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Effective shadowing of transition maps for a Hamiltonian saddle-center-center
equilibrium. Part Il: numerical results*

Rodney L. Andersont, Amadeu Delshams®, Marian Gidea$, and Pablo Roldan

Abstract. This paper presents a semi-analytical and numerical methodology to compute, optimize, and shadow
transition chains near normally hyperbolic invariant manifolds (NHIMs) in Hamiltonian systems, with
a direct application to celestial mechanics and space mission design. We focus on the libration point L1
of the Sun—Earth Spatial Restricted Three-Body Problem (SR3BP). To construct true trajectories from
these pseudo-orbits, we introduce a specialized multiple shooting algorithm that combines analytical
BNF motion near the NHIM with high-precision numerical integration far from the NHIM. Applying
this algorithm to shadow a 16-iteration transition chain, we reduce the pseudo-trajectory position
and velocity discontinuities (Az = 184,005 km, Av = 338,000 km/h) down to virtually zero error
(Az < 1.5m, Av < 3 x 107° m/s). The proposed method runs fully automatically and outperforms
standard astrodynamics tools, such as two-level differential correction, by 1 to 2 orders of magnitude.
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ant tori, normal forms, small divisors, transition map, scattering map, Arnol’d diffusion, Three-body
problems, Spatial Restricted 3-Body Problem, Celestial mechanics
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1. Introduction. Trajectories that visit designated regions of phase space in a prescribed
sequence play a central role in celestial mechanics and modern space mission design. Near the
collinear libration points (L; and Ls) of the Spatial Restricted Three-Body Problem (SR3BP),
complex quasi-periodic orbits and their associated stable and unstable manifolds act as low-
propulsion highways across interplanetary space. In particular, reaching high-inclination orbits
relative to the ecliptic is of major scientific interest for heliophysics and out-of-ecliptic observa-
tion missions.

This paper addresses the computation, optimization, and high-precision numerical shadow-
ing of transition chains, focusing on the Sun—Earth SR3BP at the libration point L;. It is based
on the classical geometric mechanism for global instability introduced by Arnold [2]. The mech-
anism relies on transition chains formed by transverse heteroclinic intersections between invari-
ant tori on a Normally Hyperbolic Invariant Manifold (NHIM). In generic or non-perturbative
settings with fixed parameters, long pseudo-orbits can be constructed by combining the inner
dynamics (the restricted flow on the NHIM) with the outer dynamics along homoclinic channels.

The outer dynamics can be encoded either via the scattering map [5] or the transition
map [6]. The scattering map relates the asymptotic past of a homoclinic point to its asymptotic
future, while the transition map relates the projection onto the NHIM of the starting point of a
homoclinic orbit segment to the projection onto the NHIM of the ending point of the segment.
Although these two maps are conjugate under the flow, the transition map provides two key
practical advantages: it is directly computable via standard numerical integration over finite-
time homoclinic segments, and it explicitly preserves temporal information (transit times along
homoclinic loops), which is crucial for evaluating total mission duration.

We obtain two transition maps {71, 72} associated to two different families of homoclinic
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2 R. L. ANDERSON, A. DELSHAMS, M. GIDEA, AND P. ROLDAN

segments. Then, we consider the Iterated Function System (IFS) {f, 71, 72}, formed by the inner
map and the transition maps. We construct orbits of the IFS along which the vertical action
I, undergoes some significant gain. Then we develop an efficient shadowing strategy (in terms
of travel time) that provides numerical trajectories that achieve the same gain (up to a small
error). In particular, we consider a simple situation (motivated by our application to L; in the
SR3BP) in which the IFS consists only of {71, 7}, i.e., it consists of transition maps and not
the inner map.

In the paper [8], a general theoretical foundation was established for Hamiltonian systems
near a saddle-center-center equilibrium point. Constructive analytical and topological shadow-
ing theorems were proved, establishing that finite guiding orbits of an Iterated Function System
(IFS) of transition maps can be shadowed by true trajectories of the full system. While [8] con-
structively proved the existence of shadowing orbits, it provided no explicit numerical algorithm
to locate them in realistic, non-perturbative applications.

We apply this methodology to the Spatial Restricted 3-Body Problem (SR3BP for short).
This model describes the spatial dynamics of an infinitesimal body under the gravitational
influence of two massive bodies that move on circular orbits about their center of mass. In this
paper, the two massive bodies are the Sun and Earth, and the infinitesimal body represents
a spacecraft. The motion of the spacecraft is described by a 3-degree-of-freedom Hamiltonian
system. We consider the libration point L; located between the Sun and the Earth. A quasi-
periodic orbit around L; has planar and vertical amplitude—relative to the ecliptic— I, and
I, which are action variables in Birkhoff normal form (BNF). We consider homoclinic orbits
that go once around the Earth, and select two transition maps.

Following the methodology described for the general case [8], we construct true trajectories
that exhibit a large variation in the vertical amplitude I,. These vertical drift trajectories
closely track a selected finite sequence of homoclinic segments associated with the transition
maps. These are analogous to diffusion orbits in a perturbative setting, where the action
variable changes by an amount of order one with respect to the parameter, i.e., independent of
the perturbation size.

High-inclination orbits at the libration points are desirable for a variety of applications
including studying the zodiacal dust cloud [23, 19] and they may also offer observations of the
Sun’s poles, not studied since the Ulysses mission [25]. Trajectories to these types of orbits have
previously been studied using optimized low-thrust trajectories [24].

Another compelling possibility is the construction of long trajectories that visit designated
regions of phase space in a prescribed order. This strategy has been widely proposed for space
mission design [11, 15], where homoclinic and heteroclinic trajectories are combined to enable
low-propulsion transfers between different invariant objects in the solar system [18, 4]. To our
knowledge, this paper represents the first time that true trajectories shadowing transition chains
of two or more homoclinic or heteroclinic orbits have been explicitly computed.

This paper are organized as follows. In Section 3 we recall the construction of Birkhoff
normal form coordinates to obtain an integrable approximation of the flow in a neighborhood
of the equilibrium point L;, and we use it to describe local geometric structures, such as the
NHIM and its associated unstable and stable invariant manifolds.

In Section 4 we review the transition and reduced transition maps.

In Section 5 we define several key concepts needed to construct drift trajectories for the
original Hamiltonian system, such as guiding orbits, pseudo-trajectories, and shadowing trajec-
tories.

In Section 6 we introduce a multiple shooting algorithm to find “numerical shadowing tra-
jectories” that shadow a given guiding orbit of the IFS. The shadowing trajectory obtained is,
in fact, the concatenation of several (high-precision) numerical integrations that match at the
endpoints (up to a small numerical error).

In Section 7 we compute theoretical bounds for the size of the normal form and its reminder.
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93 In Section 8 we compute the BNF of order M = 16 around the equilibrium point L. This
94 allows us to explicitly compute the size of the normal form and its reminder and compare with
95 the theoretical bounds. Moreover, we consider a neighborhood U = U(4) of size § = 0.1 in the
96 saddle BNF variables, and we show that the error in the orbit of BNF trajectories compared
97 with the exact trajectories in U(6) is less than 3 x 1077,

98 In Section 9 we obtain guiding orbits with the desired vertical action gain with a simple
99 simulation of these two or more dynamics (inner and transition maps), leveraging the classic
100 Dijkstra algorithm to find the shortest path in a graph. Then we apply our multiple shooting
)1 algorithm to shadow a guiding orbit within the Sun-Earth SR3BP consisting of 16 iterations
)2 of the transition map (corresponding to 16 homoclinic trajectories). The algorithm converges
)3 quickly thanks to a careful selection of the initial guess and produces a shadowing trajectory
)4 with a numerical error of 1072,

)5 In Section 10 we use an alternative numerical method (two-level differential correction) to
106 independently validate the shadowing trajectory obtained with multiple shooting. The differ-
107 ential corrector used here has been previously implemented in LTool [14, 16], which has been
108 subsequently used for a range of missions including the Genesis mission [17, 26], the MoonRise
109 Mission Concept [21], and some Europa Clipper studies [1].

