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Abstract. We introduce a general methodology for constructing globally unstable trajectories near the normally5
hyperbolic invariant manifold (NHIM) of a saddle-center-center Hamiltonian equilibrium. We assume6
that the stable and unstable manifolds of the NHIM intersect transversally along homoclinic channels.7
The proposed approach builds upon the classical geometric mechanism of searching for trajectories8
near heteroclinic connections between invariant tori of the NHIM. The main ingredient is the Birkhoff9
normal form near the NHIM, which allows us to control the dynamics of the hyperbolic and center10
components. We construct transition maps on the NHIM that encode the dynamics along heteroclinic11
connections. By combining the transition maps with the inner dynamics, given by the restriction of12
the Hamiltonian flow to the NHIM, we show that these connections can be efficiently (in terms of13
travel time) shadowed by true trajectories of the full Hamiltonian system.14
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1. Introduction. In 1964, Arnold [4] introduced the method of “transition chains” formed18

by transverse heteroclinic trajectories between invariant tori to prove the existence of global19

instability in Hamiltonian systems, a phenomenon that later received the name Arnold diffusion.20

Arnold’s seminal work was extended through the introduction of geometric methods [16],21

based on the existence of a normally hyperbolic invariant manifold (NHIM), which acts as an22

organizing structure for the dynamics. Assuming that the stable and unstable manifolds of the23

NHIM intersect transversely along a homoclinic manifold, the dynamics can then be decomposed24

into an inner dynamics—corresponding to the restriction of the dynamics to the NHIM—and25

outer dynamics—corresponding to the dynamics along homoclinic orbits to the NHIM. The26

outer dynamics can be encoded in several ways. One way to encode the outer dynamics is via27

the scattering map [16], which relates the asymptotic past of a homoclinic point to its asymptotic28

future. Another way is via the transition map [21], which relates the projection onto the NHIM29

of the starting point of a homoclinic orbit segment to the projection onto the NHIM of the30

ending point of the segment. While the scattering map and the transition map are conjugated31

by the dynamics, the transition map offers the advantage of direct numerical computability.32

Computing the scattering map, by contrast, requires knowing both the transition map and the33

inner dynamics. In this paper, we focus on the transition map as our primary tool.34

Combining the inner and the scattering maps, or the transition maps, one can construct35

diffusion pseudo-orbits. Finally, applying some shadowing lemmas, true diffusion trajectories of36

the system can be found. Geometric methods have been used to prove the existence of Arnold37

diffusion in different perturbative settings, where the scattering map can be computed explicitly38

to leading order. This is the case, for example, for “a priori unstable” Hamiltonian systems,39

which are systems close to integrable that already possess a NHIM [17, 18, 26, 27, 20, 29, 30,40

35, 37, 11, 24, 31]. This is also the case for “a priori-chaotic” systems, which are perturbations41

of globally stable systems that possess a NHIM with transverse intersection of their invariant42

manifolds [16, 18, 34, 1, 15, 12]. There are also examples in celestial mechanics [28, 9, 13, 2, 14,43
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7, 39].44

In this paper, we consider a non-perturbative setting that is often encountered in appli-45

cations, where the system parameters are fixed and specified in advance. If the same geometric46

structures are present (NHIM, transverse intersection of the stable and unstable manifolds), we47

may still consider the inner and scattering maps or transition maps, and use them to construct48

long pseudo-orbits that explore large regions of interest in the phase space. However, in the49

general case it is not possible to calculate these maps perturbatively; instead, one can perform50

a semi-analytical approximation [23].51

Concretely, we consider a 3-degree-of-freedom Hamiltonian H with a saddle-center-center52

equilibrium point L, for which the corresponding center manifold has stable and unstable man-53

ifolds that intersect transversally. We parameterize the center manifold by a system of action-54

angle variables. In this context, we study global instability, specifically, we explicitly construct55

orbits along which one of the action variables varies significantly. As described in [3], a partic-56

ularly relevant motivation and application is the SR3BP.57

We now outline some of the main steps of the construction. Around the equilibrium point L,58

we introduce coordinates provided by the Birkhoff normal form (BNF for short, see Section 459

for full details) up to a given order M . This construction relies on a general non-resonance60

condition on the characteristic exponents of L up to order M . In these BNF coordinates,61

denoted by62

(1.1) (x, y, I, ϕ) = (x, y, Ip, Iv, ϕp, ϕv) ∈ U = [−δ, δ]2 × [0, r]2 × T2,63

the Hamiltonian H splits as H = Z +R = Z(M) +R(M). The integrable part,64

Z = Z(I) = Z(Is, Ip, Iv),65

depends only on the actions I = (Is, Ip, Iv), where Is = xy represents the saddle component,66

with x and y being the conjugate saddle variables, and I = (Ip, Iv) are the two action variables,67

with conjugate angles ϕ = (ϕp, ϕv). The subscripts s, p and v stand for the saddle, planar, and68

vertical components, respectively (the terminology is borrowed from the SR3BP framework).69

Consequently, the flow of the truncated normal form Z(I) can be integrated explicitly (see70

Section 4).71

The term R = R(M, δ, r) is the remainder. We estimate its size within the domain U both72

analytically and numerically (see Sections 8, [3, Sections 5 and 6]), showing that it is typically73

negligible for practical and numerical purposes.74

In BNF coordinates, the 4-dimensional (local) center manifold Λ is normally hyperbolic and75

is given by x = y = 0. A point X = (0, 0, I, ϕ) ∈ Λ is parameterized by the two action variables76

I = (Ip, Iv) and the two conjugate angles ϕ = (ϕp, ϕv). Furthermore, its 5-dimensional stable77

and unstable invariant manifolds are given by equations x = 0 and y = 0, respectively.78

In our setting, neglecting the remainder R implies that the dynamics within Λ consist purely79

of angle translations along invariant tori. This recurrent behavior can be leveraged to reduce the80

dimensionality of the system through two steps. First, fixing the energy at H = h isolates one81

of the action variables. For instance, the planar action can be expressed as Ip = fh(Is, Iv) using82

the energy equation, which in BNF variables reads Z(Is, Ip, Iv) = h. Let Uh = U ∩ {H = h}83

denote the BNF domain within the energy manifold, and Λh = Λ ∩ {H = h} the NHIM within84

this same energy manifold. Second, we eliminate one dimension by choosing an appropriate85

section within Uh, namely Σ = {ϕp = 0}.86

This allows us to restrict the dynamics to a 4-dimensional reduced phase space defined as87

UΣ
h := Uh ∩ Σ:88

(1.2) UΣ
h = {k = (x, y, I, ϕ) : Ip = fh(Is, Iv), ϕp = 0, (x, y) ∈ [−δ, δ]2, Iv ∈ [0, r], ϕv ∈ T},89

which is parameterized by (x, y, Iv, ϕv). The dynamics on UΣ
h is described by the first return90

map F of the Hamiltonian flow, which is a symplectic diffeomorphism with respect to the91

symplectic form dy ∧ dx+ dIv ∧ dϕv.92
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SHADOWING OF TRANSITION MAPS I 3

Embedded within UΣ
h is the two-dimensional reduced NHIM93

(1.3) ΛΣ
h := Λh ∩ Σ = {x = (0, 0, I, ϕ) : Ip = fh(0, Iv), ϕp = 0, Iv ∈ [0, r], ϕv ∈ T} ,94

which is parameterized solely by (Iv, ϕv). We denote by f the restriction of the first return map95

F to ΛΣ
h .96

Then, a semi-analytical computation of the transition map [21] can be performed. In this97

paper, we employ the transition map T and the reduced transition map τ instead of the scatter-98

ing map S and the reduced scattering map σ used in [21, 23]. Although both maps are conjugate99

by the flow (see Section 2) and play a similar role, they differ fundamentally in their temporal100

scales: the transition map encodes finite-time homoclinic segments, whereas the scattering map101

encodes infinite-time homoclinic orbits (see Definition 2.2). Consequently, the transition map102

implicitly preserves information on the transition time of each homoclinic segment, which is ab-103

sent in the scattering map. This temporal information is crucial for tracking the total duration104

of pseudo-orbits. Note that obtaining sharp estimates on diffusion times is notoriously difficult105

(see, for instance, [6, 5, 43, 30] and references therein).106

Moreover, the transition map can be directly obtained from the numerical procedure to107

compute homoclinic trajectories, while the scattering map is indirectly obtained from the tran-108

sition map (see Section 5). We expect that numerical analysts will prefer the transition map,109

as it remains closer to computations.110

In our context, we obtain several transition maps {τ1, . . . , τL} associated to different families111

of homoclinic segments. Then, we consider the Iterated Function System (IFS) {f , τ1, . . . , τL},112

formed by the transition maps and the inner map. We construct orbits of the IFS along which113

the vertical action Iv undergoes some significant gain. Then we develop some efficient shadowing114

strategies (see Section 3) that provide true trajectories that achieve the same gain (up to a small115

error). In particular, we consider a simple situation (motivated by applications) in which the IFS116

consists only of transition maps and not inner maps. Theorem 3.1 and Theorem 3.2 guarantee117

the existence of true orbits that shadow a given orbit of the IFS {τ1, . . . , τL}.118

The shadowing strategies presented in Section 3 significantly improve existing shadowing119

theorems in the literature (such as, among others, [33, 17, 34, 36]). While those classical results120

establish the existence of shadowing orbits, they generally lack a constructive procedure to121

locate them. Furthermore, they typically require a large number of iterations, which translates122

into excessively long integration times in the original Hamiltonian system.123

In contrast, by leveraging the BNF to approximate the motion near the NHIM, our shadow-124

ing lemmas in Section 3 are constructive and efficient. Here, efficiency implies that the travel125

time along the true trajectories closely matches that of the IFS orbits. This approach shares126

similarities with the shadowing method in [34], which utilizes Fenichel normal form.127

