortest paths in a graph. A surprising finding 
is that for an optimal orbit of the iterated function system, rather than always selecting a transition map that grows 𝐽𝑣, sometimes 
we must select a transition map that decreases 𝐽𝑣, in order to arrive to a place where the next application of a transition map yields 
a large increase in 𝐽𝑣. Another surprising finding is that an optimal pseudo-orbit involves very few applications of the inner map.

More quantitatively, in Section 12 we divide the phase space into a grid of 30 × 30 = 900 small cells, and in Section 12.2 we obtain 
a diffusion pseudo-orbit that uses just 17 iterations of the scattering/transition maps plus intermediate iterations of the inner map. 
We emphasize that only using the image of 7 tori we can have an approximation of the phase space of the scattering map, good 
enough to be able to design with several algorithms the appropriate diffusion pseudo-orbits. The use of more invariant tori and of a 
more refined grid does not present additional technical difficulties, and would not modify in a qualitative way the phase space of the 
scattering maps represented in Fig. 14, so the optimal paths would not change substantially. 

These optimal pseudo-orbits can be refined into true orbits either through theoretical shadowing results or by applying appropriate 
numerical methods, such as parallel shooting.

Our construction described so far is based on approximating the Hamiltonian near 𝐿1 by a Birkhoff normal form. Since the approx-
imation is quite accurate, the true dynamics associated to the original Hamiltonian follow closely the Birkhoff normal form dynamics. 
In particular, the trajectories of the true inner dynamics stay close to invariant tori, and the scattering map for the true dynamics 
is close to the scattering map derived from the normal form approximation. This implies that there exist diffusing trajectories—that 
change the orbital vertical amplitude by a significant amount—for the original Hamiltonian system.

Our results are related to the Arnold diffusion problem for Hamiltonian systems, claiming that integrable Hamiltonian systems 
subjected to small perturbations of generic type have ‘diffusing orbits’ along which the action variable changes by an amount 
independent of the smallness of the perturbation [11].  Arnold proposed a mechanism of diffusion based on transition chains 
of tori, which are sequences of invariant tori with consecutive heteroclinic connections between consecutive tori. Arnold con-
jectured: “I believe that this mechanism of instability is applicable to the general case (for example, to the problem of three 
bodies)”. This conjecture has witnessed significant progress in recent years, including [1–3,12–29]. Some of the progress has 
been geared towards proving Arnold diffusion in concrete models, under explicit, verifiable conditions on the perturbation. This 
direction opened up the possibility of implementing Arnold’s mechanism of diffusion in applications, such as to Celestial Me-
chanics. Notably, some papers, including [30–32], succeeded in providing analytical proofs of Arnold diffusion in some models 
of the three- and four-body problem. These papers rely on perturbative methods, and therefore they need to assume that cer-
tain parameters (such as ratios of the masses of the bodies, or ratios of the semi-major axes of the orbits) are very small, in 
fact much smaller than those observed in solar systems. Another line of arguments combine analytical methods with numer-
ical computation (including computer assisted proofs) to show Arnold diffusion in models with realistic parameters, see, e.g.
Capiński et al. [33], Capiński and Gidea[34], Figueras and Haro[35].

Our paper follows this latter approach. In the case of the Sun-Earth system we implement Arnold’s mechanism of transition chains 
of tori via analytical tools and numerical methods, obtaining orbits that follow the transition chain and change their vertical amplitude. 
The system that we consider is a priori chaotic, that is, it contains a hyperbolic basic set (see, e.g., Gelfreich and Turaev[27]). Since 
the system  is non-perturbative, we do not obtain a change that is independent of some small parameter. However, we argue that 
the change is as large as possible for the geometric mechanism at play. Specifically, we obtain a change in the action that spans 
approximately 70% of the region where primary homoclinic orbits exist. (See Section 4.5).
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The construction in this paper can be potentially adapted to astrodynamics applications. Sometimes, a satellite (which typically 
carries little fuel) ends up on a wrong orbit, and one tries to correct the orbit by exploiting the gravity of Earth, Sun, Moon as much as 
possible, and firing the satellites’ thrusters as little as possible; see, e.g., Belbruno[36]. While our methodology to change the vertical 
amplitude of a satellite orbit may be too slow from a practical point of view, by combining zero-cost geometric routes with small 
thrusts, one may be able to design useful trajectories; see, e.g., Gómez et al. [37].

This paper does not focus on trajectory optimization. Nevertheless, in our setting, we can estimate both the duration (32 years) 
and the total required thrust (271m/s) for the pseudo-orbit that exhibits the fastest growth in vertical amplitude. See Section 12.2 
and Remark 19.

Moreover, our methodology can be applied to build transfers involving two or more NHIMs connected by heteroclinic orbits, e.g., 
the NHIM around 𝐿1 and that around 𝐿2 [10,38].

2.  Setup

2.1.  The spatial circular RTBP

We consider the spatial circular RTBP as a model for the motion of an infinitesimal body (e.g. satellite) under the gravitational 
influence of two massive bodies, referred to as primaries (e.g. Sun and the Earth). We describe the problem in normalized units, 
relative to a co-rotating frame 𝑋𝑌𝑍, such that the larger primary of mass 1 − 𝜇 = 𝜇1 is located at 𝑃1 = (𝜇, 0, 0), the smaller primary of 
mass 𝜇 is located at 𝑃2 = (𝜇 − 1, 0, 0), and the vertical component of the motion of the infinitesimal body is given by the 𝑍-coordinate 
(see Fig. 2).

In the case of the Sun-Earth system 𝜇 = 3.040423398444176 × 10−6.
The motion of the infinitesimal body relative to these coordinates is given by the autonomous system of equations:

𝑋̈ − 2𝑌̇ = Ω𝑋 ,

𝑌 + 2𝑋̇ = Ω𝑌 ,

𝑍̈ = Ω𝑍 ,

(1)

where the effective potential Ω is given by

Ω = 1
2
(𝑋2 + 𝑌 2) +

1 − 𝜇
𝑟1

+
𝜇
𝑟2
,

with 𝑟1, 𝑟2 representing the distances from the secondary to the larger and the smaller primary, respectively:

𝑟1 =
(

(𝑋 − 𝜇)2 + 𝑌 2 +𝑍2)1∕2,

𝑟2 =
(

(𝑋 − 𝜇 + 1)2 + 𝑌 2 +𝑍2)1∕2.

The phase space is 6-dimensional.
The system has an integral of motion (referred to as the Jacobi integral) given by:

𝐶 = 2Ω − (𝑋̇2 + 𝑌̇ 2 + 𝑍̇2).

Equivalently, the Eq. (1) can be described as a 3-degree-of-freedom, autonomous Hamiltonian system given by the Hamiltonian 
function:

𝐻 = 1
2
(

𝑃 2
𝑋 + 𝑃 2

𝑌 + 𝑃 2
𝑍
)

+ 𝑌 𝑃𝑋 −𝑋𝑃𝑌 −
1 − 𝜇
𝑟1

−
𝜇
𝑟2
, (2)

Fig. 2. Schematic location of the Sun (in yellow), the Earth (in blue), and the equilibrium point 𝐿1.
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where 𝑋, 𝑌 , 𝑍 are the generalized coordinates, 𝑃𝑋 = 𝑋̇ − 𝑌 , 𝑃𝑌 = 𝑌̇ +𝑋, 𝑃𝑍 = 𝑍̇ are the generalized momenta, and the symplectic 
form is:

𝑑𝑃𝑋 ∧ 𝑑𝑋 + 𝑑𝑃𝑌 ∧ 𝑑𝑌 + 𝑑𝑃𝑍 ∧ 𝑑𝑍.

We denote by Φ𝐻  the flow of (2).
The Hamiltonian function and the Jacobi integral are equivalent integrals of motion, since

𝐻 = −𝐶∕2.

As the Hamiltonian (and, equivalently, the Jacobi integral) is preserved along the solutions of the system, each trajectory lies on 
a 5-dimensional energy manifold 𝑀𝑐 corresponding to some energy level ℎ = −𝑐∕2, that is,

𝑀𝑐 = {𝐻(𝑃𝑋 , 𝑃𝑌 , 𝑃𝑍 , 𝑋, 𝑌 ,𝑍) = −𝑐∕2}.

In this paper we focus on the dynamics around the equilibrium point 𝐿1, which is located between the primaries, and is of Saddle 
× Center × Center – linear stability type (see Fig. 2). Let us denote by

±𝜆,±𝑖𝜈𝑝,±𝑖𝜈𝑣,  with 𝜆, 𝜈𝑝, 𝜈𝑣 real and positive,
the eigenvalues of the linearized system near 𝐿1. The quantities 𝜆,−𝜆 represent the exponential expansion and contraction hyperbolic 
rates, while 𝜈𝑝, 𝜈𝑣 represent the frequencies of the planar and vertical components of the motion, respectively. In the case of the Sun-
Earth system, 𝜆 = 2.5326591740529678, 𝜈𝑝 = 2.0864535642231075 and 𝜈𝑣 = 2.0152106629966386.

By the Center Manifold Theorem (see e.g., Jorba and Masdemont[39]), there exists a 4-dimen-sional invariant center manifold 
Λ = 𝑊 c(𝐿1) that is tangent at 𝐿1 to the generalized eigenspace corresponding to ±𝑖𝜈𝑝,±𝑖𝜈𝑣. The manifold Λ is a normally hyperbolic 
invariant manifold (NHIM) for the flow Φ𝐻 . If we fix the energy level (or, equivalently the Jacobi constant), the restriction of the 
center manifold 𝑊 c(𝐿1) to the energy level {𝐻 = −𝑐∕2} is a 3-dimensional sphere

Λ𝑐 = Λ ∩𝑀𝑐 ,

which is a NHIM for the flow Φ𝐻  restricted to the energy manifold 𝑀𝑐 .

2.2.  Local dynamics around 𝐿1

The Hamiltonian 𝐻 can be expanded about 𝐿1, via a symplectic coordinate change
(𝑃𝑋 , 𝑃𝑌 , 𝑃𝑍 , 𝑋, 𝑌 ,𝑍) ↦ (𝑦ℎ, 𝐽𝑝, 𝐽𝑣, 𝑥ℎ, 𝜙𝑝, 𝜙𝑣),

as a Birkhoff normal form
(𝑁) = 𝐻2 +(𝑁) +(𝑁),

where 𝐻2 denotes the quadratic part of 𝐻 expressed in terms of the new variables, (𝑁) is a polynomial of degree 𝑁 that Poisson-
commutes with 𝐻2, and the remainder (𝑁) is small in a neighborhood of 𝐿1 (more precisely, of the order of the (𝑁 + 1)th power of 
the distance to 𝐿1). The coordinates 𝑥ℎ, 𝑦ℎ represent the hyperbolic directions of motion.  The action variables (𝐽𝑝, 𝜙𝑝) correspond to 
the planar component of the motion, while the angle variables (𝐽𝑣, 𝜙𝑣) corresponds to the vertical component. A useful reference for 
the derivation of such a Birkhoff normal form is Jorba[40]. 

In [7], we performed the computation of this normal form for the spatial circular RTBP up to order 𝑁 = 16. We will use this 
computation in this paper. 

The truncated Birkhoff normal form depends only on 𝑥ℎ𝑦ℎ, 𝐽𝑝, 𝐽𝑣,

(𝑁)
trunc = 𝐻2 +(𝑁) = 𝜆𝑥ℎ𝑦ℎ + 𝜈𝑝𝐽𝑝 + 𝜈𝑣𝐽𝑣 +(𝑁)(𝑥ℎ𝑦ℎ, 𝐽𝑝, 𝐽𝑣), (3)

which are integrals of motion for (𝑁)
trunc. We denote by Φ𝑁  the flow associated to (3). 

The truncated Birkhoff normal form (𝑁)
trunc represents an approximation of the original Hamiltonian 𝐻 , and therefore the invariant 

objects for (𝑁)
trunc give approximations of the corresponding invariant objects of 𝐻 . Truncating the normal form at order 𝑁 = 16

ensures that the error between the true dynamics in the NHIM and the dynamics induced by the Birkhoff normal form is within 
machine precision. See Section 4.1. In particular, we consider the center manifold Λ𝑁  for the truncated Birkhoff normal 𝐻 (𝑁)

trunc, 
which represents an approximation of Λ. In the action-angle coordinates, we have that

Λ𝑁 =
{

(𝑦ℎ, 𝐽𝑝, 𝐽𝑣, 𝑥ℎ, 𝜙𝑝, 𝜙𝑣) | 𝑦ℎ = 0, 𝑥ℎ = 0, 𝐽𝑝, 𝐽𝑣 ≥ 0, 𝜙𝑝, 𝜙𝑣 ∈ 𝕋
}

, (4)

is parameterized by the symplectic action-angle coordinates (𝐽𝑝, 𝐽𝑣, 𝜙𝑝, 𝜙𝑣).  This has a symplectic structure given by the form
𝑑𝐽𝑝 ∧ 𝑑𝜙𝑝 + 𝑑𝐽𝑣 ∧ 𝑑𝜙𝑣.

The planar Lyapunov periodic orbits correspond to 𝐽𝑣 = 0 and 𝐽𝑝 > 0, the vertical Lyapunov periodic orbits to 𝐽𝑝 = 0 and 𝐽𝑣 > 0, 
and the libration point 𝐿1 to 𝐽𝑝 = 𝐽𝑣 = 0, so these coordinates are degenerate when some action 𝐽𝑝,𝑣 = 0, as it is usual with polar 
coordinates. 
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For a fixed energy (𝑁)
trunc = ℎ = −𝑐∕2, 𝐽𝑝 is given as an implicit function of 𝐽𝑣, 𝜙𝑝, 𝜙𝑣, 𝑐. The corresponding NHIM for the truncated 

system is given by

Λ𝑁
𝑐 = Λ𝑁 ∩

{

(𝑁)
trunc = −𝑐∕2

}

,

and is therefore parameterized by the 3 variables (𝐽𝑣, 𝜙𝑝, 𝜙𝑣). 
For each fixed value of the vertical action 𝐽𝑣 = 𝐽𝑣, there is a unique invariant torus for the Birkhoff normal form

𝑇𝑁
𝐽𝑣

= Λ𝑁
𝑐 ∩

{

𝐽𝑣 = 𝐽𝑣
}

which is therefore parameterized by the 2 angles (𝜙𝑝, 𝜙𝑣).  Thus, the NHIM Λ𝑁
𝑐  is foliated by a family of 2-dimensional invariant 

tori. By comparison, the NHIM Λ𝑐 corresponding to the full Hamiltonian 𝐻 contains a KAM family of 2-dimensional invariant tori, 
with gaps between the tori that are exponentially small in the action (see Capiński and Roldán[41] for quantitative estimates). The 
existence of the NHIM for the full Hamiltonian has been rigorously proven for the planar RTBP in Capiński and Roldán[41].