110 The multiple shooting algorithm is able to reduce the total position and velocity error of
111 the pseudo-trajectory from Az = 184005 km and Av = 338000 km/h, to virtually zero error
112 in the shadowing trajectory (Az < 1.5 m and Av < 0.00003 m/s). This beats a state-of-the-art
113 method like differential correction by 1-2 orders of magnitude. However, this is not surprising,
114 given that the method of Section 6 has been developed for the special purpose of shadowing
115 chains of homoclinic trajectories, while the method of Section 10 is more general purpose.
116 An additional advantage is that the multiple shooting method runs automatically, while the
117 differential corrector needs frequent intervention to heuristically select the number and location
118 of patch points.

119 2. Main results. We introduce a numerical method to find trajectories that shadow the
120 guiding orbit. It is based on a multiple shooting scheme and an appropriate choice of initial
121 guess. In fact, the method does not produce an exact shadowing trajectory, only a numerical
122 approximation, but this is often enough for many practical applications. Moreover, this numer-
123 ical approximation could theoretically be used as the seed for a computer assisted proof of a
124 true shadowing orbit near it (see for example [13]).

125 Then, we study the Sun-Earth spatial R3BP around the Lagrange equilibrium point L;.
126 Using semi-analytical methods, we find the shortest-time drift guiding orbit in this particular
127 setting, and then apply the multiple shooting scheme of Section 6 to shadow it.

128 Numerical Result 2.1. Consider the SR3BP with a mass ratio given by psun-garth = 3-040423398444176-
129 1075, described in Section 7. Let the energy H be fized to the value h = —1.50044, equivalent
130 to a Jacobi constant C' = —2H = 3.00088.

131 (a) Following [7], we obtain a semi-analytical approzimation of the NHIM Ay, around the
132 equilibrium point L1 using the BNF of order M = 16.

133 (b) Consider a neighborhood U = U(d) of size § = 0.1 in the saddle BNF variables. In
134 Section 8 we show that the error of the semi-analytical approximation of the NHIM in
135 U(6) is less than 3 x 1077,

136 (c) By part (b), the level sets of I, are preserved by the inner map f up to an error of
137 g1 =3x107". In Section 9.1 we derive series representations for two different reduced
138 transition maps 1, T that are globally defined on an annulus A C A, corresponding to
139 the range I, € [I, I], where Iy = 0.001 and Iy = 0.007.

140 (d) In Section 9.2 we find the orbit of the IFS {f, 1,72} that takes the least amount of time
141 to drift from the lower boundary to the upper boundary in A. See Figure 11a. It turns
142 out that, in this particular scenario, the shortest-time drift orbit does not use the inner

143 map f; it consists solely of iterates of the transition maps 11, T2.
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(e) Let (a:z) 1 be the guiding orbit of the IFS {1, 2} consisting of the last N = 17 points
in the shortest time drift orbit found in part (d). In Section 9.3, we apply the multiple
shooting method of Section 6 to construct a (numerical) shadowing trajectory of the
SR3BP close to the guiding orbit. The result is given in Table 2 and shown in Figure 13.

It should be emphasized here that the trajectories found are true trajectories of the flow
of SR3BP, that is, “zero cost” trajectories. If a slight increase in speed Delta v (Av) (or a
slight thrust) is allowed in the spacecraft, faster drift trajectories could be achieved, that is,
trajectories that take less time. These would thus be “low cost” drift trajectories.

3. SR3BP and Birkhoff normal form. In this section, we introduce BNF coordinates to
integrate the flow in a neighborhood of the equilibrium point L1, and to describe the different
invariant sets present in this neighborhood. For more details, see [8, Section 4].

The Hamiltonian of the SR3BP (Spatial Restricted 3 Body Problem) is

l—p p

1
H==-(P2+P2+P2)+YPy — XPy— - =
2( X+ y+ Z)+ X Y 7"1 7“2,

where rf =12 = (X —p)? +Y? + Z% i =ri= (X —p+ 12+ Y?+ Z2

Following [7], we start by writing the Hamiltonian as a power series around the equilibrium
point Lq. After translating the origin of coordinates to the equilibrium point, scaling to redefine
the unit distance as the distance from L; to the Earth, introducing momenta p,, p,, p., and using
Legendre polynomials to expand the nonlinear terms, we obtain the Hamiltonian (4.5) of [7],
which has the form
(3.1) H =2 (p2+p,+02) +ype —apy — > calp)e" P (g) ,

n>2

1
2

where the coefficients ¢, (1) are all of the same order of magnitude, €2 = 2% + y? + 22, and the
effect of high-order terms is measured by the factor ™.

The linearized system has eigenvalues +A\, iiyg, +iv0, where \°, I/g,
(their values are given in section 7).

A symplectic linear change of variables

(32) (x)y7z7px7pyapz) = C(Qa P) - C(Q17Q27 Q37P17P27P3)7

casts the quadratic part Hs of H into its real normal form

Y are real and positive

0 0
Hy = X'QiPr+ 2 (Q3+ P) + 2 (Q3+ P}).

We can construct the BNF of order M > 2 provided that the so called small divisors
associated with the equilibrium point L; remain strictly positive for all s = 2,..., M. These
small divisors are defined as follows:

(33) s = as(p) = min |k’ + i (kpv) + kyry)| = min \/kSQ (A0)? + (kprd + kvu9)2 >0,

where the minimum is taken over all kg, kp, ky € Z so that 0 < |ks| + |kp| + |kv] < s.

Then, there exist a neighborhood U™M) of the origin and a near-identity symplectic trans-
formation WM. yM) RS (Q, P) = WM (g, p), which puts the system in normal form up
to order M, namely,

HM = Ho UM = Hy + ZM(1) + RM)(q, p).

The truncated Hamiltonian Hy + Z) depends only on the action variables I = (I, I, I,),
% + p3 I, Q3 +P3

where Iy = xy, with x = q1, y = p1, I, = 5
Let ¢ = (¢p, ¢v) be the angle variables symplectic conjugate to the actions I = (I, Iy).
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SHADOWING OF TRANSITION MAPS II 5

Remark 3.1. The reminder R™) is very small in a sufficiently small neighborhood of the
origin. We give precise bounds in Sections 7 and 8.

The new coordinates (z,y, I, ¢) will be called Birkhoff normal form coordinates. They are
defined in a neighborhood

(3.4) U=U@,r)={K = (z,y,1,¢) € [-0,6]* x [0,7]* x T?}.

The variables (x,y) correspond to the hyperbolic component of the dynamics. The NHIM near
Ly corresponds to Iy = zy = 0. The action-angle pair (I, ¢p) corresponds to the ‘planar
component’, whereas (I, ¢y) corresponds to the ‘vertical component’.

If we neglect the remainder R, the flow inside U is simply given by the normal form Hs +
Z(I). Abusing notation, we will also denote the BNF flow by ®,. It takes the explicit form

(3.5) z(t) = e*2(0), y(t) = e y(0),  I(t) =1(0), ¢(t) = $(0) +tv,
where we have introduced the notation
0Z 0Z 0Z
(3.6) A= 3 = L (I)=X"+0(I) = 3 (1(0)),
(3.7) y:—?f;—VIZ(I)—VO—i—O(I)—VIZ(I(O)).

Thanks to the explicit expression (3.5) for the trajectories in U, the description of the most
important invariants sets within U, such as the NHIM, and their associated stable/unstable
manifolds, is straigthforward using normal form coordinates.

First, let us denote

A:VVl%c = {X = ($:07y2071a¢}:{(0707[7¢)}:{(070)} X [07T]2 x T?

the local center manifold of L provided by the normal form, which is a 4-dimensional NHIM.
Any point X = (0,0, 1,¢) € A has associated local stable and unstable fibers in U

Wige (X) ={Z = (z =0,4,1,9), [yl <0}, Wio. (X) ={Z = (2,y =0,1,9), |z[ <3},

which can be extended outside U by the backward and forward flow, respectively, to form the
global stable and unstable fibers W* (X) and W*" (X'). Their unions on X € A form the stable
and unstable invariant manifolds of the NHIM A

e = wrx),  wrw) = ).
XeA XeA
4. Transition map in BNF coordinates. In this section, we introduce the transition and
reduced transition maps. For more details, see [8, Section 5].
Let U be the BNF domain given by Equation (3.4). We think of int U as the interior
domain, containing the NHIM A, and out U as the exterior domain, containing the homoclinic
channel T'.