To distinguish the IFS orbits from the true trajectories of the system, we will refer to the128

former as guiding orbits. In our setting, a guiding orbit of an iterated function system (IFS)129

with dynamics {f , τ1, . . . , τL} is simply a finite sequence (xi)
N
i=1 of points in the two-dimensional130

reduced NHIM ΛΣ
h , where each iterate satisfies one of the following conditions:131

• Inner map: xi+1 = f (xi). This map models a “complete revolution” of the vertical132

angle ϕv from 0 to 2π within ΛΣ
h , during which the vertical action Iv remains constant.133

• Transition map: xi+1 = τj (xi) for some j = 1, . . . , L. This map governs the evolution134

along a segment of a homoclinic orbit to ΛΣ
h , along which Iv may vary.135

The companion paper [3] illustrates the efficiency of this methodology in the case of the136

NHIM associated to the libration point L1 of the Spatial Restricted 3-Body Problem (SR3BP)137

for the Sun-Earth system.138

2. Preliminaries.139

2.1. Scattering map. We recall the definition of the scattering map following [19]. We140

consider a general setting of flow Φt on a manifold M , and assume that there is a normally141
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hyperbolic invariant manifold Λ for the flow. Associated to Λ we have stable and unstable man-142

ifolds, W s(Λ) and W u(Λ), which are foliated by stable and unstable leaves W s(Λ) =
⋃︁

y∈ΛW s
y143

and W u(Λ) =
⋃︁

y∈ΛW u
y . The canonical projections along the leaves are defined as follows:144

Ω+ : W s(Λ) → Λ is given by Ω+(x) = xs provided that x ∈ W s(xs) and Ω− : W u(Λ) → Λ is145

given by Ω−(x) = xu provided that x ∈ W u(xu).146

We will implicitly assume that the the manifold M , the flow Φt, as well as the NHIM Λ and147

the related geometric structures described above are differentiable enough.148

Suppose that W s(Λ) and W u(Λ) intersect transversally along a homoclinic manifold Γ, that149

is, for each x ∈ Γ ⊆ W u(Λ) ∩W s(Λ), we have150

TxM = TxW
u(Λ) + TxW

s(Λ),

TxΓ = TxW
u(Λ) ∩ TxW

s(Λ).
151

and moreover, the following strong transversality condition holds:152

TxW
s(Λ) = TxW

s(x+)⊕ Tx(Γ),

TxW
u(Λ) = TxW

u(x−)⊕ Tx(Γ).
153

Then, the restrictions ΩΓ
+, Ω

Γ
− of Ω+, Ω−, respectively, to Γ are local diffeomorphisms. If Γ154

is so that ΩΓ
+, Ω

Γ
− are diffeomorphisms onto their images, then it is referred to as a homoclinic155

channel.156

When we flow the homoclinic channel Γ to Φt(Γ), t ∈ R, the corresponding wave maps are157

conjugate by the flow, i.e.,158

(2.1) Ω
Φt(Γ)
+ = Φt ◦ ΩΓ

+ ◦ Φ−t.159

Definition 2.1. Given a homoclinic channel Γ, the scattering map associated to Γ is a diffeo-160

morphism from Dom(SΓ) := ΩΓ
−(Γ) ⊆ Λ to Im(SΓ) := ΩΓ

+(Γ) ⊆ Λ given by161

SΓ = ΩΓ
+ ◦ (ΩΓ

−)
−1.162

The scattering map depends on the choice of the homoclinic channel Γ. In general, its163

domain and range are proper subsets of Λ.164

From Definition 2.1 it follows that, if x ∈ Γ is a homoclinic point and165

SΓ(xu) = xs, where xu,s ∈ Λ,166

then167

d(Φ−t−(x),Φ−t−(x
u)) → 0, as t− → ∞,

d(Φt+(x),Φt+(x
s)) → 0, as t+ → ∞.

168

A remarkable property of the scattering map is that it is (exact) symplectic, provided that169

the manifold M and the flow Φt are (exact) symplectic. We refer to [19] for details.170

When we flow the homoclinic channel Γ to Φt(Γ), it follows from (2.1) that the corresponding171

scattering maps are conjugate by the flow, so we have the following invariance property172

(2.2) SΦt(Γ) = Φt ◦ SΓ ◦ Φ−t,173

for t ∈ R. We note that on the right-hand side the above, the flow Φt acts on Λ.174
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SHADOWING OF TRANSITION MAPS I 5

2.2. Transition map. We now recall the transition map (see [19]).175

Definition 2.2. Given a homoclinic channel Γ and (sufficiently large) times T−, T+, the tran-176

sition map T = T Γ
T−,T+

: Φ−T−(Dom(SΓ)) → ΦT+(Im(SΓ)) is given by177

(2.3) T = ΦT+ ◦ SΓ ◦ ΦT− .178

We write T (x−) = x+.179

Remark 2.3. In Definition 2.2 the times T+, T− are fixed. More generally, we can consider180

T+, T− as continuous functions on Γ. In Section 5, given a neighborhood U of the NHIM Λ,181

and Σ+, Σ− two surfaces of section inside U , for any x ∈ Γ we will define T− = T−(x) as the182

first time t > 0 when Φ−t(x) ∈ Σ−, and T+ = T+(x) as the first time t > 0 when Φt(x) ∈ Σ+.183

Since both the scattering map and the inner dynamics are (exact) symplectic, it follows that184

the transition map is also (exact) symplectic.185

Using the conjugacy (2.1), the transition map can also be written186

(2.4) T = Ω
Γ+
+ ◦ ΦT+ ◦ ΦT− ◦

(︂
Ω
Γ−
−

)︂−1
,187

where we have introduced Γ+ := ΦT+(Γ) and Γ− := Φ−T−(Γ). This will be used in Section 5188

to compute the transition map, because the local wave maps Ω
Γ±
± have particularly simple189

expressions in BNF coordinates.190

Now we consider the case of a discrete-time dynamical system, given by a diffeomorphism191

F on M . Let Λ be a NHIM for F , and let f denote the restriction of F to Λ. Let Γ be a192

homoclinic channel.193

Then the scattering map σΓ can be defined in a similar way to the flow case.194

The invariance property (2.2) becomes:195

σf(Γ) = f ◦ σΓ ◦ f−1.196

The transition map τ = τΓm,n can be defined in a similar way to the flow case, i.e.,197

τ = fm ◦ σΓ ◦ fn,198

for m,n > 0 sufficiently large.199

Using the invariance of the scattering map we obtain200

τΓm,n = fm ◦ σΓ ◦ fn = fm−1 ◦ σF(Γ) ◦ fn+1 = τ
F(Γ)
m−1,n+1.201

It follows:202

τΓm,n = τ
Fk(Γ)
m−k,n+k,203

for any k ∈ Z.204

2.3. Shadowing lemmas. Let Λ be a NHIM for F , f = F|Λ and σα, α ∈ {1, . . . , L}, be a205

finite collection of scattering maps. (We omit the homoclinic channel from the notation.)206

We assume that there is a neighborhood U of Λ on which there is as system of coordinates207

(x, y, θ) with the following properties:208

Λ ={(x, y, θ) : x = y = 0},
W u(Λ) ={(x, y, θ) : y = 0},
W s(Λ) ={(x, y, θ) : x = 0},
W u(x) ={(x, y, θ) : y = 0, θ = θ(x)} for x ∈ Λ,

W s(x) ={(x, y, θ) : x = 0, θ = θ(x)} for x ∈ Λ.

(2.5)209

210
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Remark 2.4. In the context of Sections 4 and 5, the coordinates (x, y, θ) represent the normal211

form coordinates (x, y, I, ϕ)—with θ = (I, ϕ)—as described in (1.2).212

We consider a sequence of transition maps τi, i = 1, ..., N − 1, where213

τi = fmi ◦ σα(i) ◦ fni ,214

for some scattering map σα(i) with α(i) ∈ {1, . . . , L} and some mi, ni > 0. Each transition map215

τi depends on both the scattering map σαi and the orders of iterates mi, ni. Hence, one can216

have τi = τj for some i ̸= j. We denote by Mi := mi + ni the number of iterates associated to217

the transition map τi.218

Let219

x1,x2 . . . ,xN220

be a guiding orbit in Λ of the transition maps τ1, . . . , τN−1, in the sense that221

τi(xi) = xi+1 for i = 1, . . . , N − 1.222

Remark 2.5. Above, we implicitly assume that the range of τi intersects the domain of τi+1,223

for i = 0, . . . , N − 1. In the context of the SR3BP, this is automatically satisfied since the224

scattering map and the corresponding transition maps are globally defined. See [3, Section 7.1]225

Lemma 2.6. Let σα be a family of scattering maps with associated homoclinic channels Γα,226

for α ∈ {1, . . . , L}.227

For every ε > 0 there exists Mmin < Mmax such that, if228

τi = fmi ◦ σα(i) ◦ fni , i = 1, . . . , N − 1,229

is a transition map associated with the homoclinic channel Γα(i), and with mi, ni satisfying230

Mmin ≤ Mi = mi + ni ≤ Mmax, and if231

xi+1 = τi(xi), for i = 1, . . . , N − 1,232

then there exists a point y1 whose orbit y1, . . . ,yN ε-shadows x1,x2, . . . ,xN in the sense233

yi+1 =FMi(yi), and

d(yi,xi) <ε for i = 1, . . . , N.
234

The orbit y1, . . . ,yN is a true orbit of the system. The number of iterates to take yi to yi+1 is235

Mi = mi + ni, which is the same as the number of iterates associated to the transition map τi.236

In particular, we can choose the number of iterates mi = m∗, ni = n∗, and Mi = M∗ to be237

independent of i.238

The proof of this lemma will be given in Section 7.239

Remark 2.7. We compare Lemma 2.6 with some similar shadowing lemma type of results.240

The paper [36] provides a result on shadowing orbits generated by scattering maps on a NHIM.241