Each of the objects Λ𝑁 , Λ𝑁
𝑐 , 𝑇𝑁

𝐽𝑣
, have associated stable and unstable (or asymptotic) manifolds of one more dimension than 

the object itself. The truncated Birkhoff normal form provides an accurate approximation of the local asymptotic manifolds in a 
neighborhood of 𝐿1. In particular, the 4-dimensional local stable and unstable manifolds of Λ𝑁

𝑐  are given by
𝑊 𝑠,𝑢
loc (Λ

𝑁
𝑐 ) = Λ𝑁

𝑐 ⊕ Υ𝑠,𝑢,

where Υ𝑠,𝑢 is a small interval in the stable (unstable) direction. In practice, we take this interval to be of length 𝛿 = 10−3; see Section 4.1 
for more details. 

Once the local stable and unstable manifolds are obtained, the global manifolds are computed by integrating the local ones by the 
flow Φ𝐻  of (2).

2.3.  Scattering map

One of the main tools that we use in this paper is the scattering map. This is an effective tool to quantify the effect of homoclinic 
excursions to a NHIM. In general, it can be computed either perturbatively or numerically.

We recall the definition of the scattering map following [4]. We consider a general setting of flow Φ on a manifold 𝑀 , and assume 
that there is a normally hyperbolic invariant manifold Λ for the flow. We will assume that the flow as well as the geometric objects 
referred to below are differentiable enough, without formulating specific assumptions on regularity. (In the case of the spatial circular 
RTBP the flow is real analytic, and the geometric objects of interest are at least 𝐶1-differentiable, but not necessarily analytic.)

As a consequence of normal hyperbolicity, the stable manifold 𝑊 𝑠(Λ) and the unstable manifold 𝑊 𝑢(Λ) are foliated by stable 
and unstable manifolds of points 𝑊 𝑠(𝑦), 𝑊 𝑢(𝑦), respectively, for 𝑦 ∈ Λ. This implies that for each 𝑥 ∈ 𝑊 𝑢(Λ) there exists a unique 
𝑥− ∈ Λ such that 𝑥 ∈ 𝑊 𝑢(𝑥−), and for each 𝑥 ∈ 𝑊 𝑠(Λ) there exists a unique 𝑥+ ∈ Λ such that 𝑥 ∈ 𝑊 𝑠(𝑥+). These correspondences are 
described via the wave maps Ω+ ∶ 𝑊 𝑠(Λ) → Λ given by Ω+(𝑥) = 𝑥+, and Ω− ∶ 𝑊 𝑢(Λ) → Λ given by Ω−(𝑥) = 𝑥−, respectively.

Assume the following transversality conditions:
• 𝑊 𝑠(Λ) and 𝑊 𝑢(Λ) intersect transversally along a homoclinic manifold Γ;
• The homoclinic manifold Γ is transverse to the stable (unstable) foliation {𝑊 𝑠,𝑢

𝑥 }𝑥∈Λ relative to 𝑊 𝑠,𝑢(Λ).

Then, the restrictions ΩΓ
+, ΩΓ

− of Ω+, Ω−, respectively, to Γ are local diffeomorphisms. We can always choose Γ so that ΩΓ
+, ΩΓ

− are 
diffeomorphisms onto their images. A homoclinic manifold Γ for which the corresponding restrictions of the wave maps to Γ are 
diffeomorphisms is referred to as a homoclinic channel.
Definition 2.1. Given a homoclinic channel Γ, the scattering map associated to Γ is the diffeomorphism

𝑆Γ = ΩΓ
+◦(Ω

Γ
−)

−1

from the Dom(𝑆Γ) ∶= ΩΓ
−(Γ) ⊆ Λ to the Im(𝑆Γ) ∶= ΩΓ

+(Γ) ⊆ Λ. 
That is, if 𝑥 ∈ Γ is a homoclinic point and ΩΓ

±(𝑥) = 𝑥±, then 𝑆Γ(𝑥−) = 𝑥+. In general, the domain and range of the scattering map 
are proper subsets of Λ. There are examples where the local domain of the scattering map cannot be extended to a global one, that 
is, on the whole Λ, as moving along a loop in Λ leads to lack of monodromy (see Delshams et al. [1]).

The scattering map depends on the choice of the homoclinic channel Γ. When we flow the homoclinic channel Γ to Φ𝑡(Γ), the 
corresponding scattering maps are conjugate by the flow (see Delshams et al. [4, Section 2.3]):

𝑆Φ𝑡(Γ) = Φ𝑡◦𝑆Γ◦Φ−𝑡. (5)

Of course, when Γ and Φ𝑡(Γ) overlap, for 𝑥 ∈ Γ ∩ Φ𝑡(Γ), we have 𝑆Φ𝑡(Γ)(𝑥−) = 𝑆Γ(𝑥−). This means that 𝑆Γ can be continued to 𝑆Φ𝑡(Γ)

for some interval of times 𝑡, for as long as the corresponding homoclinic channels are well defined and can be continued into one 
another. We will regard the result of such continuation to the maximal domain as a single scattering map.

When the choice of the homoclinic channel Γ is evident from the context, we drop the superscript from the notation 𝑆Γ.
In the case of a discrete-time dynamical system, the scattering map can be defined in a similar fashion.
A remarkable property of the scattering map is that it is exact symplectic, provided that the manifold and the flow are exact 

symplectic. We refer to Delshams et al. [4] for details.
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Remark 1. As we shall see in Section 4.5, in our model we can construct two scattering maps that are defined on a whole annulus 
inside the NHIM. In this sense, the scattering maps are globally defined on the annulus. Each of this scattering maps is obtained by 
a continuation of a locally defined scattering map to a maximal domain. In our model, the scattering map extended to its maximal 
domain satisfies the monodromy condition, as moving around on a non-trivial loop inside the annulus does not yield a multi-valued 
map.

2.4.  Transition map

Assume the general setting from Section 2.3.
From the definition of the scattering map associated to Φ𝑡, it follows that, if 𝑥 ∈ Γ is a homoclinic point and

𝑆(𝑥−) = 𝑥+,  where 𝑥± ∈ Λ,

then

𝑑
(

Φ−𝑡− (𝑥),Φ−𝑡− (𝑥−)
)

→ 0,  as 𝑡− → ∞,

𝑑
(

Φ𝑡+ (𝑥),Φ𝑡+ (𝑥+)
)

→ 0,  as 𝑡+ → ∞.

This correspondence represents the so-called transition map (see Delshams et al. [5])).
Definition 2.2. Given 𝛿 > 0, let 𝑇− = 𝑇−(𝛿), 𝑇+ = 𝑇+(𝛿) be the infimum of the positive reals 𝑡−, 𝑡+, respectively, for which

𝑑
(

Φ−𝑡− (𝑥),Φ−𝑡− (𝑥−)
)

≤ 𝛿, 𝑑
(

Φ𝑡+ (𝑥),Φ𝑡+ (𝑥+)
)

≤ 𝛿. (6)

Then the transition map 𝛿 ∶ Φ−𝑇− (Dom(𝑆)) → Φ𝑇+ (Im(𝑆)) is defined as
𝛿 = Φ𝑇+◦𝑆◦Φ𝑇− .

The transition map depends on the choice of the homoclinic channel Γ and on the distance 𝛿 to the NHIM. 
Thus, for 𝑇−, 𝑇+ large enough, the homoclinic orbit segment Φ[−𝑇− ,𝑇+](𝑥) = {Φ𝑡(𝑥) | 𝑡 ∈ [𝑇−, 𝑇+]} in 𝑀 is an approximation of the 

pseudo-orbit Φ𝑇+◦𝑆◦Φ𝑇− (𝑥−). The former is an orbit segment in the manifold 𝑀 , while the latter is given by an orbit segment of the 
inner dynamics Φ𝑇− ∣Λ, followed by one application of the scattering map 𝑆, followed by another orbit segment of the inner dynamics 
Φ𝑇+ ∣Λ.

Remark 2. Note that, for the computation of both the scattering map and the transition map, one needs to know the inner dynamics, 
given by the restriction to the NHIM. Compared to the scattering map, the transition map depends on an extra parameter (the threshold 
distance 𝛿 to the NHIM), and so, different choices of this parameter yield different transition maps. 
Remark 3. In the setting of Section 2.1, we can consider the dynamics of the original flow Φ𝐻  of the RTBP, and the dynamics of 
the flow Φ𝑁  associated to the Birkhoff normal form, as well as the corresponding NHIMs Λ𝑐 and Λ𝑁

𝑐 , respectively. In each case, we 
can define a scattering map and a transition map. We denote by 𝑆 the scattering map corresponding to Φ𝐻 , and by 𝑆𝑁  the scattering 
map corresponding to Φ𝑁 . The map 𝑆 is defined on some domain in Λ𝑐 , and 𝑆𝑁  is defined on some domain in Λ𝑁

𝑐 . Similarly, we 
denote by 𝛿 the transition map associated to Φ𝐻 , and by  𝑁

𝛿  the transition map associated to Φ𝑁 . 

2.5.  Reduction of the scattering map and the transition map to a Poincaré section

We now consider the setting from Section 2.1.
In our previous paper [7], we showed that, in the case of the spatial circular RTBP, the unstable and stable manifolds of Λ𝑁

𝑐
intersect, giving rise to homoclinic orbits to Λ𝑁

𝑐 . We can select a homoclinic channel Γ𝑐 and consider the scattering map associated 
to the truncated Birkhoff normal form:

𝑆𝑁 ∶ Dom(𝑆𝑁 ) ⊆ Λ𝑁
𝑐 → Im(𝑆𝑁 ) ⊆ Λ𝑁

𝑐 .

To reduce the dimensionality of the scattering map, we consider the Poincaré section Σ = {𝜙𝑝 = 0}, with associated first return 
map  ∶ Σ → Σ. Let Λ𝑁,Σ

𝑐  denote the intersection of the NHIM with the Poincaré section:
Λ𝑁,Σ
𝑐 = Λ𝑁

𝑐 ∩ Σ.

We have shown in Delshams et al. [7, Section 3.2] that Λ𝑁,Σ
𝑐  is a normally hyperbolic invariant manifold for  , which we call the 

reduced NHIM. This is a 2-dimensional manifold, that can be parameterized in terms of (𝐽𝑣, 𝜙𝑣). It has a symplectic structure given by 
𝑑𝐽𝑣 ∧ 𝑑𝜙𝑣. The scattering map induces a reduced scattering map:

𝜎𝑁 ∶ Dom(𝜎𝑁 ) ⊆ Λ𝑁,Σ
𝑐 → Im(𝜎𝑁 ) ⊆ Λ𝑁,Σ

𝑐 .

The reduced scattering map 𝜎𝑁  is exact symplectic (See Delshams et al. [4]).
Inside Λ𝑁,Σ

𝑐  we consider an annulus given by
 = Λ𝑁,Σ

𝑐 ∩ { 𝐽𝑣 ∈ [𝐽1, 𝐽2], 𝜙𝑣 ∈ [0, 2𝜋)}

where 𝐽1 < 𝐽2 will be specified in Section 4.5.
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For each fixed value of 𝐽𝑣 = 𝐽𝑣 in the range, there is a unique invariant curve for 
𝑇𝑁,Σ
𝐽

=  ∩
{

𝐽𝑣 = 𝐽𝑣
}

.

One can derive the reduced scattering map 𝜎 from the full scattering map 𝑆𝑁  as follows. Let 𝑥± be two points related by the 
scattering map: 𝑥+ = 𝑆𝑁 (𝑥−). Then we flow 𝑥− backwards to the Poincaré section Σ, obtaining a new point (𝐽−, 𝜙−) ∈ Λ𝑁,Σ

𝑐 . Similarly, 
we flow 𝑥+ forward to Σ, obtaining (𝐽+, 𝜙+) ∈ Λ𝑁,Σ

𝑐 . The reduced scattering map 𝜎𝑁  takes (𝐽−, 𝜙−) to (𝐽+, 𝜙+).
When it is clear from the context, we will abbreviate ‘reduced scattering map’ to just ‘scattering map’. Also, for ease of notation, 

we will simply write (𝐽 , 𝜙) for (𝐽𝑣, 𝜙𝑣).
The transition map can be reduced to a surface of section in a similar fashion. Let 𝑥 ∈ ΓΣ𝑐 = Γ𝑐 ∩ Σ be a homoclinic point and

𝜎𝑁 (𝑥−) = 𝑥+,  where 𝑥± ∈ ΛΣ
𝑐 .

In terms of the (𝐽 , 𝜙) coordinates we can write 𝑥− = (𝐽−, 𝜙−) and 𝑥+ = (𝐽+, 𝜙+). For a given 𝛿 > 0  where the Birkhoff normal form 
applies (see Section 4.1), let 𝐾−, 𝐾+ be the smallest positive integers 𝑘−, 𝑘+, respectively, such that

𝑑
(

−𝑘− (𝑥),−𝑘− (𝑥−)
)

< 𝛿, 𝑑
(

𝑘+ (𝑥),𝑘+ ( 𝑥+)
)

< 𝛿. (7)

Then the transition map is given by
𝜏𝑁𝛿 = 𝐾+◦𝜎𝑁◦𝐾− .

Remark 4. Since the dynamics along the hyperbolic manifolds 𝑊 𝑢,𝑠(ΛΣ
𝑐 ) is much faster then the inner dynamics ∣ΛΣ

𝑐
, it may happen 

that condition (7) is satisfied for 𝐾− = 𝐾+ = 1. In that case, the transition map is given by
𝜏𝑁𝛿 = ◦𝜎𝑁◦ .

Indeed, the transition map used in this paper will be of this type.