Definition 4.1 (Sections). We define the following local Poincaré sections for the flow. The
incoming boundary is given by X4 = {K = (z,y,1,¢) € OU : y = £d}, while the outgoing
boundary is given by ¥_ = {K = (x,y,1,¢) € OU : x = £0}. We also define the section
Y={K = (z,y,1,¢) € 0U : ¢, = 0}.

4.1. Transition map. We recall how the homoclinic orbits are computed following [7]. Let
Z_ € W*(A) and Z, € W*(A) be two arbitrary points in the outgoing (resp. incoming)
boundary section of the BNF domain U, with coordinates

Z_=(6,0,1_,90_)eX_COU
Z+ = (0767 I+7¢+) € EJr C ou.
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6 R. L. ANDERSON, A. DELSHAMS, M. GIDEA, AND P. ROLDAN

(For simplicity, we consider the case z =y = 4 > 0, but  or y = —¢ < 0 is analogous). The
variables (I_,¢_) and (I}, ¢4+) determine Z_ and Z, and they are parameters to be found
during the procedure.

Numerically integrate the trajectory starting at Z_ forward in time until it intersects some
exterior section . at a point K_ = &7 (Z_). Similarly, integrate the trajectory starting at
Z backward in time until it intersects . at a point Ky = &7, (Z). To find a homoclinic,
iteratively correct (I_,¢_) and (I4, ¢+ ) using a Newton-like method, until K1 = K_ = K.

Notice that [Z_, Z] is a finite time homoclinic orbit segment of length Texy = T + 7.

Remark 4.2. These type of homoclinic intersections at the “first cut” of the asymptotic
manifolds with . are usually called primary or one-round homoclinics.

Assume that I belongs to a homoclinic channel I" as defined in [8, Section 2]. Using BNF
coordinates, we can project the points Z1 onto the NHIM. Indeed, Z, € W*(X ), where
X, =(0,0,11,04+) € A. Analogously, Z_ € W*(X _) where X_ = (0,0,1_,¢_) € A.

As shown in [8], the transition map 7: A — A, is simply the map that associates X_ with
X4, given in BNF coordinates by

X_ = (I—7¢—) = X+ = (I+7¢+)'

4.2. Reduced transition map. It is convenient to reduce the dimension of the phase space
and invariant objects, as well as the transition map 7. We do so by fixing the energy value and
passing from the flow to a Poincaré map.

The original Hamiltonian system has a conserved quantity, the energy H, or, equivalently,
the Jacobi constant C = —2H. For a fixed energy H = h > h° or a fixed Jacobi constant
C = ¢ < ¢ the action I, can be given as an implicit function of I, Iy, h: I, = fr(Is,I,). The
corresponding 3-dimensional NHIM on the level of energy H = h is given by Ay, = AN{H = h}
and is parameterized by the variables ¢y, ¢y, I.

Then consider the Poincaré section Y within U, with associated Poincaré map F. We denote

AZ :Ahmzz{m: (0707[’¢):¢p2071 :fh(OaIV)aIV € [O7T]3¢V ET}

the 2-dimensional NHIM of F, which is parameterized by the variables ¢y, I .

Next, we compute the 2-dimensional reduced transition map 7: A}ZZ — A% associated to F.
The construction is analogous to the (3-dimensional) transition map, but we start ‘shooting’
from the section X instead of Y.

Let T+ > T be the first times such that the forward and backward trajectories of IC € T'
reach the section ¥ = {¢, = 0} inside U, at the new points z4 € X.

Using BNF' coordinates, we can project the points z4 onto the NHIM AE. Indeed, z; €
WS(x4) and z_ € W"(x_), where

Ty = (OaOaIJra%Jr) € AfELa
x_ = (0,0,I_,6_) € A}..

The reduced transition map 7: A% — AY, is the map that associates _ with =, given in BNF
coordinates by

= (I, -y) s @y = L4y, rn).

5. Pseudo-trajectories and shadowing trajectories. This section defines in a precise way
several key concepts that we will later need to construct drift trajectories for the original Hamil-
tonian system ®,. In particular, we introduce

e a guiding orbit as an orbit of an IFS consisting of the inner dynamics and (reduced)
transition maps;

e a pseudo-trajectory as a sequence of trajectory segments of the flow ®; that form an
almost continuous trajectory, and
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e a shadowing trajectory as a true trajectory of the flow ®; that is “close” to a pseudo-
trajectory.
The reader is referred to Section 9 for an illustration of these concepts in the SR3BP system.
In particular, see an example of guiding orbits in Figure 11, a pseudo-trajectory in Figure 12,
and the corresponding shadowing trajectory in Figure 13.

Definition 5.1. Let 11,70, ..., T, be reduced transition maps defined on A%. Any finite orbit
of the IFS {f,m1,...,71} consisting of the inner map and transition maps will be referred to as
a guiding orbit.

In particular, we will consider guiding orbits of a special type, generated solely by tran-
sition maps, i.e., (z;); in AY such that Ta(i)(Ti) = Tiy1, where a(i) € {1,2,...,L}. These
guiding orbits are important since they minimize the drift time (when § = 0.1); see Section 9.2.
Therefore, the main Numerical Result 2.1 is concerned with shadowing of guiding orbits of this
type.

Recall that transition maps encode the homoclinic dynamics to A%, so the points x; in a
guiding orbit do not belong to a true trajectory of the original system. To each guiding orbit,
we associate a sequence of Ap-homoclinic trajectories such that each homoclinic synchronizes
with the next homoclinic in the sequence in the following way. As explained in Section 4, for
any homoclinic point £ € W"(A) N W*(A), there exist

e unique times T4 > 0 such that Z4 = &1, (K) € ¥4 C OU, and
e unique times Ty = T4 + ¢4 with ¢4 > 0, such that z1 = &1, (K) € UhE has zero
planar angle: ¢, + =0 in z4.

Remark 5.2. Z4 and z4 are simply related by the flow: z4 = &4, (Z4).
Let the guiding orbit be fixed. To each iterate

(5.1) x; = (0,0,I',¢') € Ay, with Il = f,(0,I}), ¢!, = 0,

in the guiding orbit, associate the points

(5.2) 2z = (0,y=p =exp (—t \)6,I',¢") € W3(x;) C WS(A3),

z; = (z= pL = exp (—ti, A) 5,0, T°, d)i) € Wh(x;) € WY(AY),
and
53) Z7 =, () =0,y =61 ¢\ = ¢' —t\ v) € W(P_y: () N T4,

Z; = ®,(27) = (=6,0,I"¢" =¢" +t" v) € WPy () N T,

7

where ), v, defined in equations (3.6-3.7), are evaluated on I = (0, %) = (0, I¢, I%).

’) TPV

; - - AT

I ) I3 L4 h
Figure 1: Schematic figure showing a guiding orbit (x;)%, € AE and the corresponding reduced
pseudo-trajectory (z; ,zi'z_l)?:l. Finite homoclinic trajectory segments corresponding to the
reduced pseudo-trajectory are shown in black; unstable fibers in red, stable fibers in blue. See
also Figure 12 for a numerical example.

Definition 5.3. The sequence of pairs (Z; Z;;l)i]\;? will be called a pseudo-trajectory of the
- .t )N

system, while the sequence of pairs (z; ,z; 2:711 will be called a reduced pseudo-trajectory.
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They satisfy the following conditions:
1. For every i = 1,...,N — 1, the pair (Z Zz+1) are the endpoints in U of a (finite-

time T, = T° + Tffl) homoclinic trajectory, i.e. there exists a homoclinic point
K; € WY(A) N WS(A) and times 7%, T such that

Z;=%_pi(Ki) and Zf, = <I>Ti+1(lCi).
2. For every ¢ = 2,3,..., N — 1, the forward trajectory of z;r and the backward trajectory
of z; synchronize to the same orbit: As t — oo, we have
|®:(2) — De(z)|| = 0 and |®—(2;) — Ps(m;)|| — O.