The argument requires that the dynamics restricted to the NHIM satisfies Poincaré recurrence242

and, therefore, the shadowing orbits may take a long time. Another result in the paper is on243

shadowing orbits obtained by alternately applying scattering maps and iterates of the inner244

dynamics. While this result does not require Poincaré recurrence, it requires that the number245

of iterates at each step is sufficiently large with respect to the number of iterates at all previous246

steps. A similar result to the latter appears in [34]. Our Lemma 2.6 concerns shadowing orbits247

of transition maps and gives a uniform number of iterates of the inner dynamics. Since the248

transition map also encodes the effect of the inner dynamics, and we require that the input of249

each transition map coincides with the output of the preceding transition map, there is no need250

to invoke recurrence. However, this lemma only allows for the shadowing of finite orbits.251
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3. Main results. Some of the standard shadowing results about finding true trajectories252

that follow given pseudo-orbits are not practical for concrete applications. On the one hand,253

the existence of the true trajectories is not constructive and, on the other hand, the theoretical254

shadowing results may involve a large number of iterations, which translates into an enormous255

time in the original Hamiltonian.256

The main objective of this paper is to provide a constructive and efficient shadowing of the257

guiding orbits.258

The first shadowing result is achieved by using Birkhoff Normal Form (BNF) variables259

within the domain U (4.2), where the reduced NHIM ΛΣ
h takes the form (1.3) and the associated260

reduced transition maps are defined. Outside U , the candidates for drift trajectories are N orbit261

segments that exit U through the unstable (outgoing) section Σ− = {x = ±δ} and return to U262

through the stable (incoming) section Σ+ = {y = ±δ}, traveling close to the selected homoclinic263

trajectories to the NHIM Λ. Note that the drift trajectories constructed in Theorem 3.1 (below)264

are not arbitrarily close to the guiding orbit—as is the case in standard shadowing lemmas—but265

are instead only δ-close. This restriction minimizes the drift time, matching the duration spent266

along the homoclinic segments that generate the guiding orbit.267

Moreover, to obtain drift trajectories with the shortest travel time, we consider in Theo-268

rem 3.1 guiding orbits formed exclusively by iterations of transition maps. Consequently, we269

seek trajectories that cross the section Σ only once inside U , which implies they will not re-270

main too close to the NHIM. Thus, to guarantee a proper return, we impose the homecoming271

condition (6.4):272

(N − 1)χ < 2πλ/νp,273

where the saddle exponent λ =
∂Z
∂Is

and the planar frequency νp =
∂Z
∂Ip

are introduced in274

equations (4.3–4.5), whereas eχ is a uniform bound for the maximum of the derivatives of the275

exterior Poincaré maps P j
ext : Σ− → Σ+ associated with the transition maps τj for 1 ≤ j ≤ L.276

Theorem 3.1 (Analytical shadowing of a guiding orbit of transition maps). Let (xi)
N
i=1 be a277

guiding orbit of the iterated function system (IFS) defined on the reduced NHIM ΛΣ
h (1.3) gener-278

ated solely by L ≥ 1 reduced transition maps {τ1, . . . , τL}, expressed in BNF coordinates (1.1).279

Let δ be the size of the saddle variables (1.2) within the BNF domain U , and assume that the280

homecoming condition (6.4) holds.281

Then, there exists a true trajectory Φt(x) of the system that δ-shadows the guiding orbit.282

Specifically, there exists a strictly increasing sequence of times 0 < t1 < · · · < tN such that283

∥Φti(x)− xi∥ ≤ δ for all i = 1, . . . , N.284

Moreover, if the guiding orbit (xi)
N
i=1 is generated by a sequence of homoclinic segments

[︁
z−
i , z

+
i+1

]︁
,285

where z−
i ∈ W u (xi) ∩ ΛΣ

h and z+
i+1 = ΦT i

(︁
z−
i

)︁
∈ W s (xi+1) ∩ ΛΣ

h , then each ti can be chosen286

as ti = T 1 + · · ·+ T i, yielding a total drift time of tN = T 1 + · · ·+ TN .287

In Section 6, we present a direct analytical proof for the construction of this shadowing288

trajectory. Our approach relies fundamentally on the transition map and the BNF; these tools289

enables us to obtain an optimal time estimate that matches the duration given by the sequence290

of homoclinic segments associated to the guiding orbit.291

General guiding orbits are composed of transition maps and inner maps. Because each inner292

map adds a revolution around the NHIM, these guiding orbits do not generally provide optimal293

drift time estimates.294

Theorem 3.1 provides an efficient shadowing of a given guiding orbit. In particular, the295

shadowing orbits spend little time near the NHIM (they cross the section Σ only once inside296

U). However, the error in the shadowing equals the size δ of the BNF neighborhood, which can297

be large.298
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Theorem 3.2 below provides an alternative shadowing result that minimizes the shadowing299

error. If we ignore the “effects of the truncation error” ϵM = ϵM (δ) given by (8.3), for any300

“mathematical error” ε it gives a threshold value on the number of iterates of the inner map301

that are required by the transition maps. Then, any orbit generated by such transition maps302

can be shadowed within a ε-mathematical error (to which we have to add the effects of the303

truncation.) However, if ε is small, the shadowing orbits may spend a long time near the NHIM304

(they may cross the section Σ multiple times inside U).305

Theorem 3.2 (Topological shadowing of a guiding orbit of transition maps).306

Let ϵM = ϵM (δ) denote the effect of truncation error (8.3) of the transformation to BNF307

variables.308

Then, for every ϵ > 0 there exist m∗, n∗ sufficiently large and a constant C > 0, such that,309

for any guiding orbit (xi)
N
i=1 given by310

xi+1 = τi(xi), for i = 1, . . . , N − 1,311

where each transition map τi is of the form312

τi = fm∗ ◦ σα(i) ◦ fn∗ ,313

there exists a true trajectory Φt(x) that (ε+ CϵM )-shadows the guiding orbit,314

∥Φti(x)− xi∥ ≤ ϵ+ CϵM for all i = 1, . . . , N,315

for some strictly increasing sequence of times 0 < t1 < · · · < tN .316

The proof is given in Section 7.317

4. Birkhoff normal form (BNF). Around a saddle-center-center equilibrium point of a318

Hamiltonian system, the parameterization method provides an efficient framework to compute319

the local center, center-stable and center-unstable manifolds, see, e.g., [8, 41]. Alternatively, the320

classical Birkhoff normal form (BNF), (see, e.g., [38, 25, 40]), or its variants, such as resonant321

or saddle normal forms [42], can be employed. Notably, these normal form approaches offer the322

additional advantage of approximating the full flow in a neighborhood of the equilibrium point.323

Let V be a neighborhood of a saddle-center-center point L of a three degrees of freedom324

Hamiltonian H(X,Y, Z, PX , PY , PZ) where the BNF up to some order M is computed, and let325

(4.1) K = (x, y, I, ϕ) ∈ U ↦→ (X,Y, Z, PX , PY , PZ) = K = Ψ(K) ∈ V = Ψ(U),326

where I = (Ip, Iv) and ϕ = (ϕp, ϕv), be a symplectic transformation with respect to the sym-327

plectic forms dx ∧ dy + dϕp ∧ dIp + dϕv ∧ dIv on U and dX ∧ dPX + dY ∧ dPY + dZ ∧ dPZ on328

V , where329

(4.2) U = U(δ, r) =
{︁
K = (x, y, I, ϕ) ∈ [−δ, δ]2 × [0, r]2 × T2

}︁
.330

The transformation Ψ = Ψ(M) is such that H ◦ Ψ = Z(I) + R = Z(M)(I) + R(M), where331

I := (Is, I), Is := xy, I := (Ip, Iv) are three first integrals in involution of the normal form332

Z(Is, I), ϕ := (ϕp, ϕv) are the conjugate angles to the two actions I, and R is the remainder.333

The normalized Hamiltonian expands as334

Z(I) = h0 + λ0Is + ν0 · I +O2(I), with ν0 · I = ν0pIp + ν0vIv,335

where λ0 is the saddle characteristic exponent at the equilibrium L, while ν0p, ν
0
v are the planar336

and vertical frequencies at L. For definiteness, we will assume that h0, λ0, ν0p, ν
0
v > 0. Note337

that Ψ is a genuine coordinate change (i.e., a diffeomorphism) for Ip > 0 and Iv > 0. In338

particular, as is usual when considering polar coordinates, the BNF coordinates are degenerate339
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at the equilibrium point L, which is given by x = y = Ip = Iv = 0 for arbitrary angles ϕp and340

ϕv. Note also that, for simplicity, we are considering the same domain for the saddle variables341

x, y, and respectively for the actions Ip and Iv.342

The main feature of the BNF is that often, by choosing the orderM appropriately in terms of343

the parameters λ0, ν0p, ν
0
v , and the sizes δ, r of the neighborhood U introduced in equation (4.2),344

the remainder R is so small that it can be neglected for practical purposes, and therefore we345

have a complete and explicit description of the local motion around the equilibrium point.346

In fact, the BNF of order M can only be used in the absence of resonances between the347

characteristic exponents of the equilibrium point of order less than or equal to M , that is, when348 ⃓⃓
k0λ

0 + i kpν
0
p + i kvν

0
v

⃓⃓
is not too small for integers k0, kp, kv such that |k0|+ |kp|+ |kv| ≤ M ,349

which is what will be assumed in this paper. In case of resonances of small order, a resonant350

normal form should be used. See more details in Section 4.351

Let us now be more precise. If we neglect the remainder R, the flow inside U is simply given352

by the normal form Z(I), with I = (Is, I), where Is = xy, I = (Ip, Iv) are conserved quantities.353

Abusing notation, we will also denote the BNF flow by Φt. It takes the explicit form354