3.  Main results

In this section we first provide an abstract result for an iterated function system (IFS) consisting of an inner map (given by the 
restriction of the dynamics to a NHIM) and finitely many scattering maps, saying that, if the IFS satisfies some verifiable, quantitative 
conditions, then the system has true ‘diffusing’ orbits. Then, we give the main numerical result of the paper, which amounts to the 
numerical verification of the assumptions of the abstract result.
Theorem 1. Assume that  ∶ Σ → Σ is a diffeomorphism on a manifold Σ, Λ is a 2-dimensional NHIM for  , (𝐼, 𝜙) a coordinate 
system on Λ, 𝜔 = 𝑑𝐼 ∧ 𝑑𝜙 a symplectic form on Λ, and

 = [𝐼1, 𝐼2] × 𝕋 1 ⊂ Λ.

Assume that 𝑊 𝑠() and 𝑊 𝑢() intersect along a homoclinic channel Γ𝑖, 𝑖 ∈ {1,… , 𝐿}, where 𝐿 ≥ 1. Let 𝑓 = ∣ be the restriction 
of  to Λ and 𝜎𝑖 be the scattering map associated to Γ𝑖, 𝑖 ∈ {1,… , 𝐿}.
I. We assume that the inner map f satisfies the following conditions:
(I.i) The map f is an exact symplectic1 twist map, i.e.

𝜕𝜋𝜙𝑓
𝜕𝐼

(𝐼, 𝜙) > 0. (8)

(I.ii) There exists 𝜌1 > 0 such that for every 𝐼 ∈ [𝐼1, 𝐼2], the level set {𝐼 = 𝐼} is invariant under f up to an error of 𝜌1, that is, for all 
𝑛 ≥ 0 and 𝜙̄ ∈ [0, 2𝜋), we have

|𝜋𝐼 (𝑓 𝑛(𝐼, 𝜙̄)) − 𝐼| < 𝜌1.

II. We assume that each scattering map 𝜎𝑖, 𝑖 ∈ {1,… , 𝐿}, satisfies the following conditions:
(II.i) 𝜎𝑖 is globally defined on , i.e., dom(𝜎) ⊃ ;
(II.ii) There exist 𝐶1-functions ̃𝑖 = ̃𝑖(𝐼, 𝜙′) and 𝜔𝑖 = 𝜔𝑖(𝐼) such that

𝐼 ′ = 𝐼 +
𝜕̃𝑖
𝜕𝜙′ (𝐼, 𝜙

′),

𝜙 =𝜙′ + 𝜔𝑖(𝐼) +
𝜕̃𝑖
𝜕𝜙′ (𝐼, 𝜙

′),

(9)

where we denote 𝜎𝑖(𝐼, 𝜙) = (𝐼 ′, 𝜙′);
(II.iii) There exists 𝜌2 > 𝜌1 such that for every 𝐼 ∈ [𝐼1, 𝐼2] there exists 𝑖 ∈ {1,… , 𝐿} and 𝜙̄ ∈ [0, 2𝜋) such that

𝜕̃𝑖

𝜕𝜙̄′
(𝐼, 𝜙̄′) > 𝜌2. (10)

1 A map f on  is exact symplectic if 𝑓 ∗(𝐼𝑑𝜙) − 𝐼𝑑𝜙 = 𝑑𝑠 for some function 𝑠 on .
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Then, for any neighborhood 𝑈1 of {𝐼1} × 𝕋 1 and 𝑈2 of {𝐼2} × 𝕋 1 in Σ there exists an orbit {𝑧𝑛}𝑛=0,…,𝑁  of  in Σ such that
𝑧0 ∈ 𝑈1 and 𝑧𝑁 ∈ 𝑈2.

Proof.  The proof follows immediately from the following result in Moeckel [42], and its extensions in Le Calvez[43] and Gidea and 
Marco[28]. ∎
Theorem 2  ([42]). Let  = [0, 1] × 𝕋 1 and 𝑓, 𝑔 ∶  →  be two 𝐶1-diffeomorphisms of the annulus that preserve the boundary 
circles.

Assume the following
(i) f is a twist map;
(ii) 𝑔 is an area preserving map;
(iii) Every essential2 f-invariant circle Γ is not invariant under 𝑔.

Then, for every pair of open neighborhoods 𝑈0 of {0} × 𝕋  and 𝑈1 of {1} × 𝕋  in , there exists an orbit (𝑥𝑛)𝑛=0,…,𝑁  of the IFS 
generated by {𝑓, 𝑔} such that 𝑥0 ∈ 𝑈0 and 𝑥𝑁 ∈ 𝑈1 (the orbit of the IFS is defined at every step by a choice 𝑥𝑛+1 = 𝑓 (𝑥𝑛) or 𝑥𝑛+1 = 𝑔(𝑥𝑛)). 

In Theorem 2 it is essential that the map 𝑔 is globally defined on the annulus . On the other hand, the condition that f preserves 
the boundary components of the annulus can be replaced by the condition that f is exact symplectic. Also, the conditions that 𝑔
preserves the boundary components of the annulus and that it does not preserve any essential f-invariant circle can be replaced by 
the condition that for any essential f-invariant circle, there are points below the circle that are mapped by 𝑔 to points above the circle.

The theorem extends immediately when instead of a single map 𝑔 we have finitely many maps 𝑔1,… , 𝑔𝐿 satisfying (ii) such that 
every essential f-invariant circle Γ is not invariant under some 𝑔𝑖, 𝑖 ∈ {1,… , 𝐿}.

Condition (I.i) of Theorem 1 in f represents condition (i) of Theorem 2. Condition (II.i) on 𝜎𝑖 from Theorem 1 ensure that these 
maps are globally defined on .

Condition (I.ii) of Theorem 1 implies that each essential invariant circle for f is contained within 𝜌1 of some 𝐼-level set. Conditions 
(II.ii) and (II.iii) of Theorem 1 imply that for each 𝐼-level set, there is a scattering map 𝜎𝑖 and a point on the 𝐼-level set whose 
𝐼-coordinate is increased by 𝜎𝑖 by more than 𝜌2 > 𝜌1. Therefore, any essential f-invariant circle fails to remain invariant under at least 
one of the 𝜎𝑖. Theorem 2 implies that there is a pseudo-orbit (𝑥𝑛)𝑛=0,…,𝑁  of the IFS generated by {𝑓, 𝜎1,… , 𝜎𝐿} such that 𝑥0 ∈ 𝑈0 and 
𝑥𝑁 ∈ 𝑈1. To obtain a true orbit, we use the following result that follows directly from Gidea et al. [44, Lemma 3.2 and Theorem 3.7].
Theorem 3. Assume that (Σ, 𝜔) is a symplectic manifold of finite symplectic volume,  ∶ Σ → Σ is a symplectic diffeomorphism, 
Λ ⊆ 𝑀 is a NHIM for  , 𝑓 = ∣Λ and 𝜎𝑖, 𝑖 = 1,… , 𝐿, is a family of scattering maps on Λ.

Then every finite pseudo-orbit {𝑥𝑖}𝑖=0,…,𝑁  of the IFS generated by {𝑓, 𝜎1,… , 𝜎𝐿} in Λ can be shadowed by a true orbit, that is, for 
every 𝛿 > 0, there exists an orbit {𝑧𝑖}𝑖=0,…,𝑁  of  in Σ, with 𝑧𝑖+1 = 𝑓𝑘𝑖 (𝑧𝑖) for some 𝑘𝑖 > 0, such that 𝑑(𝑧𝑖, 𝑥𝑖) < 𝛿 for all 𝑖 = 0,… , 𝑁 .

Applying Theorem 3 to the (𝑥𝑛)𝑛=0,…,𝑁  of the IFS generated by {𝑓, 𝜎1,… , 𝜎𝐿} yields a true orbit of  from 𝑈0 to 𝑈1.
We now provide an outline of the numerical verification of the conditions of Theorem 1. Details are provided in Section 10.

Numerical Result 1. Consider the setting from Section 2.1.
(a) In Section 4 we obtain the approximation of the NHIM Λ𝑐 by Λ𝑁

𝑐 , using the Birkhoff normal form 𝐻 (𝑁)
trunc.

(b) In Section 4.1 we show that the error in the numerical approximation of the NHIM is less than 10−15 (close to machine precision).
(c) In Section 4.4 we construct two scattering maps that are globally defined on an annular  inside Λ𝑁

𝑐 , corresponding to the range 
𝐽 ∈ [𝐽1, 𝐽2], where 𝐽1 = 0.001 and 𝐽2 = 0.007. See Section 4.5 for additional details.

(d) In Section 5 we rescale 𝐼 = 103 ⋅ 𝐽 and derive series representations of the two scattering maps, which are of the form (9).
(e) In Section 6 we show that the generating functions ̃𝑖 associated to these scattering maps satisfy condition (10) for 𝜌2 = 0.1. By (b), the 

level sets of 𝐼 are preserved by the inner map up to an error of 𝜌1 = 10−12.
(f) In Section 7 we verify that the inner map satisfies a twist condition.
Provided that the conditions (a)–(f) have been verified, then there exists a true, zero-cost orbit of Φ𝐻  along which 𝐼 changes from 𝐼1 = 1 to 
𝐼2 = 7.

Remark 5. A result similar to Theorem 1 can be formulated in terms of scattering maps only (without using the inner map). More 
precisely, assume that we have a family of scattering maps {𝜎1,… , 𝜎𝐿} as in Theorem 1, and that one of them, say 𝜎1, satisfies a twist 
condition as in (8). Also assume that there exist 0 < 𝜌1 < 𝜌2 such that

max
𝜙̄′

|

|

|

|

|

𝜕̃1

𝜕𝜙̄′
(𝐼, 𝜙̄′)

|

|

|

|

|

< 𝜌1,

and for each 𝐼 there exists 𝑖 ≠ 1 such that

max
𝜙̄′

𝜕̃𝑖

𝜕𝜙̄′
(𝐼, 𝜙̄′) > 𝜌2.

Then there exist an orbit {𝑧𝑛}𝑛=0,…,𝑁  of  as in the conclusion of Theorem 1.
The main idea is that 𝜎1 plays the role of the inner dynamics in Theorem 1. 

2 An essential circle is a simple closed 𝐶0-curve in  that is nonhomotopic to zero.
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In Sections 4–12 below, we compute numerically the flow Φ𝑁 , the corresponding NHIM Λ𝑁
𝑐 , two scattering maps and two transition 

maps, as well as their reductions to the surface of section Σ. In Section 4.1 we give an estimate of the error between the original flow 
Φ𝐻  and the flow computed via the Birkhoff normal form Φ𝑁 , obtaining that Λ𝑁

𝑐  is an accurate enough numerical approximation of 
Λ𝑐 . As all subsequent computations are performed via the Birkhoff normal form, to simplify the notation, from now on we drop the 
superscript/subscript 𝑁 from the notation for all objects. 

4.  Numerical scattering map on a grid for 𝑪 = 𝟑.𝟎𝟎𝟎𝟖𝟖

Using the methodology presented in our previous paper [7], we compute the NHIM Λ𝑐 and its stable/unstable manifolds. We show 
that the asymptotic manifolds intersect transversally along two homoclinic channels, giving rise to two different scattering maps. We 
compute the scattering maps numerically at a grid of points; they are shown in Fig. 9.

For the purpose of this paper we will use the energy value 𝐶 = 𝑐 ∶= 3.00088. This value is chosen after the appearance of the 
equilibrium point 𝐿1 (𝑐1 ∶= 3.00090), but before the appearance of halo orbits (𝑐halo ∶= 3.00082). The choice of energy is motivated 
by two reasons.

Firstly, 𝑐 is close enough to 𝑐1 so that the dynamics around 𝐿1 is almost integrable. Thus, the (integrable) Birkhoff normal form 
𝐻 (𝑁)
trunc provides a good approximation to the local dynamics. (Section 4.1 quantifies the Birkhoff normal form error).
Secondly, 𝑐 is close enough to 𝑐1 so that we are in the setting of a priori chaotic Arnold diffusion (see Section 1).
Fixing the energy value 𝑐 = 3.00088, the NHIM Λ𝑐 consists of a continuous family of 2-dimensional invariant tori around 𝐿1, 

which we parametrize by the vertical action 𝐽 . The vertical action increases along the family from 𝐽 = 0 to 𝐽 = 𝐽max ∶= 0.052. 
Correspondingly, the planar action 𝐽𝑝 decreases from 0.05029 to 0.

Fig. 3 shows some tori in the NHIM Λ𝑐 .

• 𝐽 = 0 (i.e. 𝐽𝑝 = 0.05029) corresponds to the unique planar Lyapunov orbit in this energy level.
• 𝐽 = 0.052 (i.e. 𝐽𝑝 = 0) corresponds to the unique vertical Lyapunov orbit in this energy level.
• Every intermediate action 𝐽 ∈ (0, 0.052) corresponds to a 2-dimensional torus located between the planar and the vertical Lyapunov 
orbits.

As seen in Fig. 3, the NHIM Λ𝑐 spans a spherical region of radius 0.002 Astronomical Units (AU), or roughly 300,000 km around the 
equilibrium point 𝐿1.

4.1.  Accuracy of the Birkhoff normal form

The accuracy of the Birkhoff normal form (BNF) expansion has been tested against numerical integration of the RTBP equations, 
following the same procedure as in Jorba and Masdemont[39]. Compute an initial condition on Λ𝑐 by evaluating the BNF up to order 
𝑁 = 16. This initial condition is integrated for 𝜋 units of adimensional time using two different methods:
1. Using the BNF. No numerical integration is needed. As the Hamiltonian is integrable, and we have it integrated, we simply tabulate 
the solution at time 𝜋.

Fig. 3. The NHIM Λ𝑐 consists of a continuous family of invariant tori around 𝐿1. The endpoints of the family are the planar and vertical Lyapunov 
orbits (shown in red and black, respectively). In between, there are 2-d tori of increasing vertical amplitude 𝐽 . (For clarity, only two of them are 
shown). The transfer trajectory shown in Fig. 1 starts at an initial condition very close to the blue torus 𝐼 = 1 and ends very close to the green torus 
𝐼 = 7, where 𝐼 = 103 ⋅ 𝐽 .
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2. Integrate the RTBP equations using a Runge-Kutta-Feldberg numerical integrator of order 7–8, with local error at each step within 
10−14.

Then compare the two final conditions.
This test has been performed for several initial conditions on Λ𝑐 . In all cases, the difference in the Euclidean norm for the final 

condition is less than 10−12 adimensional RTBP units. Thus the initial condition was very accurate, in the sense that it is very close 
to one of the tori computed by the BNF.