By Remark 5.2, the forward trajectory of Z;r and the backward trajectory of Z, also
tend to the same orbit: As t — oo, we have

H‘I’t+t+(zj) - (I)t(mz)H —0 and H‘I)—(Ht_)(zi_) - ‘I)—t(wi)H — 0.

Remark 5.4. The sequence of points (z; ) ! determines a finite pseudo-orbit in the classical
sense of dynamical systems [3, 13]: there is an assomated sequence (h; )f\; 1~ of positive times,
hi = T+t +t"1, such that

|

where we are using the maximum norm. Notice that @hi(z;) = zitrl. Indeed, for all 4, both
points z; and z;r are d-close to x;:

27, — O ( ;)Hga fori=1,...,N -2,

|2 — @i = lyl = py := e+ <,
|2 —ail| = 2| = p- == e7" R0 <4

In our particular scenario, pseudo-orbits specifically consist of points on homoclinic orbits to
AE, not general orbits. See Figure 1.

Definition 5.5. A shadowing trajectory is a trajectory of the system that passes close to the
pseudo-trajectory, i.e., close to all the points (Z; Z:Srl)l Il.

Given a pseudo-trajectory, our goal is to find a trajectory that shadows it. In contrast
to the pseudo-trajectory, the shadowing trajectory cannot lie exactly on the unstable/stable
manifolds W3 (A), otherwise it would approach a neighborhood of A asymptotically and never
leave it. However, the shadowing trajectory needs to be “close” to the unstable/stable manifolds
if it has to pass close to the pseudo-trajectory. On the other hand, the shadowing trajectory
should not be too close to W"3(A) because then the transit time near A will be too large and
therefore inefficient. The choice of a suitable proximity to unstable/stable manifolds W"/5(A)
is a key point to achieve adequate shadowing trajectories. In practice, we want to use as
much information from the pseudo-trajectory as possible to guide the search of the shadowing
trajectory.

6. Multiple shooting. Given the pseudo-trajectory (Z, Z:EH)ZNll, we set up a multiple

shooting scheme to find a shadowing trajectory. The method divides the interval over which the
trajectory is sought into several smaller intervals, solves an initial value problem in each of the
smaller intervals, and imposes additional matching conditions to form a solution on the whole
interval.

Concretely, we look for points (K , K}, )Z 1 L located off the unstable/stable manifolds,

i+1
(6.1a) K; =Z; +AZ; = (8,y,1,6) €X_,
(6.1b) K =2Z'+AZ = (2,6,1,¢) € X4,

that satisfy the matching conditions
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C.1 For every i = 1,..., N — 1, there exist an intermediate point K in the global section
& ={Y =0} and an exterior time Ty, = T + T such that
(6.2) K =%_7 (K) and K,=%(K).

C.2 Forevery i =2,3,..., N —1, the forward trajectory of Kj € >4 matches the backward
trajectory of K; € X_, i.e. there exists an interior time Tj,; within U such that
(6.3) O, (K) = K.

(2

Notice that the first integral Iy = xy of the BNF is zd in K j and dy in K, . Thus, if Condition
2 is satisfied, then we must have x = y in (6.1).

Together, these two conditions warrant ®7, (K;) = K/, | and ®7, (K} ) = K, |, so
every point in (K, K Ll)fi ]1 belongs to one and the same trajectory. If the corrections AZ?E
turn out to be small, then the points K in the shadowing trajectory will be close to Zz?t in

the pseudo-trajectory. See Figure 2.

+

i+1
of homoclinic trajectories (in purple), and a shadowing trajectory (in black). Condition 1 is
verified on the Poincaré global section . = {Y = 0}. See also Figure 13 for a numerical

example of shadowing trajectory.

Figure 2: Schematic figure showing the pseudo-trajectory (Z;, Z; );, the corresponding chain

Remark 6.1. Figure 2 only shows a projection of the trajectories onto the saddle variables
x,y. In fact, the action and angle variables I, ¢ must also match at the points (K, K;Zrl)i]i_ll.

Typically, a modification of Newton’s method is used to solve the system of equations (6.2)
and (6.3).

We look for the unknown points (K;,K;ﬁrl)f\sl in the boundary sections »_, 3, re-
spectively. Thus, they are at the boundary 0U of the normal form’s domain (See Section 3).
Numerically, this is very natural: Inside U, we use the integrable normal form to approximate
the flow, thus avoiding the exponential growth of numerical errors due to hyperbolicity. (As
shown in Section 8, within U the normal form is a very good approximation to the SR3BP
flow.) Outside U, we integrate the flow numerically.

To improve numerical stability, close to A we always integrate the flow forward along the
unstable manifold and backward along the stable manifold. Thus, it is natural to reformulate
condition C.1 in the following way:

C.1” For every ¢ = 1,...,N — 1, there exists an intermediate point K in the global section

& ={Y =0} and times T% > 0 such that
(6.4) op (K7)=K=%o_p (K] ,).

This condition is checked in the intermediate Poincaré global section .#, different from the
boundary sections 4.
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v

T z; Z;

Figure 3: Construction of an initial guess for the multiple shooting procedure. (k;); is an
initial guess for shadowing the reduced pseudo-trajectory (z; zfl)z, whereas (K , K| +1)-

an initial guess for shadowing the non-reduced pseudo-trajectory (Z;, Z; +1)

We need to solve equations (6.3) and (6.4) for (K;, K, ). Notice that (6.3) consists of 5
equations in the boundary section ¥._, and (6.4) consists of 5 equations in the global section
.. Condition C.1’ amounts to 5(N — 1) equations, while Condition C.2 amounts to 5(N — 2)
more. Thus, the total number of equations is 10N — 15. On the other hand, points K consist
of 5 variables in the boundary section >_, and K ;CH consist of 5 variables in the boundary
section ;. Thus, the total number of variables is 10N — 10. Hence, we may choose up to 5
extra conditions that the shadowing orbit must satisfy. In our computations, we fix some of the
variables of the first and last point in the shadowing trajectory, namely the following (marked

in boldface):

Kl_—(éy—OIp—Il V:Ilv¢> EWU(Ah)ﬂE_7

(6.5)
K}:(wzovdjp’Iv:I\],V,(ﬁ) GWS(Ah)ﬂE+_
In this way, we impose that the shadowing trajectory tends to the first and last torus of the

guiding orbit, with actions I}, I} and IYY, as t — oo (see Equation (5.1)).

6.1. Initial guess. To solve the system of 10N — 15 equations given by (6.3) and (6.4), we
need an initial guess of the unknown points (K , K ;'EH) i1 Lin the boundary sections ¥_, % .
We cannot simply take Z as the initial guess for K , because Z is exactly on the invariant
manifold. Although ZF ; satlsﬁes condition C.1’, it does not satisfy condition C.2. As explained
in Section 5, the shadowing trajectory must be close to the invariant manifolds W/ S(Ap), and
the choice of an appropriate closeness is key. This means choosing the distance y from the point
K to the unstable manifold W*(A) in Equation (6.1a), and the distance x from the point
K to the stable manifold W*(A) in Equation (6.1Db).

To obtain an appropriate initial guess, we will use the reduced pseudo-trajectory (z; , zal)i.
Recall from Remark 5.4 that Hz;r - z;” < 6. For every ¢ =2,3,..., N — 1, consider the point
k; € ¥ defined as

ki=(z=26,y=26,1¢"), with I, = fi(s;, IV), ¢}, =

where 52,51,[7;, @' are given in Equation (5.2), and s; = 6% 53. Notice that k; and z; differ
only in the variable y, while k; and z;r differ only in the variable x. See Figure 3.