(4.3) x(t) = etλx(0), y(t) = e−tλy(0), I(t) = I(0), ϕ(t) = ϕ(0) + tν,355

with ϕ = (ϕp, ϕv), where we have introduced the notation356

λ :=
∂Z
∂Is

=
∂Z
∂Is

(I) = λ0 +O(I) =
∂Z
∂Is

(I(0)),(4.4)357

ν :=
∂Z
∂I

= ∇IZ(I) = ν0 +O(I) = ∇IZ(I(0)).(4.5)358

Notice that, restricting δ and r if necessary, λ > 0 for −δ2 ≤ Is ≤ δ2, 0 ≤ Ip, Iv ≤ r.359

Thanks to the explicit expression (4.3) for the trajectories in U , the description of the most360

important invariants sets within U , the NHIM, their invariants manifolds, as well as the rest of361

trajectories, is straigthforward.362

First, let us denote363

Λ = W c
loc = {X = (x = 0, y = 0, I, ϕ} = {(0, 0, I, ϕ)} = {(0, 0)} × [0, r]2 × T2

364

the local center manifold of L provided by the normal form, which is a 4-dimensional NHIM.365

The dynamics inside Λ is simply determined by İ = 0, ϕ̇ = ν, where ν = ν(0, I), and given by366

Φt(X) = (0, 0, I, ϕ+ tν).367

Any point X = (0, 0, I, ϕ) ∈ Λ has associated local stable and unstable fibers in U368

W s
loc (X) = {Z = (x = 0, y, I, ϕ), |y| ≤ δ} , W u

loc (X) = {Z = (x, y = 0, I, ϕ), |x| ≤ δ} ,369

which can be extended outside U by the backward and forward flow, respectively, to form the370

global stable and unstable fibers W s (X) and W u (X). Their unions on X ∈ Λ form the stable371

and unstable invariant manifolds of the NHIM Λ372

W s (Λ) =
⋃︂

X∈Λ
W s (X) , W u (Λ) =

⋃︂
X∈Λ

W u (X) .373

The dynamics inside W s
loc (Λ) is simply determined by374

ẏ = −λy, ϕ̇ = ν,375

where λ = λ(0, I) and ν = ν(0, I), and given by Φt(Z) =
(︁
0, e−λty, I, ϕ+ tν

)︁
for Z =376

(0, y, I, ϕ) ∈ W s
loc (Λ). With the same λ = λ(0, I) and ν = ν(0, I), the dynamics inside W u

loc (Λ)377

is determined by378

ẋ = λx, ϕ̇ = ν,379

and given by Φt(Z) =
(︁
eλtx, 0, I, ϕ+ tν

)︁
for Z = (x, 0, I, ϕ) ∈ W u

loc (Λ).380
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10 A. DELSHAMS, M. GIDEA, AND P. ROLDAN

Figure 1: Z+ = (z+, I, ϕ) = (0, δ, I+, ϕ+), K+ = (s/δ, δ, I,ϕ+), Z− = (z−, I, ϕ) = (δ, 0, I−, ϕ−),
K− = (δ, s/δ, I,ϕ−), z+ = (z+, I, ϕ) = (0, ρ+, I, ϕ), z− = (z−, I, ϕ) = (ρ−, 0, I, ϕ), k =
(ρ−, ρ+, I, ϕ). In this figure the trajectory from K+ to K− only crosses once the section
Σ = {ϕp = 0}, so that k = k+ = k−. See the text for more information.

Definition 4.1 (Sections). We define the following local Poincaré sections for the flow. The381

incoming boundary is given by Σ+ := {K = (x, y, I, ϕ) ∈ ∂U : y = ±δ}, while the outgoing382

boundary is given by Σ− := {K = (x, y, I, ϕ) ∈ ∂U : x = ±δ}. We also define the section383

Σ = {K = (x, y, I, ϕ) ∈ ∂U : ϕp = 0}.384

Finally, consider general points K = (x, y, I, ϕ) ∈ U outside the local stable and unstable385

manifolds W s,u
loc (Λ), which implies that xy ̸= 0. Inside U , the dynamics are governed by the386

differential equations387

ẋ = λx, ẏ = −λy, and ϕ̇ = ν.388

The corresponding flow is given by Φt(K) =
(︁
eλtx, e−λty, I, ϕ+ tν

)︁
, which confirms that both389

Is = xy and I are constants of motion. For s = xy ̸= 0, we will show that the domain390

U is stratified into several zones, depending of the number of times the trajectories intersect391

the section Σ. To avoid tracking sign combinations throughout, we first restrict our explicit392

formulas to the first quadrant x > 0, y > 0, and later adapt equations (4.9) to the remaining393

three quadrants.394

The trajectory Φt(K) enters and exits U by connecting the incoming and outgoing boundary395

sections (see Figure 1): it starts at a point K+ = (s/δ, δ, I, ϕ+) ∈ Σ+, passes through K, and396

ends at K− = (δ, s/δ, I, ϕ−) ∈ Σ−. The entry and exit angles are linked by ϕ− = ϕ+ + Tintν,397

where ν = ν(s, I). The internal transit time Tint within U , associated with the Poincaré map398

Σ+ → Σ− of the Hamiltonian flow, is given by399

(4.6) Tint = Tint(δ, s, I) =
1

λ(s, I)
ln

δ2

s
=

1

λ0
ln

δ2

s
(1 +O(s, I)) .400

Furthermore, the starting and ending points can be expressed from K as K+ = ΦTint,+ (K)401

and K− = ΦTint,− (K), where the partial transit times are given by Tint,+ =
1

λ
ln

δ

y
and Tint,− =402

1

λ
ln

δ

x
, with λ = λ (s, I). These partial times reconstruct the total transit time via Tint,+ +403
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Tint,− = Tint. Notably, all three time durations are independent of the angular variables ϕ+, ϕ,404

and ϕ−.405

When working later with the four-dimensional reduced phase space UΣ
h = U ∩ {H = h} ∩Σ406

introduced in (1.2), we will require K to be inside UΣ
h and outside Σ±. We will denote this407

point as k = (x, y, I, ϕ) ∈ Σ\Σ±, with Ip = fh(0, Iv) and ϕp = 0. Again, the trajectory through408

k starts at K+ and ends at K−, but it may intersect Σ one or more times.409

To quantify this phenomenon, we introduce the following.410

Definition 4.2 (Transit times t+, t−). Let t+ = t+ (s, I, ϕp,+) > 0 denote the first time at411

which the forward trajectory starting at K+ = (s/δ, δ, I, ϕ+) ∈ Σ+ intersects Σ at a point k+.412

This corresponds to the transit time of the primary Poincaré map Σ+ → Σ. Analogously, let413

−t− = −t− (s, I, ϕp,−) < 0 denote the first time at which the (backward) trajectory starting at414

K− = (δ, s/δ, I, ϕ−) ∈ Σ− intersects Σ at a point k−. This represents the transit time of the415

primary Poincaré map Σ → Σ−.416

Clearly, we have417

(4.7) 0 < t+ =
2π − ϕp,+

νp
<

2π

νp
, 0 < t− =

ϕp,−
νp

<
2π

νp
, for ϕp,± ∈ (0, 2π),418

where νp = νp(s, I) is given in (4.5).419

The trajectory starting at K+ ∈ Σ+ and ending at K− ∈ Σ− intersects Σ\Σ± exactly once420

if and only if the following one-cut condition holds421

(4.8) t+ < Tint ≤ t+ +
2π

νp
,422

where Tint is the internal transit time (4.6).423

Indeed, the inequality t+ < Tint ensures that the first intersection occurs before Tint, whereas424

Tint ≤ t+ +
2π

νp
guarantees that the second intersection takes place after Tint. Under this425

condition, it also follows that k+ = k = k− and t+ + t− = Tint.426

Substituting the expression for Tint given in (4.6), the one-cut condition (4.8) is equivalent427

to428

(4.9) e−2πλ/νp <
s

δ2
eλt+ ≤ 1,429

with t+ given in (4.7) and λ = λ(s, I), νp = νp(s, I) in (4.4-4.5).430

Remark 4.3. Although condition (4.9) for a single intersection with Σ \ Σ± might seem431

restrictive, it is easily satisfied in practice. For instance, when λ and νp are of the same order432

of magnitude (λ/νp = O(1)), we find that exp (−2πλ/νp) = O(10−3). Thus, across almost433

the entire square |x|, |y| ≤ δ, trajectories inside U cross Σ \ Σ± exactly once. Trajectories434

experiencing multiple intersections are confined to a tiny region extremely close to the invariant435

axes x = 0 and y = 0.436

For trajectories with multiple intersections–specifically, ℓ ≥ 1 additional crossings (yielding437

ℓ+ 1 ≥ 2 intersections in total)–we shift t+ in (4.9) to t+ +
2πℓ

νp
. This adjustment accounts for438

the fact that the transit time of the primary Poincaré map Σ → Σ is
2π

νp
. Consequently, the439

(ℓ+ 1)-cuts condition becomes440

e−2πλ/νp e−2πℓλ/νp <
s

δ2
eλt+ ≤ e−2πℓλ/νp .441

To fully characterize the square |x|, |y| ≤ δ away from the invariant manifolds x = 0 and442

y = 0, there remains a 0-cut zone in the (x, y) plane. This zone corresponds to trajectories443
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12 A. DELSHAMS, M. GIDEA, AND P. ROLDAN

where t+ ≥ Tint or, equivalently, when the 0-cuts condition holds:444

e−λt+ <
s

δ2
≤ 1.445

5. Transition map in BNF coordinates. Let U be the BNF domain given by Equation (4.2),446

with incoming/outgoing boundary sections Σ± ∈ ∂U . We think of int U as the interior domain,447

containing the NHIM Λ, and out U as the exterior domain, containing the homoclinic channel448