In fact, it is known that, due to the hyperbolicity of orbits around the collinear point, errors increase by a factor close to 1500 after 
𝜋 units of time. Therefore the error in the initial condition is less than 10−12∕1500 adimensional units, close to machine precision.

Furthermore, this validity and accuracy of the BNF of order 𝑁 in a neighborhood of size 𝛿 along the unstable/stable coordinates, say 
for 𝛿 = 10−3 and 𝑁 = 16, can also be analytically corroborated using theoretical results, for example from Delshams and Gutiérrez[45]. 
The bound of the error in a neighborhood of the libration point is there given as a function of the bounds of the Taylor expansion of 
the Hamiltonian, as well as of the small divisors 𝑘p𝜈p + 𝑘v𝜈v for integers satisfying |𝑘p| + |𝑘v| ≤ 𝑁 .

It should be noted that the presence of these small divisors is what affects the convergence of these Birkhoff normal forms. Although 
they depend on the mass ratio 𝜇, they do so very slightly for libration points; see, for instance, Jorba and Masdemont[39], Jorba[40]. 
Therefore, their influence in detecting strong resonances  is not noticeable up to normal form orders much higher than 𝑁 = 16.

4.2.  Homoclinic orbits

In [7], Section 4.2, we explained in detail how to compute the intersection of the stable and unstable manifolds 𝑊 𝑠(Λ𝑐 ) ∩𝑊 𝑢(Λ𝑐 )
restricted to the surface of section

𝒮 = {(𝑋, 𝑌 ,𝑍, 𝑋̇, 𝑌̇ , 𝑍̇) ∶ 𝑌 = 0, 𝑌̇ > 0}.

We find that the asymptotic manifolds do indeed intersect transversally, giving rise to families of homoclinic orbits to the Λ𝑐 . These 
homoclinics will later be encoded by two scattering maps.

Briefly, the numerical procedure to compute each homoclinic consists of finding two initial conditions 𝑦−, 𝑦+ on the local unstable 
resp. stable manifolds, and a point 𝑥 ∈ 𝒮  such that: (1) Φ𝑡

𝐻 (𝑦−) = 𝑥; and (2) Φ−𝑠
𝐻 (𝑦+) = 𝑥. Then 𝑥 is a homoclinic point, generating a 

homoclinic orbit segment from 𝑦− to 𝑦+.
We would like to emphasize some aspects of this computation:

• We consider only the first intersection of the stable and unstable manifolds with the surface of section 𝒮 . The ‘primary’ homo-
clinic connections generated in this way travel around the Earth once.

• The initial conditions 𝑦−, 𝑦+ are taken at a distance 𝛿 = 10−3 of the NHIM along the unstable/stable coordinates. This guarantees 
that they are inside the domain where the Birkhoff normal form is accurate.

• At the same time, these initial conditions are sufficiently far from the NHIM so that the homoclinic orbit segment does not wind 
around 𝐿1 more than once.

• All homoclinics take 5.936738 ≤ 𝑡 + 𝑠 ≤ 6.000688 time units to go from 𝑦− to 𝑦+. We will refer to 𝑡 + 𝑠 as the ‘flight time’ of the 
homoclinic. The shortest and longest flight times correspond to the two homoclinics of the Lyapunov orbit. See Fig. 4.
Following the decomposition of Λ𝑐 into invariant tori, we first study homoclinic orbits from each 𝑇𝐽  to itself. Later we will study 

homoclinic orbits from 𝑇𝐽  to nearby tori.
• When 𝐽 = 0, the invariant manifolds 𝑊 𝑢(𝑇0) and 𝑊 𝑠(𝑇0) have 2 transverse intersections in the section 𝒮 . Hence, the planar 
Lyapunov orbit 𝑇0 has 2 homoclinic connections with itself. See Fig. 4.

• For every fixed 𝐽 ∈ (0, 0.01), the invariant manifolds 𝑊 𝑢(𝑇𝐽 ) and 𝑊 𝑠(𝑇𝐽 ) have 8 transverse intersections. That is, every torus 𝑇𝐽
in this domain has 8 homoclinic connections with itself.

• In contrast, for action values 𝐽 above 0.01, the invariant manifolds 𝑊 𝑢(𝑇𝐽 ) and 𝑊 𝑠(𝑇𝐽 ) cease to intersect (at their first intersection 
with the section 𝒮 ).

Remark 6. The planar Lyapunov orbit has two ‘primary’ homoclinics that travel around the Earth (see Fig. 4). However, one of them 
makes a longer excursion than the other: the green homoclinic has flight time 5.936738, while the blue one has flight time 6.000688.
Remark 7. Each of the 2 intersections in 𝑊 𝑢(𝑇0) ∩𝑊 𝑠(𝑇0) gives rise to 4 intersections when we increase the dimension of the 
manifolds 𝑊 𝑢(𝑇𝐽 ),𝑊 𝑠(𝑇𝐽 ) by one. This is expected by Morse theory [46]. 

4.3.  Computation of local transition map and scattering map

Consider a homoclinic point 𝑥 ∈ 𝒮  as found in Section 4.2, generating a homoclinic orbit segment from 𝑦− ∈ 𝑊 𝑢
𝑙𝑜𝑐 (Λ𝑐 ) to 𝑦+ ∈

𝑊 𝑠
𝑙𝑜𝑐 (Λ𝑐 ), with flight time 𝑡 + 𝑠. Let

𝑦− =
(

𝑦−ℎ = 𝛿, 𝐽−
𝑝 , 𝐽

−
𝑣 , 𝑥

−
ℎ = 0, 𝜙−

𝑝 , 𝜙
−
𝑣

)

and

𝑦+ =
(

𝑦+ℎ = 0, 𝐽+
𝑝 , 𝐽

+
𝑣 , 𝑥

+
ℎ = 𝛿, 𝜙+

𝑝 , 𝜙
+
𝑣

)
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Fig. 4. Planar Lyapunov orbit (solid line), and its two ‘primary’ homoclinics (dashed). Both homoclinics travel around the Earth once (located at 
𝑋 = −1 + 𝜇).

in Birkhoff normal form coordinates. Then, the transition map 𝛿 ∶ Λ𝑐 → Λ𝑐 is given by
(

𝐽−
𝑝 , 𝐽

−
𝑣 , 𝜙

−
𝑝 , 𝜙

−
𝑣

)

↦
(

𝐽+
𝑝 , 𝐽

+
𝑣 , 𝜙

+
𝑝 , 𝜙

+
𝑣

)

.

As explained in Section 2.4, the scattering map 𝑆 ∶ Λ𝑐 → Λ𝑐 is related to the transition map by the flow. Therefore, the scattering 
map is given by

𝑥− ∶= Φ𝑡
(

𝐽−
𝑝 , 𝐽

−
𝑣 , 𝜙

−
𝑝 , 𝜙

−
𝑣

)

↦ 𝑥+ ∶= Φ−𝑠
𝐻

(

𝐽+
𝑝 , 𝐽

+
𝑣 , 𝜙

+
𝑝 , 𝜙

+
𝑣

)

.

Every transverse intersection

𝑥 ∈ 𝑊 𝑢(𝑇𝐽 ) ∩𝑊 𝑠(𝑇𝐽 )

implies that there exists a pair of points 𝑥−, 𝑥+ ∈ 𝑇𝐽  such that 𝑊 𝑢(𝑥−) intersects 𝑊 𝑠(𝑥+) at the homoclinic point 𝑥. Since this is an 
open condition, we can define a local scattering map on some open set containing 𝑥− by 𝑥− ↦ 𝑆(𝑥−) ∶= 𝑥+.

Fig. 5. Action of the scattering map 𝑆1 on the torus 𝑇𝐽  with 𝐽 = 0.001. 𝑆1 maps the purple set to the green set. When the ‘source’ and ‘destination’ 
tori 𝑇𝐽  have the same action (𝐽 = 0.001 in this picture, corresponding to the translucent plane), 𝑆1 maps the 4 points 𝑥𝑖− ∈ 𝑇𝐽  to 𝑥𝑖+ ∈ 𝑇𝐽 . Fixing the 
source torus 𝑇𝐽  and varying the destination torus 𝑇𝐽 ′  to action levels 𝐽 ′ near 𝐽 , the scattering map 𝑆1 is continued to the purple and green sets.
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In fact, we find that these local scattering maps can be continued to form two global scattering maps, which we will denote 𝑆1
and 𝑆2. They determine the reduced scattering maps, 𝜎1 and 𝜎2 (see Section 2.5).
4.4.  Extending the scattering map

Let us explain how 𝑆1 is numerically constructed. (𝑆2 is constructed analogously). The general idea is to compute 𝑆1 on several 
tori 𝑇𝐽  (for example 𝐽 = 0.001, 0.002,… , 0.007).  This provides a coarse representation of 𝑆1. 

To compute 𝑆1 on a given torus 𝑇𝐽 , fix an action 𝐽 ∈ [0.001, 0.007]. As explained above, 𝑊 𝑢(𝑇𝐽 ) has 8 transverse intersections with 
𝑊 𝑠(𝑇𝐽 ) in the surface of section 𝒮 . Four of them, which we will denote 𝑥𝑖 for 𝑖 = 1, 2, 3, 4, give rise to 4 pairs of points associated by 
the local scattering maps:

𝑥𝑖+ = 𝑆(𝑥𝑖−)  for 𝑖 = 1,… , 4.

Fig. 5 shows these 4 pairs of points: 𝑥𝑖− in the domain of 𝑆1 are plotted in purple, while 𝑥𝑖+ in the codomain are plotted in green.
Keeping the action of the source torus fixed to 𝐽 , vary the action of the destination torus to a new value 𝐽 ′ close to 𝐽 , and 

recompute the intersection 𝑊 𝑢(𝑇𝐽 ) ∩𝑊 𝑠(𝑇𝐽 ′ ), giving rise to 4 new homoclinic points and 4 corresponding pairs of points associated 
by 𝑆1. Continue this procedure until the manifolds 𝑊 𝑢(𝑇𝐽 ) and 𝑊 𝑠(𝑇𝐽 ′ ) cease to intersect, effectively extending the domain of the 
scattering map 𝑆1 from 4 points to the purple set in Fig. 5, and the codomain to the green set.

Remark 8. Starting with the other 4 homoclinic points, 𝑥𝑖 for 𝑖 = 5, 6, 7, 8, and applying the same procedure, gives rise to a different 
scattering map 𝑆2. See Fig. 6. 𝑆1 and 𝑆2 are fundamentally different, as they are not conjugated by the flow in the sense of (5). 

We repeat this procedure for the tori 𝐽 = 0.001, 0.002,… , 0.007. See Fig. 7.

Remark 9. For 𝐽 → 0, the torus 𝑇𝐽  degenerates into the horizontal Lyapunov periodic orbit 𝑇0. The 4 homoclinic points 𝑥𝑖 converge 
to a single homoclinic point 𝑥 for 𝑇0. Similarly, the 4 pairs 𝑥𝑖−, 𝑥𝑖+ converge to a single pair 𝑥−, 𝑥+ of points associated by 𝑆1. Fig. 7 
shows 𝑥−, 𝑥+ as straight lines (all angles 𝜙𝑣 ∈ [0, 2𝜋) are identified for 𝐽 = 0). 

Fig. 6. Action of scattering maps 𝑆1 and 𝑆2 on the torus 𝑇𝐽  with 𝐽 = 0.001. 𝑆1 maps the purple set to the green set, while 𝑆2 maps blue to orange.

Fig. 7. 𝑆1 acting on several action levels: 𝐽 = 0.001, 0.002,… , 0.007.
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Fig. 8. Action of scattering maps 𝑆1 and 𝑆2 on the action level 𝐽 = 0.009. 𝑆1 and 𝑆2 have ‘merged’, and they can not be extended to the whole torus.

Using the computation of 𝑆1 we compute the reduced scattering map 𝜎1. Recall from Section 2.5 that the reduced scattering 
map can be obtained from the full scattering map simply by flowing the points 𝑥−/𝑥+ backwards/forwards to the Poincaré section 
Σ = {𝜙𝑝 = 0}.

Flowing the purple set backwards to Σ, we obtain a mesh {(𝐽 , 𝜙)} discretizing the reduced NHIM ΛΣ
𝑐 . Flowing the green set 

forwards to Σ, we obtain the image set {(𝐽 ′, 𝜙′)
} under 𝜎1, also on ΛΣ

𝑐 . This way, we have extended the local scattering maps onto a 
global (reduced) scattering map 𝜎1 on ΛΣ

𝑐 .
Fig. 9 (top panel) shows the image set of the global scattering map 𝜎1. For example, the green set in Fig. 5 (𝐽 = 0.001) corresponds 

to the lowest curve in Fig. 9 after flowing it forward.

4.5.  Domain of the global scattering map

From above, the global scattering maps 𝜎1, 𝜎2 are well defined on an annulus  inside ΛΣ
𝑐  given by

 = {(𝐽 , 𝜙)∶ 𝐽 ∈ [0.001, 0.007] and 𝜙 ∈ [0, 2𝜋)}. (11)

For 0.007 < 𝐽 < 0.01, we find that the scattering maps can not be defined on the whole torus 𝑇𝐽 . For illustration, Fig. 8 shows 
the continuation of all 8 local scattering maps when 𝐽 = 0.009. Notice that the purple and blue sets (which belong to the domain of 
𝑆1 and 𝑆2 respectively) have become connected, and they form two contractible circles. Moreover, the purple and blue sets do not 
cover all angles 𝜙𝑣 ∈ [0, 2𝜋) as before. Thus one can not extend 𝑆𝑖 to the whole torus 𝑇𝐽  by the flow using the conjugacy property (5). 
Consequently, the reduced scattering map 𝜎𝑖 is not defined on the whole invariant curve 𝑇 Σ

𝐽 .
For the purpose of this paper, we will restrict the domain of the global scattering maps 𝜎1, 𝜎2 to the annulus .

5.  Series representation of the scattering map

The goal of this section is to introduce a series representation of the (global, reduced) scattering maps 𝜎1 and 𝜎2. This finite series 
expansion consists in Eqs. (13)–(15) and (19) below. It is a more efficient representation than the numerical scattering map computed 
in the previous section, since it is limited to a small number of terms. Moreover, it allows us to evaluate 𝜎𝑖, 𝑖 = 1, 2, at any point of 
its domain.