Notice that k; is d-close to both 2~ and z; , and is located off the unstable/stable manifolds.
Moreover, the trajectory of k; approaches the trajectory of zj in backward time and that of
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z; in forward time,

| ®—i(ki) — ®_i(2])|| < exp(—tA) 0% for t <,
|®e(ks) — @u(2;)|| < exp (—tA) 5. fort <t.

Thus, (k;); is a good initial guess for shadowing the reduced pseudo-trajectory.
Finally, we transport k; to the boundary sections ¥_ and ¥ using the flow, in order to
obtain an initial guess for shadowing the non-reduced pseudo-trajectory.

Kz_ = (I)ti_(ki) = (‘T:&y: Si/57]i7¢i+téy) €,
K:r = (k)= (:U =s;/0,y = 5,1, ¢ —tiu) €y,

_ti
where s; = 0 &, and v is evaluated at I = (s;, I°).

Remark 6.2. Since s; = §°.8% # 0, the time ¢, =t} (s;,I°) and frequency v = v/(s;, I') used
here is different from the time ¢, = % (0, I') and frequency v = (0, I*) used for s = 0 in (5.3):
t' (s;, I") = (14+0(s:))t'.(0,1"), so K; and Z; differ not only in coordinate y, but also slightly
in ¢.

Therefore, the sequence (K, K ;Zrl)z is an initial guess to shadow the pseudo-trajectory
(Z;, Z;:l)i. The initial guess constructed (K; , K} ,); satisfies condition C.2 but does not
exactly satisfy C.1’. However, in practice, this initial guess is close enough to the solution of
the multiple shooting method, and we will see that the method converges (Section 9.3).

7. Analytical error estimates for the Sun—Earth BNF. Proposition 8.1 in the paper [§]
gives bounds for the norm of the normal form and its reminder. In this section, we compute
these theoretical bounds for L; in the Sun-Earth SR3BP.

As the Hamiltonian H (3.1) is analytic for ¢ < 1, one can expect || Hs|| < ¢*~2d, s > 2 only for
¢ > 1 in the original coordinates. Taking into account the linear symplectic change (3.2), in the
coordinates (z,y) we obtain ||H| < ¢*~?d, with ¢ = 2.09 and d = [|Ha|| = \° + 1) + 0 = 6.63.
Indeed, we have numerically computed the norm of all homogeneous polynomials Hg up to order
32, see Figure 4. The value ¢ = 2.09 is obtained by fitting the function ¢*~2d to these numerical
data. Other theoretical estimates can be found in [10].

For our numerical computations, we have implemented a BNF of order M = 16. This
choice requires computing the small divisors a3 > a4 > -+ > «ajg given in equation (3.3)
for the Sun-Earth mass ratio psun-parth = 3.040423398444176 - 1076, In this system, cy takes
the value co = 4.061074016255354, and A\’ = 2.532659174052968, Vg = 2.086453564223108,
V9 = 2.015210662996639.

The frequency ratio w® = 1/3/1/8 = 0.9658545474253123 can be expressed by the continued
fraction expansion:

Ww=1+ L
= _
=294 41 -
Consequently, the resonance order of w® is approximately round <1fw0) = 29. This implies

that 28/29 is a remarkably close rational approximation of w, with a residual of w® — 28/29 =
0.00033730604, and there is no better rational approximation with a denominator smaller than
29.

Evaluating the small divisors (3.3) reveals that:

a(3) = -+ = a(26) = 0.21372870367940491,
(27) = 0.16289523110846341,

(28) = 0.091652329881995109,

a(29) = 0.020409428655526807.

(07

(01
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Thus, the divisors «(s) remain stable at approximately 0.21 up to the order 26, where the
Birkhoff normal form (BNF) remains highly reliable. However, at order 29, they drop signif-
icantly to 0.02. This drop indicates that a less restrictive normal form, such as the Birkhoff—
Gustavson Normal Form (BGNF), would provide greater reliability and better capture resonant
effects for larger action values, including those corresponding to halo orbits.

Finally, plugging the radius r = 71 = 2.8303 - 10~° into [8, Equation (8.3)] yields an error
|R(16)‘T < €16 = 3.57 - 1077 for the BNF remainder. Although this error is reasonably small,
the underlying theoretical bounds demand an extremely restrictive radius of applicability. In
the next section, we compare this analytical prediction with direct numerical estimates of the
actual validity radius of the BNF.

8. Numerical error estimates for the Sun—Earth BNF. In this section, we consider the
SR3BP and numerically compute its BNF up to order M = 16. In this way, we can explicitly
compute the norms || Z;||, || Rs|| and compare them with their theoretical bounds.

First, we expand the Hamiltonian (3.1) up to order 32 and apply the diagonalizing change
of coordinates (3.2), obtaining

32
H(Q,P) =Y HJ{(Q,P).
s=2

The size of each term || Hg|| is shown in Figure 4. Fitting the bound ¢¥~2d to these data allows
us to obtain the constants ¢ = 2.09 and d = 6.63.

7.20049 x 10'° :
Hs| o+
t
4.85165 x 108
3.26902 x 106

22026.5

148.413

AT T IS T T T I T T T T T T T N N N

|H
e

\ \ \ \ \ \
20 25 30

(e}
Ut
—_
e}
—_
at
w
at

S

Figure 4: Numerically computed values of || Hy|, and their fit ¢*~2d. The vertical axis is plotted
in logarithmic scale.

Then, we compute its normal form up to order M = 16, namely,
HIO = Hy 4+ 209(1) + RU9) (g, p),
with
32
200 = Y z(1), RU9(gp) =Y R{IYqp).

S even e
4<5<16 s=17

The size of each homogeneous polynomial ||Z|| and ||Rs|| is shown in Figure 5.
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1.58601 x 10!°

T

1.06865 x 1013

7.20049 x 1010

4.85165 x 108

3.26902 x 106

22026.5

148.413

L e e B
=
»
1

1 \ \ \ \ \
15 20 25 30 35

S

[an)
at
—_
[an)

Figure 5: Numerically computed values of || Z;|| and ||Rs||, compared to ||Hs||. The vertical axis
is plotted in logarithmic scale.

1.48938 x 10™ HR; -
3.06985 x 109 & ;
6.32743 x 1090 E i
1.30418 x 10%? £ :

2.68812 x 10*3 £ -
5.54062 x 103 | .
1.14201 x 10% £ -
2.35385 x 1017 ¢ :
4.85165 x 10° F —
1 L M \ \ \
0 5 0 15 20 25 30 35

Figure 6: Numerically computed values of || Z;|| and ||Rs||, compared to their theoretical bounds
(dashed lines). The vertical axis is plotted in logarithmic scale.

166 One can also compare ||Z| and ||Rs|| with their theoretical bounds, given in [8, Propo-
467 sition 8.1]. For the theoretical bounds, we have used the value a = 20, the numerically fit-
168 ted coefficients ¢ = 2.09 and d = 6.63, as well as the small divisors a(3) = --- = a(16) =

469 0.21372870367940491. Figure 6 compares || Z;|| and || Rs|| with their theoretical bounds. Clearly,
470 the theoretical bounds are very conservative.

471 To complement the theoretical estimates of the error in the normal form, derived in Section 7,
472 we will now measure this error more precisely using semi-analytical methods. Specifically, we
473 will look for the domain of validity U of the computed normal form transformation K = ¥(Z),
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which is used to parameterize all points close to the NHIM A. Recall from Section 3 that
A=W, ={X=(x=0,y=0,1,9)} = {(0,0)} x [0,7]* x T?

is the local center manifold of L; for the normal form system, which is a 4-dimensional NHIM.

For points Z located either in A or in the stable manifold W*(A), we define the error in the
orbit of Z

€(Z) = sup |[[W(P(Z)) - 2:(V(2))]-
te[0,7=3]

In the first term, ®;(Z) is computed exactly using Equation (3.5). In the second term, ®,(V(Z))
is computed using numerical integration, more specifically a Runge-Kutta Prince-Dormand (8,
9) method with local error 10716,

Remark 8.1. The orbit error of Z is calculated over a time span of T' = 3 units because
this is the approximate period of vertical and horizontal oscillations of solutions around the
equilibrium point.