Γ.449

This section explains how the transition map is computed in a non-perturbative setting,450

using Equation (2.4). In that equation, ΦT+ ◦ ΦT− corresponds to homoclinic orbit segments451

from the outgoing boundary section Σ− to the incoming boundary section Σ+, while the local452

wave maps Ω
Γ±
± become simply standard projections in BNF coordinates. After that, the453

dynamics is restricted to a 4-dimensional reduced phase space UΣ
h by fixing the value of the454

energy and using a Poincaré section. The dynamics is described by the first return map F of455

the Hamiltonian flow. We derive the reduced transition map of F from the transition map of456

the flow.457

5.1. Transition map. We recall how the homoclinic orbits are computed following [22].458

Let Z− ∈ W u(Λ) and Z+ ∈ W s(Λ) be two arbitrary points in the outgoing (resp. incoming)459

boundary section of the BNF domain U , with coordinates460

Z− = (δ, 0, I−, ϕ−) ∈ Σ− ⊂ ∂U461

Z+ = (0, δ, I+, ϕ+) ∈ Σ+ ⊂ ∂U.462

(For simplicity, we consider the case x = y = δ > 0, but x or y = −δ < 0 is analogous). The463

variables (I−, ϕ−) and (I+, ϕ+) determine Z− and Z+, and they are parameters to be found464

during the procedure.465

Numerically integrate the trajectory starting at Z− forward in time until it intersects some466

exterior section S at a point K− = ΦT−(Z−). Similarly, integrate the trajectory starting at467

Z+ backward in time until it intersects S at a point K+ = ΦT+(Z+). To find a homoclinic,468

iteratively correct (I−, ϕ−) and (I+, ϕ+) using a Newton-like method, until K+ = K− = K.469

Notice that [Z−,Z+] is a finite time homoclinic orbit segment of length Text = T− + T+.470

The exterior Poincaré map Pext = ΦT+ ◦ ΦT− takes Z− to Z+. The times T± = T±(K) are471

continuous functions on Γ. (See Remark 2.3).472

Remark 5.1. These type of homoclinic intersections at the “first cut” of the asymptotic473

manifolds with S are usually called primary or one-round homoclinics.474

Remark 5.2. In practice, to determine the homoclinic channels, one can compute all the475

(primary) homoclinics from Λ to Λ, and then identify continuous families of homoclinics with476

the property that the restrictions ΩΓ
± are diffeomorphisms onto their images. In [22], we illustrate477

this computation in the case of the SR3BP around the equilibrium point L1, with small enough478

energy. We show that there are two different homoclinic channels Γ1,Γ2. By suitably restricting479

Γ1,Γ2, the associated scattering maps S1,S2 are defined in a common domain.480

Assume that K belongs to a homoclinic channel Γ as defined in Section 2. By construction,481

Z+ ∈ W s(X+), where X+ = (0, 0, I+, ϕ+) ∈ Λ. Indeed, using the BNF equations (4.3), where482

λ = λ(0, I+) > 0 and ν = ν(0, I+) are given by equations (4.4–4.5), the forward flows read483

Φt(Z+) =
(︁
0, e−tλδ, I+, ϕ+ + tν

)︁
,484

Φt(X+) =
(︁
0, 0, I+, ϕ+ + tν

)︁
.485

Consequently, their difference satisfies486

Φt(Z+)− Φt(X+) =
(︁
0, e−tλδ,0,0

)︁
−→ 0 as t → ∞.487
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Thus, in BNF coordinates, the wave map Ω
Γ+
+ is simply the standard projection onto Λ:488

Z+ = (0, δ, I+, ϕ+) ∈ W s
loc(Λ) ↦→ X+ = (0, 0, I+, ϕ+) ∈ Λ.489

Remark 5.3. Z+ “synchronizes in the far future” with X+. The wave map Z+ ↦→ X+490

maps a point to its future synchronized state on the NHIM. The stable manifold W s(X+) is491

also referred to as the stable isochrone manifold of X+.492

Analogously, Z− ∈ W u(X−) where X− = (0, 0, I−, ϕ−) ∈ Λ. Thus, in BNF coordinates,493

the wave map Ω
Γ−
− is simply the standard projection onto Λ:494

Z− = (δ, 0, I−, ϕ−) ∈ W u
loc(Λ) ↦→ X− = (0, 0, I−, ϕ−) ∈ Λ.495

Finally, the transition map T : Λ → Λ, X+ = T (X−) is given by the composition (2.4) of496

the exterior Poincaré map Pext = ΦT+ ◦ ΦT− with the local wave maps Ω
Γ±
± :497

X− = (0, 0, I−, ϕ−) ↦→ Z− = (δ, 0, I−, ϕ−) ↦→ Z+ = (0, δ, I+, ϕ+) ↦→ X+ = (0, 0, I+, ϕ+),498

or simply499

X− = (I−, ϕ−) ↦→ X+ = (I+, ϕ+).500

Remark 5.4. In Definition 2.1 the scattering map depends only on the choice of the homo-501

clinic channel Γ, while in Definition 2.2 the transition map additionally depends on the times502

T±, which in turn depend on the sections Σ±. On the one hand, the definition of scattering map503

is conceptually simpler than the transition map. On the other hand, the numerical computation504

of the transition map is more straightforward. To obtain the scattering map, one would first505

compute the transition map X− ↦→ X+, and then derive the scattering map using Equation506

(2.3).507

Remark 5.5. Note again that in formula (2.3) relating the scattering map and the transition508

map, the flow ΦT± is only needed on the NHIM Λ and therefore only involves translations for509

the angles ϕ = (ϕp, ϕv) in the BNF variables, that is, the inner flow inside the NHIM Λ where510

the actions Is = 0, I = (Ip, Iv) remain constant.511

5.2. Reduced transition map. Inside the BNF domain U , we can pass from the flow to a512

discrete-time dynamical system F , given by the first return map to a Poincaré section Σ. The513

map F inherits an associated NHIM ΛΣ
h that is easily obtained from Λ. Moreover, we derive514

the transition map τ : ΛΣ
c → ΛΣ

c of F from the transition map T : Λ → Λ of Φt. Since τ is515

lower-dimensional, we refer to it as the reduced transition map. In what follows, we derive the516

expressions of these transition maps in BNF coordinates.517

The original Hamiltonian system has a conserved quantity, the energyH, which is the energy518

Z of the BNF when the remainder is neglected. For a fixed energy H ◦Ψ = h > h0, the action519

Ip can be given as an implicit function of Is, Iv, h: Ip = (h− h0 − Is − ν0vIv)/ν
0
p +O2(Is, Iv) =:520

fh(Is, Iv). The corresponding 3-dimensional NHIM on the level of energy H = h is given by521

Λh = Λ ∩ {H ◦ Ψ = h} and is parameterized by the variables ϕp, ϕv, Iv. Taking it one step522

further, we can consider the Poincaré section523

Σ := {(x, y, I, ϕ) ∈ U : ϕp = 0} ,524

which is a global section within U , and denote525

ΛΣ
h = Λh ∩ Σ = {x = (0, 0, I, ϕ) : ϕp = 0, Ip = fh(0, Iv), Iv ∈ [0, r], ϕv ∈ T}526

the associated 2-dimensional NHIM of the return map, which is parameterized by the variables527

ϕv, Iv.528

Next, we compute the 2-dimensional reduced transition map τ : ΛΣ
h → ΛΣ

h associated to F ,529

which is exact symplectic (see Section 2). Recall from the above construction that Z± ∈ Σ±530
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14 A. DELSHAMS, M. GIDEA, AND P. ROLDAN

satisfy Z± ∈ W s/u(X±), where X± = (0, 0, I±, ϕ±) ∈ Λ. Let T± = T± + t± ≥ T± be the first531

times such that the forward and backward trajectories of K ∈ Γ reach the section Σ = {ϕp = 0}532

inside U . In other words, t+, t− > 0 are the transit times of Z± ∈ Σ± to the Poincaré section533

Σ. (See Definition 4.2).534

Define new points535

z+ = Φt+(Z+) =
(︁
0, ρ+, I+, ˜︁ϕ+

)︁
:=

(︁
0, e−t+λδ, I+, ϕ+ + t+ν

)︁
∈ Σ,

z− = Φ−t−(Z−) =
(︁
ρ−, 0, I−, ˜︁ϕ−

)︁
:=

(︁
et−λδ, 0, I−, ϕ− − t−ν

)︁
∈ Σ.

536

Notice that z± belong to the reduced phase space UΣ
h , that is, their planar angle and action537

satisfy ˜︁ϕp = 0, Ip = fh(Is, Iv). See Figure 1.538

Due to the conjugacy of invariant fibers W s/u(x) by the flow, we have z+ ∈ W s(x+) and539

z− ∈ W u(x−), where540

x+ = Φt+(X+) =
(︁
0, 0, I+, ˜︁ϕ+

)︁
=

(︁
0, 0, I+, ϕ+ + t+ν

)︁
∈ ΛΣ

h ,

x− = Φ−t−(X−) =
(︁
0, 0, I−, ˜︁ϕ−

)︁
=

(︁
0, 0, I−, ϕ− − t−ν

)︁
∈ ΛΣ

h ,
541

that is, their planar angle and action satisfy ϕp = 0, Ip = fh(0, Iv).542

Thus, for the discrete system, in BNF coordinates, the wave maps Ω± are also the standard543

projection onto ΛΣ
h , and the reduced transition map τ : ΛΣ

h → ΛΣ
h , x+ = τ(x−) is given by544

x− = (Iv,−, ˜︁ϕv,−) ↦→ x+ = (Iv,+, ˜︁ϕv,+).545

Remark 5.6. The reduced transition map depends on the choice of Σ, a global section within546

U , which in turn uniquely determines the times t±. These times must satisfy ϕp± ≡ 0 (mod 2π),547

so there is an infinite but discrete set of them. However, any two reduced transition maps548