Note that 𝐽 and 𝜙 have different scales: 𝐽 is of order 10−3, while 𝜙 is of order 1. To improve numerical conditioning, we scale 𝐽
as follows:

𝐼 = 1000𝐽 . (12)

From now on, we will work with the scaled coordinate 𝐼 instead of 𝐽 .
The most classical way to represent a symplectic map (𝐼, 𝜙) → (𝐼 ′, 𝜙′) is by a generating function depending on old and new 

variables. In [10], the scattering map on Lyapunov periodic orbits was shown to be a phase shift (𝐼, 𝜙) → (𝐼, 𝜙 + Δ(𝐼)). Thus, in our 
setting it is natural to look for a generating function of the form

(𝐼, 𝜙′) = 𝐼𝜙′ + Ω(𝐼) + ̃(𝐼, 𝜙′),

which will at least be valid for small values of 𝐼 . The generating function (𝐼, 𝜙′) is decomposed into its average part with respect to 
𝜙′, denoted Ω(𝐼), and its oscillatory part ̃(𝐼, 𝜙′), which satisfyies ∫ 2𝜋

0 ̃(𝐼, 𝜙′)d𝜙′ = 0.
Hence, the equations for the scattering map (𝐼 ′, 𝜙′) = 𝜎(𝐼, 𝜙) are given implicitly by 

𝜙 = 𝜕
𝜕𝐼

(𝐼, 𝜙′) = 𝜙′ + 𝜔(𝐼) + 𝜕̃
𝜕𝐼

(𝐼, 𝜙′) (13a)
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𝐼 ′ = 𝜕
𝜕𝜙′ (𝐼, 𝜙

′) = 𝐼 + 𝜕̃
𝜕𝜙′ (𝐼, 𝜙

′), (13b)

where 𝜔(𝐼) = Ω′(𝐼).
We will approximate both ̃(𝐼, 𝜙′) and 𝜔(𝐼) in Eq. (13) using finite series expansions. Firstly, since we are going to work with few 

values of 𝐼 , we approximate the function ̃(𝐼, 𝜙′) using a Fourier-Polynomial interpolation:

̃(𝐼, 𝜙′) = −
𝑁
∑

𝑛=1

𝐵𝑛(𝐼)
𝑛

cos 𝑛𝜙′ +
𝑁
∑

𝑛=1

𝐴𝑛(𝐼)
𝑛

sin 𝑛𝜙′, (14)

where

𝐴𝑛(𝐼) =
𝐿
∑

𝑙=0
𝑎(𝑛)𝑙 𝐼 𝑙 and 𝐵𝑛(𝐼) =

𝐿
∑

𝑙=0
𝑏(𝑛)𝑙 𝐼 𝑙 . (15)

The goal is to find the coefficients 𝑎(𝑛)𝑙  and 𝑏(𝑛)𝑙 . In Section 4, we obtained numerically the scattering map 𝜎 on a grid of equispaced 
(𝐼, 𝜙) points. See Fig. 9. It is a simple matter to fit the coefficients to this data, as explained in Section 5.1.

Remark 10. The spatial RTBP is invariant with respect to the transformation (𝑍, 𝑍̇) → (−𝑍,−𝑍̇). Thus, every trajectory passing 
through the point (𝑋, 𝑌 ,𝑍) has a symmetric trajectory with respect to the 𝑋𝑌  plane, which passes through the point (𝑋, 𝑌 ,−𝑍). In 
particular, every heteroclinic trajectory from torus 𝐼 to torus 𝐼 ′ has a symmetric heteroclinic trajectory from torus 𝐼 to 𝐼 ′. In Birkhoff 
normal form coordinates, the symmetry 𝑍 → −𝑍 corresponds to 𝜙𝑣 → 𝜙𝑣 + 𝜋. This translates to the following fact for the scattering 
map of the flow. Suppose that 𝑆(𝐽𝑣, 𝜙𝑝, 𝜙𝑣) = (𝐽 ′

𝑣, 𝜙
′
𝑝, 𝜙

′
𝑣). Then we have 𝑆(𝐽𝑣, 𝜙𝑝, 𝜙𝑣 + 𝜋) = (𝐽 ′

𝑣, 𝜙
′
𝑝, 𝜙

′
𝑣 + 𝜋). Equivalently for the re-

duced scattering map: Suppose that 𝜎(𝐼, 𝜙𝑣) = (𝐼 ′, 𝜙′
𝑣). Then we have 𝜎(𝐼, 𝜙𝑣 + 𝜋) = (𝐼 ′, 𝜙′

𝑣 + 𝜋). This implies that the image under the 
scattering map of any torus is a 𝜋-periodic curve (see Fig. 9). Indeed, we have checked that the curves in Fig. 9 are 𝜋-periodic up to 
a tolerance of 10−6. From this point on, we will plot all figures involving 𝜙𝑣 in the domain [0, 𝜋) only.

Fig. 9. Image under the scattering map of several tori (𝐼 = 1, 2,… , 7). Above: action of 𝜎1, below: action of 𝜎2. A torus {(𝐼, 𝜙) ∶ 𝐼 = const, 𝜙 ∈ [0, 2𝜋)}
and its image are plotted using the same color. Notice that the curves are 𝜋-periodic.
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5.1.  Fourier-polynomial interpolation of the generating function

Let 𝐼 be fixed, and consider Eq. (13b):

𝐼 ′ = 𝐼 + 𝜕̃
𝜕𝜙′ ,

where

𝜕̃
𝜕𝜙′ =

𝑁
∑

𝑛=1
𝐴𝑛 cos 𝑛𝜙′ +

𝑁
∑

𝑛=1
𝐵𝑛 sin 𝑛𝜙′. (16)

Given a set of (𝐼 ′, 𝜙′) values on a grid (data points composing one curve in Fig. 9), we use the discrete Fourier transform to obtain 
the Fourier coefficients 𝐴𝑛, 𝐵𝑛.

Remark 11. Since we have 128 (𝐼 ′, 𝜙′) data points for each torus, the maximum possible degree of the Fourier expansion (14) is 
𝑁 = 64. 

Next, let 𝐼 vary to obtain the Fourier coefficients 𝐴𝑛(𝐼), 𝐵𝑛(𝐼) for each torus 𝐼 = 1, 2,… , 7. Fig. 10 shows the decay of these Fourier 
coefficients for each torus.
Remark 12. We know from Remark 10 that the scattering map is 𝜋-periodic. Thus, for each torus 𝐼 = 𝑐𝑜𝑛𝑠𝑡, its image is a 𝜋-periodic 
curve 𝐼 ′ = 𝛾(𝜙′), and the odd Fourier coefficients should all be zero: 𝐴2𝑘+1(𝐼) = 𝐵2𝑘+1(𝐼) = 0 for 𝑘 = 0, 1, 2,…. Of course, in Fig. 10 
they are not exactly zero because the numerical data is not exactly 𝜋-periodic. From now on, all odd Fourier coefficients are set to 
zero, to obtain a model that satisfies the theoretical 𝜋-periodicity of the scattering map.

Let now the index 𝑛 of the Fourier coefficient be fixed, and consider the polynomial approximation of 𝐴𝑛(𝐼) and 𝐵𝑛(𝐼) given in 
Eq. (15). Alternatively, given a set of 𝐿 + 1 data points (𝐼0, 𝐴𝑛(𝐼0)),… , (𝐼𝐿, 𝐴𝑛(𝐼𝐿)), we will express the polynomials (15) in Newton’s 
form

𝐴𝑛(𝐼) =
𝐿
∑

𝑙=0
𝑎̃(𝑛)𝑙 𝑁𝑙(𝐼) and 𝐵𝑛(𝐼) =

𝐿
∑

𝑙=0
𝑏̃(𝑛)𝑙 𝑁𝑙(𝐼), (17)

where 𝑎̃(𝑛)𝑙 , 𝑏̃(𝑛)𝑙  are the divided differences, and 𝑁𝑙(𝐼) are Newton’s basis polynomials

𝑁0(𝐼) = 1, 𝑁𝑙(𝐼) ∶=
𝑙−1
∏

𝑖=0
(𝐼 − 𝐼𝑖)  for 𝑙 = 1,… , 𝐿.

Fig. 10. Decay of Fourier coefficients (log-log plot) for the scattering map 𝜎1 (above) and 𝜎2 (below).
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Given the values 𝐴𝑛(𝐼) at 𝐼 = 0, 1, 2,… , 7 obtained in the previous step (resp. 𝐵𝑛(𝐼)), we use polynomial interpolation (Newton’s 
‘divided differences’ algorithm) to obtain the coefficients 𝑎̃(𝑛)𝑙  (resp. ̃𝑏(𝑛)𝑙 ). The divided differences of the first 8 Fourier coefficients are 
listed in Table 1.
Remark 13. Since we only have 8 data points for each Fourier coefficient, the maximum possible degree of the Newton expansion (17) 
is 𝐿 = 7. 
Remark 14. The constant terms 𝑎̃(𝑛)0 , 𝑏̃(𝑛)0  of the Newton expansion are all zero, since 𝑎̃(𝑛)0 = 𝐴𝑛(0) = 0 and 𝑏̃(𝑛)0 = 𝐵𝑛(0) = 0 for all 𝑛.

5.2.  Polynomial interpolation of the frequency 𝜔(𝐼)

Finally, we approximate the frequency 𝜔(𝐼) in Eq. (13).

5.2.1.  Frequency 𝜔(𝐼) at 𝐼 = 1, 2,… , 7
For action levels 𝐼 = 1, 2,… , 7 we have available the scattering map data (𝐼, 𝜙) → (𝐼 ′, 𝜙′), so the frequency 𝜔(𝐼) can be obtained 

from Eq. (13a) as

𝜔(𝐼) = 𝜙 − 𝜙′ − 𝜕̃
𝜕𝐼

(𝐼, 𝜙′). (18)

In an exact calculation, 𝜔(𝐼) should be independent of 𝜙. Numerically, using Eq. (18) to approximate the value of 𝜔(𝐼) would yield 
slightly different values for 𝜔(𝐼) depending on the data point (𝐼, 𝜙), and indeed depending on 𝜙. Thus, we will compute 𝜔(𝐼) as the 
average of Eq. (18) over all 𝜙 ∈ [0, 2𝜋).

5.2.2.  Frequency 𝜔(𝐼) at an arbitrary 𝐼-value
Similarly to what we did in Section 5.1 with the Fourier coefficients 𝐴𝑛(𝐼), 𝐵𝑛(𝐼), we use the Newton series representation of 𝜔(𝐼):

𝜔(𝐼) =
𝐿
∑

𝑙=0
𝑐𝑙𝑁𝑙(𝐼). (19)

Table 1 
Divided differences 𝑎̃(𝑛)𝑙 , ̃𝑏(𝑛)𝑙  of the first Fourier coefficients 𝐴𝑛(𝐼), 𝐵𝑛(𝐼). All odd Fourier coefficients 
are zero and thus not listed (see Remark 12). All constant terms of the Newton expansion 𝑎̃(𝑛)0 , ̃𝑏(𝑛)0
are zero, and thus not listed (see Remark 14). Notice that the two coefficients 𝑎̃21 and ̃𝑏21 (in red) are 
much larger than the rest of coefficients for both scattering maps 𝜎1, 𝜎2. For the scattering map 𝜎1, 
the coefficient 𝑎̃22 (in blue) is much larger than the rest of coefficients in the last six columns, i.e. 
𝑎̃𝑛𝑗  for 𝑗 ≥ 2. For the scattering map 𝜎2, the two coefficients 𝑎̃22 and ̃𝑏22 are much larger than the rest 
with 𝑗 ≥ 2.
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Table 2 
Divided differences 𝑐𝑙 of function 𝜔(𝐼). Notice that the coefficient 𝑐0 (in red) is much larger 
than the rest of coefficients of this table, and larger than those of Table 1, for both scattering 
maps 𝜎1 and 𝜎2. Notice also that 𝑐1 (in blue) is much larger than the rest of coefficients of the 
last five columns, i.e 𝑐𝑗 for 𝑗 ≥ 2, of this table, and larger than the double of those coefficients 
of the last 6 columns of Table 1 for both scattering maps 𝜎1 and 𝜎2.

Given the values 𝜔(𝐼) at 𝐼 = 1, 2,… , 7, obtained in the previous step, we use polynomial interpolation to obtain the coefficients 
𝑐𝑙. The frequency function 𝜔(𝐼) is plotted in Fig. 11.
Remark 15. Since we only have 7 data points for 𝜔, the maximum possible degree of the Newton expansion (19) is 𝐿 = 6. 

This completes the series representation of the scattering map, consisting of Eqs. (14), (15) and (19).

5.3.  Applying the scattering map

We will use Eq. (13) to apply the scattering map (𝐼 ′, 𝜙′) = 𝜎(𝐼, 𝜙).  Note that (13) give 𝐼 ′, 𝜙′ implicitly as functions of 𝐼, 𝜙. However, 
𝜙′ can be obtained from Eq. (13a) as a fixed point of

𝜙′ = 𝑓 (𝜙′; 𝐼, 𝜙) = 𝜙 − 𝜔(𝐼) − 𝜕̃
𝜕𝐼

(𝐼, 𝜙′).

We simply use fixed point iteration, starting with the initial approximation 𝜙′
0 = 𝜙 − 𝜔(𝐼). We require an absolute error smaller 

than 10−5 in the fixed point to stop the iteration. There is no point in requiring higher precision, because the error of our series 
representation in the angle variable is larger than 10−2; see Table 4 (bottom panel).

Once 𝜙′ is known, 𝐼 ′ is obtained directly from Eq. (13b).

6.  Approximation error

Now we have two different representations of the scattering map:
• The numerical scattering map 𝜎(𝐼, 𝜙) was obtained in Section 4 using Birkhoff normal forms and numerical continuation of the 
invariant manifolds. It was calculated on a relatively coarse grid of points (Fig. 9).

• The standard scattering map (SSM) 𝜎̃(𝐼, 𝜙) consists in the Fourier-Polynomial interpolation (14), (15) and (19). The series 
approximation has been derived in Section 5 from the numerical map, so it is not as precise. However, it has the advantage that 
it can be evaluated at any desired point (𝐼, 𝜙).