For ease of visualization, we will summarize the orbit error over all horizontal angles ¢p.
Let Z = (x,y,1,¢) € U, and define its mazimal orbit error over ¢y,

€Z)= sup €(Z).

épe[0,27]
0.06 2.5 %1077
0.05 R N
2x 1077
0.04 N
-7
003 L | 1.5 x 10
3
0.02 + m 1 % 10—7
0.01 F N
5% 1078
0 | _
0

—0.01 \ \ \ \ \ \ \
-05 0 0.5 1 1.5 2 2.5 3 3.5

Figure 7: Maximal orbit error €(X) of points X = (0,0, 1, ¢) € A, as a function of I, ¢y.

First, we compute the error on the NHIM Ay, of energy value h = —1.50044 (Jacobi constant
C = 3.00088). For each point X € Ay, we compute its maximal orbit error using a normal form
of order M = 16. See Figure 7.

Then, we compute the error on the stable manifold W*(Ay). The maximal orbit error is
computed for each point Z = (0,0,1,¢) € W?5(A,) located at a distance 6 from the NHIM
along its stable fiber. See Figure 8. This experiment is repeated for several values of § in
order to determine the domain of validity of the normal form of order 16 to represent the
stable manifold. Figure 8 shows that the stable manifold can be extended to § = 0.1 without
significantly affecting the orbit error. Similar results are obtained for the unstable manifold,
integrating backwards over a time span of 7' = —3 time units.
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Figure 8: Maximal orbit error €(Z) of points Z = (0,6,1,¢) € WS5(A.) for several values
6 = 0.001,0.1,0.25,0.5. Similar results are obtained for the unstable manifold.

Finally, we compute the error in U = [—4, §]?x [0, 7]? x T2, away from the invariant manifolds.
In this case, it is not guaranteed that ®;(Z) will stay in the neighborhood U for all ¢ € [0, 3].
In particular, the unstable z-component grows exponentially, so it can escape [—d,6]. Thus,
we slightly modify the definition of the error in the orbit of Z. Let Z = (x,y,1I,¢) € U with
0 < x <9, and define

€(Z) = sup [|[¥(2(Z)) — 2(¥(2))]

te[0,T

with T = min{TeXit7 3}7

where Teyit(Z) is the time to exit U, that is, &7, ,(Z) € OU. We summarize the orbit error
over all actions I and angles ¢. Let Z = (z,y,I,¢) € U, be a point with energy value C = ¢,
and define

(2,91, )).

é(z,y) = sup
1€[0,r]2,0€[0,27)2
For each point Z € U,, we compute its maximal orbit error €(x, y) using a normal form of order
M = 16. See Figure 9. This figure shows that the neighborhood U, can be extended to § = 0.1
without significantly affecting the orbit error, which remains smaller than 3 x 1077,

9. Semi-analytical results.

9.1. Series representation of the reduced transition maps. Consider the saddle-center-
center equilibrium point L of the spatial restricted three-body problem (SR3BP). The Birkhoff
normal form (BNF) introduced in Section 3 can be used to approximate the flow of the SR3BP
in a neighborhood of Ly (see [12, 7, 9]). Fix the degree M = 16 of the normal form and the
energy value h = —1.50044 (Jacobi constant C' = 3.00088).

Recall that the normal form is computed in a neighborhood U (d,7) = [—4, 6] x [0,7]% x TZ.
As explained in [8, Remark 5.6], the transition maps depend on the choice of 4. To explore this
dependence, we will consider two neighborhoods, a smaller U(é = 0.001,7 = 0.05) and a larger
U(6 = 0.1, = 0.05). The normal form provides an excellent approximation of the flow in both
neighborhoods. As shown in Section 8, the maximal orbit error is 2.5 x 1077,
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0.5 3.5x10°

0.45
3x10°
0.4
0.35 2.5x10
0.3 2%105
> 0.25
5
0.2 1.5x10
0.15 1){10'5
0.1
5x10°8
0.05
0 0
0 0.1 0.2 0.3 0.4 05

X

Figure 9: Maximal orbit error €(z,y) of points Z = (x,y,I,¢) € U as a function of x,y.

Notation change: Starting with this section, we rescale the action and write (J, ¢) instead of
(1000 Iy, ¢y).
We consider the annulus A C A} given by

A={(J,¢): Je[l,7 and ¢ € [0,27)}.

Using the techniques developed in [9], we compute two transition maps 71 2 on A. More precisely,
we start by computing the transition maps on a few invariant tori J = 1,...,7. Then we
compute a (Fourier-Polynomial) series representation of 712. After that, we can apply the
transition maps to any point (J, ¢) in their domain A, that is, (J',¢') = 712(J, ¢). Figure 10
shows the global phase portraits of 71 2, obtained by taking a grid of 300 x 300 initial conditions
evenly distributed in the domain A and iterating each initial condition 100 times. See [9] for a
detailed analysis of the phase portraits. Some comments are in order:

e The dependence of 71 5 on the size § of the normal form neighborhood U is very small.
However, this small difference has dramatic consequences for the phase portraits, such
as the size and location of the main resonances (see Figure 10). It also has dramatic
consequences for the shortest-time guiding orbit, as we shall see in Section 9.2.

e 7, allows for larger “jumps” in terms of action J than 7. However, we will show that
the shortest-time guiding orbit uses both 71 and 7.

e The J-component of 71 2 is a m-periodic function of the angle, as seen in Figure 10 and
proved in [9]. However, the ¢-component is not.

9.2. Shortest-time drift guiding orbit. Let f: AE — A% be the inner map given by J' =
J, ¢ = ¢+ w(J). In terms of the inner flow of the SR3BP, an application of the inner map
corresponds to integrating an initial condition (J,, ¢, = 0,¢,) € A% during the amount of time
it takes to return to the global section 3 within U. Thus, each iterate of the inner map takes
time ti, = 27/vp(J). Numerically, we find that 2.0764 < v,(J) < 2.0781, and therefore the
inner time is bounded by
3.0235 < i, < 3.0261.

In terms of SR3BP flow, one application of the transition map corresponds to a (segment
of) a homoclinic trajectory from z_ € W¥(AY) to z+ € W9(A}). The transition time fous



SHADOWING OF TRANSITION MAPS II 17

() 71(5 = 0.001) (d) (8 = 0.001)

Figure 10: Phase portrait of the reduced transition maps 71 (left) and 7 (right) when 6 = 0.1
(top) and § = 0.001 (bottom).

ot
t

from z_ to z; depends on the size § of the neighborhood U and on the transition map (71

552 or T9). Of course, it also depends on the particular homoclinic, but this dependence is quite
553 mild. We have computed the transition time o, for all homoclinics starting on the invariant
tori J =1,2,...,7. The results are shown in Table 1.
T1 T2
6=0.1 5.45 < tout < 5.71  4.95 <ty < 5.21
6 =0.001 8.32 <tout <852 8.00 <ty <8.21
Table 1: Transition times tqoyt.

554
555 Notice that enlarging the neighborhood U by two orders of magnitude (from § = 0.001 to
556 6 = 0.1) considerably reduces tq,¢, which then becomes less than twice the inner time ;.
557 In [9], we introduced different algorithms to produce drift guiding orbits, that is, orbits of

558  the iterated function system (IFS) {f, 71,72} consisting of the inner map f and transition maps
559 71,2, whose action variable J increases from J =1 to J > 7. Using the previous time estimates,
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we can estimate the total drift time of the guiding orbit as
t = notin + N1tous + N2tout,

where ng, ny and ny denote the number of iterations of £, 7 and 72, respectively. In particular,
the Shortest-Time Algorithm ([9], Section 12.2) looks for a drift guiding orbit with the shortest
total time.