τ = τ(T±) and τ ′ = τ ′
(︁
T ′

±
)︁
are related in the following way549

τ = Φ−(T ′
+−T+) ◦ τ

′ ◦ Φ−(T ′
−−T−).550

If τ maps the point x− = (Iv,−, ϕv,−) to x+ = (Iv,+, ϕv,+), where, for simplicity of no-551

tation, we only write the components (Iv, ϕv) of x±, which are the signicant ones, then τ ′552

maps the point x′
− =

(︁
I ′v,−, ϕ

′
v,−

)︁
=

(︁
Iv,−, ϕv,− −

(︁
T ′

− − T−
)︁
νv (Iv,−)

)︁
to x′

+ =
(︁
I ′v,+, ϕ

′
v,+

)︁
=553 (︁

Iv,+, ϕv,+ +
(︁
T ′

+ − T+

)︁
νv (Iv,+)

)︁
. Thus, both pre-images x− and x′

− have the same action554

Iv,− but their angle differs by a shift. Similarly, both images x+ and x′
+ have the same action555

Iv,+ but their angle differs by a shift.556

Notation warning: When clear from the context, the ‘reduced transition map’ and ‘reduced557

scattering map’ are abbreviated just as ‘transition map’ and ‘scattering map’.558

6. Analytical shadowing. In this section, we provide the proof of Theorem 3.1. We proceed559

in a constructive and direct way.560

6.1. Proof of Theorem 3.1. Let (xi)
N
i=1 be a guiding orbit of the iterated function system561

(IFS) defined on the reduced NHIM ΛΣ
h (1.3) generated by L ≥ 1 transition maps {τ1, . . . , τL},562

expressed in BNF coordinates (1.1). Let (Z−
i ,Z

+
i+1)

N−1
i=1 be the pseudo-trajectory [3, Equa-563

tion (3.3)], and (z−
i , z

+
i+1)

N−1
i=1 be the reduced pseudo-trajectory [3, Equation (3.2)] associated564

with the guiding orbit.565

Consider the first homoclinic segment [Z−
1 ,Z

+
2 ] with Z−

1 ∈ Σ−, Z+
2 ∈ Σ+, and Z+

2 =566

ΦT 1
ext

(︁
Z−

1

)︁
. Consider now the trajectory of any point567

K−
1 =

(︁
δ, s1/δ, I

1 +∆I1, ϕ1
− +∆ϕ1

−
)︁
= Z−

1 +∆Z−
1 ∈ Σ−568

that is ε1−-close to Z−
1 =

(︁
δ, 0, I1, ϕ1

−
)︁
, i.e., ∆Z−

1 =
(︁
0, s1/δ,∆I1,∆ϕ1

−
)︁
is small:569 ⃦⃦

∆Z−
1

⃦⃦
= max

{︁
s1/δ,

⃦⃦
∆I1

⃦⃦
,
⃦⃦
∆ϕ1

−
⃦⃦}︁

= ε1−.570
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Figure 2: First step of shadowing trajectory. The trajectory through K+
2 crosses the section Σ

only once at a point k2.

Outside U , if ε1− is small enough, this trajectory will cut the incoming boundary section Σ+ at571

a point572

K+
2 = Pext(K

−
1 ) =

(︂
s2/δ, δ, Î

2 = I2 +∆I2, ϕ̂2
+ = ϕ2

+ +∆ϕ2
+

)︂
= Z+

2 +∆Z+
2 ∈ Σ+,573

where Pext : Σ− → Σ+ is the Poincaré map of the Hamiltonian flow associated to the homoclinic574

segment [Z−
1 ,Z

2
+]. K+

2 is ε2+-close to Z2
+ =

(︁
0, δ, I2, ϕ2

+

)︁
, i.e., ∆Z+

2 =
(︁
s2/δ, 0,∆I2,∆ϕ2

+

)︁
575

satisfies576 ⃦⃦
∆Z+

2

⃦⃦
= max

{︁
s2/δ,

⃦⃦
∆I2

⃦⃦
,
⃦⃦
∆ϕ2

+

⃦⃦}︁
= ε2+,577

see Figure 6.578

Denoting the uniform log-scale bound χ as579

eχ := max

{︃
max

Z−∈Σ−
∥DPext(Z−)∥, max

Z+∈Σ+

⃦⃦
DP−1

ext (Z+)
⃦⃦}︃

,580

it follows from the Mean Value Inequality that the variations ∆Z−
1 , ∆Z+

2 satisfy the uniform581
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16 A. DELSHAMS, M. GIDEA, AND P. ROLDAN

bi-Lipschitz bound582

(6.1) e−χ
⃦⃦
∆Z−

1

⃦⃦
≤

⃦⃦
∆Z+

2

⃦⃦
≤ eχ

⃦⃦
∆Z−

1

⃦⃦
,583

so ε+ ≤ eχε−.584

Continuing inside U , the trajectory of K+
2 , with 0 < s2 < δ2, is given by585

Φt

(︁
K+

2

)︁
=

(︂
etλs2/δ, e

−tλδ, Î2, ϕ̂2
+ + t ν

)︂
.586

where λ and ν are evaluated at
(︂
s2, Î2

)︂
and are given in (4.4–4.5),587

We now extend Φt

(︁
K+

2

)︁
until it reaches a point588

K−
2 =

(︂
δ, s2/δ, Î

2, ϕ̂2
+ + T 2

int ν
)︂
= Z−

2 +∆Z−
2 ∈ Σ−,589

with Z−
2 =

(︁
δ, 0, I2, ϕ2

−
)︁
∈ Σ− and ∆Z−

2 =
(︁
0, s2/δ,∆I2,

(︁
ϕ2
+ + T 2

int ν − ϕ2
−
)︁
+∆ϕ2

+

)︁
, where we590

have used the dynamical invariance of Is = xy = s2 and I, and the internal transit time (4.6)591

T 2
int = T 2

int(δ, s2, Î
2) =

ln
(︁
δ2/s2

)︁
λ
(︂
s2, Î2

)︂ =
1

λ0
ln

δ2

s2

(︂
1 +O(s2, Î

2)
)︂
.592

We can exploit the dependence of T 2
int with respect to the parameter s2 to ensure that ϕ2

+ +593

T 2
int ν − ϕ2

− is small. Equivalently, this ensures that ϕ2
+ + T 2

int ν remains close to the angular594

component ϕ2
− ∈ T2 of the subsequent point Z−

2 =
(︁
δ, 0, I2, ϕ2

−
)︁
∈ Σ−, which belongs to the595

next homoclinic segment
[︁
Z−

2 ,Z
+
3

]︁
.596

Notice that Z+
2 and Z−

2 are linked because their saddle components permute from (0, δ) to597

(δ, 0). Meanwhile, their center components follow a BNF trajectory from (I2, ϕ2
+) to

(︁
I2, ϕ2

−
)︁
,598

satisfying ϕ2
− = ϕ2

+ + T̂ 2
intν(0, I

2). When the trajectory through K+
2 crosses the section Σ only599

once at a point k2 =
(︁
δ2+, δ

2
−, I

2, ϕ2
)︁
, with δ2+ δ2− = s2 and ϕ2

p = 0, that is, it is contained in the600

one-cut zone (4.9), it spends a time t2+ during the transition Σ+ → Σ (the primary Poincaré601

map), and a time t2− during Σ → Σ−. Consequently, the total internal transition time T̂ 2
int is602

given by603

T̂ 2
int = t2+ + t2− =

1

λ(0, I2)
ln

δ2

s2
=

1

λ0
ln

δ2

s2

(︁
1 +O(I2)

)︁
.604

Inside the one-cut zone (4.9), the angular difference simplifies to:605

ϕ2
+ + T 2

int ν − ϕ2
− = ϕ2

+ + T̂ 2
int ν(0, I

2)− ϕ2
− + T 2

int ν − T̂ 2
int ν(0, I

2)606

= T 2
int ν

(︂
s2, Î

2
)︂
− T̂ 2

int ν(0, I
2)607

= ln
δ2

s2

⎛⎝ν
(︂
s2, Î

2
)︂

λ
(︂
s2, Î2

)︂ − ν(0, I2)

λ(0, I2)

⎞⎠ = ln
δ2

s2
O
(︁
s2,∆I2

)︁
,608

which yields609

∆Z−
2 =

(︃
0, s2/δ,∆I2,∆ϕ2

+ + ln
δ2

s2
O
(︁
s2,∆I2

)︁)︃
.610

Inside the one-cut zone (4.9) we have that ln
δ2

s
<

4πλ

νp
. Thus, there exists a constant c > 0611

such that612 ⃦⃦
∆Z−

2

⃦⃦
≤ c

⃦⃦
∆Z+

2

⃦⃦
,613

which finally leads to614 ⃦⃦
∆Z−

2

⃦⃦
≤ C

⃦⃦
∆Z−

1

⃦⃦
615
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where C = eχc.616

Iterating this process along the guiding orbit, we finally obtain617 ⃦⃦
K−

i −Z−
i

⃦⃦
=

⃦⃦
∆Z−

i

⃦⃦
≤ Ci−1

⃦⃦
∆Z−

1

⃦⃦
, i = 2, . . . , N.618

Notice that we only need for the recursion that successive K−
i ∈ Σ−, so choosing K−

1 −619

Z−
1 = ∆Z−

1 =
(︁
0, s1/δ,∆I1,∆ϕ1

−
)︁
small enough such that CN−1

⃦⃦
∆Z−

1

⃦⃦
< δ, we obtain a true620

trajectory Φ(t) of the system that satisfies
⃦⃦
Φ(ti)−Z−

i

⃦⃦
< δ for some times 0 < t1 < · · · < tN .621

It remains to check that the trajectories through successive K−
i cross Σ exactly once, so622

that they are in the one-cut zone (4.9), that is,623

(6.2) e−2πλ/νp <
si
δ2

eλt+,i ≤ 1,624

with 0 < t+,i =
2π − ϕi

+,p

νp
<

2π

νp
as in (4.7) and λ = λ(si, I

i), νp = νp(si, I
i) as in (4.4-4.5).625

By the bounds (6.1) and (4.7) , we just need to have626

e−2πλ/νp < e−(i−1)χ s1
δ2

e−2πλ/νp < e(i−1)χ s1
δ2

e2πλ/νp ≤ 1, i = 1, . . . , N,627

which can be written as628

e(i−1)χ <
s1
δ2

,
s1
δ2

e2πλ/νp ≤ e−(i−1)χ,629

and is implied by the inequalities that take place for i = N630

(6.3) e(N−1)χ <
s1
δ2

< e−(N−1)χ e−2πλ/νp .631

For the bounds (6.3) to be satisfied, we need a left hand side smaller than the right hand side,632

that is633

(6.4) (N − 1)χ < πλ/νp,634

which will be called the homecoming condition.635

Under this condition, choosing any s1 satisfying (6.3), for instance s1 = δ2 exp (−πλ/νp) or636

close enough, the bounds (6.2) are satisfied, and the sequence K±
i is well defined.637