Fig. 11. Frequency function 𝜔(𝐼) for 𝜎1 (in green) and 𝜎2 (yellow).
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To measure the quality of the series approximation, we do the following:

1. Read the numerical scattering map from file as a table:
(𝐼 ′, 𝜙′) = 𝜎(𝐼, 𝜙).

We have its values on a grid of points (𝐼, 𝜙).
2. Evaluate the standard scattering map (SSM) on the same grid:

(𝐼 ′, 𝜙′) = 𝜎̃(𝐼, 𝜙).

3. Find the approximation error, defined as the maximum over all grid points of
(𝜖𝐼 , 𝜖𝜙) =

(

|𝐼 ′ − 𝐼 ′|, |𝜙′ − 𝜙′
|

)

.

Remark 16. To better test the quality of the series approximation, we also compute the approximation error on a new set of 
data, independent of the original one. That is, we extend the original data set 𝐼 = 1, 2,… , 7, used to derive 𝜎̃ with the new data 
set 𝐼 = 0.5, 1.5, 2.5,… , 6.5. See Fig. 12. Thus, only for testing purposes, we use 14 tori. As shown in Tables 4, 5, the errors in the 
independent data set are comparable to those of the original data set. 

Of course, the approximation error depends on the chosen degree (𝑁,𝐿) of the Fourier-Polynomial interpolation. For illustration, 
Fig. 12 compares the quality of a low order versus a high order approximation.

We will distinguish two different settings. In the local setting, one is interested in an accurate representation of the scattering map 
in a neighborhood of 𝐼 = 0, whereas in the global setting, one is interested in an accurate representation in the whole domain of the 
global scattering map.

Fig. 12. Image of the numerical scattering map (points) versus the standard scattering map (SSM) of degree 𝑁,𝐿 (lines). For testing purposes, we 
check the approximation error both on the original data set 𝐼 = 1, 2,… , 7 (in purple) and on the independent data set 𝐼 = 0.5, 1.5, 2.5,… , 6.5 (in 
green).
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Table 3 
Local approximation error 𝜖𝐼 (top panel) and 𝜖𝜙 (bot-
tom panel) as a function of 𝑁,𝐿 for the first scattering 
map 𝜎1.

 L
𝑁  0  1  2  3
 2  0.540000  0.134772  0.041698  0.037342
 4  0.540000  0.145286  0.019337  0.011640
 6  0.540000  0.151078  0.019536  0.013382

 L
𝑁  0  1  2
 2  0.156427  0.052403  0.015123
 4  0.156427  0.049706  0.016311
 6  0.156427  0.049634  0.016270

6.1.  Local approximation error

For definiteness, let us fix the local domain to be 

loc = {(𝐼, 𝜙)∶ 𝐼 ∈ [1, 3] and 𝜙 ∈ [0, 2𝜋)}.

We have computed the approximation error over the local domain loc as a function of the degree (𝑁,𝐿) of the Fourier-Polynomial 
interpolation; see Table 3.

Remark 17. Only the grid points (𝐼, 𝜙) belonging to the local domain (i.e tori 𝐼 = 1, 2, 3) are used in the computation of the local 
approximation error. 

The error of the Fourier-Polynomial interpolation model decreases as 𝑁 and 𝐿 increase, but not monotonically. If we want an 
approximation error 𝜖 = max{𝜖𝐼 , 𝜖𝜙} less than 0.05, then it is enough to take 𝑁 = 2 and 𝐿 = 2. Notice that the improvement is mild 
beyond that point. Indeed, Fig. 12(a) shows that 𝑁 = 𝐿 = 2 gives a good approximation in the local domain loc.

Thus, it is natural to choose 𝑁 = 𝐿 = 2 to obtain an accurate model for the local scattering map. In fact, as discussed before 
(Remark 12), we neglect the odd Fourier coefficients 𝐴1(𝐼) and 𝐵1(𝐼) due to the symmetry of the problem, and just keep the even 
ones 𝐴2(𝐼) and 𝐵2(𝐼).

Therefore, in the local setting, an accurate model for the scattering map is given by the Fourier-Polynomial interpolation

̃(𝐼, 𝜙′) = −
𝐵2(𝐼)
2

cos 2𝜙′ +
𝐴2(𝐼)
2

sin 2𝜙′,

where

𝐴2(𝐼) = 𝑎̃(2)0 + 𝑎̃(2)1 𝐼 + 𝑎̃(2)2 𝐼(𝐼 − 1)

𝐵2(𝐼) = 𝑏̃(2)0 + 𝑏̃(2)1 𝐼 + 𝑏̃(2)2 𝐼(𝐼 − 1),

𝜔(𝐼) = 𝑐0 + 𝑐1(𝐼 − 1) + 𝑐2(𝐼 − 1)(𝐼 − 2),

are polynomials of degree 2 in 𝐼 , determined by only 9 coefficients. These coefficients were given in Tables 1 and 2.
This part of the generating function can also be written as ̃(𝐼, 𝜙′) = 𝐶2(𝐼) cos

(

2𝜙′ − 2𝜙′
0
)

, a cosine function of period 𝜋 at angle 
𝜙′. The corresponding Standard Scattering Map (SSM) can thus be used as a universal local model around saddle-center libration 
points of the RTBP problem, and its cosine expression explains the  shape of the KAM curves in Fig. 14.

6.2.  Global approximation error

Suppose now that we are now interested in an accurate representation in the whole domain of the scattering map 

 = {(𝐼, 𝜙)∶ 𝐼 ∈ [1, 7] and 𝜙 ∈ [0, 2𝜋)}. (20)

The approximation error over the global domain is given in Table 4. If we want an approximation error 𝜖 = max{𝜖𝐼 , 𝜖𝜙} less than 
0.1, we need to increase the degree of Fourier-Polynomial interpolation to 𝑁 = 4 and 𝐿 = 5. In fact, Fig. 12(b) shows that 𝑁 = 4, 𝐿 = 5
gives a good approximation in the global domain .

From now on, we will use 𝑁 = 4, 𝐿 = 5 as our model for the global scattering map 𝜎1.
A similar analysis suggests that 𝑁 = 4, 𝐿 = 6 be used for the global scattering map 𝜎2.
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Table 4 
Global approximation error 𝜖𝐼 (top panel) and 𝜖𝜙 (bottom panel) as a function of 𝑁,𝐿 for the standard 
scattering map 𝜎1. The error is evaluated in the original data set 𝐼 = 1, 2,… , 7.

 L
𝑁  0  1  2  3  4  5  6  7
 2  0.680000  0.963414  0.495653  0.261042  0.385496  0.131751  0.219163  0.094550
 4  0.680000  0.975219  0.618115  0.276085  0.387552  0.087317  0.156552  0.021123
 6  0.680000  0.996139  0.656461  0.266668  0.381078  0.107612  0.144998  0.013382
 8  0.680000  1.003501  0.657922  0.287596  0.367730  0.110813  0.148937  0.013159
 10  0.680000  1.007927  0.647908  0.287781  0.356098  0.105846  0.149545  0.012512

 L
𝑁  0  1  2  3  4  5  6
 2  0.449508  0.268271  0.157380  0.065119  0.148788  0.068206  0.121809
 4  0.449508  0.270152  0.169874  0.074112  0.150692  0.085074  0.132709
 6  0.449508  0.269731  0.169564  0.076822  0.153570  0.083003  0.132714
 8  0.449508  0.269683  0.169068  0.079125  0.155540  0.083914  0.131502
 10  0.449508  0.269748  0.169407  0.080213  0.157050  0.085329  0.131450

Table 5 
Global approximation error 𝜖𝐼 (top panel) and 𝜖𝜙 (bottom panel) as a function of 𝑁,𝐿 for the standard 
scattering map 𝜎1. The error is evaluated in the independent data set 𝐼 = 0.5, 1.5, 2.5,… , 6.5. Compare to 
the original data set in Table 4.

 L
𝑁  0  1  2  3  4  5  6  7
 2  0.680000  0.782085  0.367800  0.198887  0.233913  0.071975  0.104571  0.077636
 4  0.680000  0.822172  0.465488  0.201108  0.227997  0.035848  0.062120  0.032394
 6  0.680000  0.841491  0.497539  0.205914  0.224239  0.048805  0.052237  0.022763
 8  0.680000  0.848342  0.499856  0.219921  0.216637  0.050972  0.053874  0.023362
 10  0.680000  0.852520  0.491977  0.219181  0.209180  0.049182  0.054193  0.023105

 L
𝑁  0  1  2  3  4  5  6
 2  0.370667  0.210922  0.112123  0.063086  0.107801  0.040273  0.067627
 4  0.370667  0.213108  0.123612  0.057792  0.107593  0.040863  0.062113
 6  0.370667  0.212718  0.122866  0.059556  0.109339  0.039459  0.062510
 8  0.370667  0.212655  0.122537  0.059490  0.110579  0.039398  0.061885
 10  0.370667  0.212716  0.122826  0.059643  0.111556  0.039633  0.061842

7.  Inner map

Recall that the inner flow refers to the restriction of the RTBP flow to the normally hyperbolic invariant manifold Λ𝑐 , while the 
inner map refers to the restriction of the first return map  to ΛΣ

𝑐 . Abusing notation, the inner map will still be called  .
As explained in Section 2.1, the RTBP flow on the center manifold 𝑊 c(𝐿1) consists simply on a translation on the 2-torus,

𝐽̇𝑝 = 0, 𝜙̇𝑝 =
𝜕𝐻
𝜕𝐽𝑝

=∶ 𝜈𝑝(𝐽𝑝, 𝐽𝑣),

𝐽̇𝑣 = 0, 𝜙̇𝑣 = 𝜕𝐻
𝜕𝐽𝑣

=∶ 𝜈𝑣(𝐽𝑝, 𝐽𝑣).

The value of the planar and vertical frequencies 𝜈𝑝, 𝜈𝑣 of the torus are obtained differentiating the Hamiltonian in Birkhoff normal 
form.

Upon restriction to the NHIM Λ𝑐 , we get rid of the planar action 𝐽𝑝, which can be recovered if necessary using the energy condition, 
so the inner flow is

𝐽̇𝑣 = 0, 𝜙̇𝑝 = 𝜈𝑝(𝐽𝑣), 𝜙̇𝑣 = 𝜈𝑣(𝐽𝑣). (21)

Finally, the first return map of the inner flow to the section Σ is

𝐽 ′
𝑣 = 𝐽𝑣, 𝜙′

𝑣 = 𝜙𝑣 +
2𝜋𝜈𝑣(𝐽𝑣)
𝜈𝑝(𝐽𝑣)

.

In terms of the scaled coordinates 𝐼, 𝜙, the inner map  ∶ Λ𝑁,Σ
𝑐 → Λ𝑁,Σ

𝑐  is given by
𝐼 ′ = 𝐼, 𝜙′ = 𝜙 + 𝜈(𝐼), (22)
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Fig. 13. The inner shift 𝜈(𝐼).

where we have introduced the new function

𝜈(𝐼) ∶=
2𝜋𝜈𝑣(𝐼∕1000)
𝜈𝑝(𝐼∕1000)

.

As seen in Fig. 13, the inner shift 𝜈(𝐼) decreases almost linearly with 𝐼 . In particular, this shows that the inner map  is a twist map.

8.  Phase space of the scattering map

In Sections 5 and 6, we have obtained a series representation of the scattering maps 𝜎(𝐼, 𝜙) with small approximation error. This 
representation is valid on an annulus  inside the NHIM (see Eq. (20)). Thus we can now iterate the scattering map in .

To explore the global phase space of the scattering map, we perform the following experiment:  Take 300 × 300 initial conditions 
evenly distributed in , and iterate each initial condition 100 times by the scattering map. The resulting phase space portrait is shown 
in Fig. 14.

Notice that the scattering map (13), rewritten as 

𝜙′ = 𝜙 − 𝜔(𝐼) − 𝜕̃
𝜕𝐼

(𝐼, 𝜙′) (23a)

𝐼 ′ = 𝐼 + 𝜕̃
𝜕𝜙′ (𝐼, 𝜙

′) (23b)

can be seen as a perturbation of the integrable map (𝐼, 𝜙) ↦ (𝐼 ′ = 𝐼, 𝜙′ = 𝜙 − 𝜔(𝐼)), as long as the derivatives of ̃ are small enough. 
The frequency −𝜔(𝐼) represents the phase shift of the map (𝐼, 𝜙) ↦ (𝐼 ′ = 𝐼, 𝜙′ = 𝜙 − 𝜔(𝐼)).

Since 𝜔′(𝐼) ≠ 0 (see Fig. 11), the integrable map (𝐼, 𝜙) ↦ (𝐼, 𝜙 − 𝜔(𝐼)) is a twist map. Below we check that the scattering map is 
also a twist map. (See ‘Twist Condition’).

By KAM theory (for an area preserving map given by its generating function; see, for instance, Arnold and Avez[47], Haro[48]), 
when the derivatives of ̃ are small, we expect that many of the invariant tori of the integrable twist map persist.

8.1.  Phase shift

The phase shift of the scattering map (23) is 𝜙′ − 𝜙 = −𝜔(𝐼) − 𝜕̃
𝜕𝐼 (𝐼, 𝜙

′). The divided differences of 𝜔(𝐼) are listed in Table 2. 
From these data we see that |𝑐0| ≫ |𝑐1| ≫ |𝑐𝑗 | for 𝑗 = 2,… , 6. Comparing with Table 1, we notice that |𝑐0| ≫ |𝑎̃𝑛𝑗 |, |𝑏̃

𝑛
𝑗 |, 𝑗 = 1,… , 7, 

𝑛 = 2, 4, 6, 8. This implies that 𝜕̃
𝜕𝐼

 is much smaller than 𝜔(𝐼), which is non-zero, at least for 𝐼 small enough. This argument could be 
used to assert that the phase shift is non-zero in the local domain loc.

To deal with the global domain , we determine the range of 𝐼 values where the phase shift is non-zero. The phase shift is bounded 
by

−𝜔(𝐼) − max
𝜙′

|

|

|

𝜕̃
𝜕𝐼

(𝐼, 𝜙′) ≤ −𝜔(𝐼) − 𝜕̃
𝜕𝐼

(𝐼, 𝜙′) ≤ −𝜔(𝐼) + max
𝜙′

|

|

|

𝜕̃
𝜕𝐼

(𝐼, 𝜙′).