Consider first the case § = 0.1, with an IFS {f,71(6 =0.1),72(6 = 0.1)}. In this case, the
Shortest-Time Algorithm produces the guiding orbit of Figure 11a with a total drift time 121.3
in normalized time units, equivalent to 19.3 years. Consider next the case § = 0.001, with an
IFS {f,71(6 = 0.001),75(6 = 0.001)}. In this case, the Shortest-Time Algorithm produces the
guiding orbit of Figure 11b with a total drift time 220.2, or 35 years.

The resulting guiding orbits are strikingly different in each case. When § = 0.001, it uses all
three maps f, 71, 72. In particular, the guiding orbit uses the inner map f repeatedly to decrease
the angle ¢ until it reaches a location where 71 2 can be applied to increase action J.

In contrast, when § = 0.1, the shortest-time orbit does not use the inner map at all: it only
uses 71 and 7». Recall that 7 makes larger “jumps” in terms of action than 7;. The algorithm
manages to find a path where 75 is applied often, always to increase the action, even at the
expense of applying 71 too, always to decrease the action but not as much.

Another factor that explains the qualitative difference between the shortest-time orbits is
the ratio between the inner time ¢;, and the transition time tg,;. When 6 = 0.001, ¢y is much
larger than t;,, so 72 are used sparingly. When 6 = 0.1, ¢4y is not much larger than t;,, so 71 2
can be used more often.

Lemma 2.6 and Theorem 3.1 in [8] give conditions that guarantee that such guiding orbits
can be shadowed by true orbits. While these are general theoretical results that guarantee the
existence of shadowing orbits under some conditions, the multiple shooting scheme presented
in Section 6 provides the explicit numerical construction of such shadowing orbits.

Remark 9.1. The scattering map cannot be used to design optimal time guiding orbits. It
is defined through asymptotic homoclinics, so it does not carry any information on time. In
this situation, it is necessary to use the transition map.

9.3. Shadowing trajectory. Consider the case § = 0.1. Let the guiding orbit consist of
the last N = 17 iterates of the shortest-time drift orbit given in Figure 11a, starting at x; =
(¢,J) = (1.743404,1.630975) and ending at x17 = (¢, J) = (6.677670,0.528935). Each iterate
in the guiding orbit {x; € A%}izlw,N satisfies either 71 (x;) = ;41 or T2(x;) = x;y1. Our goal
is to shadow this guiding orbit using the method of Section 6.

To this guiding orbit, we associate a sequence of N — 1 = 16 Ap-homoclinic trajectory
segments. When the segments end at the boundary 0U of the normal form domain, the end-
points (Z; Z;trl)fv 11 make up the pseudo-trajectory. If the segments are further extended to
the global section ¥ = {¢, + = 0} within U, then the endpoints (zi_,z;jrl)fi_ll make up the
reduced pseudo-trajectory. See Figure 12. This reduced pseudo-trajectory has a total drift time
83.5896 adimensional time units, or 13.3 years.

As explained in Remark 5.4, the reduced pseudo-trajectory determines a pseudo-orbit in
the classical sense [3], that is, the last point of each trajectory segment is close to the first point
of the next segment. This is clear in Figure 12b: there are small (but visible) gaps between
consecutive segments, gaps located around (X = —0.99,Y = 0.004). See a closeup of the gaps
in Figure 14.

The error of this pseudo-trajectory can be estimated as the total size of these gaps. Let
z; (azj, ,L+ ) denote the last point of a segment in position-velocity coordinates, and z; =
(x; ,v; ) the first point of the next segment. Each of these gaps has an average position error
|Az|| = ||z — z;|| & 8.2 x 107 adimensional units, and an average velocity error ||Auv;|| =
Hv —v; H ~ 2.1 x 10~* adimensional units. Since there are 15 gaps, the total position error is

+
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phi
(a) 6 = 0.1. Total drift time 121.3.

T
1iterate —-=-
iterate —-&-
ote —-a-

(b) § = 0.001. Total drift time 220.2.

Figure 11: Shortest-time drift orbit found by iterating the triple dynamical system {f, 71,72}
when 0 = 0.1 (above) and 6 = 0.001 (below). A point z; in the orbit is plotted in blue if
T1(x;) = 2441, ved if To(x;) = 41, and green if f(x;) = z;4+1. Consecutive iterates are joined
by dashed segments to help visualize the orbit.

|Az|| = 1.23 x 1073, and total velocity error ||Av|| = 3.15 x 1073. In the Sun-Earth system, the
adimensional length unit corresponds to 1 AU (Astronomical Unit) = 1496 x 108 km, while 27
adimensional time units correspond to 1 year. Therefore, the total position and velocity errors
amount to ||Az| = 184005 km and ||Av|| = 338000 km/h = 93.89 km/s.

Finally, we apply the multiple shooting method described in Section 6. We look for
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~0.004
~0.003
~0.002

~0.001

v 0

0.001

0.002

0.003

0’00%0.988—099_0'99%0'994_0'99

60.998 —1 —1.002

X

(a) Homoclinic trajectory segments ending on the pseudo-trajectory
(Z;7Z1++1)l1\;_11

~0.004
~0.003
~0.002

~0.001

v 0

0.001

0.002

0.003

0-004 ) 985-0.99-0-9

520,094 0.096:0.998 —1 ~1.002

X

(b) Homoclinic segments ending on the reduced pseudo-trajectory
{(Zi Zi+1) N-1
—*+ )ri=1

Figure 12: Sequence of N — 1 = 16 homoclinic trajectory segments (in original SR3BP coor-
dinates) associated to the guiding orbit. Blue segments are associated to the transition map
71, red segments to 79. The Earth location is marked by the blue circle, while the equilibrium
point L; is marked by a black star.

2(N — 1) = 32 points (K;,K;;l)fi_ll in the boundary sections ¥4 that satisfy the match-
ing conditions C.1” and C.2. This corresponds to solving the system of equations (6.4), (6.3)
and (6.5), consisting of 10N — 10 = 160 real equations in 10N — 10 = 160 variables. We use the
multidimensional Newton’s method to solve the system.

Since the shadowing trajectory is hyperbolic and thus unstable, this requires the initial
guess to be very close to an actual but unknown trajectory. Indeed, we have used the initial

guess proposed in Section 6.1.
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A root of Newton’s method is found with absolute error 10712, This implies that the total
position and velocity error of the shadowing trajectory is within 107'2; that is, ||Az|| < 10712,
|Av|| < 107!2. In physical units, this amounts to ||Az|| < 1.49598 m and ||Av|| < 2.9806 x 10~°
m/s. Compare these errors to those of the differential correction method used in Section 10 (29
m and 0.006 m/s). Clearly, the multiple-shooting method produces a more precise shadowing
trajectory.

—1—1.002

0.00&0 988—0_990.9920.994'0-9960'998

X

Figure 13: Shadowing trajectory corresponding to the pseudo-trajectory of Figure 12. The
small gaps that were present in the pseudo-trajectory have been closed.