Furthermore, since each point ki =
(︁
δi−, δ

i
+, I

i, ϕi
)︁
∈ Σ, where δi+ δi− = si and ϕi

p = 0,638

belongs to the trajectory that joins K+
i to K−

i , it is also clear that ∥Φ(ti)− ki∥ < δ holds for639

any time of the trajectory joining K+
i to K−

i , in particular for the time associated to the point640

ki. For the total drift trajectory we can choose t1 = T 1, and at the step i the accumulated time641

can be thus chosen as ti = T 1 + · · ·+ T i.642

7. Topological shadowing. In this section we provide the proofs of Lemma 2.6 and Theorem643

3.2.644

7.1. Proof of Lemma 2.6. Construction of a sequence of balls in Λ. Let τi be a transition645

map on Λ, for some corresponding mi, ni > 0. If Bc
r(x) is a ball of radius r centered at x ∈ Λ,646

then we define the inner and outer radii647

rimin(x, r) = sup{ρ > 0 |Bc
ρ(τi(x)) ⊆ τi(B

c
r(x))}

rimax(x, r) = inf{ρ > 0 | τi(Bc
r(x)) ⊆ Bc

ρ(τi(x))}.
648

Due to the expansion τi(x+ h) = τi(x) +Dτi(x)h+O(h2) we have that649

rimin(x, r) = simin(Dτi(x))r +O(r2)

rimax(x, r) = simax(Dτi(x))r +O(r2)
650
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xi xi+1

Bri
(xi ) τi(Bri

(xi ))

Brmin
(xi+1 )

Brmax
(xi+1 )

Figure 3: Sequence of balls in Λ.

.

where simin(τi(x)) and simax(τi(x)) are the smallest and the largest singular values of Dτi(x).651

Since τi is symplectic we have that simin · simax = 1 and rimin · rimax = r2 +O(r3). Note that rimin652

and rimax depend on x, r and τi, and implicitly on the number of iterates Mi = ni +mi.653

As Λ is compact and the collection of transition maps is finite, we can find two con-654

tinuous functions rmin(r) and rmax(r), independent of x and i, but depending on Mmax =655

max{M1, . . . ,MN−1}, such that, for any i ∈ {1, . . . , N − 1}, x ∈ Λ and r > 0 we have656

Bc
rmin(r)

(τi(x)) ⊆ τi(B
c
r(x)) ⊆ Bc

rmax(r)
(τi(x)).657

See Fig. 3.658

We now construct inductively a finite sequence of balls in Λ as follows:659

• Bc
r1(x1) for some r1 > 0;660

• Bc
ri+1

(xi+1) where ri+1 = rmax(ri), for i = 1, . . . , N − 1.661

By the construction, we have that662

τi(B
c
ri(xi)) ⊆ Bc

ri+1
(xi+1), for i = 1, . . . , N − 1.663

By the continuity of the function rmax(r) and finiteness of the number of steps, there exists664

r1 sufficiently small such that r1, . . . , rN are all less than ε > 0. Note that r1 depends on Mmax.665

We remark here that this construction does not involve the function rmin(r).666

Construction of stable and unstable disks at the homoclinic intersection. Let Γα(i) be a667

homoclinic channel associated to σα(i).668

Choose a homoclinic point ki ∈ Γα(i). Then choose a pair of transverse, 1-dimensional disks669

Ds
i+1 around ki in W s(xi+1) and Du

i around ki in W u(xi), respectively.670

By the Lambda Lemma, F−ni(Ds
i+1) approaches a disk Bs

ρL
(xi) in W s(xi), relative to the671

C1 topology, as ni → ∞.672

Also by the Lambda Lemma, Fmi(Du
i ) approaches a disk Bu

ρL
(xi+1) in W u(xi+1), relative673

to the C1 topology, as mi → ∞.674

For mi, ni sufficiently large (to be made precise later), we denote z−
i the x-coordinate of675

F−ni(ki) ∈ F−ni(Ds
i+1) ∩W u(Λ), and z+

i+1 the y-coordinate of Fmi(ki) ∈ Fmi(Du
i ) ∩W s(Λ).676

Construction of correctly aligned windows in the normal form coordinates.677

For the definition of correctly aligned windows and their properties see [44].678

Define:679

W+
i =Bu

ρL
(0)×Bs

ρS
(z+

i )×Bc
ri(xi),

W−
i =Bu

ρS
(z−

i )×Bs
ρL
(0)×Bc

ri(xi)
680

where the superscripts u, s, c indicate that the respective balls are in the unstable, stable and681

center coordinates (x, y, θ) described in (2.5).682
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We require ρL > ρS > 0 to be so that683

• Bu
ρL
(0) ⊂ Prx[Fmi−1(Du

i−1)];684

• Fmi−1(Du
i−1) is a graph over x that crosses transversally each disk {x} × Bs

ρS
(z+

i ) ×685

Bc
ri(xi) in W+

i , for every x ∈ Bu
ρL
(0);686

• Bs
ρS
(0) ⊂ Pry[F−ni(Ds

i+1)]687

• F−ni(Ds
i+1) is a graph over y that crosses transversally each disk Bu

ρS
(z−

i )×{y}×Bc
ri(xi)688

in W−
i , for every y ∈ Bs

ρL
(0).689

In other words, W+
i is constructed by ‘thickening’ Fmi−1(Du

i−1) in the center-stable direc-690

tions, and W−
i is constructed by ‘thickening’ F−ni(Ds

i+1) in the center-unstable directions.691

We define the exit and entry sets of these windows as follows:692 (︁
W+

i

)︁ex
=∂

[︁
Bu

ρL
(0)

]︁
×Bs

ρS
(z+

i )×Bc
ri(xi),(︁

W+
i

)︁en
=Bu

ρL
(0)× ∂

[︁
Bs

ρS
(z+

i )×Bc
ri(xi)

]︁(︁
W−

i

)︁ex
=∂

[︁
Bu

ρS
(z−

i )
]︁
×Bs

ρL
(0)×Bc

ri(xi)(︁
W−

i

)︁en
=Bu

ρS
(z−

i )× ∂
[︁
Bs

ρL
(0)×Bc

ri(xi)
]︁
.

693

Note that the topologically stable direction of the windows comprises both the hyperbolic stable694

direction and the center directions.695

There exist Mmax > Mmin and ρL > ρS with ρL < ε, such that, if Mi = mi + ni satisfies696

Mmin ≤ Mi = mi + ni ≤ Mmax we have:697

• Bu
ρL
(0)×Bs

ρS
(z+

i ) is correctly aligned under the identity Idx,y with Bu
ρS
(z−

i )×Bs
ρL
(0);698

• Bu
ρS
(z−

i )×Bs
ρL
(0) is correctly aligned under Prx,y◦Fmi+ni(·, ·,xi) withBu

ρL
(0)×Bs

ρS
(z+

i+1).699

For mi, ni fixed as above, by the construction of the sequence of balls at the beginning of700

the proof, there exist r1, . . . , rN such that Bri(xi) is correctly aligned with Bri+1(xi+1) under701

the transition map τi, in the sense that702

τi(Bri(xi)) ⊂ Bri+1(xi+1).703

The correct alignment of the hyperbolic components and that of the center components of704

the windows do not automatically imply that correct alignment of the full windows. Therefore,705

we choose r1 (and implicitly r2, . . . , rN ) so that706

• Bu
ρS
(z−

i )×Bs
ρL
(0) is correctly aligned under Prx,y◦Fmi+ni(·, ·,y) with Bu

ρL
(0)×Bs

ρS
(z+

i+1)707

for all x ∈ Bc
ri(xi).708

Therefore, we obtain, for all i = 1, . . . , N − 1,709

• W+
i is correctly aligned under the identity Id with W−

i ;710

• W−
i is correctly aligned under Fni+mi with W+

i+1;711

See Fig. 4.712

In addition, we choose r1 so that all r1, . . . , rN are less than ε > 0.713

Then, by the property of correctly aligned windows1 there exists y1 whose orbit y1, . . . ,yN714

satisfies715

yi+1 =FMi(yi), for i = 1, . . . , N − 1, and

yi ∈W+
i ∩W−

i , for i = 1, . . . , N.
716

In particular, the orbit y1, . . . ,yN ε-shadows x1, . . . ,xN , as desired.717

7.2. Proof of Theorem 3.2. We consider the BNF system given by Z. Let Φ̃t denote the718

flow of Z, F be the first return map to Σ, and f = F|Λ.719

1If {Wi}i∈Z is a sequence of windows in Rn with unstable-like dimension nu and stable-like dimension ns,
such that nu+ns = n, and Wi is correctly aligned with Wi+1 under F for all i, then there exists an orbit {yi}i∈Z
of F such that yi ∈ Wi and yi+1 = F(yi) for all i [44].

This manuscript is for review purposes only.



20 A. DELSHAMS, M. GIDEA, AND P. ROLDAN

Wi
-

Wi
+

zi
-

zi
+~

~

u

s

F -mi-1(Di-1 )
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Figure 4: Correctly aligned windows near Λ.