We have computed these bounds explicitly, using the series expansions of 𝜔(𝐼) and 𝜕̃𝜕𝐼 (𝐼, 𝜙′). The result is shown in Fig. 15. Note 
that the phase shift for 𝜎1 is non-zero for all 𝐼 ∈ [1, 7], while the phase shift for 𝜎2 (modulo 𝜋) is non-zero except possibly for a small 
range of 𝐼 values close to 𝐼 = 7.
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Fig. 14. Phase portrait of the scattering maps 𝜎1 (above) and 𝜎2 (below). The theoretical location of the main resonances, found in Section 9, is 
superimposed in red.

8.2.  Twist condition

Let us compute the twist of the scattering map (23):
𝜕𝜙′

𝜕𝐼
(𝐼, 𝜙′) = −𝜔′(𝐼) − 𝜕2̃

𝜕𝐼2
(𝐼, 𝜙′) − 𝜕2̃

𝜕𝜙′𝜕𝐼
(𝐼, 𝜙′)

𝜕𝜙′

𝜕𝐼
.

Thus

𝜕𝜙′

𝜕𝐼
(𝐼, 𝜙′) = −

𝜔′(𝐼) + 𝜕2̃
𝜕𝐼2

1 + 𝜕2̃
𝜕𝜙′𝜕𝐼

, (24)

provided that the denominator is non-zero.
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Fig. 15. Enclosure of the phase shift for the scattering map 𝜎1 (above) and 𝜎2 (below). The phase shift −𝜔(𝐼) − 𝜕̃
𝜕𝐼
(𝐼, 𝜙′) is enclosed inside the green 

lines.

We have computed the twist (24) explicitly on the global domain , using the series expansions of 𝜔(𝐼) and ̃(𝐼, 𝜙′). The result 
is shown in Fig. 16. Note that the twist for both 𝜎1 and 𝜎2 is non-zero in .

9.  KAM tori and resonant zones for the scattering maps

As seen in Fig. 14, the phase portrait of the scattering maps 𝜎1, 𝜎2 is filled up with invariant curves and some resonant zones 
between them. Recall from Section 8 that both 𝜎1 and 𝜎2 are twist maps. To compute these invariant curves, we now introduce the 
exponential form in the sine-cosine Fourier expansion (16) of 𝜕

𝜕̃
𝜙′

𝜕̃
𝜕𝜙′ =

𝑁
∑

𝑛=1
𝐴𝑛 cos 𝑛𝜙′ +

𝑁
∑

𝑛=1
𝐵𝑛 sin 𝑛𝜙′ =

𝑁
∑

𝑛=−𝑁,𝑛≠0
𝐶𝑛e𝑖𝑛𝜙

′
,

where 𝐶 =
(

𝐶−𝑛,… , 𝐶−1, 𝐶1,… , 𝐶𝑁
)

∈ ℂ2𝑁  satisfies

𝐶𝑛 =
1
2
(𝐴𝑛 − 𝑖𝐵𝑛), 𝐶−𝑛 =

1
2
(𝐴𝑛 + 𝑖𝐵𝑛) = 𝐶𝑛,  for 𝑛 > 0.

Notice that for ̃ = 0, or equivalently 𝐶 = 0, any torus 𝐼 = 𝐼0 is invariant since then 𝐼 ′ = 𝐼0 in the expression (23b) of a scattering 
map, with an inner dynamics 𝜙′ = 𝜙 − 𝜔0 given by (23a), where 𝜔0 ∶= 𝜔(𝐼0).

For ||
|

̃||
|

 small enough, or equivalently |𝐶| small enough, a lot of these invariant curves survive. An invariant curve 𝐼 = 𝐼0 + ℎ(𝜙)
of a scattering map (23) satisfies 𝐼 ′ = 𝐼0 + ℎ(𝜙′), that is

ℎ(𝜙′) = ℎ
(

𝜙′ + 𝜔(𝐼) + 𝜕̃
𝜕𝐼

(𝐼, 𝜙′)
)

+ 𝜕̃
𝜕𝜙′ (𝐼, 𝜙

′),  where 𝐼 = 𝐼0 + ℎ(𝜙).

Expanding in 𝐶 and ℎ we get

ℎ(𝜙′) = ℎ(𝜙′ + 𝜔0) +
𝜕̃
𝜕𝜙′ (𝐼, 𝜙

′) + 𝑂(ℎ𝐶).
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Fig. 16. Twist for the scattering map 𝜎1 (above) and 𝜎2 (below).

Writing ℎ(𝜙′) =
∑𝑁

𝑛=−𝑁,𝑛≠0 ℎ𝑛e
𝑖𝑛𝜙′  we get

∑

ℎ𝑛e𝑖𝑛𝜙
′
=
∑

e𝑖𝑛𝜔0ℎ𝑛e𝑖𝑛𝜙
′
+
∑

𝐶𝑛e𝑖𝑛𝜙
′
+ 𝑂(ℎ𝐶),

which, equating Fourier coefficients, gives

ℎ𝑛 = −
𝐶𝑛

e𝑖𝑛𝜔0 − 1
+ 𝑂(𝐶2) for 0 < |𝑛| ≤ 𝑁.

Communications in Nonlinear Science and Numerical Simulation 152 (2026) 109220 

25 



A. Delshams et al.

For this approximate formula one needs that 𝑛𝜔0
2𝜋

∉ ℤ for |𝑛| ≤ 𝑁 (non-resonant condition), and one sees that, up to order 𝑂(𝐶2), 
the coefficients ℎ𝑛 = 𝑂(𝐶) are uniquely determined by 𝐶. KAM theorem consists in proving the convergence of these expansions for 
diophantine frequencies 𝜔0, using that 𝜎1 and 𝜎2 are twist maps.

9.1.  Resonant zones for 𝜎1

Resonant zones for the symplectic map (13), or, equivalently, (23), where the KAM theorem does not provide invariant curves for 
small , appear around the values 𝐼 such that 𝜔(𝐼)

𝜋
 is a rational number. In the global setting,

𝜔(𝐼) = Ω′(𝐼) ≈
𝐿
∑

𝑙=0
𝑐𝑙𝑁𝑙(𝐼),

where the coefficients 𝑐𝑙 are given in Table 2 for both scattering maps 𝜎1 and 𝜎2.
In particular for 𝜎1 (a totally analogous study for 𝜎2 can be carried out) 

𝜔(0)
𝜋

= 0.630128…, which is not too far for 2∕3 whose 
continued fraction is [1,2], which means that

2
3
= [𝟏, 𝟐] = 1

𝟏 + 1
𝟐

.

Therefore for 𝐼 such that 𝜔(𝐼)
𝜋

= 2
3
, which happens to be 𝐼 ≈ 2.4175, there should appear a resonance, indeed the largest one, since 

the width of the ‘eyes’ of a resonance is related to the denominator, in this case 3.
Other close rationals to 2/3 are given by close modified continued fractions. For instance

[𝟏, 𝟐, 𝟏] = 1

𝟏 + 1

𝟐 + 1
𝟏

= 3
4
.

We can compute some of the largest ones, ordered by their denominators:

𝐼
𝜔(𝐼)
𝜋

 continued fraction

 2.4175 2
3  [1,2]

 6.5550 3
4  [1,2,1]

 5.0752 5
7  [1,2,2]

 4.3631 7
10  [1,2,3]

 3.9523 9
13  [1,2,4]

The continued fraction of 2
3
 can be also written as [1,1,1], and smaller resonant values can be obtained for smaller continued 

fractions like [1, 1, 1, 3] = 7
11

= 0.636363…, etc
For the scattering map 𝜎1, the two main resonances are clearly visible near 𝐼 ≈ 2.4175 and 𝐼 ≈ 6.5550. See Fig. 14 (top panel).

10.  Arnold diffusion

In this section we give details on the verification of the Numerical Result 1. Specifically, we verify numerically that the conditions 
of Theorem 1 are satisfied.

Let

 = {(𝐼, 𝜙) | 𝐼 ∈ [1, 7], 𝜙 ∈ [0, 2𝜋)}

be the annulus where we want to show diffusion. The inner map f is  restricted to , and the system of scattering maps is either 
one of {𝜎1}, {𝜎2}, or {𝜎1, 𝜎2}. Recall that f is a twist map. In Section 8 we verified numerically that 𝜎1 and 𝜎2 are twist maps as well. 

As seen in Table 1, the harmonics of ̃𝑖 for both scattering maps 𝜎1 and 𝜎2, particularly those of degree two, are not zero, so that 
the inner map and any of these scattering maps can not have common invariant curves, and by Theorem 1 both the double dynamical 
systems { , 𝜎1

} and { , 𝜎2
} formed by the inner map and one of the scattering maps have diffusing pseudo-orbits along .

Even more, for the two scattering maps described in Table 1, one sees that the difference between the respective coefficients 𝐶𝑛
is greater than 0.04 for the coefficients 𝐶±1 due to 𝑎̃1. This, together with the fact that the magnitude of the denominator e±𝑖𝜔0 − 1 in 
the formula of ℎ±1 is much smaller than 1, prevents the two scattering maps from having common invariant curves, which, on the 
other hand, is clearly observed in the juxtaposition of the curves found numerically for the two scattering maps. This implies that the 
double dynamical system {𝜎1, 𝜎2

} also has diffusing orbits along the NHIM.
We can take advantage of these dynamics to construct fast diffusing pseudo-orbits obtained from the triple dynamical system 

{

 , 𝜎1, 𝜎2
} formed by the inner map and the two scattering maps. We will give explicit constructions of diffusing pseudo-orbits, 

including fast ones, in Section 12.
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Once such pseudo-orbits are obtained, the Shadowing Lemma Gidea et al. [44, Theorem 3.7] gives true orbits that shadow the 
pseudo-orbits, thus achieving Arnold diffusion.

Note that the above construction of diffusing pseudo-orbits assumes that the inner dynamics is derived from the Birkhoff normal 
form approximation, which is given by an integrable Hamiltonian. However, the original Hamiltonian is not integrable, and the 
NHIM ΛΣ

𝑐  for the original Hamiltonian is not foliated by circles invariant under the true inner map. We will now argue the existence 
of diffusing orbits for the original system.

Recall that the inner map for the Birkhoff normal form is an integrable twist map, and the global error in the numerical integration 
of orbits with initial condition (𝐽 , 𝜙𝑝, 𝜙𝑣) is less than 10−12∕5000; see Section 4. (We recall 𝐽 = 𝐽𝑣 is the vertical amplitude of the 
motion.) Since each level set of 𝐽 is preserved by the inner dynamics  for the Birkhoff normal form, and since 𝐼 = 1000𝐽 , it follows 
that each essential invariant circle Γ for the inner map  for the original Hamiltonian is less than 𝜌1 = 10−12 < 10−9∕1500 away from 
a level set of 𝐼 .

We also know from Section 4.4 that the scattering maps 𝜎1, 𝜎2 are globally defined on . Moreover, for each 𝐼 in the interval 
[1, 7], the oscillation,

sup
𝜙

𝜕̃1
𝜕𝜙′ (𝐼, 𝜙

′) − inf
𝜙

𝜕̃1
𝜕𝜙′ (𝐼, 𝜙

′)

corresponding to 𝜎1, is bigger than 𝜌2 = 0.2.
To see this, note that the smallest oscillations in Fig. 12(b) happen for the action level 𝐼 = 1. Zooming in that action level (Fig. 17), 

it is clear that the oscillation is bigger than 𝜌2 = 0.2. Alternatively, approximate the image of 𝐼 = 1 by the truncated Fourier-Polynomial 
interpolation consisting of the dominant coefficients

𝐼 ′ = 𝐼 + 𝑎̃(2)1 cos 2𝜙′ + 𝑏̃(2)1 sin 2𝜙′,

where 𝑎̃(2)1 = 0.178180 and ̃𝑏(2)1 = −0.097275 (See Table 1). This function has oscillations of size twice its amplitude 
√

(

𝑎̃(2)1

)2
+
(

𝑏̃(2)1

)2
=

0.203003.
Similarly, the oscillation of 𝜕̃2

𝜕𝜙′  corresponding to 𝜎2 is bigger than 0.3.
These facts imply that no essential invariant circle Γ for  is invariant under 𝜎1 or 𝜎2. Therefore, Theorem 1 applies and there are 

orbits of the IFS { , 𝜎1}, as well as orbits of the IFS { , 𝜎2}, that go from the lower boundary of the annulus  to its upper boundary.
Again, the Shadowing Lemma Gidea et al. [44, Theorem 3.7] gives true orbits that shadow the obtained pseudo-orbits, thus 

achieving Arnold diffusion.

11.  Time estimates for inner and transition map

One of our main goals is to estimate the drift time spent by drift orbits, constructed in Section 12. As an intermediate step, we 
measure the time spent on one iterate of the inner map (‘inner time’, or 𝑡in), and the time spent on one iterate of the transition map 
(‘outer time’, or 𝑡out).

In terms of the RTBP inner flow (21), one application of the inner map corresponds to integrating an initial condition (𝐽𝑣, 𝜙𝑝 =
0, 𝜙𝑣) ∈ ΛΣ

𝑐  during the amount of time that it takes to return to the section Σ. Thus, each iterate of the inner map takes time

𝑡in =
2𝜋
𝜈𝑝

.

Numerically, we find that 2.0764 < 𝜈𝑝(𝐼) < 2.0781, and therefore the inner time is bounded by
3.0235 < 𝑡in < 3.0261.

Fig. 17. Image of the action level 𝐼 = 1 by the numerical scattering map (points) versus the scattering map series 𝑁 = 4,𝑀 = 5 (lines).
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In terms of the RTBP flow, one application of the transition map corresponds to a (segment of) a homoclinic trajectory from 
𝑦− ∈ 𝑊 𝑢

loc(Λ𝑐 ) to 𝑦+𝑊 𝑠
loc(Λ𝑐 ). As noted in Section 4.2, the flight time of homoclinic segments is bounded by

5.936738 ≤ 𝑡out ≤ 6.000688.

Therefore in our setting we find that outer times 𝑡out are approximately twice as long as inner times 𝑡in.

12.  Drift orbits

In Section 10 we provided numerical evidence that the conditions of Theorem 1 are fulfilled, hence there exist trajectories that 
exhibit Arnold diffusion, characterized by a drift in the scaled vertical amplitude 𝐼 (see (12)). Our arguments do not provide a way 
to find such orbits, much less those orbits that drift ‘fast’.