The resulting shadowing trajectory is shown in Figure 13. Notice that the small gaps present
in the pseudo-trajectory 12 have been closed. The shadowing trajectory has a total drift time
83.5874, which is very similar to that of the pseudo-trajectory.

z y I I, bp b b Tt b+ 2

1.209337e-04  -1.000000e-01  4.836035e-02  2.003625e-03  5.065988e+00 2.829394e+00 1.655701e+00 2.652066e+00 4.667774e+00
1.202584e-04  -1.000000e-01  4.782276e-02 2.557167e-03  5.064408e+00 5.473926e+00 3.879481e-01  2.654277e4+00 3.400022e+00
4.869715e-05 -1.000000e-01  4.765769e-02  2.718287e-03  5.066777e+00 1.912417e4+00 2.095287e+00 3.011174e+00 5.107360e+00
4.833341e-05 -1.000000e-01  4.792152e-02  2.446521e-03  4.313133e+00  5.124596e+00 5.554119¢-01  3.014134e+00  3.567485e+00
4.881234e-05 -1.000000e-01  4.736196e-02  3.022895e-03  5.056019e+00  2.243910e4+00 1.936374e+00 3.010242e+00 4.948447e+4-00
4.815479e-05 -1.000000e-01  4.782672e-02  2.544133e-03  4.322214e+00 5.506668e+00  3.722520e-01  3.015596e+-00  3.384326e+00
1.142642e-04 -1.000000e-01  4.712836e-02  3.271653e-03  5.041091e+00 2.545108e+00 1.791984e+00 2.674462e400 4.804057e+00
4.897135e-05 -1.000000e-01  4.657093e-02  3.837777e-03  5.040550e+00 5.271619e+00 4.849309¢-01  3.008958e+00  3.497004e+00
4.814316e-05 -1.000000e-01  4.707655e-02  3.316801e-03  4.338323e+00 2.231280e+00 1.942428e+00 3.015691e+00 4.954502e+-00
4.903114e-05 -1.000000e-01  4.623255e-02  4.186421e-03  5.021040e+00 5.580117e4+00 3.370415e-01  3.008476e+00 3.349115e+4-00
4.798710e-05 -1.000000e-01  4.681267e-02  3.588618e-03  4.356312e+00  2.590640e+00 1.770156e+00 3.016973e+00  4.782229e+00
1.040047e-04 -1.000000e-01  4.604983e-02  4.381515e-03  5.000651e+00 5.869450e+00 1.983390e-01  2.711603e400 3.210412e+-00
4.936078e-05 -1.000000e-01  4.511055e-02  5.342652e-03  4.993494e+-00 2.334512e+00 1.892940e+00 3.005831e400 4.905014e+-00
4.783102e-05 -1.000000e-01  4.577267e-02  4.660125e-03  4.384510e+00 5.605969e+00 3.246485e-01  3.018259e+00  3.336722e+00
9.506716e-05 -1.000000e-01  4.481874e-02  5.649086e-03  4.963041e+00 2.627957e+00 1.752266e+00 2.747075e+00 4.764340e+00

Table 2: Points Ki € ¥4 in the shadowing trajectory, for i = 2,--- ,16. We also tabulate the
time t4 to first cut, the interior time Tj,, and the time ¢4 + i—’vr to second cut.

As shown in Table 2, the shadowing trajectory cuts the section X exactly once during each
passage through the BNF neighborhood U. Therefore, the shadowing trajectory is efficient,
because it does not spend extra time orbiting around the equilibrium point L.
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Remark 9.2. Theorems 3.1 and 3.2 in [8] provide the theoretical foundation for the existence
of shadowing orbits similar to the one found numerically in this section. However, as is often
the case, the numerical shadowing orbit is beyond the range of applicability of the analytical
results. For instance, the homecoming condition (6.4) in Theorem 3.1 is not satisfied, since in
our case N = 17, x = 2.79, A = \? = 2.53, vp R ug = 2.08, so

(N —1)x ~44.64 £ m\/vp, ~ 3.82.

In addition, Theorem 3.2 requires transition maps that correspond to a large number of iterates
for the inner dynamics, which is not the case.

10. Two-level differential correction of pseudo-orbits. In this section, we describe a two-
level differential correction method to reduce the discontinuities present in a pseudo-trajectory
and apply it to the pseudo-trajectory of Section 9. After convergence of the differential correc-
tion method, the converged trajectory is compared with the shadowing trajectory of Section 9.

10.1. Methodology. A brief overview of the method is given first. More detailed descrip-
tions of this approach may be found in Wilson [26], Pernicka [22], or Parker and Anderson [20].
Using this approach, a level-1 step is taken where velocities at patch points along the trajectory
are updated followed by a level-2 step where positions and times are updated.

Level 1. In this step, the variational equations, or the state transition matrix (STM), are
computed between a series of patch points that have been obtained from another method or
model and placed in the current model. The STM is used to update velocities at each patch
point so as to target the position at the next patch point.

Level 2. In the level-2 step, positions and times are updated using a least squares approach.
Following the derivation in Anderson and Parker, this is computed using

5y
oty
(57”2
Oto
(57“3 _ MT(MMT)—I
Ots3

0 Avgy
(SAU;;
5Avn_1

orn,
| 6ty |

Here, 7, is the discontinuity in position at patch point n, d§t, the discontinuity in time, and
dAw,, the discontinuity in velocity. M is computed from

OAvy  OAvg OAvg O0Avg O0Avg OAvg 0 0 . 0 0
or, ot ora Oto ors Ots
0 0 0Avs O0Avs OAwvs 0Awvs 0Aws 0Awvs . 0 0
Org Oto ors Ots ory Oty
M = ) . . . . .
0 0 0 0 o OAvy, 1 OAvy, 1 OAvy, 1 OAvy, 1 OAvy, 1 OAvy, 1
Orp_o Oty _o Ormn_1 Otn_1 orn Otn

This adjusts the positions and times, which introduces discontinuities in the velocities at each
patch point.

Overall iteration. The entire process is repeated converging first with the level-1 step until
a desired tolerance is met and then with the level-2 step. This is typically continued until the
changes in the positions become very small within some tolerance, or until the discontinuities
satisfy a convergence criterion. The number of patch points is often selected heuristically and
modified depending on how well the process is converging. Constraints may also be added for
each patch point as needed for the problem or to aid in convergence.
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10.2. Application to SR3BP pseudo-orbit. The two-level differential corrector was applied
to the pseudo-orbit of Section 9.3 to obtain a nearly continuous trajectory and remove position
and velocity discontinuities down to a small tolerance. The only constraint was that the initial
and final positions were kept constant. The initial case was run with a larger number of patch
points, and the number of patch points was reduced as needed.

The pseudo-orbit of Section 9.3 was used as the initial trajectory (see Figure 12b). This
trajectory consists of homoclinic segments that start and end at a large distance 6 = 0.1 from
the center manifold (see Section 9.2). This reduces the duration of the homoclinic segments, but
introduces larger AVs or discontinuities. For this case, 16 heteroclinics were used with 64 total
sub-segments, and the time spent near L; is reduced compared to case 6 = 0.001. The pseudo-
trajectory has total position and velocity discontinuities of 184 005 km and 338000 km/h, as
described in Section 9.3.

The position discontinuities can be seen more clearly in the closer view in Figure 14. Given
the large numbers of segments and discontinuities, this is typically a very challenging case for
differential correction.

g<10'3

221

24

26

2.8+

3 . . . .
0.989 0.9895 0.99 0.9905 0.991
X

Figure 14: Close xy view of the pseudo-orbit

As a first step in the differential correction process, the segments themselves were used with
patch points at each discontinuity. This failed to converge using the typical setup, so inter-
mediate patch points were introduced and then gradually removed as the corrector converged.
This process has been found to work well in other cases with long trajectories, and is often used
in combination with a reduced correction step size to improve convergence. For this particular
case, 400 initial patch points were used with an approximate position update factor of 0.001.
Patch points were then interactively added or removed in subsequent steps until a converged
solution was found with 40 patch points. The final converged trajectory from the two-level cor-
rector is compared to the original pseudo-orbit in Figure 15. The converged trajectory had total
position and velocity discontinuities of 29 m and 0.006 m/s, respectively. This final trajectory
was compared to the shadowing trajectory obtained with the multiple-shooting method of Sec-
tion 9.3 in Figures 16 and 17. Although there is some difference in the phasing of the trajectory,
it can be seen that both methods converged to a similar final trajectory. The largest differences
are seen in small variations in the z component, and near the beginning of the trajectory. This
difference at the beginning might be expected because the differential corrector solution held
the positions constant at the initial and final patch points.

These results demonstrate that the pseudo-orbit process described in this paper can generate
accurate initial guesses for higher fidelity studies.
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(a) Pseudo-Orbit (b) Converged Trajectory

Figure 15: The short trajectory converged using the two-level differential corrector compared
to the original pseudo-orbit.

Shadowing
— = DC Converged

Figure 16: Comparison of the trajectory obtained using the two-level differential corrector and
the shadowing method.
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Figure 17: Difference in position of shadowing and DC-converged trajectory over time.
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