Let (xi)
N
i=1 be a guiding orbit in Σ of the iterated function system (IFS) generated by the720

transition maps {τ1, . . . , τN−1}, such that721

xi+1 = τi(xi)722

where723

τi = fm∗ ◦ σα(i) ◦ fn∗ ,724

for i = 1, . . . , N−1. Let ε > 0 be arbitrarily small. By Lemma 2.6 there exist m∗, n∗ sufficiently725

large such that, for the guided orbit (xi)
N
i=1 of the corresponding transition maps, there is an726

orbit of the first return map F to Σ such that727

d(xi,FM∗(xi)) < ε,728

where M∗ = m∗ + n∗.729

Consequently, there exists a trajectory Φ̃t(x) of the system given by Z that ε-shadows730

(xi)
N
i=1, i.e., there exists an sequence of times 0 < t1 < . . . < tN such that731

(7.1) d(xi, Φ̃ti(x)) < ε, for i = 1, . . . , N.732

Since the system Z is ϵM -close to the original system H, by Gronwall’s inequality, there733

exists a constant C0 such that734

(7.2) d(Φt(x), Φ̃t(x)) < ϵMeC0t, for t > 0.735

Then, for C = 1 + eC0tN , from (7.1) and (7.2), we obtain736

d(xi,Φti(x)) < ε+ ϵMC, for i = 1, . . . , N.737

8. General error estimates for the BNF. After a translation and a symplectic linear change738

of variables739

(X,Y, Z, PX , PY , PZ) = L+ C(Q,P ) = L+ C(Q1, Q2, Q3, P1, P2, P3),740

the Hamiltonian of a general saddle-center-center takes the form H = H2 + O3, where the741

quadratic part H2 is already in its real normal form, which is formula (14.8) in [22]742

H2 = λ0Q1P1 +
ν0p
2

(︁
Q2

2 + P 2
2

)︁
+

ν0v
2

(︁
Q2

3 + P 2
3

)︁
.743
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We can construct the BNF of order M ≥ 2 provided that the so called small divisors744

associated with the equilibrium point L remain strictly positive for all s = 2, . . . ,M . These745

small divisors are defined as follows:746

(8.1) αs = αs(µ) = min
⃓⃓
ksλ

0 + i
(︁
kpν

0
p + kvν

0
v

)︁⃓⃓
= min

√︂
k2s (λ

0)2 +
(︁
kpν0p + kvν0v

)︁2
> 0,747

where the minimum is taken over all ks, kp, kv ∈ Z so that 0 < |ks| + |kp| + |kv| ≤ s. By748

definition, these small divisors form a non-increasing sequence α2 ≥ α3 ≥ · · · ≥ αM .749

Then, there exists a symplectic analytic change (Q,P ) = Ψ(M)(q, p) such that750

H(M) := H ◦Ψ(M) = H2 + Z(M)(I) +R(M)(q, p),751

with752

Z(M)(I) =
∑︂

s even
4≤s≤M

Zs(I), R(M)(q, p) =
∑︂

s≥M+1

R(M)
s (q, p),753

where Zs(I) is a homogeneous polynomial of degree s/2 in the “action” variables I = (Is, Ip, Iv),754

where Is = xy, with x = q1, y = p1, Ip =
q22 + p22

2
, Iv =

q23 + p23
2

, and R(M)
s (q, p) is a homoge-755

neous polynomial of degree s in variables (q, p).756

In dealing with normal forms near a fixed point of a Hamiltonian system, it is usual to757

consider complex variables (X,Y ) for the variables (Q,P ), and to introduce the complex normal758

form of the quadratic part of H. The complex canonical coordinates (X,Y ) are defined by the759

linear change760

X1 = q1, Y1 = p1, Xj =
1√
2
(qj − i pj) , Yj = − 1√

2
(qj + i pj) , j = 2, 3,761

so that the complex normal form of H2 becomes762

(8.2) H2 = λ0X1Y1 + i ν0pX2Y2 + i ν0vX3Y3.763

The following proposition is adapted from [25, Proposition 1], which exclusively addresses764

the totally elliptic case; nevertheless, the formal computations remain completely analogous.765

Alternative bounds for the normal form terms and the remainder can be found in [10, 32, 40].766

Furthermore, the sizes of all variables are uniform; consequently, the results of Proposition 8.1767

apply when δ = r within the neighborhood U = U(δ, r) defined in (4.2) where the BNF is768

established.769

Proposition 8.1. Let a = 20 and b = 548 · 3. Let H(X,Y ) =
∑︁

s⩾2Hs(X,Y ) with H2 given770

in (8.2) and ∥Hs∥ ≤ cs−2d for s ≥ 2. Assume that the lower bounds for the resonances αs given771

in (8.1) satisfy αs > 0 for 2 ≤ s ≤ M . Then772

a) ∥Zs∥ ≤
1
6(6cd)

s−2(s− 2)!

α3 · · ·αs−1
for s even, 4 ≤ s ≤ M ,773

b)
⃦⃦⃦
R(M)

s

⃦⃦⃦
≤ ad2(acd)s−2(M − 3)!(M − 2)s−M+2

α3 · · ·αM−1α
s−M+2
M

for s ≥ M + 1,774

c) Defining r∗M =
αM

bcdM
, Ψ(M) is analytic on B̂r∗R

and, for any r ≤ r∗R, one has the inclusion775

Ψ(M) (Br) ⊃ Br/2.776
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It remains to specify the norms and neighborhoods used, which are:777

∥Hs∥ :=
∑︂

|β+β′|1=s

⃓⃓
Hβ,β′

⃓⃓
for Hs(X,Y ) =

∑︂
|β+β′|1=s

Hβ,β′XβY β′
,

Br :=
{︁
(q, p) ∈ R6 : |(q, p)| ≤ r

}︁
, with |(q, p)| := max

ℓ=1,2,3

√︂
q2ℓ + p2ℓ ,

B̂r :==
{︁
(X,Y ) ∈ C6 : |(X,Y )| ≤ r, (X1, Y1) ∈ R2, Ȳj = iXj , j = 2, 3

}︁
,

with |(X,Y )| = max
ℓ=1,2,3

√︂
|Xℓ|2 + |Yℓ|2,

|f |r := max
(X,Y )∈B̂r

|f(X,Y )| for a function f(X,Y ).

778

Notice that given f =
∑︁

s fs, then |f |r ≤
∑︁

s ∥fs∥ rs, and that if there exists A,B such that779

∥fs∥ ≤ AsB for all s, then f is analytic on B̂r for r < 1/A. Therefore780 ⃓⃓⃓
R(M)

⃓⃓⃓
r
≤

∑︂
s≥M+1

⃦⃦⃦
R(M)

s

⃦⃦⃦
rs =

(M − 3)!

ac2(M − 2)M−2

αM−2
M

α3 · · ·αM−1

∑︂
s≥M+1

(︃
acd(M − 2)

αM
r

)︃s

,781

which is a convergent series for r <
αM

acd(M − 2)
, in which case we have782

(8.3)
⃓⃓⃓
R(M)

⃓⃓⃓
r
≤ ϵM :=

(M − 3)!

ac2(M − 2)M−2
·

αM−2
M

α3 · · ·αM−1
·

(︃
acd(M − 2)

αM
r

)︃M+1

1− acd(M − 2)

αM
r

.783

Remark 1 One can use Stirling’s formula n! =
√
2πn

(︂n
e

)︂n
(︃
1 +O

(︃
1

n

)︃)︃
to get784

(M − 3)!

(M − 2)M−2
=

(M − 3)

eM−2

(︃
1 +O

(︃
1

M − 2

)︃)︃
.785

Remark 2
αM−2
M

α3 · · ·αM−1
=

αM

α3
· · · αM

αM−1
≤ 1.786

In the companion paper [3], we evaluate the analytical bounds given in Proposition 8.1 for787

the case of the Lagrange equilibrium point L1 in the Sun-Earth Spatial Restricted Three-Body788

Problem. For this particular case, we also compute numerically the BNF up to degree M=16.789

In this way, we can explicitly compute the norms ∥Zs∥, ∥Rs∥ and compare them with their790

theoretical bounds.791

REFERENCES792

[1] S. W. Akingbade, M. Gidea, and T. M-Seara, Arnold diffusion in a model of dissipative system, SIAM793
J. Appl. Dyn. Syst., 22 (2023), pp. 1983–2023, https://doi.org/10.1137/22M1525508, https://doi.org/794
10.1137/22M1525508.795
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3-body problem, Ann. Sci. Éc. Norm. Supér. (4), 58 (2025), pp. 1401–1478, https://doi.org/10.24033/914
asens.2632, https://doi.org/10.24033/asens.2632.915

[40] M. Guzzo, C. Caracciolo, and G. Pinzari, Improved stability estimates at elliptic equilibria of hamilton-916
ian systems, Discrete Contin. Dyn. Syst., 77 (2026), pp. 1–31, https://doi.org/10.3934/dcds.2026063,917
https://www.aimsciences.org/article/id/69bbb40cd1a02b472f36a46e.918

[41] A. Haro, M. Canadell, J.-L. Figueras, A. Luque, and J.-M. Mondelo, The parameter-919
ization method for invariant manifolds, vol. 195 of Applied Mathematical Sciences, Springer,920
[Cham], 2016, https://doi.org/10.1007/978-3-319-29662-3, https://doi-org.recursos.biblioteca.upc.edu/921
10.1007/978-3-319-29662-3. From rigorous results to effective computations.922

[42] A. Jorba and J. Masdemont, Dynamics in the center manifold of the collinear points of the restricted923
three body problem, Phys. D, 132 (1999), pp. 189–213, https://doi.org/10.1016/S0167-2789(99)00042-1,924
https://doi.org/10.1016/S0167-2789(99)00042-1.925

[43] D. Treschev, Evolution of slow variables in a priori unstable Hamiltonian systems, Nonlinearity, 17 (2004),926
pp. 1803–1841.927
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