In this section, we propose different algorithms to produce drift orbits, i.e., orbits of the iterated function system (IFS) consisting 
of the inner and outer map, whose action variable 𝐼 increases from 𝐼 = 1 to 𝐼 > 7. We produce two different type of orbits:

• Orbits of the iterated function system { , 𝜎1}, { , 𝜎2}, or { , 𝜎1, 𝜎2}. These orbits are a realization of the existence Theorem 1. 
We look for short orbits, i.e. we try to minimize the number of iterates. However, it is important to realize that these orbits do 
not directly translate to pseudo-orbits for the R3BP flow  (since one iterate of the scattering map does not correspond to a 
segment of homoclinic trajectory).

• Orbits of the iterated function system { , 𝜏1}, { , 𝜏2}, or { , 𝜏1, 𝜏2}. These are also a realization of the existence Theorem 1, and 
they directly translate to pseudo-orbits of the R3BP flow. Each iterate of the transition map corresponds to a segment of 
homoclinic trajectory. Using the time estimates of Section 11, we can estimate the total drift time of the pseudo-orbit as:

𝑡 = 𝑛0𝑡in + 𝑛1𝑡out + 𝑛2𝑡out ,

where 𝑛0, 𝑛1 and 𝑛2 denote the number of iterates of  , 𝜏1 and 𝜏2 respectively. Keeping an eye on Astrodynamics applications, we 
want to minimize the total drift time.

12.1. Double dynamical system { , 𝜎𝑖}. Greedy algorithm

In Section 9 we already established that 𝜎𝑖 (𝑖 = 1, 2) has many invariant curves. All iterates of 𝜎𝑖 either belong to an invariant 
curve, or are confined between two invariant curves. Thus it is not possible to cross from 𝐼 = 1 to 𝐼 > 7 using just one scattering map 
𝜎𝑖.

However, according to Theorem 1, one can combine the inner and outer map to produce drift orbits. Now we will explicitly 
construct such drift orbits for the double dynamical system { , 𝜎𝑖}.

Let us partition the domain  of the scattering map into three sets:
 = − ∪0 ∪+.

+ denotes the subdomain where 𝜎 gains action, − where it looses action, and 0 where it neither gains nor looses action:

+ =
{

(𝐼, 𝜙′) ∣ 𝐼 ′ − 𝐼 > 0
}

=
{

(𝐼, 𝜙′) ∣ 𝜕̃
𝜕𝜙′ (𝐼, 𝜙

′) > 0
}

− =
{

(𝐼, 𝜙′) ∣ 𝐼 ′ − 𝐼 < 0
}

=
{

(𝐼, 𝜙′) ∣ 𝜕̃
𝜕𝜙′ (𝐼, 𝜙

′) < 0
}

0 =
{

(𝐼, 𝜙′) ∣ 𝐼 ′ − 𝐼 = 0
}

=
{

(𝐼, 𝜙′) ∣ 𝜕̃
𝜕𝜙′ (𝐼, 𝜙

′) = 0
}

.

These sets are readily identified in Fig. 18. For the first scattering map, 0 roughly consists of two vertical lines at 𝜙′ ≈ 0.5 and 
𝜙′ ≈ 2, and + roughly consists of the vertical strip (𝐼, 𝜙′) ∈ [1, 7] × (2, 0.5). For the second scattering map, 0 roughly consists of two 
vertical lines at 𝜙′ ≈ 1.25 and 𝜙′ ≈ 3, and + roughly consists of the vertical strip (𝐼, 𝜙′) ∈ [1, 7] × (3, 1.25).

A simple strategy to produce drift orbits is to always apply the scattering map if it increases the action (even if the action gain 𝐼 ′ − 𝐼
is small). Otherwise, apply the inner map.

This ‘greedy’ algorithm is guaranteed to produce a drift orbit independently of the initial condition, due to the following simple 
observations: In our model’s domain  of validity,

• The inner map (𝐼 ′, 𝜙′) =  (𝐼, 𝜙), given in Eq. (22), is a twist map with frequency 𝜈(𝐼) ≈ 6.1 on the universal cover (see Fig. 13), 
or 𝜈(𝐼) ≈ −0.2 on the base space (where angles are identified modulo 𝜋). Thus the angle 𝜙 decreases approximately by 0.2 radians 
at every iterate of the inner map.

• Hence, for any given point (𝐼, 𝜙) ∈ , its forward orbit by the inner map eventually enters +.
• If (𝐼, 𝜙) already belongs to +, we apply the scattering map, increasing the action. Else, we apply the inner map until the orbit 
enters +, and then apply the scattering map.

For example, Fig. 19 shows the drift orbit produced starting from the initial condition (𝐼 = 1, 𝜙 = 0). Notice that the drift orbit 
produced by { , 𝜎1} is much longer than the one produced by { , 𝜎2}. However, as explained before, these orbits do not directly 
translate to pseudo-orbits of the RTBP flow, and we don’t have control over their drift time.
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Fig. 18. The function 𝜕̃
𝜕𝜙′ (𝐼, 𝜙′) for 𝜎1 (above) and 𝜎2 (below). Note that the function 𝜙′ → 𝜕̃

𝜕𝜙′ (𝐼0, 𝜙′) attains its maximum at 𝜙′ ≈ 2.8 (above) and 
𝜙′ ≈ 0.6 (below).

12.2. Triple dynamical system { , 𝜏1, 𝜏2}. Shortest-time algorithm

The algorithms described in previous sections are relatively simple to implement, but they yield sub-optimal pseudo-orbits in terms 
of their drift time. Now we focus on finding the optimal drift time. This is specially challenging when combining three dynamical 
systems (inner map, transition map 1, and transition map 2) to construct the pseudo-orbit. Obviously we can’t consider all the possible 
combinations of { , 𝜏1, 𝜏2}, since this number grows exponentially with respect to the length of the orbit. The main idea is to leverage 
the classic Dijkstra algorithm [49] for finding shortest paths in a graph.

First we partition the domain  into a uniform grid of 𝑚 × 𝑛 two-cells (rectangles) of equal size by dividing 𝐼 ∈ [1, 7] into 𝑚
intervals and 𝜙 ∈ [0, 𝜋) into 𝑛 intervals. (In practice, we will use 𝑚 = 𝑛 = 30, so the grid consists of 900 small cells).

We introduce a directed graph 𝐺 =< 𝑉 ,𝐸 > whose vertices 𝑉  represent the different cells. An edge 𝑒 ∈ 𝐸 from 𝑢 ∈ 𝑉  to 𝑣 ∈ 𝑉
means that the center point (𝐼, 𝜙) of cell 𝑢 is mapped into cell 𝑣 either by  , 𝜏1, or 𝜏2. In each case, the edge records the ‘distance’ 
between cells, defined as the integration time corresponding to applying  , 𝜏1, resp. 𝜏2.

More precisely, an edge from 𝑢 to 𝑣 is a pair 𝑒 = (𝑚𝑎𝑝, 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒), where

• 𝑒 = ( , 𝑡in) if (𝐼, 𝜙) is mapped into 𝑣 by the inner map;
• 𝑒 = (𝜏1, 𝑡out ) if (𝐼, 𝜙) is mapped into 𝑣 by the first transition map;
• 𝑒 = (𝜏2, 𝑡out ) if (𝐼, 𝜙) is mapped into 𝑣 by the second transition map;
• 𝑒 = (∅,∞) if (𝐼, 𝜙) is not mapped into 𝑣 by neither map.

On rare occasions, 𝜏1 and/or 𝜏2 can map the center point (𝐼, 𝜙) to the same cell as the inner map. If this happens, the inner map 
is preferred since it takes shorter time, so we set the edge to ( , 𝑡in).

Remark 18. The image (𝐼 ′, 𝜙′) of (𝐼, 𝜙) by the transition map may be outside . However, this can only happen when 𝐼 ′ > 7 (by 
construction, 𝐼 ′ < 0 can never happen). In this case, we associate 𝑢 with the closest cell 𝑣 to the point (𝐼 ′, 𝜙′), namely the cell containing 
(7, 𝜙′). 
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Fig. 19. Drift orbit of { , 𝜎1} (top panel) and { , 𝜎2} (bottom panel) using the greedy algorithm. Green points correspond to iterates of the inner 
map; blue (resp. red) points correspond to iterates of the first (resp. second) scattering map. Iterates have been joined by line segments to make the 
orbit more visible. For reference, the orbit is shown against a background consisting of the phase space of the scattering map.

Given a source cell 𝑠 and a destination cell 𝑡, Dijkstra’s algorithm applied to 𝐺 provides the shortest (directed) path in the graph
from 𝑠 to 𝑡 in terms of the distance defined above.

Notice that this path does not exactly correspond to an orbit of the IFS, since we have only considered iterates of center points to 
construct 𝐺 (and the orbit does not necessarily pass through center points, but rather through arbitrary cell points). However, this 
path clearly informs the choice of map { , 𝜏1, 𝜏2} that we should apply when the orbit passes through a given cell.

For example, suppose that the current iterate is inside cell 𝑢, and the shortest path from 𝑢 to 𝑡 starts with, say,

𝑢
(𝜏1 ,𝑡out )
←←←←←←←←←←←←←←←←←←←←←←←←←←←←←→ 𝑣 ⟶ … ⟶ 𝑡.
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Then, the best choice given the available information is to apply the first transition map to the current iterate.
Our algorithm to construct optimal orbits (shortest drift time) is given in (Algorithm 1).

Algorithm 1 Shortest-time algorithm.
1: procedure OrbitShortestTime(𝑥, 𝑦) ⊳ Shortest-time orbit from point 𝑥 ∈  to (a neighborhood of) point 𝑦 ∈ 
2:  𝑡 ← 𝑐𝑒𝑙𝑙(𝑦) ⊳ Destination cell
3:  𝑜𝑟𝑏𝑖𝑡 ← 𝑥 ⊳ Initialize orbit with 𝑥
4:  while 𝑥 ∉ 𝑛𝑒𝑖𝑔ℎ𝑏𝑜𝑟ℎ𝑜𝑜𝑑(𝑦) do ⊳ End when close enough to 𝑦
5:  𝑢 ← 𝑐𝑒𝑙𝑙(𝑥) ⊳ Update current cell
6:  𝑝𝑎𝑡ℎ ← 𝐷𝑖𝑗𝑘𝑠𝑡𝑟𝑎(𝑢, 𝑡) ⊳ Shortest path from 𝑢 to 𝑡
7:  if 𝑝𝑎𝑡ℎ starts with  then
8:  𝑥 ←  (𝑥)
9:  else if 𝑝𝑎𝑡ℎ starts with 𝜏1 then
10:  𝑥 ← 𝜏1(𝑥)
11:  else ⊳ 𝑝𝑎𝑡ℎ starts with 𝜏2
12:  𝑥 ← 𝜏2(𝑥)
13:  end if
14:  𝑜𝑟𝑏𝑖𝑡 ← 𝑐𝑜𝑛𝑐𝑎𝑡(𝑜𝑟𝑏𝑖𝑡, 𝑥) ⊳ Add iterate 𝑥 to orbit
15:  end while
16:  return 𝑜𝑟𝑏𝑖𝑡
17: end procedure

Fig. 20 shows the shortest-time orbit from 𝑥 = (𝐼, 𝜙) = (1, 1.5) to a neighborhood of 𝑦 = (𝐼, 𝜙) = (7, 1.5). The corresponding pseudo-
orbit for the RTBP flow takes time 34𝑡in + 17𝑡out ≈ 204 RTBP time units, i.e. about 32 years (optimal drift time). Compare this to the 
orbits obtained in previous sections.

Notice that the optimal orbit uses all three dynamics ( , 𝜏1 and 𝜏2) for maximum flexibility.
Notice that some iterates actually decrease the action. The key point is that, sometimes, one needs to take an iterate that decreases 

action in order to quickly move to a region where it later increases sharply. This way the pseudo-orbit’s time is globally optimized.
Finally, from the orbit of the IFS { , 𝜏1, 𝜏2} we can construct a pseudo-orbit by concatenating segments of trajectories of the RTBP 

flow. Each iterate of the inner map  corresponds to its flow suspension, which is integrated using the Birkhoff normal form. Each 

Fig. 20. Drift orbit of the triple system { , 𝜏1, 𝜏2} using the shortest path algorithm. Notice that some iterates of the transition map actually reduce
the action, in order to increase it more efficiently overall.
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Fig. 21. Top left: Trajectory segment corresponding to the first application of 𝜏1 in Fig. 20 (endpoints are marked with squares). The Earth is 
represented by a blue circle (not to scale). Middle right: Segments corresponding to 𝜏1◦3. Bottom left: Segments corresponding to 𝜏1◦3◦𝜏2.

iterate of the transition map 𝜏1 or 𝜏2 corresponds to a finite piece of homoclinic trajectory, which is computed by continuation of 
those previously found in Section 4.

Fig. 21 illustrates the construction of the pseudo-orbit corresponding to the orbit in Fig. 20: First, 𝜏1 is applied once; this corre-
sponds to the blue homoclinic segment. Then  is applied three times; this corresponds to the green segment. Next, 𝜏2 is applied 
once; this corresponds to the homoclinic red segment. Notice that all segments start and end on the Poincaré section Σ (endpoints 
are marked with squares). This construction would continue until the whole pseudo-orbit is obtained (not displayed).
Remark 19. We have obtained a pseudo-orbit, not a true trajectory of the RTBP. The endpoints of consecutive segments do not exactly 
match in positions or velocities, but the discontinuities are small (as is apparent in Fig. 21). In fact, the velocity discontinuities 
Δ𝑣 = ‖

‖

(Δ𝑋̇,Δ𝑌̇ ,Δ𝑍̇)‖
‖

, are smaller than 3.5 × 10−4. Since the complete pseudo-orbit consists of 27 consecutive segments, the total 
required thrust is less than 26 × 3.5 × 10−4 ≈ 0.0091 non-dimensional RTBP units. When converted into metric units, this amounts to 
271m/s.

Of course, to this pseudo-orbit one can apply shadowing results Gidea et al. [44, Theorem 3.7] to establish the existence of a true 
RTBP trajectory that shadows it. For applications, however, obtaining the pseudo-orbit is often the crucial step, since it is ultimately 
refined in a much more realistic model than the RTBP, e.g. using JPL’s Ephemeris.
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